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Ìîäåëþâàííÿ êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

íåéòðàëüíîãî òèïó

Äîñëiäæåíî ñõåìó çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó çi çìiííèì âiäõèëåííÿì àðãóìåíòiâ, ùî áà-

çó¹òüñÿ íà çàïðîïîíîâàíié iòåðàöiéíié ñõåìi iç çàñòîñóâàííÿì êóái÷íèõ ñïëàéíiâ äåôåêòó

äâà. Äëÿ ïðàêòè÷íîãî ìîäåëþâàííÿ òàêèõ êðàéîâèõ çàäà÷ ðîçðîáëåíî ïðèêëàäíèé çà-

ñòîñóíîê çi çðó÷íèì êîðèñòóâàöüêèì iíòåðôåéñîì äëÿ çàäàííÿ âõiäíèõ ïàðàìåòðiâ òà

âiçóàëiçàöi¨ îòðèìàíèõ ðåçóëüòàòiâ.
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Âñòóï

Ìàòåìàòè÷íi ìîäåëi, ùî îïèñóþòüñÿ iíòåãðî-äèôåðåíöiàëüíèìè ðiâíÿííÿìè, âèíèêàþòü

ïðè âèâ÷åííi ïðèêëàäíèõ ôiçè÷íèõ, åêîíîìi÷íèõ, åêîëîãi÷íèõ ïðîöåñiâ. Çîêðåìà, iíòåãðî-

äèôåðåíöiàëüíi ðiâíÿííÿ Âîëüòåððè iç çàïiçíåííÿì âiäiãðàþòü âàæëèâó ðîëü ïðè ìîäåëþ-

âàííi áàãàòüîõ ðåàëüíèõ ÿâèù â åêîëîãi¨ [1]. Îñòàííiìè ðîêàìè çðîñòà¹ iíòåðåñ äî iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi ¹ êîìáiíàöi¹þ äèôåðåíöiàëüíèõ òà iíòåãðàëüíèõ ðiâíÿíü Ôðå-

äãîëüìà ÷è Âîëüòåððè. Âîíè âiäiãðàþòü âàæëèâó ðîëü ó ïðèêëàäíèõ çàäà÷àõ òåõíiêè, àñòðî-

íîìi¨, ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi ïîøèðåííÿ åïiäåìié, â çàäà÷àõ ìàòåìàòè÷íî¨ áiîëîãi¨

òà õiìi÷íî¨ êiíåòèêè [2, 3].

Êðàéîâi çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì ¹ äîñòàòíüî ñêëà-

äíèì îá'¹êòîì äîñëiäæåííÿ. Âiäîìî, ùî íå iñíy¹ óíiâåðñàëüíèõ ìåòîäiâ ïîáóäîâè ¨õ òî÷íèõ

ðîçâ'ÿçêiâ. Òîìó îñíîâíèìè òåîðåòè÷íèìè ïèòàííÿìè ïðè äîñëiäæåííi òàêèõ çàäà÷ ¹ îá ðóí-

òóâàííÿ êîíñòðóêòèâíèõ ïiäõîäiâ äîâåäåííÿ iñíóâàííÿ ¨õ ðîçâ'ÿçêiâ òà ðîçðîáêà åôåêòèâíèõ

ìåòîäiâ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ. Âàæëèâîþ òàêîæ ¹ çàäà÷à îäåðæàííÿ îöiíîê ïîõè-

áîê äëÿ íàáëèæåíèõ ðîçâ'ÿçêiâ. Íà äàíèé ÷àñ äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ iç

çàïiçíåííÿì âèêîðèñòîâóþòüñÿ ìåòîäè ïîñëiäîâíèõ íàáëèæåíü, ïðîåêöiéíî-iòåðàöiéíi ìåòîäè,
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ìåòîäè ñïëàéí-ôóíêöié [4, 5, 6, 7]. Öiêàâèìè äëÿ ïðèêëàäíèõ çàñòîñóâàíü âèÿâèëèñü ñõåìè

àïðîêñèìàöi¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ïîñëiäîâíiñòþ ñèñòåì çâè÷àéíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü [8, 9, 10].

Ìåòîþ äàíî¨ ðîáîòè ¹ çàñòîñóâàííÿ iòåðàöiéíî¨ ñõåìè çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ

íîâîãî êëàñó êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó ç áàãà-

òüìà çàïiçíåííÿìè çà äîïîìîãîþ êóái÷íèõ ñïëàéíiâ äåôåêòó äâà.

1 Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ ðîçâÿçêó êðàéîâî¨ çàäà÷i

Ââåäåìî ïîçíà÷åííÿ

[y(x)] =
(
y
(
x− τ0(x)

)
, . . . , y

(
x− τn(x)

))
,

[y(x)]1 =
(
y′
(
x− τ0(x)

)
, . . . , y′

(
x− τn(x)

))
, (1)

[y(x)]2 =
(
y′′
(
x− τ0(x)

)
, . . . , y′′

(
x− τn(x)

))
.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
+ (2)

+

b∫
a

g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
ds, x ∈ [a; b],

y(p) (x) = φ(p) (x) , p = 0, 1, 2, x ∈ [a∗; a] , y (b) = γ, (3)

äå çàïiçíåííÿ τ0 (x) = 0, à τi (x) , i = 1, n � íåïåðåðâíi íåâiä'¹ìíi ôóíêöi¨, âèçíà÷åíi íà [a, b],

φ (x) � çàäàíà äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a], γ ∈ R,

a∗ = min
0<i≤n

{
inf

x∈[a;b]
(x− τi (x))

}
.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþòüñÿ çàïiçíåííÿìè τ1 (x) , . . . , τn (x):

Ei1 =
{
xj ∈ [a, b] : xj − τi (xj) = a, j = 1, 2, . . .

}
,

Ei2 =
{
xj ∈ [a, b] : x0 = a, xj+1 − τi (xj+1) = xj , j = 0, 1, 2, . . .

}
,

E2 =

n⋃
i=1

(
Ei1 ∪ Ei2

)
.

Ïðèïóñòèìî, ùî çàïiçíåííÿ τi (x) , i = 1, n � òàêi ôóíêöi¨, ùî ìíîæèíè Ei1, Ei2, i = 1, n, ¹

ñêií÷åííèìè. Çàíóìåðó¹ìî òî÷êè ìíîæèíè E2 â ïîðÿäêó çðîñòàííÿ.
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Ââåäåìî ïîçíà÷åííÿ:

P = sup

{∣∣∣f(x, [y(x)], [y(x)]1, [y(x)]2)∣∣∣+
∣∣∣∣∣

b∫
a

g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
ds

∣∣∣∣∣ :∣∣∣y(x− τi(x)
)∣∣∣ ≤ P1,

∣∣∣y′(x− τi(x)
)∣∣∣ ≤ P2,∣∣∣y′′(x− τi(x)

)∣∣∣ ≤ P3, i = 0, n, x, s ∈ [a; b]

}
,

J = [a∗; a] , I = [a, b] ,

I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B2

(
J ∪ I

)
=

{
y (x) : y (x) ∈

(
C(J ∪ I) ∩

(
C1(J)∪C1(I)

)
∩

∩
(k+1⋃

j=1

C2 (Ij)

))
, |y(x)| ≤ P1, |y′(x)| ≤ P2, |y′′(x)| ≤ P3

}
,

äå P1, P2, P3 � äîäàòíi ñòàëi.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (2)-(3) ââàæàòèìåìî ôóíêöiþ y = y (x), ÿêùî âîíà çàäîâîëüíÿ¹

ðiâíÿííÿ (2) íà [a; b] (çà ìîæëèâèì âèíÿòêîì òî÷îê ìíîæèíè E2) i êðàéîâi óìîâè (3). Áóäåìî

øóêàòè ðîçâ'ÿçîê çàäà÷i (2)-(3), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Iç îçíà÷åííÿ ïðîñòîðó B2(J ∪ I) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (2)-(3) áóäå íåïåðåâíî-

äèôåðåíöiéîâíèì äëÿ áóäü-ÿêîãî x ∈ [a, b], äå y′ (a) � ïðàâà ïîõiäíà, à â òî÷êàõ ìíîæèíè E2

iñíóþòü ñêií÷åííi îäíîñòîðîííi äðóãi ïîõiäíi ðîçâ'ÿçêó, ÿêi ìîæóòü íå ñïiâïàäàòè.

Ââåäåìî íîðìó â ïðîñòîði B2(J ∪ I):

∥y∥B2
= max

{
8

(b− a)2
max
x∈J∪I

|y(x)|, 2

b− a
max

(
max
x∈J

|y′(x)|, max
x∈I

|y′(x)|
)
,

max
(
max
x∈J

|y′′(x)|, max
x∈I1

|y′′(x)|, . . . , max
x∈Ik+1

|y′′(x)|
)}

.

Ïðîñòið B2(J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (2)-(3) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [11, 12]

y (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)
+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1, [y(ξ)]2

)
dξ
]
×

×G (x, s) ds+ l (x) , x ∈ J ∪ I, (4)

G (x, s) =

{
G (x, s) , x, s ∈ I,

0, â iíøîìó âèïàäêó,

l (x) =

{
φ (x) , x ∈ J,

γ−φ(a)
b−a (x− a) + φ (a) , x ∈ I,

äå G (x, s) � ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.
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Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði B2(J ∪ I) íàñòóïíèì ÷èíîì

(Ty) (x) =

b∫
a∗

[
f
(
s, [y(s)], [y(s)]1, [y(s)]2

)
+

+

b∫
a

g
(
s, ξ, [y(ξ)], [y(ξ)]1, [y(ξ)]2

)
dξ
]
G (x, s) ds+ l (x) , x ∈ J ∪ I.

Íåõàé ôóíêöiÿ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
� íåïåðåðâíà ó G = [a; b]×Gn+1

1 ×Gn+1
2 ×Gn+1

3 ,

à g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
� íåïåðåðâíà ó Q = [a; b] × G, äå G1 =

{
u ∈ R : |u| ≤ P1

}
,

G2 =
{
v ∈ R : |v| ≤ P2

}
, G3 =

{
w ∈ R : |w| ≤ P3

}
, P1, P2, P3 � äîäàòíi ñòàëi, ùî âõîäÿòü â

îçíà÷åííÿ ïðîñòîðó B2(J ∪ I).

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

1) max

{
max
x∈J

|φ (x)| , (b−a)2

8 P +max
{
|φ (a)| , |γ|

}}
≤ P1,

2) max

{
max
x∈J

|φ′ (x)| , b−a
2 P +

∣∣∣γ−φ(a)
b−a

∣∣∣} ≤ P2,

3) max

{
max
x∈J

|φ′′ (x)| , P
}

≤ P3,

4) ôóíêöi¨ f
(
x, [y(x)], [y(x)]1, [y(x)]2

)
i g
(
x, s, [y(s)], [y(s)]1, [y(s)]2

)
çàäîâîëüíÿþòü óìîâó Ëi-

ïøèöÿ ó G çà çìiííèìè [y(x)], [y(x)]1, [y(x)]2 çi ñòàëèìè L1
i òà L

2
i , i = 0, 3n+ 2, âiäïîâiäíî,

5) (b−a)2

8

n∑
i=0

(
L1
i + (b− a)L2

i

)
+ b−a

2

2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
+

3n+2∑
i=2n+2

(
L1
i + (b− a)L2

i

)
< 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2)-(3) ó ïðîñòîði B2(J ∪ I).

Äîâåäåííÿ òåîðåìè íåñêëàäíî îäåðæàòè çàñòîñîâóþ÷è ïðèíöèï ñòèñëèõ âiäîáðàæåíü äëÿ

îïåðàòîðà T [7, 13].

2 Îá÷èñëþâàëüíà ñõåìà. Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó

Âèáåðåìî íåðiâíîìiðíó ñiòêó ∆ = {a = x0 < x1 < . . . < xm = b} íà âiäðiçêó [a; b], òàêó ùî

E2 ⊂ ∆. Ïîçíà÷èìî ÷åðåç S(x, y) iíòåðïîëÿöiéíèé êóái÷íèé ñïëàéí äåôåêòó äâà íà ∆ äëÿ

ôóíêöi¨ y (x), ÿêèé íàëåæèòü ïðîñòîðó B2(J ∪ I).

Ââåäåìî ïîçíà÷åííÿ:

M+
j = S′′(xj + 0, y), j = 0, 1, . . . ,m− 1, (5)

M−
j = S′′(xj − 0, y), j = 1, 2, . . . ,m. (6)

Ñïëàéí S(x, y) äåôåêòó äâà, ùî iíòåðïîëþ¹ ôóíêöiþ y(x), ìà¹ âèãëÿä [6, 7]:

S(x, y) = M+
j−1

(xj − x)3

6hj
+M−

j

(x− xj−1)
3

6hj
+ (7)

+

(
yj−1 −

M+
j−1h

2
j

6

)
xj − x

hj
+

(
yj −

M−
j h2j
6

)
x− xj−1

hj
,

x ∈ [xj−1;xj ], j = 1, 2, . . . ,m.
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Âðàõîâóþ÷è âëàñòèâîñòi êóái÷íîãî ñïëàéíà ó âíóòðiøíiõ âóçëàõ ñiòêè ∆, ìà¹ìî ðiâíîñòi:

S′
j(xj − 0, y) = S′

j+1(xj + 0, y), j = 1,m− 1. (8)

Ðiâíîñòi (8), âðàõîâóþ÷è âèãëÿä ñïëàéíà, ïåðåïèøåìî ó âèãëÿäi ñèñòåìè ëiíiéíèõ àëãåáðà-

¨÷íèõ ðiâíÿíü, ÿêó çàäîâîëüíÿþòü âåëè÷èíè M+
j−1 i M

−
j (j = 1, 2, . . . ,m).

hj+1yj−1 − (hj + hj+1)yj + hjyj+1 =
hjhj+1

6 ×
×
(
hjM

+
j−1 + 2hjM

−
j + 2hj+1M

+
j + hj+1M

−
j+1

)
,

j = 1,m− 1.

(9)

Áóäåìî øóêàòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2)-(3) ó âèãëÿäi ïîñëiäîâíîñòi êóái÷íèõ ñïëàéíiâ

äåôåêòó äâà çà íàñòóïíîþ ñõåìîþ:

À) Âèáåðåìî êóái÷íèé ñïëàéí S
(
x, y(0)

)
= γ−φ(a)

b−a (x− a) + φ (a), ÿêèé çàäîâîëüíÿ¹ êðàéîâi

óìîâè (3) ïðè x = a òà x = b.

Á) Âèêîðèñòîâóþ÷è âèõiäíå ðiâíÿííÿ (2) òà ñïëàéí S
(
x, y(k)

)
, çíàõîäèìî äëÿ k = 0, 1, . . .:

M
+(k+1)
j = f

(
xj , [S(xj + 0, y(k))], [S(xj + 0, y(k))]1, [S(xj + 0, y(k))]2

)
+

+

b∫
a

g
(
xj , s, [S(s, y

(k))], [S(s+ 0, y(k))]1, [S(s+ 0, y(k))]2
)
ds,

j = 0,m− 1, (10)

M
−(k+1)
j = f

(
xj , [S(xj − 0, y(k))], [S(xj − 0, y(k))]1, [S(xj − 0, y(k))]2

)
,

+

b∫
a

g
(
xj , s, [S(s, y

(k))], [S(s− 0, y(k))]1, [S(s− 0, y(k))]2
)
ds,

j = 1,m. (11)

Ó ñïiââiäíîøåííÿõ (10), (11) ïiäñòàâëÿ¹ìî S(p)
(
x, y(k)

)
= φ(p)(x), p = 0, 1, 2 ïðè x < a.

Â) Îá÷èñëþ¹ìî y
(k+1)
j , j = 0,m, ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (9).

Ã) Îäåðæó¹ìî êóái÷íèé ñïëàéí S
(
x, y(k+1)

)
ó ôîðìi (7), âèêîðèñòîâóþ÷è çíàéäåíi çíà÷åííÿ

y
(k+1)
j , j = 0,m, M

+(k+1)
j , j = 0,m− 1, M

−(k+1)
j , j = 1,m. Öåé ñïëàéí âèñòóïà¹ â ÿêîñòi

íàñòóïíîãî íàáëèæåííÿ.

Ââåäåìî ïîçíà÷åííÿ:

λ1 =

n∑
i=0

(
L1
i + (b− a)L2

i

)
, (12)

λ2 =

2n+1∑
i=n+1

(
L1
i + (b− a)L2

i

)
, λ3 =

3n+2∑
i=2n+2

(
L1
i + (b− a)L2

i

)
,

u =
K5

8
(b− a)2 +

H2

8
, v =

K5

2
(b− a) +

2H

3
,

µ = 5

(
1 +

1

2
λ1H

2 + λ2H + λ3

)
.
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Òåîðåìà 2. Íåõàé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2)-(3) iñíó¹ òà íàëåæèòü ïðîñòîðó B2(J ∪ I).

Òîäi ïðè âèêîíàííi íåðiâíîñòi

θ = uλ1 + vλ2 + λ3 < 1 (13)

iñíó¹ òàêå H∗, ùî ïðè âñiõ 0 < H < H∗ ïîñëiäîâíiñòü ñïëàéíiâ
{
S
(
x, y(k)

)}
, k = 0, 1, . . .

ðiâíîìiðíî çáiãà¹òüñÿ íà [a; b] i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ∥∥∥∥ lim
k→∞

S(p)(x, y(k))− y(p) (x)

∥∥∥∥ ≤ Rpω
(
y′′ (x) , H

)
, p = 0, 1, 2, (14)

R0 = sup
H≤H∗

(
uµ

1− θ
+

5H2

2

)
, R1 = sup

H≤H∗

(
vµ

1− θ
+ 5H

)
,

R2 = sup
H≤H∗

(
µ

1− θ
+ 5

)
,

ω
(
y′′ (x) , H

)
= max

1≤r≤l+1
ωr

(
y′′ (x) , H

)
,

äå ωr(f,H) � öå ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà âiäðiçêó δr.

Äîâåäåííÿ òåîðåìè 2 ïðîâîäèòüñÿ àíàëîãi÷íî äî òåîðåìè 1 äëÿ ëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ

ðiâíÿíü iç çàïiçíåííÿì [11].

3 ×èñëîâi åêñïåðèìåíòè

Äëÿ ìîäåëþâàííÿ êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì

òà íåéòðàëüíîãî òèïiâ ðîçðîáëåíî êðîñïëàòôîðìíå ïðîãðàìíå çàáåçïå÷åííÿ çàñîáàìè ìîâè

JavaScript iç âèêîðèñòàííÿì òåõíîëîãi¨ NodeJS òà ôðåéìâîðêó NW.js, ÿêèé äà¹ çìîãó íàäàòè

ïðîãðàìi çðó÷íèé êîðèñòóâàöüêèé iíòåðôåéñ äëÿ ââåäåííÿ ïàðàìåòðiâ ðiçíîãî òèïó.

Ðèñ. 1: Âèãëÿä âiêíà çàñòîñóíêó



22 Äîðîø À.Á., ×åðåâêî I.Ì.

Ó áîêîâié ÷àñòèíi âiêíà ïðîãðàìè çàäàþòüñÿ ïàðàìåòðè êðàéîâî¨ çàäà÷i, à ñàìå ïî÷àòîê

a òà êiíåöü âiäðiçêà b, êiëüêiñòü òî÷îê ðîçáèòòÿ m, êîåôiöi¹íòè ðiâíÿííÿ ai, bi, ci, çàïiçíåí-

íÿ τi (i = 0, n), òî÷íiñòü îá÷èñëåííÿ ε òîùî. Ôóíêöiþ f ìîæíà ââåñòè ïðÿìî â òåêñòîâîìó

ïîëi, ¨¨ ðîçïiçíà¹ âáóäîâàíèé ñèíòàêñè÷íèé àíàëiçàòîð JavaScript. ßêùî òî÷íèé ðîçâ'ÿçîê ðiâ-

íÿííÿ íåâiäîìèé, ìîæíà âèìêíóòè ïðàïîðåöü �Ïîêàçóâàòè òî÷íèé ðîçâ'ÿçîê�. Çà íàÿâíîñòi

iíòåãðàëüíîãî äîäàíêà ó ðiâíÿííi êîðèñòóâà÷ ìîæå îáðàòè ìåòîä éîãî îá÷èñëåííÿ � êâàäðà-

òóðíó ôîðìóëó òðàïåöié àáî Ñiìïñîíà. Ìàòåìàòè÷íèé âèãëÿä êðàéîâî¨ çàäà÷i âiäîáðàæà¹òüñÿ

ó âåðõíié ÷àñòèíi âiêíà.

Óâiâøè âñi ïàðàìåòðè, êîðèñòóâà÷ íàòèñêà¹ êíîïêó �Îá÷èñëèòè�, ùîá ïîáà÷èòè ðåçóëüòàò.

Ïðîãðàìà âèâîäèòü íà åêðàí óñi iòåðàöi¨ îá÷èñëþâàëüíî¨ ñõåìè, ïîêè íå äîñÿãíå ïîòði-

áíî¨ òî÷íîñòi. Ó òàáëèöi ç'ÿâèòüñÿ íàñòóïíà iíôîðìàöiÿ: íîìåð iòåðàöi¨, íîìåð êîæíî¨ òî÷êè

âiäðiçêà òà ¨¨ çíà÷åííÿ, íàáëèæåíèé ðîçâ'ÿçîê. ßêùî çàäàíî òî÷íèé ðîçâ'ÿçîê, òî âií òåæ

áóäå âiäîáðàæàòèñÿ ðàçîì ç àáñîëþòíîþ òà âiäíîñíîþ ïîõèáêîþ ìiæ òî÷íèì i íàáëèæåíèì

ðîçâ'ÿçêàìè.

Ïðèêëàä. Ðîçãëÿíåìî êðàéîâó çàäà÷ó:

y′′(x) = −αy′′
(
x− π

2

)
+

π
2∫

0

y
(
t− π

2

)
dt, x ∈

[
0;

π

2

]
, (15)

y(x) = sinx+ 1, y′(x) = cosx, y′′(x) = − sinx, x ≤ 0, (16)

y
(π
2

)
= 1− α.

Ïðè α = 0.25 iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i, à òàêîæ âèêîíó¹òüñÿ óìîâà (13)

òåîðåìè 2, îñêiëüêè ïðè h = 0.1 ìà¹ìî, ùî θ ≈ 0.7357 < 1.

Òî÷íèé ðîçâ'ÿçîê äàíî¨ êðàéîâî¨ çàäà÷i y(x) çíàéäåíî ìåòîäîì êðîêiâ:

y(x) = α cosx+
(π
2
− 1
) x2

2
−
(π
2
− 1
) π

4
x+ 1− α.

Íàáëèæåíèé ðîçâ'ÿçîê y20S (x), îäåðæàíèé íà 2-é iòåðàöi¨ ïðè 20 òî÷êàõ ðîçáèòòÿ âiäðiçêà

òà α = 0.25, íàâåäåíî â òàáëèöi 1.

Òàáë. 1: Ðåçóëüòàòè ÷èñëîâèõ åêñïåðèìåíòiâ äëÿ êðàéîâî¨ çàäà÷i (15)-(16).

x Òî÷íèé ðîçâ'ÿçîê y(x) Íàáëèæåíèé ðîçâ'ÿçîê y20S (x) ∆20
S

0 1 1 0
π
8

0.848934 0.851048 0.002114
π
4

0.750729 0.746732 0.003997
3π
8

0.713635 0.711245 0.00239
π
2

0.75 0.75 0
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Dorosh A.B., Cherevko I.M.Modeling boundary value problems for neutral-type integro-di�erential

equations, Bukovinian Math. Journal. 13, 2 (2025), 16�23.

A scheme for �nding approximate solutions to boundary value problems for neutral-type

integro-di�erential equations with variable argument deviation is studied, based on the suggested

iterative scheme using cubic splines with the defect two. For a practical modeling of such

boundary value problems, an application with a user-friendly interface for setting input parameters

and visualizing the results has been developed.
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