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In the article we propose methods of the mean-square optimal linear interpolation of the
functional which depend on the unknown values of the multidimensional stationary random
field based on observed data of the field with noise. Under condition of spectral certainty when
the spectral densities of the stationary fields are known we derive formulas for calculating
the spectral characteristics and the mean-square errors of the estimates of the functional.
Analogous results are derived for the case of observations of the field without noise. In the
case of spectral uncertainty when certain sets of admissible densities are given we derive the
relations that the least spectral densities satisfy.
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INTRODUCTION

Investigation of the properties of stationary stochastic processes plays an important role both
in the theory of stochastic processes and application it to the practice. A great number of scien-
tific papers deals with the problem of estimation of unknown values of a stationary process. The
formulation and effective methods of solution of the problems of interpolation, extrapolation and
filtering of stationary sequences and processes belong to A. N. Kolmogorov [9]. Further analysis
can be found in E. J. Hannan [4]. A significant contribution to the theory of forecasting was made
by H. Wold [19, 20], T. Nakazi [14]. Constructive methods of solution of estimation problems for
stationary stochastic sequences and processes were developed by N. Wiener [18]. For more results
and references see also (6], [8], [10], [21].

The basic assumption of most of the methods of estimation of the unobserved values of stochas-
tic processes is that the spectral densities of the considered stochastic processes are exactly known.
However, in practice, these methods are not applicable since the complete information on the spec-
tral densities is impossible in most cases. In order to solve the problem parametric or nonparametric
estimates of the unknown spectral densities are found. Then, one of traditional estimation methods
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is applied, provided that the selected densities are the true ones. This procedure can result in sig-
nificant increasing of the value of error as K. S. Vastola and H. V. Poor [17] have demonstrated with
the help of some examples. To avoid this effect one can search the estimates which are optimal for
all densities from a certain class of admissible spectral densities. These estimates are called minimax
since they minimize the maximum value of the error. The paper by Ulf Grenander [3] should be
marked as the first one where this approach to extrapolation problem for stationary processes was
proposed.

Several models of spectral uncertainty and minimax-robust methods of data processing can be
found in the survey paper by S. A. Kassam and H. V. Poor [7]. J. Franke [1], J. Franke and H.
V. Poor [2] investigated the minimax extrapolation and filtering problems for stationary sequences
with the help of convex optimization methods. This approach makes it possible to find equations
that determine the least favorable spectral densities for different classes of densities.

In the book by M. Moklyachuk and O. Masyutka a minimax technique of the estimation for
vector-valued stationary stochastic processes is proposed [11]. Estimation problems for random
fields was considered in the paper by M. Moklyachuk and N. Shchestyuk [12]. In the book by
M. Moklyachuk, O. Masyutka, I. Golichenko [13] the minimax approach is applied to investigate
the estimation problems for functionals which depend on the unknown values of stationary random
fields on a sphere.

In this article we present results of investigation of the problem of the mean-square optimal
estimation of the linear functional

which depend on the unknown values of a multidimensional stationary random field 5(1:, Jj) =
{fi(k:,j)}lrzl, k,j € Z from observations of the field &(k, j) + 7j(k, j) at points (k, j) € Z2\ K where
ii(k,j) = {ni(k, j)}iT:1 is an uncorrelated with £(k, ) multidimensional stationary random field.
The problem is investigated in the case of spectral certainty, where the spectral densities of the
fields are exactly known, and in the case of spectral uncertainty, where the spectral densities of the
fields are unknown while a class of admissible spectral densities is given.

1 CLASSICAL INTERPOLATION PROBLEM FOR STATIONARY FIELDS

Let &(k,j) = {&(k, DY, kg € Z and 7(k,5) = {ni(k,§)}_,, k,j € Z be uncorrelated
multidimensional stationary random fields. We will consider &;(k,j), ni(k,j) as elements of the
Hilbert space H = Ly(f2, P) of complex valued random variables with zero first moment, E{ = 0,
finite second moment, E|¢|? < oo, and the inner product (£,1) = E&. We will consider stationary
stochastic fields with absolutely continuous spectral measures and the correlation functions

—

Re(m,n) = E(k+m,j+n)(E(k, §))", Ry(m,n) = Eij(k+m,j +n)(i(k, j))*

—

of the stationary stochastic fields (&, 7), 7(k,7), k,j € Z, that admit the spectral decompositions

[5]

Re(m, 4772// i(mA+np) p (A, p)dAdp, Ry(m,n) = 47T2// i(mA+np) oy G(\, p)d\dp,

—T =T -7 =T
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where F'(A, 1) = {fi; (A, u)}iszl and G(X\, 1) = {gi5(A, ,u,)};TF].:1 are the spectral density functions of
the fields E(k:,j), ij(k,7), k,j € Z that satisfiy the minimality condition

/ / Tr F\p) +G\p) | didp < oco. (1)

This condition is necessary and sufficient in order that the error-free interpolation of unknown values
of the field is impossible [4].
Consider the problem of the mean-square optimal linear estimation of the functional

AgE= Y (@k,5)) €k, 5)

(k,j)eK

which depend on the unknown values of a multidimensional stationary random field { (k,j) from
observations of the field £(k, j)+7j(k, j) at points (k,j) € Z2\ K. We will assume that the coefficients
a(k,j),(k,7) € K satisty the following condition

> Ntk ) < oo

(k,j)eK

Under this condition the functional A KE has finite second moment.
We can represent the fuctional Ax¢ in the form

Ayl = /_ ’ /_ " (AR 1) T (Ze(d, dis) + Zy(dA, dp)),

where Z¢(dA,dp) and Z,(dA, dp) are vector-valued orthogonal stochastic measures of the fields
§(k. ) and ij(k, j) and

Ay =Y a(k, j)e .
(k,j)eK

Denote by A K{ the optimal linear estimate of the functional A K{ from observations of the field
f(k §)+1(k, j) at points (k, j) € Z?\ K and by A(F,G) ‘AKﬁ AKq the mean-square error

of the estimate A K§ Since spectral densities of stationary fields £ (k j) and 7j(k, j) are known, we
can use the method of orthogonal projections in Hilbert spaces [9] to find the estimate A K§
Denote by H (£ + n) the closed linear subspace generated by elements

{&i(k.4) +mi(k,j) : (k. j) € Z2\K,i=1,...,T}

in the Hilbert space H = L9(2, P). Denote by La(F + G) the Hilbert space of functions @(\, u)
such that

[ [ @)™ () + G0 )T maAdp < o
and denote by LY~ (F 4+ G) the subspace of the space Ly(F 4 G) generated by the functions
(eI, 5 = {8u}y, (kj) € Z°\ K,i=1,...,T}.

The mean-square optimal linear estimate A Kf of the functional AKE can be represented in the
form

aé= [ ’ / " (O )T (Ze(dA, dye) + Zy(d, dp)),
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where h(\, 1) € LE~(F + Q) is the spectral characteristic of the estimate.
The mean-square error A(h; F, Q) of the estimate A K§ is given by the formula

A(h;F,G)=E ‘AKg_ AKEIQ

- ﬁ / ) / " (Ak O 1) = O 1) TF O 1) (A Oy 1) = RO ) dAdp

g / / ’;W,u))TG(A,u>h<A,u>dAdu.

According to the Hilbert space projection method proposed by A. N. Kolmogorov [9], the optimal
estimation of the functional A KE is a projection of the element A K§ of the space H on the space
H (€& +mn). It can be found from the following conditions:

DAgE € Hg(&+n),
2) A€ — AgELHE(E+ 7).

It follows from the second condition that the spectral characteristic (A, 1) of the optimal linear
estimate A€ for any (k,j) € Z2 \ K satisfies equations

[ ] Gk =m0 FO e dxdy

— / / (h(\, 1) TGN, p)e  FMIR g dp = 0.

The last relation is equivalent to equations

[ ] RO F O = )T (F ) + GO e g =0, (2)
where (k,j) € Z?\ K. Define the function

(Cr\ )" = Ak 1) TF(A, 1) = (h(A, 1) T (F(\, 1) + G\, )

and its Fourier coefficients

. ' 1 T » ) '
i) =z [ [ CkOume Ay, (k) € 22

—T J =T

It follows from the condition (2) that the coefficients ¢(k, 7) is nonzero only on the set K. Hence,

Cx\p) = Y ak,j)em
(k,j)eK

and the spectral characteristic of the estimate A Kf is of the form
(M(F.G))" = (Ax(A 1)) TFO\ ) (F (N ) + G(A, )™

— (Cr ) T (FO ) + G )7t (3)

It follows from the first condition, A KE € H (&£+n), which determine the optimal linear estimate
of the functional A Kg, that the following relation holds true

/_” /_7r ((AK(A,M))TF()\,H)(F()\,M) T G()\,M))_l) eI g2y,
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[ (€xtam O + G0 ) I () € K. (@)

Let us determine the Fourier coefficients of the matrix-valued functions
(FOp) + G w)™ T (FON ) (FA )+ G w)™H) T,

(FO ) (F(A p) + G w) "G pw)

as follows
Bl = g2 [ [ (O + GO T W any,
1 m s ] )
D(k, j) = 47r2/ / (PO ) (F 1) + G, ) ™) Te W drdy,

Riki) = 15 [ ’ / (PO F O )+ GO 1)) GO 1)) Te N1

The relation (4) can be rewritten in the form

Z D(k—m,j—n)a(m,n) = Z B(k —m,j—n)c(m,n), (k,j) € K. (5)

(m,n)eK (m,n)eK

The mean-square error of the estimate A Ké’ can be calculated by the formula
1 ™ ™ _
A(F,G) = 47T2/ (A 1)) TGO 1) + (Cr (A 1) NEX, 1) + GO, 1) F(, )

F(\p) + GO 1) (A (A 1) TG, 1) + (Cre (A, 1) ) *dAdps
/_ / (A 1) TF O 1) = (Cie O ) D (F O 1) + GO ) GO )

X (FO\ ) + GO, i)™ (A (A ) TEA, 1) = (Cr (A, 1) T dAdp. (6)

Let us summarize results and present them in the form of a theorem.

Theorem 1. Let g(k:,j) and 7j(k, j) be uncorrelated T-dimensional stationary fields with spectral
density matrices F(\, p) and G(\, ) which satisfy the minimality condition (1). The spectral
characteristics h(F,G) and the mean-square error A(F,G) of the optimal linear estimate of the
functional AKg which depends on the unknown values of the field E (k,j) based on observations of
the field £(k, 7) + 7i(k, j), k,j) € Z2\ K can be calculated by formulas (3), (6).

Corollary 1. Let K = {(k,j): k€ Z,0<j < N}. The spectral characteristics hy(F,G) of the
optimal linear estimate of the functional

00 N
AnE= D > (k. 5) Tk, )
k=—00 j=0

—

which depends on the unknown values of the field £(k, j) based on observations of the field £(k, j) +
i(k,7), (k,7) € Z?\ K can be calculated by formula (3) where

o0

A\ p) = Av(\ ) Z Z (k,j)e kAtin) Zaj )er, a;(\) = Z alk,j)e*,

k=—00 7=0 k=—00
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=
8

Cr(\p) = Cn(\ ) = Z Z (k, §)e" P =N 2@ (et &(A) = Y dk, j)e™?,

k=—o00 j=0 7=0 k=—o00

and vector of unknown coefficients ¢n(\) = {¢;(A )} is determined by relation
ev(A) = By (\)Dn(Nan(A) (7)

where dn(\) = {EL'j()\)}j.V:O and Bn(A), Dn(A) are matrices constructed from block-matrices of
dimension T' x T

Bn(A)(k, j) = % /7r (F(\ p) + G\, )Y TetU=Pngy,

1 7 L
| FEO O + GO k= 0,1,

DNk, ) = 5=

The mean-square error Ayn(F,G) of the optimal linear estimate of the functional ANg can be
calculated by formula

1

AN(F.G) = 5

/7r (< 6N(A),RN(A)5N(A) >+ < HN(A),BN(A)gN(A) >)d)\, (8)

where Ry () is a matrix constructed from block-matrices of dimension T' x T

1

Rk, ) = 5

/ (FOm)(FO )+ GO ) G w) eV Mrdp, k5 =0,1,...., N,
and < a,b > is the inner product.

Corollary 2. Let g(k,j) be T-dimensional stationary field with spectral density matrix F(\, u)
which satisfy the minimality condition

/W/ﬂTr 0)” ]d)\d,u<oo 9)

The spectral characteristics hy(F') and the mean-square error Ay (F') of the optimal linear estimate
of the functional A NE which depends on the unknown values of the field 5 (k,7) based on observations
of the field

§(k.j), (k.5) € Z2\ K, K ={(k,j) : k € Z,0 < j < N}

can be calculated by formulas

(hn(F) " = (AN, ) = (Cn (A ) T (F (N )~ (10)

/ " (OO )T (F(0, 1) O 0y m)dAdp

s

An(F) =

T

1
42 |

_ % /W < an(\), By (N (V) > dh, (11)

where

Bp()\) is a matrix constructed from block-matrices

) 1 (" _ (i :
By k) = 5 [ (FO )™, j = 0,1, N
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Example 1. Let’s investigate the problem of linear estimation of the functional

— —

@(0,0)"£(0,0) +a@(0,1)T£(0,1)

based on observations of the field g(k,j) = {fi(k‘,j)}?:l where &1(k,7) = &(k,j) is a stationary
stochastic field with the spectral density f(\, ), and & (k,j) = &(k,7) +n(k, ), where n(k, j) is an
uncorrelated with £(k, j) stationary stochastic field with the spectral density g(\, u). Consider this
problem for the stationary fields with the spectral densities

1 1

g\ p) =

= . . 9 - T 1,9 b17b2€R7 bl <17 bQ <1
11— brei|? |1 — byeir|? 11— breir|? fal o]

F(A )

In this case the matrix of spectral densities is of the form

_ f()\,[t) f()‘a :U’)
FAp) = ( FOum) FON ) +g(A ) )

Its determinant equals
D= |F()‘nu)| = f(AaM) g()‘nu)v

and the inverse matrix is as follows

1 1 —1
_ +
(FO\,p) b= ( FOuw) . 9(\h) g(?u) ) _

The matrix By (\) is of the form

i\ 2
Bi()) = ’1—b161

0 0 -1 1
The inverse matrix By '()\) equals to
1403  1+03 by b2
1 1+b3 24203 +b5 by by
Al — breir|? b2 ba 1+ b3 1+ b3 ’
by ba 1+b3 2+ 203 + by

where A =1+ b3 + b3. Let
7(0,0) = (o, B)7, @(0,1) = (, 5)".

Then we will have ¢1(\)T = (&(\) ", (A1), where

8 = e (LB +8) 400+, )t )+ by +)
+(1+03+64)8) ",
AN L (balat B+ (1 +B)(y+6), ba(a+ B) + (1 + B3)( + 6)

AL - brer
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-
+(1+ b3 +b3)8) .
Thus, the spectral characteristic of the optimal estimate is calculated by the formula

by

_ T
A|1—blei/\|2( )

(h1(F))T h(p), 0

where
h(p) = ((L+b3)(o + B) + ba(y + 8))e " + (b + B) + (1 + b3) (v + 8))e**,

The mean-square error is of the form

((a+ B8+ (v +0)*)A+b3) +2(a+ B)(y + )by /ﬂ dA
2rA —r |1 = b

A(F) =

2  MINIMAX METHOD OF INTERPOLATION

Derived theorem 1 and corollaries can be used only in the case of spectral certainty, when
spectral densities of fields are exactly known. However, in practice, this case is not common, we
do not have the exact values of spectral densities. If there is given a class of admissible spectral
densities where spectral densities of the fields belong to, minimax method can be used to estimate
the functionals. This method allows us to find estimates that minimize the maximum values of
the mean-square errors of the estimates for all spectral densities from the given class of admissible

spectral densities.

Definition 1. For a given class of spectral densities D = Dy x D¢ the spectral densities FO(\, p) €
Dr, G°(\, 1) € Dg are called least favorable in the class D for the optimal linear interpolation of
the functional A K{ if the following relation holds true
A(F°G%) =A(h(F°,G°);F°,G°) = max  A(h(F,G);FG).
(F,G)GDFXDG

Definition 2. For a given class of spectral densities D = Dp x Dg the spectral characteristic
h(\, 1) of the optimal linear interpolation of the functional A KE is called minimax-robust if there
are satisfied conditions

KO\, u) € Hp = N LEX=(F +@G),
(F,G)eDpxDe
min max A (h;F,G) = max A (hO;F, G) .
heHp (F,G)eD (F,G)eD

The least favorable spectral densities FO(\, 1), G°(\, 1) and the minimax spectral characteristic
h? = h(F°,GY) form a saddle point of the function A (h; F,G) on the set Hp x D. The saddle point
inequalities
A(R%FG) <A (W% F°G%) <A (B F°,G°), Vhe Hp,VF € Dp,YG € Dg,
hold true if h° = h(F°,G%) and h(F°,G°) € Hp, where (FY,G°) is a solution to the constrained

optimization problem

sup A (h(F°,G°); F,G) = A (WF°,G%); F°,G") (12)
(F,G)eDpxDg

A (h(F°,G°);F,G)
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= 471T2/ﬂ /ﬂ((AK(AvM))TGO(Aau)+(C?<(A,u))T)(FO(A,/~L) F GO 1) LE (O, )
X (FOO\ 1) 4+ GO 1)) " (A (A 1)) TGO, ) + (CL(\, 1) T ) dAdps
b [ RO T O — (© 0 IO ) + G0 60

X(FOA 1) + GO 1) T (A (A 1) TFO (A, ) = (Ce (A, ) ) *dAd .
From the introduced definitions and formulas derived in previous section we can obtain the

following statements.

Lemma 1. Spectral densities FO(\, i) € Dp, GO(\, i) € D¢ satisfying the minimality condition
(1) are the least favorable in the class D = Dp x D¢ for the optimal linear interpolation of the

functional A Kf if the Fourier coefficients of the functions
(FOOu 1) + GO )™ D T (FOO ) (FOO ) + GO )™ T

(FOOL ) (FOO ) + GO ) TGO )

determine

Cr(p) = Y @k jetm
(kj)eK

which determine a solution to the constrained optimization problem (12). The minimax spectral

characteristic h® = h(F°,G°) can be calculated by the formula (3) if h(F°,G") € Hp.

Corollary 3. Spectral densities FO(\, 1) € D, GO(\, 1) € D¢ satisfying the minimality condition
(1) are the least favorable in the class D = Dp x D¢ for the optimal linear interpolation of the

functional A N{ if the Fourier coefficients of the functions
(FOOu 1) + GO )™ D T (FOO ) (FOO ) + GO )™ T

(FOOL ) (FOO ) + GO ) TGO )

determine the matrices B%(\), D% ()\), R}/ (\), which determine a solution to the constrained opti-

mization problem

1 ™

B g [ (SN, Ry () > 4 < By (A)Dw(Nan(A), Dy ()i () >)d
- % _7;(< an(A), Ry(Nan(A) > + < By (DY (Nan(V), DY (Man(A) >)dr. (13)

The minimax spectral characteristic h® = h(F°, G°) is determined by the formula (3) if h(F°, G°) €
Hp.

Corollary 4. Let the spectral density FO(\,p) € Dp satisfy the minimality condition (9). The
spectral density FO(\, 1) € Dy is the least favorable in the class D for the optimal linear interpo-
lation of the functional A€ from the observation of the field £(k, j) at points (k,j) € Z2\ K, K =
{(k,j): k € Z,0 < j < N} if the Fourier coefficients of the function ((FO(\,u))™')" determine the
matrix BY(\) which determines a solution to the constrain optimization problem

max — /W <an(\), Byt (Van(\) > dx = L /W <an(A), By T(Nan(d) > dx. (14)

FeDp 2m J_. 2w ) _»

The minimax spectral characteristic h® = h(F°) is determined by the formula (10) if h(F") € Hp,..
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The constrained optimization problem (12) is equivalent to the unconstrained optimization
problem [15]:
Ap(F,G) = —A(h(F°,G°); F,G) + 6((F,G) |Dr x Dg) — inf, (15)

where 6((F, G)|Dr x D¢) is the indicator function of the set D = Dp x D¢. Solution of the problem
(15) is characterized by the condition 0 € OAp(FY, GY), where OAp(F°, GY) is the subdifferential
of the convex functional Ap(F,G) at point (F°, G°) [16]. This condition makes it possible to find
the least favourable spectral densities in some special classes of spectral densities [15].

Lemma 2. Let (F°,G°) be a solution to the optimization problem (15). The spectral densities
FO(\, 1), GO(\, u) are the least favorable in the class D = Dp x D¢ and the spectral characteristic
h? = h(F°,GY) is the minimax of the optimal linear estimate of the functional Ak if h(F°,G%) €
Hp.

3 LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS D = Dy x D,

Consider the problem of the mean-square optimal interpolation of the functional A NE in the case
when spectral densities of fields belong to the class of admissible spectral densities D = D(”)f X Df, k=
1,2,3,4, where

Dy = {F(A,u) ‘;r/_zTrF(A,u)du =p(A\) }

™

Dt ={c0um

TrGA\p) =1 —e)TrGi(A\, p) + eTr W (A p), 21/
7r

—T

Y GO, )y = qw};

Dj {F(/\yﬂ) ‘;ﬂ /7r fee(\, w)dp = pe(A), k=1,T }7

DZ = {G(A, 1) k(A 1) = (1= €)ga (A, 1) + cwpe (A, ),

1 ™ -
L gkku,u)du:qk(»,k:lj};

or |,
D = {F()\,u) ‘;ﬁ/_i (B1, F(A p) du = p(N) }

Dg’ — {G(A,M)‘ (B2, G(A\, ) = (1 —€) (Bo, G1(A\, ) + € (Ba, W(\, b)),

1 s

2 ),

pi={rovn| 5 [ Fouman=roy }

(B, G\ 1)) dp = qm};

Di = {G(A,u>]G<A,u> — (=G + WO [ GO = Q(A)} |

—T

om
where G1(\, ) is a known and fixed spectral density matrix while W (A, p) is an unknown spectral
density matrix, p()\), ¢(\), pr(N), g (A\), k = 1,T are given functions, P()\), Q(A), B1()\), B2(\) are
given matrices.

From the condition 0 € A p(F?, G°) we find the following equations which determine the least
favourable spectral densities for these given sets of admissible spectral densities.
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For the first pair D§ x D} we have equations

(AN ) TGO ) + (CR A 1)) ) (AN (A 1)) TGO, ) + (CR (A ) T)

= oW (FO(\ p) + GO (A, )2, (16)
(AN 1) TFO O 1) = (CR O ) ) ((An (A 1) TFO (A, 1) = (CR(A ) 1)
= (B2(A) + (A, ) (FO(\ ) + GO(A, )2, (17)

where y(A, 1) <0 and y(\, ) = 0 if Tr FO(\, 1) > (1 — ) Tr G1(\, ).
For the second pair Dg X DE2 we have equations

((AN()‘7 :U’))TGO(A7 :U’> + (C]({f<)‘7 M))T)*((AN()V M))TGO(A7 :U’> + (C]({f()‘v :u’))T)

= (FO\ ) + GO0, 1) {ad (Vi } g (FOO0, 1) + GO\ ), (18)
(Ax O 1) TFOO, ) = (CR O 1) )T (A (O, ) TEO (A, ) = (CRO ) T)
= (FO\ 1) + GO 1) {(BROV) + O i)}y iy (FOO\ 1) + GO, o)), (19)

where (X, 1) < 0 and (X, 1) = 0 if g (A, 1) > (1 — €)gp (A, ).
For the third pair D§ x D2 we have equations

((AN()‘7 :U’))TGO(A7 :U’> + (C]({f<)‘7 M))T)*((AN()V M))TGO(A7 :U’> + (C]({f()‘v :u’))T)

= a?(N)(FO(\, 1) + GO\, 1) By (FO(\, ) + GO(A, ), (20)
(AN, @) TFO A, 1) = (RO 1) ) (An (A ) TFON, ) = (CR (A, ) )
= (B2N) + 7 (N ) (FO (N 1) + GO\, 1) By (FO(\, 1) + GO(\, ), (21)

where /(A, 1) < 0 and +/(X, ) = 0 if (Ba, GO(A, 1)) > (1 — €)(B2, G1(X, p)).
For the fourth pair Dé x D2 we have equations

(AN ) TGO ) + (CR A 1)) ) (A (A, 1)) TGO, ) + (CR (A ) )

= (FO(\, ) + GO\, )@(A) - &) (FO (N, ) + GO(\, ), (22)
(AN ) TEO O 1) = (CROL 1) D) (An O, 1) TEO (A i) — (CR (A, ) T)
= (FO(\ 1) + GO\ ) (BON) - BN + T (A, ) (FO(N, 1) + GO(\, ), (23)

where T'(\, 1) < 0 and T'(A, 2) = 0 if GO(A\, 1) > (1 — &)G1(\, p).
Thus, the following statements hold true.

Theorem 2. Let the minimality condition (1) hold true. The least favorable spectral densities
FO(\, ), G°(\, ) in the classes Dy x D, for the optimal linear interpolation of the functional
A€ are determined by relations (16), (17) for the first pair D} x D} of sets of admissible spectral
densities; (18), (19) for the second pair D3 x D? of sets of admissible spectral densities; (20), (21) for
the third pair D3 x D2 of sets of admissible spectral densities; (22), (23) for the fourth pair Dg x D2
of sets of admissible spectral densities; constrained optimization problem (13) and restrictions on
densities from the corresponding classes Dy x D.. The minimax-robust spectral characteristic of
the optimal estimate of the functional ANE is determined by the formula (3).
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Corollary 5. Let the minimality condition (9) hold true. The least favorable spectral densities
FO(\, 1) in the classes D’g, k =1,2,3,4, for the optimal linear interpolation of the functional ANg,
which depends on the unknown values of the field £(k, j) based on observations of the field £(k, j) at
points (k,j) € Z*\ K, K = {(k,j) : k € Z,0 < j < N}, are determined by the following equations,

respectively,

(CRO )T (CR A )" = a®(N(FO (A, 1)), (24)

(CRO )T (CRO )T = FOO\ ) {aF (N}, FOO ), (25)
(CROm) ) (CR A )T = @®(WFO, 1) (B2) T FO(A, ), (26)
(CROA )T - (CROA )T = FOA @) - @A) FO(A, p), (27)

constrained optimization problem (14) and restrictions on densities from the corresponding classes
D’g, k = 1,2,3,4. The minimax spectral characteristic of the optimal estimate of the functional
A€ is determined by the formula (10).

Corollary 6. Let the minimality condition (9) hold true. The least favorable spectral densities
FO(\, ) in the classes D?, k=1,2,3,4, for the optimal linear interpolation of the functional ANﬁ_:
which depends on the unknown values of the field £(k, j) based on observations of the field £(k, j) at
points (k,j) € Z*\ K, K = {(k,j) : k € Z,0 < j < N}, are determined by the following equations,

respectively,

(CRO )T - (CROA )T = (B2(N) + v\ ) (FO (A, 1)), (28)
(CRON T (CR O )T = FOO 1) {(BEO) + 30 )0}y FOO 1), (29)
(CRO )" - (CROA )T = (B2(N) + 7' (N ) E* (A, 1) (B2) " FO (X, ), (30)
(CX ) ) (CR A )T = FOO ) (BON) - BT + T\, 1) FO(\, ), (31)

constrained optimization problem (14) and restrictions on densities from the corresponding classes
Df, k = 1,2,3,4. The minimax spectral characteristic of the optimal estimate of the functional
ANE is determined by the formula (10).

CONCLUSIONS

In this article we propose methods of the mean-square optimal linear estimation of the function-
als which depend on the unknown values of the multidimensional homogeneous random field based
on observed data of the field with noise. Under condition of spectral certainty where the spectral
densities of the fields are exactly known we derive formulas for calculating the spectral characteris-
tics and the mean-square errors of the estimates of the functionals. Analogous results are derived
for the case of observations of the field without noise. In the case of spectral uncertainty, where
the spectral densities are not exactly known while a set of admissible spectral densities is given, the
minimax method is applied. Formulas for determination the least favorable spectral densities and
the minimax-robust spectral characteristics of the optimal estimates of the functionals are proposed
for some specific classes of admissible spectral densities.



102

(6]

17l

18]

19]

[10]

(1]

[12]

[13]

18]

(19]
[20]

21]

MOKLYACHUK M.P., MAsYuTkA O.YU.

REFERENCES

Franke J. Minimaz robust prediction of discrete time series. Z. Wahrscheinlichkeitstheor. Verw. Geb.
1985, 68, 337-364. doi:10.1007/BF00532645.

Franke J., Poor H.V. Minimaz-robust filtering and finite-length robust predictors. In Robust and Non-
linear Time Series Analysis. Springer-Verlag, New York, 1984, 87-126.

Grenander U. A prediction problem in game theory. Ark. Mat. 1957, 3, 371-379.
doi:10.1007 /BF02589429.

Hannan E.J. Multiple time series. John Wiley & Sons, New York, 1970.

Hurd H., Kallianpur G., Farshidi J. Correlation and spectral theory for periodically correlated random
fields indexed on Z2. J. Multivar. Anal. 2004, 90, 359-383. doi:10.1016/j.jmva.2004.04.010.

Kallianpur G., Miamee A. G., Niemi H. On the prediction theory of two-parameter stationary random
fields. J. Multivariate Anal. 1990, 32 (1), 120-149. doi:10.1016,/0047-259X(90)90076-T.

Kassam S.A., Poor H.V. Robust techniques for signal processing: A survey. Proc. IEEE 1985, 73 (3),
433-481. doi:10.1109/PROC.1985.13167.

Kohli P., Pourahmadi M. Some prediction problems for stationary random fields with quarter-plane
past. J. Multivariate Anal. 2014, 127, 112-125. d0i:10.1016/j.jmva.2014.02.009.

Kolmogorov A.N. Selected works by A. N. Kolmogorov. Vol. II: Probability theory and mathematical
statistics. Ed. by A. N. Shiryayev. Kluwer Academic Publishers, Dordrecht, 1992.

Mandrekar V. S., Redett D. A. Weakly stationary random fields, invariant subspaces and applications.
CRC Press, 2018.

Moklyachuk M., Masyutka O. Minimax-robust estimation technique for stationary stochastic processes.
LAP LAMBERT Academic Publishing, Saarbrucken, 2012.

Moklyachuk M., Shchestyuk N. Robust estimates of functionals of homogeneous random fields. Theory
Stoch. Process. 2003, 9 (25), 101-113.

Moklyachuk M., Masyutka O., Golichenko I. Estimates of periodically correlated isotropic random
fields. Nova Science Publishers, New York, 2018.

Nakazi T. Two problems in prediction theory. Stud. Math. 1984, 78, 7-14. doi:10.4064/sm-78-1-7-14.
Pshenichnyj B.N. Necessary conditions of an extremum. Marcel Dekker, New York, 1971.
Rockafellar R.T. Convex analysis. Princeton University Press, Princeton, 1997.

Vastola K.S., Poor H.V. An analysis of the effects of spectral uncertainty on Wiener filtering. Auto-
matica 1983, 28, 289-293. doi:10.1016,/0005-1098(83)90105-X.

Wiener N. Extrapolation, interpolation and smoothing of stationary time series. With engineering
applications. The M. I. T. Press, Massachusetts, 1966.

Wold H. A study in the analysis of stationary time series. Almqristand Witsett, Stockholm, 1938.

Wold H. On prediction in stationary time series. Ann. Math. Stat. 1948, 19 (4), 558-567.
doi:10.1214/a0oms/1177730151.

Yadrenko M. Spectral theory of random fields. Springer-Verlag, 1983.

Received 18.02.2026




INTERPOLATION PROBLEM FOR MULTIDIMENSIONAL STATIONARY RANDOM FIELD

Moxsayk ML.II., Mactorka O.FO. 3adaua inmepnossyii 0in 6eKMOPHUT CMAUIOHAPHUT 8UNGO-
xosux noais // BykoBuHcbkuit mareM. xKypuaia — 2026. — T.14, Nel. — C. 90-103.

Cepej1 cydacHUX HAIIPSIMKIB T€OPil CTOXACTUIHIX IIPOIECIB, TAKKX SIK y3arajbHEHI CTOXaCTHU-
9HI IPOIIECH, BJIACTUBOCTI (DYHKITIOHAJIIB BiJ| BUMIAIKOBUX IIPOIIECIB, CTATUCTUYIHI METOM CTOXA~
CTUYHMX IIPOIECIB Ta iHIM, BaXKJIMBAM € HAIPSMOK, 30CEPE/ZKEHUI Ha IPOOJIeMi OIiHIOBAHHS
HEBIJIOMUX 3HAYEHDb BUIAJIKOBUX IporeciB. OcobmBol aKTyaabHOCTI B OCTAHHI pOKHM HAOYBa€
pobJjieMa OIiHIOBaHHs 3HaYEHDb IIPOIECIB B yMOBaX HeBu3HadeHocTi. Tomy po3pobKa MeTo/liB
OIIHIOBAHHS € OJIHMM 13 OCHOBHUX 3aB/IaHb CYyYaCHOI TEOpil CTOXaCTUYIHHUX MPOIECiB. Y JaHiit
CTATTI MU PO3IVISIAEMO ITPOOJIEMY ONTHMAJIBHOI JIHIKHOT iHTeposmil (pyHKIIOHATY, IO 3aJ/1e-
JKaTh BiJl HEBIIOMUX 3HAYEHh BEKTOPHOI'O CTAI[IOHAPHOTO BUIIAKOBOTO TIOJIS 38 CIIOCTEPEYKEHHSI-
MM TIOJI 3 IIyMOM. M 3aCTOCOBYEMO KJIACUIHUI I X111 J71st BUBEIeHHsS (POPMYJI /111 OOIUCIIeH-
He 3HAYEHb CEPEIHBOKBAIPATHIHOI IIOXUOKHU Ta CIHEKTPAJIHHOI XapaKTEPUCTUKH ONTHMAJIHHOL
JIIHIWHOT oIiHKY (byHKIioHaJTY. [leil mijxin 6a3yeTbes Ha MPUITYIIEHH], 1110 CIIEKTPAJIbHI IILIBHO-
CTi CTAIlOHAPHUX TOJIIB TOYHO BifoMi. OIHAK Ha MPaKTUIIl TOBHA iH(MOPMAIIis IIPO CHEKTPAIHHI
IIBHOCTI B OibiocTi Bumaakis Hemoxkinsa. 11106 momonaTn 1m0 mpobiieMy, 3HAXOAATH mapa-
MeTpUIHiI abo HemapaMeTPUUHI OIMiHKNA HEBITOMUX CIEKTPAJbHUAX IILJIHHOCTE!l a0 BUOMPAIOTH
MIIJIBHOCTI 3 IHIMKUX MiIPKYBaHb, & IOTIM 3aCTOCOBYIOTH KJIACUYHUI METOJI, OI[IHIOBAHHS 38 YMOBH,
IO OIliHeHa ab0 BUOpaHa IIIbLHICTH € icTuHHO0. Taxuil miaxix MoXke IPU3BECTH 0 3HAYHOTO
3POCTaHHS BeJIMYMHM MOXUOKHY OIiHIOBaHHs. Lle mae cTumMyst 10 MONIyKy OIHOK, ONTAMAIbHUAX
JJIS BCIX IMMIILHOCTEH 3 MEBHOIO KJACY JOMYCTHUMUX CIIEKTPAJIbHUX IMiabHOCTel. Taki orminkm
Ha3WBAIOTHCST MIiHIMAKCHUME, OCKLIBKM BOHM MIiHIMI3yIOTh MAaKCHUMAJIbHE 3HAYUEHHS MOXUOKU
orintoBanHs. ToMy y BUIIaJIKy CIIEKTPaJIbHOI HEBU3HAYEHOCTI MU BUKOPUCTOBYEMO MiHIMaKCHUI
MiAXiJ 1 IPOITOHYEMO (DOPMYJIH, SIKi BU3HAYAIOTH HAWMEHII CIIPUSITIIMBI CIIEKTPAJIbHI MIIJIBHOCTI
Ta, MiHIMAKCHI CIIEKTPaJIbHI XapaKTEPUCTUKU ONTUMAJIHLHUX OIIHOK (DYHKITIOHATY I AEAKAX
KJIACIB JIOMYCTAMUX CIIEKTPAJbHUX IMIIJIHHOCTEN.
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