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1 INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

We shall follow the terminology of 1, 2, 13]. By w we denote the set of all non-negative integers
and by Z the set of all integers.

A subset A of w is said to be inductive, if i € A implies i + 1 € A. Obvious, that @ is an
inductive subset of w.

Remark 1 ([6]). 1. By Lemma 6 from [5] a nonempty subset F' C w is inductive in w if and
only (-1+ F)NF=F.

2. Since the set w with the usual order is well-ordered, for any nonempty inductive subset F' in

w there exists nonnegative integer np € w such that [np) = F.

3. Statement (2) implies that the intersection of an arbitrary finite family of nonempty inductive

subsets in w is a nonempty inductive subset of w.

Let & (w) be the family of all subsets of w. For any F' € #(w) and n,m € w we put n—m+F =
{n—m+k: ke F}if F# @and n—m+ & = &. A subfamily . C P (w) is called w-closed if
Fin(—n+F) € .Z foralln € w and F1, Fy € .#. For any a € w we denote [a) ={z € w: z > a}.

A semigroup S is called inverse if for any element x € S there exists a unique z~! € S such
1 _ -1

that zz~ 'z = z and 2~ tzz~ The element 2! is called the inverse of x € S. If S is an
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inverse semigroup, then the function inv: S — S which assigns to every element x of S its inverse
element ! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If S is an
inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S) as a band
(or the band of S). Then the semigroup operation on S determines the following partial order <
on F(S): e < fif and only if ef = fe = e. This order is called the natural partial order on E(S).
A semilattice is a commutative semigroup of idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the following partial
order < on S: s < t if and only if there exists e € E(S) such that s = te. This order is called the
natural partial order on S [16].

The bicyclic monoid or the bicyclic semigroup € (p,q) is the semigroup with the identity 1
generated by two elements p and ¢ subjected only to the condition pg = 1. The semigroup operation
on € (p, q) is determined as follows:

qkpl . qmpn — qk+m—min{l,m}pl+n—min{l,m}'
It is well known that the bicyclic monoid % (p,q) is a bisimple (and hence simple) combinatorial
E-unitary inverse semigroup and every non-trivial congruence on % (p, ¢) is a group congruence [1].

W

On the set B, = w x w we define the semigroup operation “-” in the following way

o o (i1 — J1 + i2,j2), if j1 < ig;
11,791) - (22,72) = . ) : e ) 1
( ) ) { (t1,71 — t2 + j2), if j1 > da. (1)

It is well known that the bicyclic monoid € (p, ¢) to the semigroup B,, is isomorphic by the mapping
h: €(p,q) = B, ¢“p' — (k,1) (see: [1, Section 1.12] or [15, Exercise IV.1.11(ii)]).

Next we shall describe the construction which is introduced in [5].

Let B,, be the bicyclic monoid and .# be an w-closed subfamily of #(w). On the set B, x .#

(132

we define the semigroup operation in the following way

(i1 — J1 + 12, j2, (J1 —i2 + F1) N Fy), if 51 <ig;
(i1, 51 —i2 + jo, F1 N (ia — j1 + F2)), if j1 > ia.

(i1, J1, F1) - (i2, g2, F2) = { (2)
In [5] is proved that if the family .# C & (w) is w-closed then (B, x .#, ') is a semigroup. Moreover,
if an w-closed family .# C Z?(w) contains the empty set @ then the set I = {(i,7,9): 4,7 € w} is
an ideal of the semigroup (B, X .%,-). For any w-closed family .% C & (w) the following semigroup

g7 _ | BuxZ.)I, ifoe;
w (B, x Z,)), ifod¢F

is defined in [5]. The semigroup Bff generalizes the bicyclic monoid and the countable semigroup of
matrix units. It is proven in [5] that B;’)@ is a combinatorial inverse semigroup and Green’s relations,
the natural partial order on Biz and its set of idempotents are described. Here, the criteria when
the semigroup Bf is simple, O-simple, bisimple, O-bisimple, or it has the identity, are given. In
particularly in [5] it is proved that the semigroup Bg is isomorphic to the semigrpoup of wxw-
matrix units if and only if .% consists of a singleton set and the empty set, and Bf is isomorphic
to the bicyclic monoid if and only if .%# consists of a non-empty inductive subset of w.

Group congruences on the semigroup Bf and its homomorphic retracts in the case when an
w-closed family .# consists of inductive non-empty subsets of w are studied in [6]. It is proven that
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a congruence € on B;’ZZ is a group congruence if and only if its restriction on a subsemigroup of sz ,
which is isomorphic to the bicyclic semigroup, is not the identity relation. Also in [6], all non-trivial
homomorphic retracts and isomorphisms of the semigroup B;’? are described.

In [3, 14] the algebraic structure of the semigroup B is established in the case when w-closed
family .# consists of atomic subsets of w.

The set By = Z x Z with the semigroup operation defined by formula (1) is called the extended
bicyclic semigroup [17]. On the set Bz x.%, where .Z is an w-closed subfamily of &?(w), we define the
semigroup operation “-” by formula (2). In [7] it is proved that (Bz x.Z, -) is a semigroup. Moreover,
if an w-closed family .% C (w) contains the empty set & then the set I = {(i,j,@): i,j € Z} is
an ideal of the semigroup (Byz x .Z,+). For any w-closed family .# C & (w) the following semigroup

g7 _ ] Bzx 7)1 ifoe7
z (By x Z,-), ifo¢F

is defined in [7] similarly as in [5]. In [7] it is proven that B is a combinatorial inverse semigroup.
Green’s relations, the natural partial order on the semigroup Bif and its set of idempotents are
described. Here, the criteria when the semigroup BZ‘? is simple, 0-simple, bisimple, 0-bisimple, is
isomorphic to the extended bicyclic semigroup, are derived. In particularly in [7] it is proved that
the semigroup Bg is isomorphic to the semigrpoup of wxw-matrix units if and only if .% consists
of a singleton set and the empty set, and B? is isomorphic to the extended bicyclic semigroup if
and only if .7 consists of a non-empty inductive subset of w. Also, in [7] it is proved that in the
case when the family .# consists of all singletons of w and the empty set, the semigroup BZgj is
isomorphic to the Brandt A-extension of the semilattice (w, min), where (w, min) is the set w with
the semilattice operation z - y = min{z, y}.

It is well-known that every automorphism of the bicyclic monoid B, is the identity self-map of
B,, [1], and hence the group Aut(B,,) of automorphisms of B,, is trivial. The group Aut(By) of
automorphisms of the extended bicyclic semigroup By is established in [4] and there it is proved
that Aut(Bz) is isomorphic to the additive group of integers Z(+). In the paper [9] we prove that
for any family .% of nonempty inductive subsets of w the group Aut(BEfZ ) of automorphisms of the
semigroup Bg is isomorphic to the additive group of integers.

In [12] the semigroups of endomorphisms of the bicyclic semigroup and the extended bicyclic
semigroup are described. All types of monoid endomorphisms of the monoid Bf * for two-element
family .72 of nonempty inductive subsets of w are described in [8, 10, 11].

This paper is a continuation of |7, 9]. We describe injective endomorphisms of the semigroup
B? * with the two-element family .%?2 of inductive nonempty subsets of w. In particular we show
that every injective endomorphism e of BZ’@ *is presented in the form ¢ = ega, where ¢g is an injective
(0,0,[0))-endomorphism of Bgz and a is an automorphism a of Bg’ﬂ. Also we describe all injective
(0,0, [0))-endomorphisms eg of Biﬂ, i.e., such that (0,0,[0))eo = (0,0,[0)).

Later we assume that an w-closed family .#?2 consists of two inductive nonempty subsets of w.

72
2  ENDOMORPHISMS OF THE SEMIGROUP B WITH THE FIXED POINT (0,0, [0))

If .Z is an arbitrary w-closed family of inductive subsets in #(w) and [s) € % for some s € Z
then

B = {(i,4,[5)): i, € 2}
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is a subsemigroup of Bg and by Proposition 5 of |7] the semigroup B{Z[s)} is isomorphic to the
extended bicyclic semigroup.

Remark 2. By Proposition 1 of [9] for any w-closed family .% of inductive subsets in &(w) there
exists an w-closed family .#* of inductive subsets in & (w) such that [0) € .#* and the semigroups
Bg and Bg* are isomorphic. Hence without loss of generality we may assume that the family .72
contains the set [0).

An endomorphism ¢ of the semigroup Bg * s called a (0,0, [0))-endomorphism if
(0,0,[0))e = (0,0,[0)).

Remark 3. Theorem 1 of [8] state that for every injective monoid endomorphism e of the monoid
Bff ’ only one of the following conditions holds:

(1) there exist a positive integer k and p € {0, ...,k — 1} such that ¢ = oy, where the mapping
oy defined by the formula

(i7j7 [0))0%,10 - (ki’ kj, [0))7
(4,4, [1)okp = (p+ ki, p+ kj, [1)),
1,] € w;

(2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢ = f,, where the
mapping By, defined by the formula

(4,7, [0)Brp = (Ki, k3, [0)),
(i, 4, (D)) Brp = (0 + ki, p + k3, [0)),
1, € w.
For any integer k we define
B7 " (k,k,0) = (k, k,[0)) - B - (k, K, [0)).

By Proposition 2 [9], BZ‘?Q(k‘, k,0) is a subsemigroup of ng which is isomorphic to BfQ.
Fix an arbitrary positive integer k and any p € {0,...,k — 1}. For all 4,j € Z we denote the
transformation oy, of the semigroup Bg * in the following way

(ihj? [0))0%,}7 = (kl7 k.77 [0))7
(i?j? [1))ak,P = (p + ki,p + k]a [1))1

Lemma 1. For an arbitrary positive integer k and any p € {0, ..., k—1} the map oy, is an injective
endomorphism of the semigroup Biz .

Proof. By by Proposition 5 of 7] the subsemigroups B%[O)} and Bgl)} are isomorphic to the ex-
tended bicyclic semigroup. By Proposition of [12] we have that the restrictions of oy, onto the

)} )}
plies that for all ¢, j, s,t € Z the following equalities hold

subsemigroups Bgo and Bgl)} are endomorphisms of Bgo and Bgl)}, respectively. This im-

(<i7j7 [O>) ’ (37 t, [0)))04]@71) = (i7j7 [0))ak,p ’ <37 12 [O))akdm
(G5, [1) - (5,8, (1)) arp = (6,4, [1))anp - (5,8, [1)) ok p-
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For any ¢, j,p,q € Z we have that

i+s—74,t,(—s+1[0)N[1)ag, ifj<s;
((4,5,10)) - (s, 2, [1))) ok pp = ,[0) N [1)) etk p, ifj=s =
ih,j+t—s0)N(s—j+[1))agy ifj>s
+s—74,t (1), ifj<s;

2
,[1) ks ifj=s =
i,j+t—s5,00)agy ifj>s
p+k(i+s—j),p+kt[l), ifj<s;
p+ki,p+kt,[1)), if j =s;

(
(4,1
(
(1
=1 G
(
(
(
(ki,k(j +t—s),[0)), if j > s,

(ivjv [0))ak,p : (S)ta [1))akp (kﬂ, k]a [ )) : (p + k‘S,p + kt? [1)) =
(ki+p+ks—kjp+kt,(kj—p—ks+[0)N[1)), ifkj<p+ks;
(kiap + kta [0) N [1))7 if k] =p+ k?S; =
(ki,kj+p+kt—p—Fks, [0)N(p+ks—kj+][1)), ifkj>p+ks
(p+k(i+s—7),p+kt,[1), ifkj<p+ ks;

(ki,p + kt, [1)), ifkj=p+ks; =

(ki,k(j +t—s),]0)), itkj >p+ks

(p+k(i+s—j)p+kt[l), ifkj<ks;

(p+ ki,p+ kt,[1)), if kj = ks;

=< (ki kt,[1)), ifkj=p+ksandp=0; =
vagueness, if kj =p—+ ks and p # 0;
(ki, k(j +t — s),[0)), if kj > ks
(p+k(i+s—j),p+kt[1), ifj<s;

=< (p+ki,p+kt, 1)), if j = s;
(ki k(j +t —5),[0)), if j > s,

and

i+s—j,t,(—s+[1)N[0)aky ifj<s;

(1) N[0))akp, ifj=s =
g+t =510 (5= +[0))akp, ifj>s
P45 =t [0)any i) <s

(
((4,5,[1)) - (5,2, [0)))okp = (it
(
(
=9 (@t [1)okp, ifj=s =
©
(k@i +s—j),
(p+ ki,p+ kt,[1)), if j = s;
(p+ki,p+k(j+t—s),[1), ifj>s,

i,j+t—s,[1)agy ifj>s
kt, [0)), if j <'s;
1
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(i, 5, [1))okp - (5,1, [0)) oy = (p + ki, p + kj, [1)) - (ks, kt, [0)) =

(p+ki+ks—p—kjkt,(p+kj—ks+[1))N[0)), ifp+kj<ks;
=4 (p+ ki kt,[1)N]0)), ifp+kj=ks;, =
(p+ki,p+kj+kt—rks, [1)N(ks—p—Fkj+][0))), ifp+kj>ks
(k(i+s—j), kt,[0)), it p+kj < ks;
=1 (p+ ki, kt, [1)), itp+kj=ks;, =
(p+ki,p+k(j+t—s),[1)), ifp+kj>ks
(k(i +s—j),kt,[0)), if kj < ks;
(ki, kt,[1)), if p+kj=ksandp=0;
= ¢ vagueness, ifp+kj=ksand p#0; =
(p+ ki,p+ kt,[1)), if kj = ks;
| (p+Fki,p+E(j+t—s),[1)), ifkj>ks
(k(i+ s —j),kt, [0)), if j < s;
=1 (p+ki,p+ kt,[1)), if j = s;
L(p—kk:zp—i—k(j—kt—s) 1)), ifj>s,

because p € {0,...,k — 1}. Thus, oy is an endomorphism of the semigroup BZ"’@Q. O

Fix an arbitrary positive integer k > 2 and any p € {1,...,k—1}. For all 4, j € Z we define the
transformation Sy, of the semigroup Bg * in the following way

(4,5, [0)) Br.p = (Ki, k3,10)),
(4,7, (1) Brp = (p + ki, p + kj, 0)).

It is obvious that [, is an injective transformation of the semigroup Bg’z ’

Lemma 2. For an arbitrary positive integer k > 2 and any p € {1,...,k — 1} the map (), is an
injective endomorphism of the semigroup BgQ.

Proof. By by Proposition 5 of [7] the subsemigroups B%[o)} and Bgl)} are isomorphic to the ex-

tended bicyclic semigroup. By Lemma 3 of [12], the restriction of 3}, onto the subsemigroup Bgo)}
(0)} 1)}

, and the restriction of 3, onto the subsemigroup B% is a ho-

0

is an endomorphisms of B%
momorphisms of Bgl)} into B% ' This implies that for all ¢, j,s,t € Z the following equalities

hold

((i7j7 [O>) ’ (37t7 [0)>)5k,p = (i,j, [0))/816710 ’ (87t7 [O))/Bk,py
((i,j, [1)) : (37t7 [D))Bk,p = (iaja [D)ﬁk,p : (S’t’ [1))/816713‘
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For any ¢, j,p,q € Z we have that

(t+s—34,t,(—s+[0)N[1)Brp, ifj<s;
((4,4,10)) - (s, £, [1))Brp = (i,¢,10) N [1))Brp, if j=s =

(i, j+t—510)0N(s—7+1))Bkyp, ifj>s
(i+s— 4,8 [1)Brp, ifj<s

= (7 [))/kav ifj=s =
(10 4+t~ 5,[0) B 165 > s
(p+k(i+s—7),p+kt|0), ifj<s;

=< (p+ki,p+kt,[0)), if j = s;
(ki,k(j +t—s),]0)), if j > s,

(4,7:[0))Brp - (5, [1)) Brp = (Ki, k35, (0)) - (p + ks, p + kt, [0)) =

(ki+p+ks—kj,p+kt,(kj—p—ks+1[0))N[0)), ifkj <p+ks;

={ (ki,p+kt,[0)N[0)), ifkj=ptks =
(ki,kj+p+kt—p—Fks, [0)N(p+ks—kj+1[0)), ifkj>p+ks
(p+k(i+5—j),p+kt[0), ifkj<p+ ks;

=< (ki,p+ kt,[0)), ifkj=p+ks =
(ki,k(j +t—s),]0)), ifkj>p+ks
(p+k(i+s—7),p+kt]0)), ifkj<ks;
(p + ki, p + kt, [0)), if kj = ks;

=< (ki kt,[0)), ifkj=p+ksandp=0; =
vagueness, if kj =p+ ks and p # 0;
(ki,k(j+t—s),[0))), if kj > ks
(p+Ek(i+s—j),p+kt]0)), ifj<s;

=< (p+ki,p+kt,[0)), if j = s;
(ki,k(j +t—s),]0)), if j > s,

and

(t+s=5,t, (1 —s+[1)N[0)Bkp, ifj<s;
((i,j,[l))-(s,t, [0)))519,1): ( [) [)) k,p> ifj:S; =
(i, j+t—s1)N(s—7+[0))Bkyp, ifj>s

(i+5—7,[0)Bkp, ij<s

=4 (,6,[1)Brp, ifj=s =
(
(k
(
(p

i,j+t—s,01)Bkp, ifj>s

(i +s—7),kt, [0)), if j <s;
p+ ki,p + kt,[0)), if j =s;
+ki,p+k(j+t—s),[0)), ifj>s,
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(4,7, [1))Brp - (5,2,[0)) Brp = (0 + ki, p + k3, [0)) - (ks, kt, [0)) =

(p+ki+ks—p—kjkt,(p+kj—ks+1[0)N[0)), ifp+kj<ks;
= (p+ ki kt, [0)N]0)), ifp+kj=ks;, =
(p+ki,p+kj+kt—rks [0)N(ks—p—Fkj+][0))), ifp+kj>ks
(k(i+s—j), kt,[0)), it p+kj < ks;
=1 (p+ ki, kt, [0)), itp+kj=ks;, =
(p+ki,p+k(j+t—s5),00), ifp+kj>ks
(k(i +s—j),kt,[0)), if kj < ks;
(ki, kt,[0)), if p+kj=ksandp=0;
= ¢ vagueness, ifp+kj=ksand p#0; =
(p + ki, p + kt, [0)), if kj = ks;
| (p+Fki,p+E(j+t—s5),00)), ifkj > ks
(k(i+s—7),kt, [0)), if j < s;
=4 (p+ki,p+kt,|0)), if j =s;
L(p—kk:zp—i—k(j—kt—s) [0)), ifj>s,

because p € {1,...,k — 1}. Thus, , is an endomorphism of the semigroup BZ'JPQ, ]

Lemma 3. Let ¢ be a (0,0, [0))-endomorphism of the semigroup B;Q. Then there exists a non-
negative integer n such that (i, j, [0))e = (ni,nyj,[0)) for all i,j € Z.

Proof. By by Proposition 5 of 7] the subsemigroup Bgo)}

is isomorphic to the extended bicyclic
semigroup. By Lemma 3 of [12], the restriction of the transformation ¢ onto the subsemigroup B %[0)}

is an endomorphisms of B%[o) b Then Lemma 5 of [12] implies the statement of the lemma. O

Theorem 1. Let ¢ be an injective (0,0, [0))-endomorphism of the semigroup BZW. Then one of
the following conditions holds:

1) there exist a positive integer k and p € {0, ...,k — 1} such that ¢ = ay p;
¥
2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢ = Bj_,.
D

Proof. Tt is obvious that for any (i, 7,[l)) € BﬁQ, 1 =0, 1, there exists a non-negative integer n such
that (i,7,[1)) € BZyZ(—n, —n,0). This implies the equality

= U Bzyz(—n, —n, 0).

new

Also by the semigroup operation of BZJQZ for m,n € w we have that BZ“’@2 (—n,—n,0) C Bzy72 (—=m, —m, O)I
if and only if m > n.

Since ¢ is an injective (0,0, [0))-endomorphism of the semigroup B3 * Lemma 3 implies that
there exists a positive integer k such that (7, j, [0))e = (ki, kj, [0)) for all 4,j € Z.

Fix an arbitrary positive integer n. By Proposition 2 [9], B7 2(—n, —n,0) is a subsemigroup
of Bg * which is isomorphic to Bf . This implies that the semigroups Bg 2(—n, —n,0) and
B/ ’ (0,0,0) are isomorphic. By Corollary 2 from [6] every automorphism of the semigroup B ®is
the identity map, and hence every automorphism of the semigroup Bg ’ (0,0,0) is the identity map,
too.
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We define the isomorphism J;": Bzyz(—n, -n,0) — BZ‘QQ(O, 0,0) by the formula

(Z - n’j - n, [S))jan = (ivjv [S)))

for any positive integers i, j and s € {0,1}. The above arguments imply that so defined isomorphism
: . S . : 72

is unique. Hence we have that for any injective endomorphism e_,, of the semigroup By “(—n, —n, 0)
there exists an injective endomorphism ¢y of the semigroup BZy ’ (0,0,0) such that the following

diagram
32@2(—71, —n, 0) . BZJN(—n, —n, 0)
" "
BJ’(0,0,0) - — — — — — — - B7"(0,0,0)

is commutative. Hence, by Remark 3 we have that for any injective endomorphism e_, of the

semigroup Bg ’ (—n, —n,0) one of the following conditions holds:
(1) there exist a positive integer k£ and p € {0, ...,k — 1} such that eqg = oy p;
(2) there exist a positive integer £ > 2 and p € {1,...,k — 1} such that eg = S},
Ifeg = Qk.p then

(i =n,j—n,[0))e-

= (((i = n,j — n,[0))Ig")akp) (Fg™) 7F =
(5,4, 0) ek ) (3 ™) =

= (ki, kj,[0))(3,") " =

= (ki —n,kj —n,[0))

and

(6 =n,j —n, [D))Tg™")an,) (35" =
(4,5, [0) k) (Fg™) ™ =
+ki,p + k4, [1))(35") 7
+ki—n,p+kj—n,[1)),

(i —mn,j—n,[1))e-

= (
(
=(p
=(r

for any positive integers i, j.
If eg = B then

(i =, —n,[0))e—p = (i = 1, j — n,[0))I5")Bryp) (Tg") ™" =
(4,4 [00)Brp)(Tg™) ~F =

= (ki, kj,[0))(35") " =
=

ki —n,kj —n,[0))

and

(i =n,j =, [1)e—p = (i = 1,5 —n.[1))T5")Brp) (o) 7" =
(6,4, [0)Bip) (3™~ =
+ ki, p + k4, 10)(35") ™

= (
= (
=(p
=(p+ki—n,p+kj—n,|0)),



ON INJECTIVE ENDOMORPHISMS OF THE SEMIGROUP BZ‘? 67

for any positive integers 4, j.
This completes the proof of the theorem. O

72
3 ON INJECTIVE ENDOMORPHISMS OF THE SEMIGROUP Bg

Remark 4. 1. By Theorem 1 of [9] every (0,0, [0))-automorphism of the semigroup Bgz is the
identity map.

2. For every integer s the map b B%ﬂ — Bgﬂ, (i,7,[p)) — (i+s,j+s,[q)), 4,5 € Z,q € {0,1},
is an automorphism of the semigroup Biﬂ (Proposition 6 of [9]).

3. The map a: B] — B7 , (i,5.[p) = (i+q¢.j+¢[1—0q), i.j € Z, q € {0,1}, is an
automorphism of the semigroup BZW (Lemma 2 of [9]), and moreover a? = ;.

Lemma 4. For any endomorphism ¢ of the semigroup BZng * there exists an automorphism a of Bg ’
such that (0,0,[0))e = (0,0, [0))a. Moreover, a = a®* = b in the case when (0,0,[0))e = (s,s,[0)),

and a = a®*! = h,a in the case when (0,0, [0))e = (s, s, [1)) for some integer s.

Proof. Since any homomorphic image of an idempotent is again an idempotent, by Lemma 1 of [7]
there exist an integer s and ¢ € {0,1} such that (0,0,[0))e = (s,s,[g)). Simple verifications and
Remark 4 imply that (0,0,[0))a?* = 0,0,[0)) = (s,s,[0)) and (0,0,[0))a*>**! = (0,0,[0))(hsa) =
(5,5, [1)). O

Theorem 2. For any endomorphism ¢ of the semigroup thg22 there exist a (0,0, [0))-endomorphism
¢g of BgQ and an automorphism a of ng such that ¢ = ega. Moreover, ¢ = ¢qa>® = eohs in the
case when (0,0,[0))e = (s,5,[0)), and ¢ = ¢ga**! = ¢ghsa in the case when (0,0,[0))e = (s,s,[1))
for some integer s.

Proof. By Lemma 4 there exists an automorphism a of the semigroup B%ﬂ such that (0,0,[0))e =
(0,0,[0))a. Then the product ea=! is a (0,0, [0))-endomorphism of BgQ. Let be ¢g = ea”!. Since
for an arbitrary monoid S every right translation p,: S — S, s — su on an element of the group

1

of units of S is a bijective map, we conclude that the equality ¢g = ea™" implies that ¢ = ega. The

last statement follows from the second statemnet of Lemma 4. O

Since the composition of two injective maps is an injective map, Theorems 1 and 2 imply the

following theorem, which describes the structure of all injective endomorphisms of the semigroup
B7’.

Theorem 3. For any injective endomorphism ¢ of the semigroup Bg * there exist an injective
(0,0, [0))-endomorphism ¢ of Bgﬂ and an automorphism a of B‘Zy2 such that ¢ = ega. Moreover,
¢ = ¢pa®® = eohs in the case when (0,0,[0))e = (s,s,[0)), ¢ = ¢oa?T!

(0,0,[0))e = (s,s,[1)) for some integer s, and one of the following conditions holds:

= ¢ohsa in the case when

(1) there exist a positive integer k and p € {0,...,k — 1} such that ey = ay p;

(2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢g = By p.



68

(1]

18]

[10]

[11]

[12]

[13]
[14]

[15]
[16]
(17]

GUTIK O., POZDNIAKOVA I.

REFERENCES

Clifford A.H., Preston G.B. The algebraic theory of semigroups, Vol. I, Amer. Math. Soc. Surveys 7,
Providence, R.I., 1961.

Clifford A.H., Preston G.B. The algebraic theory of semigroups, Vol. II, Amer. Math. Soc. Surveys 7,
Providence, R.I., 1967.

Gutik O., Lysetska O. On the semigroup sz which is generated by the family F of atomic subsets of
w, Visn. L’viv. Univ., Ser. Mekh.-Mat. 2021, 92, 34-50. doi: 10.30970/vmm.2021.92.034-050.

Gutik O., Maksymyk K. On variants of the bicyclic extended semigroup, Visnyk Lviv. Univ. Ser. Mech.-
Mat. 2017, 84, 22-37.

Gutik O., Mykhalenych M. On some generalization of the bicyclic monoid, Visnyk Lviv. Univ. Ser.
Mech.-Mat. 2020, 90, 5-19 (in Ukrainian). doi: 10.30970/vmm.2020.90.005-019

Gutik O., Mykhalenych M. On group congruences on the semigroup Bf and its homomorphic retracts
in the case when the family % consists of inductive non-empty subsets of w, Visnyk Lviv. Univ. Ser.

Mech.-Mat. 2021, 91, 5-27 (in Ukrainian). doi: 10.30970/vmm.2021.91.005-027

Gutik O.V., Pozdniakova I.V. On the semigroup generating by extended bicyclic semigroup and an w-
closed family, Mat. Metody Fiz.-Mekh. Polya. 2021, 64 (1), 21-34 (in Ukrainian); English version: J.
Math. Sci. 2023, 274 (5), 602-617. doi: 10.1007/s10958-023-06626-4

Gutik O., Pozdniakova I. On the semigroup of injective monoid endomorphisms of the monoid B with
the two-elements family F of inductive nonempty subsets of w, Visn. L'viv. Univ., Ser. Mekh.-Mat.
2022, 94, 32-55. doi: 10.30970/vmm.2022.94.032-055

Gutik O., Pozdniakova I. On the group of automorphisms of the semigroup Bzy with the family F of
inductive nonempty subsets of w, Algebra Discrete Math. 2023, 35 (1), 42-61. doi: 10.12958/adm2010

Gutik O., Pozdniakova 1. On the semigroup of non-injective monoid endomorphisms of the semigroup
BZ with the two-elements family .F of inductive nonempty subsets of w, Visn. L'viv. Univ., Ser. Mekh.-
Mat. 2023, 95, 14-27. doi: 10.30970/vmm.2023.95.014-027

Gutik O., Pozdniakova I. On the semigroup of all monoid endomorphisms of the semigroup Bf with
the two-elements family F of inductive nonempty subsets of w, Visn. L’viv. Univ., Ser. Mekh.-Mat.
2024, 96, 5-24. doi: 10.30970/vmm.2024.96.005-024

Gutik O., Prokhorenkova O., Sekh D. On endomorphisms of the bicyclic semigroup and the ex-
tended bicyclic semigroup, Visn. L'viv. Univ., Ser. Mekh.-Mat. 2021, 92, 5-16 (in Ukrainian). doi:
10.30970/vmm.2021.92.005-016

Lawson M. Inverse semigroups. The theory of partial symmetries. World Scientific, Singapore, 1998.

Lysetska O. On feebly compact topologies on the semigroup Bf:l, Visnyk Lviv. Univ. Ser. Mech.-Mat.
2020, 90, 48-56. doi: 10.30970,/vmm.2020.90.048-056

Petrich M. Inverse semigroups. John Wiley & Sons, New York, 1984.
Wagner V.V. Generalized groups, Dokl. Akad. Nauk SSSR. 1952, 84, 1119-1122 (in Russian).

Warne R.J. I-bisimple semigroups, Trans. Amer. Math. Soc. 1968 130 (3), 367-386. doi: 10.1090/S0002-
9947-1968-0223476-8

Received 05.09.2025




ON INJECTIVE ENDOMORPHISMS OF THE SEMIGROUP BZ‘?

. . . . 2
T'yrik O., [Hosgasikosa 1. IIpo in’exmueni endomopdismu nanisepynu, BZ“Q 3 deoenemMeRMHO0

cim’ero F? indykmueHuT Henoposcniz niomrodicun Yy w // ByKOBEHHCHKHE MaTeM. ¥KypHas
— 2025. — T.13, Ne2. — C. 58-69.

Mu omnmcyemo iH’€KTUBHI €HIOMOPMI3MHU HAIIBIPYIIH BZy2 3 JIBOEJIEMEHTHOIO CiM’elo .72
IHAYKTUBHUX HETIOPOYKHIX Hi,ZLMHO}KI/IH vy w. 30Kpema, JTOBOINMO, IO KOKHUN 1H €KTUBHUN €H-
nomopdiam e Hamisrpymu B 7 300parKkaeThes y Bmmﬂm ¢ = ¢oa, ze ¢o — in’exrusnuii (0,0, [0))-
engomopdism i a — aBToMOpdizM a HaHIBI‘pyHI/I BZ . Takox Mu ommcyemo yci iH'€KTHBHI
(0,0, [0))-enmomopdismu ey HAIIBrpyIn BZ , T06TO Taki, mo (0,0,[0))ey = (0,0, [0)).

69



