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EQUIVALENCE OF THREE TOPOLOGIES IN THE SPACES OF
LAPLACE-STIELTJES INTEGRALS

For a non-negative nondecreasing unbounded continuous on the right function F and a
real-valued function f on (1,400) the integral I(c) = [ f(z)e®?dF () is called the Laplace-
Stieltjes integral. For some class of such integrals three various topologies are introduced and
their equivalence is proven.
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INTRODUCTION

Let V be a class of a non-negative nondecreasing unbounded continuous on the right functions F’
on (1,+00). We assume that a real-valued function f on (1, +00) is such that the Lebesque-Stieltjes
integral flA |f(x)|e*dF (x) exists for every 0 € R and A € (1,400), and the integral

I(o) = /f(x)emdF(x), o eR, (1)
1

o0
is called of Laplace-Stieltjes [1]. We also remark that the Dirichlet series I(c) = Y a,e*,
=1

1 < Ay T o0, can be rewritten in the form (1) with f(z) = a, for x = X\, and f(z) = 0 for
x # Ay and F(x) = n(x), where n(x) is a counting function of (\,).
Let

o0
M(e) = M(e.D) = [ 1f@]edF (@), o e, @)
1
It is clear, that if f(x) > 0 for all z > 0 then M (o, I) = I(0), and asymptotic properties of integrals

of such kind are studied in a monograph [1]. As in |1, p.21] we say that a function |f| has regular
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variation in regard to F' € V if there exist a € [0,1), b € [0,1) and h € (0,400) > 0 such that for

all z > a
x+b

‘/WM%W2MﬂM- (3)

By o we denote an abscissa of the convergence of integral (2), i. e. integral (2) converges for
o < oy and diverges for o > ojy. If integral (2) converges for all o € R then we put oy = +o0.
It is known [1, p. 21] that if In F'(z) = o(z) as © — +oo and |f| has regular variation in regard to
F €V then oj; = 400 if and only if

lhrl L
z  |f(z)]

i. e |f(z)] < e K% for every K > 0 and all 2 > xo(K). Therefore, in [2] and [3] for a positive
continuous on [0, +00) function h increases to +o0o. By LS), we denote a class of integrals I such
that |f(x)|exp{zh(z)} — 0 as x — +o0o0 and define ||I||;, = sup{|f(x)|exp{zh(z)}: x > 0}. For
example, it is proven [3] that if F' € V and In F(z) = o(z) as ¢ — +oo then (LSh,|| - ||n) is a
non-uniformly convex Banach space.

— 400, T — 400, (4)

In this article we will consider slightly different spaces of integrals (1).

1 VARIOUS TOPOLOGIES ON LS(U(F))

For a fixed function F' € V by U(F') we denote a class of real function on [1, +00) such that for
every fi € U(F) and fo € U(F) the functions |fi|, | f2| and |fi1 — fa2| have the regular variation in
regard to F', and by LS(U(F')) we denote a set of integrals (1) with f € U(F) and oy = +o0.

At first we assume that (r3) is a non-decreasing sequence of positive numbers, 7, — +oo with

k. If for each I € LS(U(F))

\mm:/wmwwﬂ@ (5)

then |||, exists for each k and it is easily seen that this is a norm on LS(U(F)). It is clear that
[ 1|r, < |[]|r,,, for all k> 1. With these countable norms |[I||, (k > 1) we define (see [4, p.37])
a metric topology on I € LS(U(F')) with metric d:

L || = D,
Iy, Ir) = E — k I, I LS(F(U)).

Since ||I||, < [/||ry,, for all & > 1, it is clear that the metric topology defined by d is the sup
topology which is locally convex (see [4, p. 33-37]).

We remark that there exist integrals (1) such that M(o,I) = 0 and f(x) # 0. Indeed, these is
for example if for all n € N

0,1 <z<?2, a, >0, xr=2n—1,
F(z)=

fz) =
n,2n<z<2n+1) 0,z #2n—1

However the integral M (o, ) € LS(U(F)) is the additive zero of LS(U(F)) if and only if |f(z)| =0
for each « > 1. Indeed, from the regular variation in regard to F' we have for ¢ = 0 and each z > 1
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(see (3))

z+b

M(o, 1) /\f )dF(x /|f (OIAF(E) > hlf ()],

i. e. f(x) =0 for each z > 1.
Now for each I € LS(U(F)) let

p(I) = sup | f(x)|*/* (7)
r>1
and
1llg, = sup |f(x)"7, (8)
1<z<q;

where (g;) is a non-decreasing sequence of positive numbers, 1 < g; — 400 with j. As (7) is defined
by the condition (4). Then the functions p(f) and |||, are paranorms on LS(U(F)) (see [5, p.85]).
We define metric topologies on LS(U(F')) with the metrics

p(l1, I2) = sup|fi(x) - folx)|V", I, I € LS(U(F)),

and
oo

1 || — Bl
n,L)y=y 224 pof e LS(U(F)).
sth, I2) ;2J1+\|11—I2qu’ 1, & LSWEF)

Since [|I[|¢; < [[{]]g;4,, the topology s is the sup topology which is locally convex.
Theorem 1. If

o0

/ e AF(z) > 0, t—> 400, ()
1
then the three topologies represented by d, p and s are equivalent.

Proof. First we show that the topologies given by d and p are equivalent. Let I,,, € LS(U(F)) and
I, - 1€ LS(U(F)) as m — oo in the paranorm p.

Then if -
/fm wodF /f wodF
1

we have |fn(z) — f(z)] < (1/¢)* for an arbitrarily large ¢ > 1, all m > mg(c) and all x > 1.
Therefore, due to (9) we have
oo
~ 11l = / @) = F@)|e (@) < [ exp{~a(in ¢ = r)}dF (@) 0
1
as ¢ — +o00, i. e. I, = I as m — oo under each norm ||I||,, and I,,, = I as m — oo in the metric
d.
On the other hand, suppose that I,, — I as m — oo in the metric d, that is under each norm
[II]|,. Then for an arbitrarily large ¢ > 1, m > mg(c) and all > 1 we have in view of (3) with

[fm(x) = f(2)] instead f(z)
z+b

> /fm — F)lemdE () / fn(t) — FOl AP () >
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z+b

> elemm / | fn(t) = F@OAF () > hel™= |, () — f(x)], (10)

Caz—l

In

1 1
e. |fm(z) — f(z)| < h—e_(m_“)rk < —, provided ry > . Thus, for all m > mg(c)
c c T —a
all 2 > 1 and all k > ko(c,z) we have |f,(z) — f(z)|/* < 1/c, ie. sup|fn(x) — f(x)]Y* —= 0 as
z>1

m — oo and I, — I in the paranorm p. Hence it follows that the topalogies given by d and p are
equivalent.

To prove the other part of Theorem 1, let I,,, — I as m — oo in the paranorm p. Then
| fm(x) — f(x)] < (1/c)® for an arbitrarily large ¢, all m > mg(c) and all > 1. Therefore,

(M = 1Ilg; = sup [fn(x) = fla)[* < 1/e

<z<g;

and
o

L Lm =1l - 1

; VT T~ Iy, ~ 5 e+ 12

— 0, c¢— oo,

i. e. I, — I in the paranorm s.

On the other hand, if I,;, — I in the paranorm s then [|I;, — I|[;, — 0 as m — oo for each g;
and, thus, |f,,(z) — f(2)[}/* < 1/c for an arbitrarily large ¢, all m > mo(c), all z € (1, ¢;] and all g;,
that is for all > 1. Hence |f,,(x) — f(z)|'/* — 0 as m — oo for all z > 1 and, therefore, I,,, — I
in the paranorm p. Thus, the topologies given by p and s are equivalent. Theorem 1 is proved. [

The following theorem establishes a connection between the convergence under p(I) and the
convergence on every finite interval.

Theorem 2. If F satisfies (9) and a sequence (Ip,) C LS(U(F')) converges to I € LS(U(F')) under
p(I) then I,, — I uniformly converges on every finite interval.

Proof. Let p(I, — I) — 0 as m — oo. Then for a given £ > 0, there exists an my = my(e) such
that |fm(z) — f(x)] < € for m > my, or |fm(z) — f(x)] < e ™, where n € N is arbitrarily large.
Therefore, for m > mg and o € |01, 03] due to (9) we have

+o0o
|In(0) — I(0)] < / "2 dR(z) - 0, n — co.
1

Theorem 2 is proved. O

Remark 1. An opposite statement to Theorem 2 does not hold. Indeed, let for every m € Z, and

neN
0,1 <z <2, Qmp >0, 2 =2n—1,
F(:C): ’ fm<$)= o
n,2n<z<2n+1) 0,z#2n—1

Then for all m € Z

/fm xadF me 2n 2ncr: ’
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i. e. In,(0) = Io(o) for all o € o1, 02]. On the other hand,
P To) = sup { | fm(@) = fo(@)|* s 2 > 1] >

> [ fm(3) = fo3)Y3 = |ams — s > hi >0

provided a3 — ag3 > n1 > 0 for all m € N.

2 COMPLETENESS.

Now we will show the completeness of the space LS(U(F')) under various topologies established
above. Note that it is sufficient to establish the completeness under one of them, due to Theorem
1.

Theorem 3. If F' satiesfies (10) then the space (LS(U(F)), s) is complete.

Proof. Let (I,) be a s-Cauchy sequence on LS(U(F')). Then for a given £ € (0, 1) there exists a
@ = Q(e) such that for all v > Q and n > @

[o.9]

S 1 M=ty
22 1+ [, — Ll

whence
fu(@) = fa(@)|V* <e1r, v2Qn2Q 1<z <y,
where €1 = €1(¢) — 0 as € — 0. Hence the sequence (f,,) in p tends to f(z) for each x > 1. Since

In

e |f()]

— 400 as © — 400, we have f,(z) <ef for x > xo(e1) and, therefore,

@) < [fu(@) = f(@)| + flu(@)] < 261, == xo(e1).

Thus, (4) holds for f and I*(0) = 70|f(:5)|ewdF(x) has the abscissa of the convergence oy = +00.
Since all f, € U, the function ch € U. Indeed, if |f| does not have a regular variation in regard
to F' € V then for all a > 0, all b > 0 and all A > 0 there exists x* > 1 + a such that
z*+b
[ 15®lar® < sl (1)
x*—a

Clearly, | f(z*)| > 0 and, therefore, f,(z*) > 0 for v > 1. Since f, has regular variation in regard
to F' € V, there exist a € [0,1), b € [0,1) and hy > 0 such that

x*+b
[ 101 = ) (12)
But f,(z*) — f(2*) as v — oo. Therefore, from (11) and (12) we obtain for ¥ — oo
z*+b
mlf)| + o) =it < [ 1501

r*—a

x*+b
= [ 1501aF@) + (1) < bl ()] +0(1).

r*—a
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This is impossible of the arbitrariness of h. Thus, I € LS(U(F)).
Finally,

HIV—IHQj = Ssup |fu($)_f(x)’1/x<€

1<z<qj
for all v > (). Hence

o

1 HIV_IHQ' €
I I == s J >
s(1v, ) 2231+\|IV—I||%.<1+5’ v=Q

=1

i. e. (LS(U(F)),s) is complete. Theorem 3 is proved. O

Corollary 1. If F satisfies (9) then the spaces (LS(U(F)),s), (LS(U(F)),p), (LS(U(F)),d) and
the space LS(U(F)) endowed with the compact open topology (as in Theorem 2) are Frechet spaces
and, thus, are barrelled spaces.

Theorem 4. If F' satiesfies (9) then the space (LS(U(F)),p) is a Montel space (see [6, p.32]).

Proof. Let X be an arbitrary uniformly bounded subset of (LS(U(F)),p), i. e. there exists C €
(1, +00) such that p(I) < C forall I € X. For I € X as from (7) we have |f(z)] < C* for all x > 1

and, as above, | f(z)| < e ™ for each n > 1 and all x > zg = xo(n). Therefore, for 0 € D := [0, 09]
we have
400 x0 e
[I'(0)] < /fﬂ|f($)|€mdF($) < (/+/) |f(2)]e" 7> TVdF (z) <
1 1 xo
To 00

< max{C%e™ D . 1 <z < xo}/dF(:U) + /e_("_”_l)xdF(x).
1 o
Hence from the arbitrariness of n and (9) we have [I'(0)] < Cp for all I € X and o € D, where
Cp is a constant depending on D, and for ¢’,0” € D, ¢/ < ¢, we obtain for some & € [¢’, 0"

“+oo
166"~ 100 = [ alf(@)|edF (@) < Cplo” ~ o)
1
for all I € X, i. e. X is equi-continuos. Now by a well-known argument we can select a subse-

quence of X which converges uniformly on D to a function I.From the arbitrariness of D and the
completeness of (LS(U(F)),p) Theorem 4 is proved. O
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st HeBi'eMHOT, HecmaIHOl, HeOOMEXKEeHO1 clipaBa, HerepepBHOI GyHKINI F' Ta mificHo3Ha-
guoi yHKIfl f, 3amanol Ha (1,400), inTerpan I(o) = floo f(x)e™ dF (x) HasuBaeTbCcs iHTe-
rpasiom Jlamnaca-Crinreeca. st meBHOrO Kjacy TaKWX iHTErpaJiiB BBEJIEHO TPH TOIOJIOTIT Ta

JIOBEJIEHO TXHIO €KBiBAJIEHTHICTD.



