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FOR THE ISOTROPIC SUPERDIFFUSION EQUATION

We consider the Cauchy problem for the isotropic superdiffusion equation with the Riesz
fractional differentiation operator of order v € (0;2), which generalizes the classical heat con-
duction equation. Such models arise in the description of anomalous transport of energy and
mass in fractal and porous media, plasma, and other complex structures exhibiting superdif-
fusive behavior. The Riesz operator is the generator of symmetric a-stable Levy processes;
therefore, the solution of the Cauchy problem may be interpreted as the probability density of
the corresponding stochastic process.

We prove the existence of a classical bounded smooth solution, even when the initial data
contain a finite number of integrable discontinuities of the second kind.
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INTRODUCTION

Consider the equation

duu(t;z) + a(-A) Pu(t;z) =0, t>0, z€R",
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(1)

where a > 0, u is the unknown function, 0; denotes the partial derivative with respect to the variable

t, and A = (—A)g/ ? is the Riesz fractional differentiation operator (i.e., the fractional Laplacian

of order « € (0;2)) acting in the variable x € R™ according to the rule
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Here [-] denotes the integer part, and

2°T (14a/2)I'((n+a)/2)

rﬁn/2r(a/2)r(1fa/2) » O<a<d
() ={ D), o=t
ol(B-0)/A0(n+0)/2) 1 o <9

m(n+1)/27(2—q) )

is the corresponding coefficient, where I'(-) denotes Euler’s gamma function. On sufficiently smooth
functions f(-), the action of this operator is also given by [12]

(ASf) () = F L, 161" Farse[ 1(9)](2), ¢>0, zeRY,

where F¢_,, denotes the Fourier transform with respect to &.

Note that for & = 2, equation (1) reduces to the classical heat equation. This equation has
found wide applications in many areas of science and engineering [13, 3, 15, 11, 16]. It describes
the propagation of resonant photons in plasma and diffusion processes in fractal media [14, c¢. 251],
which is why equation (1) is often referred to as the isotropic superdiffusion equation. Equation (1)
is also used to model local vortices of Riesz-type gravitational fields generated by moving objects
8, 10, 9].

An important example motivating the study of the isotropic superdiffusion equation is given in
[1, c. 2|, where a probabilistic model of a random jump-type walk of a particle X on Ris proposed,
and it is shown that the probability u(t; z) of finding X at point  at time ¢ is a solution of equation
(1) (for the case n = 1). A typical example of such motion is the darting of a hungry shark or the
flight of a swift hunting insects.

The fundamental solution

Go(t;z) = F ! [e ¥ (t;2), t>0, zeR", (3)

of the Cauchy problem for equation (1) is the probability density of a symmetric a-stable Levy
stochastic process [17]. The Cauchy problem for equation (1) and the function G, (¢;x) has been
studied in many papers (see the survey in [2, 4]). Various methods have been developed to an-
alyze the properties of G (t; ), and numerous results have been obtained on the well-posedness
of the Cauchy problem in different functional classes for continuous bounded initial data. Typi-
cal properties of classical solutions of equation (1) and some of its generalizations have also been
established.

In this paper, the well-posedness of the Cauchy problem for equation (1) is established in the
case when the initial functions on R™ are almost everywhere continuous, locally integrable, and
may have a finite number of discontinuities of the second kind. In this way, the known results for
bounded continuous initial data are generalized.

1 PRELIMINARY INFORMATION. PROBLEM STATEMENT

Let N,,, = {1,...,m}; let R™ denote the n-dimensional Euclidean space equipped with the scalar
product (-, -) and the norm |z| = (z,2)'/2, and let Z7 denote the set of all multi-indices of dimension
n.

In the case a = 1, one can compute the Fourier transform in the right-hand side of equality (3)
and obtain an explicit expression for the fundamental solution Gf:

F(n/i) at —, t>0, zecR" (4)
(2m)2 ((at)? +22) =

Gi(t;x) =
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This fact confirms that, unlike the classical heat equation (the case @ = 2), the fundamental
solution of the Cauchy problem for equation (1) exhibits a power-law behavior at infinity, rather
than exponential decay.

For the derivatives of the function G, the following estimates hold (see [5, 7]):

—n—|k|—a

105Gt )] < ext (11 +a > ®)

—n—|k|—a
05 Galti@)| < eop (1 + o) , (6)

where ¢;; and cp . are positive constants depending only on k € Z'} .

The fundamental solution of the Cauchy problem for equation (1) possesses the following prop-
erties:

1°. G4 (t; ) is a radial function;

2°. Gy (t;+) is a positive function;

3°. G (t;+) is unimodal for every fixed ¢;

4°. the following equality holds:

/Ga(t;x—g)dle, t>0, ¢(eR™ (7)
R

Note that property 1° follows from the corresponding property of the Fourier transform of a
radial function; properties 2° and 3° are well-known results from the theory of symmetric stable
stochastic processes (see details in [17]). Equality (7) follows directly from the Fourier inversion
formula.

Definition 1. We call the domain of the operator AS, denoted by D(AS), the set of all functions
f () defined on R™ for which the right-hand side of representation (2) is finite for the corresponding
value of «.

Next, consider a function f(-) that is continuous on the set R™ \ {z;}71,, bounded at infinity,
and such that in sufficiently small neighborhoods of each point z; the following estimates

()] <

c 0<v;<n, j€Np, 8)

hold. Set

€0 := min ‘xj _ $l|

m
i , éo:=min{eg;1}, Uj:={z eR":|z—x;| <}, U:= U U;.
j ,
7j=1

Note that the function f(-) is bounded on R™\ U and integrable on every compact set K C R™.
For equation (1), we consider the Cauchy problem with the initial condition

u(t;)j—o = f()- (9)

Definition 2. A function u(t;x) is called a solution of the Cauchy problem (1), (9) on the set

Iy ={(t;z) : t > 0,z € R"} if it is differentiable in t on this set and satisfies u(t;-) € D(AS) for

all t > 0. Moreover, u satisfies equation (1) on Ili in the classical sense and attains the initial
condition (9) in the sense of pointwise limit

ultiz) = f@), © R\ {a;}y. (10)

The problem consists in finding a solution of the Cauchy problem (1), (9) and proving its
uniqueness.
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2 THE MAIN RESULT

We will need the following auxiliary statement.

Lemma 1. Let
u(tiz) = (f *Ga)(t;2), () € 1L (11)

Then the function u satisfies:

1) for each fixed t > 0, u(t;-) is infinitely differentiable in x on R™ and all its derivatives are
bounded;

2) for each fixed x € R"™, the function u(t;-) is differentiable in t on (0; +00);

3) for each fixed t € (0;+00), u(t;-) belongs to D(AY).
Moreover, for all (t;x) € 111 the equalities

dpu(t;x) = (f * 95Ga)(t2),  Su(t;x) = (f + BGa)(t ),
Agu(t;z) = (f » AZGa)(t; ) (12)
hold.

Proof. Observe that

(f * Ga)(t;2) = / f)Galt:z —y)dy, (t:x) € T1,.
J

We first verify the existence of the first-order partial derivatives diu(t;-) on R” for every fixed
t > 0. Fix an arbitrary point x¢p € R™ and consider the ball

Ki(xzo) ={z € R" : |z —xo| <71}, r>0.

Let e
Du(s€) = et (Y + |z — ] -

Clearly, for all x € K;(xg) we have

CtnT-H, f S KQ(.%'Q),

e(3€) < { et (/% + (jzo — €] - 1)) ", € € R"\ Ka(zo).

In view of this estimate and the bound

C’§—$j|_7j, fEUjv jeva

f(E)S{ i, FeRND

we conclude that there exists a positive function ®;(-) € L;(R™), ¢ > 0, such that for all 2 € Ky ()
and & € R” the inequality

[f(€)Galt;z = &) < 2i(§), >0,
holds.

Then, by the standard result on differentiation of an integral with respect to a parameter under
the Lebesgue dominated convergence condition [6, p. 368, we obtain

o} / Gult;x — €)p(€)de = / LGtz — E)p(E)dE (V|2 — x| < 1),
R R
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Hence, by the arbitrariness of the point xg, we conclude that the solution u(¢; x) is differentiable at
every x € R" for ¢t > 0, and that

Olut;z) = / LGtz — €)p(€)de.
R

In a similar way, one verifies the existence of the remaining derivatives alafu(t; ) on R™ for t > 0,
as well as the validity of the first identity in (12).

Next, we justify the boundedness of % u(t;-) for every fixed ¢ > 0. Using estimates (5) and (8),
we obtain

VEk e Zl V(t;x) € 11 : ’/f(y)@I;Ga(t;x —y)dy| <
R"

<y / PN, Caltsz — )ldy + / P05 Calt:z — y)ldy <

<.

:1|y—rj|<1 R7™\U
m m
Cr dy —i citdy
< — E — 4 E &y’ =
> rE / — 0 / Ik +a
' =y —aj|<1 by =l J=1 Rn (tl/a + |z — y|)

- m =
. Ck Ci dz _ Cg bk
- k| + Zl égjt|k|/a / (1 + |Z|)n+|k|+a = gntlk| + tIkl/e

Rn

(where the positive constants ¢, and by, depend only on k). These estimates guarantee the bound-
edness of the derivatives O¥u on every set [§; +00) x R?, § > 0.

In a similar way, using estimates (6) and (8), we verify that the function u is differentiable with
respect to t, and the second equality in (12) holds.

Let us now proceed to establishing the third equality in (12).

First, consider the case @ < 1. According to the definition of the operator A%, for (t;z) € II4
we have

Azu(ti) = cla) [ (1) [ (Galtio =€) = Galtsa — € +))f(©de)dy. (13
Rn Rn

Hence, we see that the justification of this equality reduces to proving the possibility of changing
the order of integration in (13). According to the corresponding statement of Fubini’s theorem, it
is sufficient to establish the absolute convergence of the iterated integral in (13). Let us prove this
convergence for (t;x) € 1, :

[ (1) [ (Gt =) Gattio — €+ 9) 516 )| <
i

RTL
<> [0 [ (Galtsn =9 — Galtiz — € + )£ 1dE) dy+
j:]-Rn

|§—x;]<1

4 [ (W) [ (Galtio =€) = Galts — €+ )IF(IdE)dy = (1) + Tt ).

R® R™\U



182 LITOVCHENKO V.A.

Using the Lagrange theorem on finite increments together with estimates (5) and (8), we obtain:

n

_Czil: Z/ / @ZGa(t;ﬂ?—§+y/+91yl)’d§dy+

€ — aj[ofy|mret

=1
ly[<1[€—z;|<1

dy ‘Ga(t;x—ﬁﬂdf ‘Ga<t,.’IJ—§—|—y)‘ )
: / lylrre / e—a / / € — ] dédy | <

ly|>1 le—x;]<1 ly[>1|§—=;]<1
Sy 1 de¢ o dy / d¢
<c T F 1 ey —
; <Z / \yl”*“ [yt / € — ;[ ly[" e € — ;[
lyl<1 |§—x;]<1 ly[>1 |§—=;|<1
d¢ no il
+ [ Ga(t;2)d E—a <c(l+tTattT o), 0 €(0:1), () € Iy
R |E—x;]<1 !
9., Gol(t; '+
J(tiz) < C(Z / / [ yxy‘nfa:y + zyz)\dgdij
yl<1R\U
[ (w7 [ (Galtiz =€) + Galtio €+ y))d)dy <
|y|>1 R"\U
"\ 1 dy / dz / dy )
<c i« +2 | Go(t; 2)dz <
<; et | @ e (G2 | e
- lyl<1 Rn R7 ly[>1

c(l+t7a), 6,€(0;1), () ell,.

From here we already obtain the required absolute convergence on the set I of the repeated
integral on the right-hand side of equality (13).

The case a > 1 is treated analogously.

Let us now consider the case « = 1. To avoid cumbersome arguments, we assume n = 1. The
general case of arbitrary n is handled in a similar manner.

According to the definition of the operator AL, for (¢;2) € I1; we have

Auttio) = et [ (12 [ (Grltin~ 9~ Gattio — ¢+ ) £(@Qde)dy. (1)

e—0
ly|>e R

Since the repeated integral on the right-hand side of (15) is absolutely convergent on I for
every € > O—which is not difficult to verify, taking into account estimates (5) and (8)—the previous
equality can be rewritten in the following form:

Alu(t; z) = e(1) lim (f({) / Gl(t;l‘—f)—Gl(t;x—f—Fy)dy)d{E

r e—0 ly|?
R ly[>e
Ec(l)(/(f(f) / G1(t;x—§)—‘yC|;21(t;x—§+y)dy)d§+
R ly|>1
Gi(t;z — &) — Gi(t; o —
v [ (0 [ QU= )
R 1>|y|>e
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Therefore, the proof comes down to substantiating the correctness of the equality

ti [ (ALt~ ©)de = [ (F€)tmy 15 - ©)) e
R R

where

Gi1(t;¢) = Gi(t: ¢ +y) dy.

Ia(t; C) - ’y|2

1>ly|>e

According to the well-known statement on passing to the limit under the integral sign [6], it is
sufficient to establish the existence of a nonnegative function g(t; (), independent of ¢, such that:
D L#OI<g(t¢), e€(0:1), (ER, >0
) [1£(©)lg(t;z —€)d§ < +oo, z€R, t>0.
R
First, we compute the value of the integral I.. Using the structure (4) of the function G1, we

transform the integrand as follows:

Gi(t;¢) — Gi(t; ¢+ ) 1 ( a a ):

PE TV \@+ 2 @+ ((+y)?

_ a 20y + 32 _ a ( 20 N 1 ) _
V2@ + )@+ (C+y)?)  v2(@+¢2) @+ (C+y)?) @+ ((+y)?

_ a <2C <}_ y+2¢ )+ 1 >
V2@ + ) \at+ 3 \y @+ (C+y)?/ @l +(C+y)?

(here a = at). Then

G 2¢ dy _(Ctydy
Ig(t’o_ﬂ(a2+c2)<d2+c2< / y /5‘2+(§+y)2

1>|y|>e 1>|y[>e

dy dy B

¢ / m) * / W) =

1>[y|>e 1> [y>e
:&((1—2c2> / dy _ ¢ / d(&2+(c_|_y)2)):
v2(a? + ¢?) a2 + (2 a2+ (C+y)? a2+ (2 a* + (¢ +y)?
1>|yl>e 15[y
- o

) \@(&‘j +¢?) <a?a2_+gc2> ((xctim == — axctan S5 4 arctan =1 — arctan S~ 1) -

¢ i’ 4+ (C—¢)* @+ ((+1)°
a2+c21n<22+EC—32'Z2+Ec+e;2>)’ e€(01), t>0, ¢eR

For convenience, introduce the notation

_ @+ (e _ @+
(I)l,e(o = m, (I)Z,E(C) - m

Using standard tools of differential calculus, one verifies the validity of the estimates

a’ 4 + 3a>
< ® <17
&2 (1 ,71 a2)2 > I,E(C) >

. ee(0;1), a#£0, CeR.
aQ € ( ) (I;é C
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Taking into account the equality

1

D2.(0) = T (—0)

and also the strict monotonicity of In(-) together with the boundedness of arctan(-), we obtain the

following estimate:
b(t)

(at) + ¢’
(where the positive quantity b(¢) depends only on ¢ > 0). Setting

I (t; Q)] < €(0;1), CeR, ¢t>0

b(t)

9(t;¢) = (@21

we obtain the validity of condition I).
We now show that condition II) also holds:

/\f ol — de <Y [ r©lsta-ode+ [ 17©lgttiz - e <

1= e—a;1<1 R\U

cb(t) — / d¢ / d¢

< ————— +c1b(t <400, xzeR, t>N0.

e | o M mEr e
I=e—ay)<1 R

The lemma is proved.

The main result is formulated as the following statement.

Theorem 1. Let the initial function f(-) be continuous on R"\{z;} |, bounded in a neighbourhood
of the point at infinity, and satisfy estimates (8) in sufficiently small neighbourhoods of the points
xj. Then, on the set 11, formula (11) defines the unique solution of the Cauchy problem (1), (9).

Proof. Since G, is a solution of equation (1), using formulas (12) we obtain:
Owu(t;z) = (f * 0:Go)(t;x) = —a(f x ASGo)(t;2) = —aASu(t;z), (t;x) € L.

Hence, on the set I1;, representation (11) defines a classical solution of equation (1).

We now show that this solution satisfies the initial condition (9) in the sense of relation (13).
Fix an arbitrary point z € R"™\ {z;}]2,,
and set r := |z — x;]. According to formula (7), we have:

denote by [ the index of the singular point z; closest to z,

(74 Ga) () = $0)] < [ Galts )l f(a =) — Fw)lde = £(t0)
i

Since f is continuous on R™\ {z;}7",, then for every € > 0 there existsto € (0;7) such that

a1 1
t3" < eand |f(x — &) — f(z)| < e, whenever |¢] < t;"**. Thus,

Sta) < / Go(t; €)de + / Gut:6)|f(x — €) — f(a)|de <

€| <ty 205 |§|>t2<"+“)
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< / Galt:)dE + ()] / Galt:€)dE + / Go(t:6)|(x — €)/de =

Rn 1 1
RESE e[t

=e+ Lo(t;x) + £1(t; ),
where
Lo(t;z) == [f(z)] / Gao(t;§)dE,  Li(t;x) == / Ga(t; 1 f (z = §)|d¢.
|§|Ztg<n%a) |€\Zt02(n%a)

Taking into account estimates (5) and (8), for ¢ > 0 we obtain:

+oo
Lo(t;x) <er it / €| 7" YdE = aeqt / pi%dp = Eytt, . (15)
G215 s
To estimate the integral £1 we use the decomposition
Li(tw) = / Ga(t;§)[f(x = &)|dE + / Ga(t: OIIf(z — §)|dE = Lu1(t; x) + Lra(t; 7).
a1 .
2r> g >tg " =
Once again, using (5) and (8), for t > 0 we obtain:
d _ _nta 1
Lii(tsz) <ct / f(z)|d e St 2t / |f(2)|dz = éatty 25 (16)
(tVe + |z — 2|)

2r>|x—z|
2r2|x—z|2t02<n+a>

—&)|d —&)|d
Sio(tiz) < ct / e = Olds / [f(@ —&)lde nfg' S (17)
(t/ + [¢]) €l

|g1=2r |€[>2r
From inequalities (15)—(17) it follows that for all ¢ < ¢,

2n+a 1
20(t§ .CC) + 21(t§ l’) < 61t5("+a) + 62t§ + sty < 61€2n+a + 62€n+a + 6382(n+a).

Hence,
Yz € R™\ {z;}7; e >0 Ve >0 3tg < X" vt <ty

L(t;x) < cfe + e 4 gInta y 2nta)y

that is, the limit relation (13) holds.

Finally, according to the corresponding maximum principle for classical solutions of equation
(1) from [2], the Cauchy problem (1), (9) cannot have more than one classical solution.

The theorem is proved.

3 CONCLUSIONS

It has been shown that the Cauchy problem for the isotropic superdiffusion equation (1) has a
unique bounded smooth solution even in the case where the initial function has a finite number of
discontinuities of the second kind. Thus, a generalization of known results for bounded continuous
initial data is established.
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Posrnsimaernes 3amaga Komri gyis piBasiams i3orporHol cymnepandysil 3 orneparopom Picca
Jpobosoro nudeperniroBants opsaky « € (0;2), sike y3arajbHIOE KJIaCHUHe DIBHSIHHSI TEILIOo-
nposimuaocTi. Taki Mozesi 3aCTOCOBYIOTHCS TIPHU OINCI TIEPEHEeCEHHsT €HepTil Ta Machu y dpakx-
TAJILHUX 1 OPHUCTUX CEPEJOBUITNAX, IJIA3MOBUX CHCTEMaX Ta IHIMUX CKJIAJHUX CTPYKTypax 3
aHoMaJsIbHO TBIAKUM normmpenasM. Oneparop Picca € remeparopoM cHMETPUYIHEX (-CTIHKUX
nporieciB JIeBi, Tomy po3s’si30k 3aa4ui Korrri Mmozke iHTepripeTyBaTucs K I'yCTUHA HMOBIpHOCTI
BiJITOBITHOTO CTOXaCTHUYHOTO IIPOIIECY.

V kuraci obMmexkeHuX TIaJIKuX (DYHKIIH BCTAHOBJIEHO ICHYBAHHS KJIACHTIHOIO PO3B’SI3KY 3a-
Jadi y BUIIQJIKY, KOJIM IIOYATKOBa YMOBA JIONYCKAE CKiHYEHHY KiJIbKICTh IHTEIPDOBHUX PO3PUBIB

APYroro pojiy.



