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In this paper, we investigate the problem for a fourth order evolutionary systems with a
shift. The existence of the weak solution of the problem is proved.
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INTRODUCTION

Let N,n € Nand T > 0 be fixed numbers, 2 C R" be a bounded domain with the smooth

boundary 99, Qo := Q x (0,7), o, := 92 x (0,7), 7 € (0,T].
We seek a vector-valued function @ = (71, ..., uy) : Qo — RY such that

Ury + a A% (U + by) + A(ck(az, t)"d + b(z, t)‘v(m)_2 (ﬂk + by(a, t))>_

— Zn: (aik(x, t)

i=1

+(N (a + b))k(x,t) + @k((am b))k(x,t)) = Fy(z,t), (z,t) € Qor,

Ug, + ba, (x, t))p(m’t)_2 (ﬁk + by(z, t)) ) +

T/ Tq

17|20,T = AmEo,T =0,

u(z,0) = up(z), x€9Q,

where a > 0 is some number; A = Al is the Laplacian; At := A(A®) for s € N;

(N2)(w,t) = (N()z()r(x) := gil,1)]z(z, )"0 22 (2, 1),

(E2)i(z,t) = (E()2(1))r(x) == /3k($atay)zk(y’t) dy, z = (21,-..,2n), (2,%) € Qo,r;
Q
Nz := ((Nz)l, cel (Nz)N); Ez := ((Ez)l, ceey (EZ)N)§
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Chs Qiks Tk Ph> 3k, Fi, U0, 0 = (b1,...,by) are some functions, i = 1,n, k = 1, N; v = y(z,t), p =
p(z,t), and ¢ = q(x,t) are the variable exponents of the nonlinearity.

In Theorem 1 below we prove the existence of the weak solution to problem (1)-(3). The
corresponding to (1) equation with the second derivative with respect to the time variable, under
the condition b, = 0 and without integral terms, was considered by N. Protsakh in [2|. The system of
second-order equation and fourth-order semilinear equation with variable exponents of nonlinearity
and without integral terms was investigated by T. Bokalo in [3]. When b = 0 and when ~,p, ¢ do
not depend on ¢ the problem (1)-(3) was investigated by O. Buhrii and N. Buhrii in [4]. Various
problem for the equations with the variable exponents of the nonlinearity were considered in [5],
[6], [7], [8], [9], [10]. The problem for the system (1) with b # 0 and an integral term present there
and variable exponents of nonlinearity was considered for the first time.

1 NOTATION AND STATEMENT OF PROBLEM

We use the notation from paper [4]. Additionally, suppose that Lip (R) be a set of the Lipschitz
functions on R, for some m € N and some measurable set O C R™ we also put L°(O) :={v: O —
R | v is a measurable}, and B4 (O) := {q € L>*(O) | ess é)nf q(y) > 0}. For any function q € B4 (O)

ye

let us denote

90 = ess infa(y), o= ess sup a(y), - Sals) i= max{s™, ST} 520, (7)
q(y) = q(zgyzl for almost every (a.e.) y € O. (8)

Suppose that
Plog(0) .= {q € L>(0) | q — globally log-Holder continuous function, qo > 1}, (9)
H:=[L2Q))Y, Vi:=[H;@Q)", (10)
W= {v e H*(Q) | vlog = Avlpn = ... = A Mvlpn = 0}, W, = [WiJ*, (11)
Z:=Wi, X(t):=W,P"Q), ()= L10(Q), (12)
Vit)y:=ZNn[x®IN ny®))N nH, (13)
X)) =X, Y@ =[O H ~H VQt):=[VQOF, tel0,T], (14)

U(Qor) :=={u:(0,T) > V(t) | D" e[L*(Qor)]" when |a| =2,
Ugys o Uy, € [LPED(Qor))N, e [LUD(Qor)N NLA(Qor)™}, (15)

W(Qor) ={w e U(Qor) | w € [U(Qor)]} (16)
Note that W (Qo,r) C C([0,T]; H). Let’s assume that the following conditions are satisfied:

(P): 7,09 € P%(Qo.1);
(Z) o > O) '.YD < 2; To = min{27p07QO}7 TO = ma‘X{27p0aq0}7 s € Nv

Y

n(p’ -2) n(¢" -2) }

1
s> §max{2, 1+ o0 20
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(A): ai € L%(Qor), 0 < ap < air(z,t) < a® < o0 for ace. (z,t) € Qor,
where i = 1,n, k =1, N;
(C): ek € L%Qo1), |ek(z,t)] < ® < 400 for ae. (z,t) € Qor, where k =1, N;
(G): gr € L°%(Qo1), 0 < go < gr(z,t) < ¢° < o0 for a.e. (z,t) € Qor, where k =1, N;
(@): i € Lip (R), |pr(€)] < V)¢ for ae. € € R, where 0 < ¥ < +00, k=1, N,
(E): 3 € LY%(Qor x Q), |3k(x,t,9)| < 3° < +oo for ae. (z,t,y) € Qor X Q,

where k =1, N.
(FD): F € L*(0,T; H);
(UD): ug € H;

(WD): b€ U(Qo,r).
Also we introduce the following notations:
[(z(z),v(z)gy dz, 2= (u1,...,un): Q— RV,
Q
(Z,U)Q = v:(vl,...,vN):Q%RN, (17)
[ z(z)v(z) du, z,0:Q = R;
Q

N
(S(t)z, w)y ) = /Z [a Az Awy + e, 8) |2V 22, Awy, +

n
+ > ain(@, )2, [P 2 g w0k, + <(Ez)k>w’“} do =+
i=1

+ (N2 w) , zweV(), te (D) (18)
T
(Su, v)u(Qo.r) == /(S(t)u(t),v(t))v(t) dt, u,veU(Qor). (19)
0

Let us give the definition of the solution to our problem.

Definition 1. Function i : Qo7 — RY is called a weak solution to problem (1)-(3), if

1) u < W(Q(),T),'
2) function u satisfies the equality

N
/ Z [—ﬂk Vit + A(Hk + bk)Avk + Ck(l', t) ‘17 + b‘ﬂ/(x’t)72 (’ljk + bk)AUk +

Qo, T Lt .
+ Z Qik (l’, t) }ﬁzz + bwz Pt (ﬂkz,:cZ + bk,xi)vk@i +
=1 N
+ (N(@+b)) ve+on((E@+0)) Joe| dodt = / 3 vy dadt (20)

Qo,T k=1
for all test functions v € U(Qo 1), i.e., in the sense of the spaces [U(Qo )]
[D*(Qo.r)]Y it holds the equality

U+ S(u+b) = F; (21)
3) wu satisfies condition (3) in the sense of the space C([0,T]; H).

* and

The main result of this paper is the following.

Theorem 1. Let conditions (P)-(WD) hold, the constant s is taken from condition (Z), and
0Q C C?5. Then problem (1)-(3) has a weak solution.
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2 AUXILIARY STATEMENTS

Similarly to Lemma 3.26 |4, p. 875] we obtain the following.

Lemma 1. If condition (E) is satisfied, then E : L?(0,T; H) — L?(0,T; H) is a linear, bounded,
continuous operator and it satisfies the estimate

|[Eu; L*(0,T; H)|| < Cy|ju; L*(0,T; H)||, uwe L*0,T;H), (22)
where C7 > 0 — constant, which does not depend on u.
We will use the additional notations. Suppose that,
Vo= zZN A @)Y n[Lo@N nH, V=28 @ n izl @ nH. (23)
Note that the space Wq from (11) is a Hilbert space, it is also reflexive, and
W, O H*(Q), W, O L*(Q) O Wy (24)
From the choice of the number s and space V(t) we obtain that
WY O V() O H=H OVI(t)O WY (25)
Let 7o, 7" be taken from (Z). Then, similarly to Lemma 2 [11, p. 46|, we have
L0, T3 V4) © U(Qor) O L™(0,T; V). (26)

Similarly to (25) we obtain the following expression

70

L0, T; WiY) © U(Qor) O [L*(Qor)N O [U(Qo)]" O LT=1(0,T; [WIY). (27)
We will use the following facts.
Proposition 1 (see Lemma 1 [12|, p. 32). Let the condition (P) be satisfied, g € L*(Qo 1),
2eLT(Q), meN, £= (&, ..., &) ER™, wh, ... w™ € LU(Q), w(z, &) = . &u'(z). Then the
=1

function I(1,€) = fo g(w, ) w(z, €)1 2w, €)2(x) da, ¢ € (0,T), € € R™,
satisfies the L*°-condition of Caratheodory.

Proposition 2 (see Lemma 3.27 [4], p. 875). Let 3€ L°(Qo.r x ), ¢ €Lip (R), z€ L?(Q2), meN,
E= (&1, &m) €ER™ Wl w™ € L2(Q), w(x, &) = 3 §ul(z), © € Q, E taken from (5) and
=1

k€ {1,...,N}. Then the function J(t,€) = fgw( (Ew(-,€))u(z, ))z(g;) dz, t € (0,T), £ € R™,
satisfies L°°-condition of Caratheodory.

Lemma 2. Let o > 0, conditions (P)-(E), (WD) and notations (18) are satisfied. Let also
{w]}jeN C V+, m € N, L= (L117 L21, . ,Lml, ey L1N7 LQN, RN LmN); where

Lu(t,6) = (St (z+ b))k, w"), k=1,N, p=1m, te(0,T), (28)
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€= (&1, &m1,s - EIN Ny EmN), 2= (21,5 2n), 26(2) = D0 Eawt (),
r€e€Q, k=1,N. Then

o 2, % Zn (@t) 4 90 (@t) _
N > - - p q

{O\

— Ol +b2] du— Cap(t) — Cu, e (0,T), (29)
where the constants Co, C3,Cy > 0 do not depend on z,&,t,
5(0) = [ (180 0P + 3 I ()P0 + b, 075+ o, ] d (30)
Q i=1

Proof. 1t is clear that
(L(1,€), E)gmn = <S(t)(z +b), z> - <S(t)(z )2t b> - <S(t)(z +b), b>. (31)

Using the generalized Young inequality (see [4, p. 863]) with the exponents ~(z,t) > 1 and

v (x,t) == (Vx)t) 7 > 1, we obtain the estimate

N
Jp = Z]ck(x,t)yzn@vt)*?zkmk < Csl2|" @D Az| < kol Az[Y@D 4 Cg(ro)|2[7@D,  (32)

k=1

where ko > 0 and the constant Cg(ko) > 0 does not depend on z,t, k, m.
At those points, where v(z,t) = 2, we have J; < ro|Az|? + C7(ko)|2|>. At those points, where

2
2 5 2
v(x,t) < 2, we have — > 1, 27 N —27>1 and then
~ 2 _ _
5
2
IAz]Y@D < Az | e + Cg - 1277@) = |Az|* 4 Cs.

Similarly, we have |z|7@* < |2|2 + Cy. Generally, we obtain
J1 < 1] Az|? + Croler) (1 + |2]?). (33)

Using estimate (33) with z + b instead of z, we get

<S(t)(z+b z+b /|Az+b|2
Q
+ ag Z |le. + bmi|p(m’t) + go|Z + b‘q(x,t) — 011|Z + b|2 dr — C1s. (34)
=1

For the second term of (31), we obtain

N
‘<S()z+b > ‘Z/aAzk—kbk)Abk—k

k=15

+ cxlz + b|7(x’t)_2(zk + b)) Abg, + Z Qik| 2z, + bwi|p(x’t)_2(zk7xi + bp.z, )bk 2y +
=1
+ gelz + 0102 (2 4 by)by | d + (@(2 +b), b (35)
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Let’s transform the expressions here. For the first term of (35), we get the estimate

‘ZOJA 2 + b Abk‘ < Z’QA 2L —i—bk)Abk
k=1

N
< (211A G+ b + Cualen) | Ab) = 1| Az + ) + Cuaen)| Ab[. (36)
k=1

We estimate the second term of (35) as follows:

N N
- ‘Z ez + b D2 (2, + bk)Abk’ < lewl - Lz 4+ 0PIz 4 by - |Ab| <
k=1 k=1

=

N
< Z ek - |2 + bY@ Ab| < O Z Jz 4 b7 @D AR <
k=1 k=1

< |z + 0100 4 Cus Y A,
k=1

where the constant C15 > 0 does not depend on x,t, k, m. At those points, where y(z,t) = 2, we
have I < |z + b|? + C16|Ab|%. At those points, where v(z,t) < 2, we get

2
|z + bY@ <|z+b| xt)+017 127@0 = |z 4+ b> + Cy7.
N N
3 Al @ < Z<|Abk12 + 018) = |Ab] + Cho.
k=1 k=1

In total, we obtain

I <|z+b* 4 Oa(1 + |ADP). (37)
We estimate the third term of (35) as follows:

n

N
‘Z k|2, + b$i|p(m’t)_2(zk,xi + bz )bz, | <
k=1

n

=1 =1

N
< SO S laiel - 1za; 4 bay POz 0+ i - 1] <
1=1 k=1

n N n
< ZZ azk‘ . |le + bx¢|p(x7t)_l . |bzz‘ < Oy Z |Z:Jc¢ + bzi|P(ac,t)—1 . ’bxl| <
=1 k=1

=1
<ea ) |zw, + b P 4 Can(e2) D [ba, [P0, (38)
=1 =1

We estimate the fourth term of (35) as follows:

N

N
37 guls + B0 2+ )b < D gl - 2+ B0 2 2 by by <
k=1 k=1

N
<D lgul - 12+ 0707 B] < eglz 4 59D 4 Cog(es) |7, (39)
k=1
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Using notation (17), from condition (@), we get

J::‘( )(z +b), ‘— /Z‘Pk t)(z + b))k )bkd:c‘g

N
/Zs@‘)( )+ 0| I o < o[BG+ 00 o] d

From the Cauchy-Bunyakowski-Schwarz’s inequality, it follows
J < Cos[E(z + 0); [L2 QY]] - [[o; [L2()17]]-

Then, from (22), we get J < Caog||z+b; [L2(Q)]V||-]]b; [L2(22)]YV||. Finally, from the Young inequality,
we have that

J< C’27<Hz b L2 + || [LQ(Q)]NHQ) — Cyr (/ 2+ b2 dz + / b2 dm). (40)

Using (36)-(40), the second term (31) we estimate as

‘<S(t)(z+b),b>‘ <

< /[elm(z F O+ 22D [z, + by [ + gz + b0 + Coglz + b da +
Q i=1

+ /[029(81, €9, 83) <‘Ab‘2 + Z ’bxi ’p(x’t) + ’b’q(‘r’t)> + Cgo’b|2} dzx 4 Cs;. (41)
Q =1

Substituting the obtained estimates (34) and (41) into (31) and choosing €1, 2,3 > 0 sufficiently
small, we obtain (29). O

3 PROOF OF MAIN RESULTS

Let us prove Theorem 1 by the Faedo-Galerkin method.
Proof of Theorem 1. Step 1. Let {w*},en be a set of all eigenfunctions of the problem

“Auw = )\jfwj in €, wj|3Q =0, j€N, (42)

be also orthonormal in the space L?(12),

{:L"r—> <Za mwt(x Za L wh( )) ’ aZLkGR},

the number s is taken from condition (Z), and the spaces Ws, Wi are taken from (11). From the
choice of s and statement (25) it follows that 9" is a dense set everywhere in [Ws]" and in V (¢),
t€[0,T]. Let m € N, u™ := (uf",...,uR}), where

=Y emwt (), (x,t) € Qor, k=T1,N,
pn=1
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O™ = (O, o8, o PN B - Py ) I8 the solution to the Cauchy problem
(ug"(£), w") + (S(&) (@™ (t) + b(t)), w") = (F(t), w"), (43)
0 (0) =B, k=1,N, p=1m. (44)
Here S(t) is taken from equality (18), t € [0,T7], vector ™ = (871, 851, ..., B0, -+,
BTy Bos - ) BlNy) € R™V selected so that the function u* := (u3, . .. ,uON), where

m— 00

ugp(x) == Zl B w'(x), x € Q, k = 1, N, satisfied the condition ug' — wug strongly in H. It is
M:

clear that the following condition is satisfied.

= (i <p,’fl(o)w“, e i(pl’fN(O)w“> =g (45)

Let us denote M := (Mi1, Moy, ..., Mp1,...,Min, Moy, ..., MpyN), M,uk(t) = (Fy(t), wh),
L:= (L, Loty .. s Ly, Lan, Lan, - - Liny),

Lu(t, ™) == (SO @™ (1) + b(t))sw?), k=T,N, w=T,m, te(0T).  (46)

We will show that the conditions of the Caratheodory-LaSalle theorem (see Theorem 3.24 [4, p.
872]) are satisfied. From condition (F) we have that M € L?(0,T;R™"). The fact that the
function L satisfies the L*°-condition of Caratheodory follows from the conditions of the theorem
and statements of the type Propositions 1 and 2, applied separately to each term in (46). From the
estimate (29) and the conditions «, ag, go > 0 we obtain the estimate

(L(t, ™), ™ )gmn > —C32 / [u™|? dx — Cs3B(t) — C3q > —Css(m) |¢™|* — Cs38(t) — Csq, (47)

where C33, C34, C35 > 0 do not depend on ¢, ™, and 3 € L'(0,T). Then, the Caratheodory-LaSalle
theorem implies that there exists a solution ¢™ € H'(0,T;R™V) of problems (43), (44). Since
982 € C?, then from (24) it follows that {w"},ey C Wy C H?$(Q2). Therefore

a™ e HY0,T; [H* () c [H (Qor)". (48)

Step 2. Let us multiply the k-th coordinate of the p-th equation from (43) by Pk (t), sum up
by p=1,m and k = 1, N, and integrate by ¢t € (0,7) C (0,7"). We obtain the equality

T

/ @, ™) gn dzdt + / (L(t, O™(1)), @m(t))RmN dt = / (F,a™)gw dzdt, 7€ (0,T).  (49)
Qo,r 0 Qo,r

Since (48) is hold, then [u™[* € [W11(Qo )] and (|a™| %), = 2(uy",w™). Therefore, integrating
by parts and considering (45), we obtain the equality

/(ﬂ;”,mdxdt /| (x,7) da:—/|0 (z)]? d.
QO,T

From the Young inequality, it follows that |(F,a™)| < |F|-|a™| < |F|*> + $|a™|?. Therefore, using
the estimate (29), from (49) we obtain the following:

L[ m 2 o 2 4 ~m p(z,t)
5 [Em@nP s [ [S1a@ +oP+ 9 5 by, P+
Q QO,T

i=1



INITIAL BOUNDARY VALUE PROBLEM 31

4+ 9 |~m + p|a@t) } dzdt < = /|u0 (z)|? dz + Cs6 + Cs?{/ﬁ(t) dt+

+ / (PP + fim +b?) dedt} < Cgo + Oy {F / @ dadt} (50)
QO,‘I‘
where §(t) is taken from (30), the constants Csg, C3s > 0 do not depend on m,T,

/\uo )2 da + / [mby2+2|b 0 pf10 1 b2 daat, e (0,7).  (51)

Let y(t) = [ [a™(z,t)]* dz, t € [0,T]. Then from (50) we obtain inequality

T

y(7) < 2036 + 2038{F(T) n /y(t) dt}, e (0, 7).

0

We can show for this estimate that

/ @ (@, )2 do < (2036 + 2C5sF (7)) 27, 7 € (0,7, (52)

It is clear that from (52) follows the estimate

/ ™ ? dzdt < T<2036 + 2038F(7'))62038T, 7€ (0,7 (53)
QO,T

Using (53), from (50) we obtain the estimates

/ [‘A +b ‘2 4 Z ’ + bxi ’p(x,t) + ‘ﬁm 4 b‘g(z,t):| dxdt < Czg9 + C40F(T), (54)
QO,T
/ [mm\? + ) fam P 4 @) dedt < Oy + CaoF(r), 7 € (0, 7). (55)
QO,T =
Here the constants Csg, ..., C4o > 0 do not depend on m, 7.

From (52)-(55) we get the existence of the subsequence {u" }en C {U" },men such that

u™ — u x—weakly in L%(0,T;H) and weakly in U(Qo,r). (56)

j—o0

Step 3. Let S be taken from (19), (F,v)v(qy ) = fOT<F(t), (t)) dt, From estimates (22), (53),
and (55) the following inequality follows ||S(u™ + b); [U(Qo,7)]*|| < Cug, from which it follows
(possibly, when transitioning to a new sub-sequence) that:

S("™ +b) — x weakly in [U(Qor)]" (57)

Step 4. Let the numbers s,7° be taken from condition (Z), the spaces Wy, W are taken from
equalities (11). Similarly as in [4], from (43), (55), and (27) we obtain

70

@ L0, 7 W) < Cs, (58)
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where the constant Cyy > 0 does not depend on m. Therefore (further, when moving on to a new
sub-sequence, we will not indicate this separately)

0

_r-
a7 — Uy weakly in  Lr°=1(0,T; [ WiN). (59)

Jj—o0

Step 5. From (25) it follows that V_ CHD We. Also, from (26) and estimates (53), (55) we
obtain the following

[|a"™; L™ (0, T; V_)|| < Cusl||a™; U(Qo,r)|| < Cus, (60)

where the constant Cyg > 0 does not depend on m.
From (60) and (58), the Aubin theorem (see Proposition 3.11 [4, p. 867]) and Lemma 1.18 [1,
Part 2, §1.3] imply the following convergences:

u™ — u in L2(0,T;H) and C([0,T];[W:Y), (61)
J—00
u™ — u almost everywhere in Qo 7. (62)
]—)OO

It is also clear that V. C [HE ()N O W2V, Therefore, from (60), (58), and the Aubin theorem
follows the convergence u™ — @ strongly in L2(0,T; [H(2)]Y). Then, for each i € {1,...,n}
j—o0
we will have the following:
[ = dade < s - 5 0.7 YOI~ 0

j—00
Qo,T

Therefore, Ty, — iy, strongly in [L2(Qor)]" and hence, from Lemma 1.18 [1, Part 2, §1.3] we
j—00
obtain that

Uy — Uy, almost everywhere in Qor, i = 1,n. (63)
J—00

Using (62) and (63) we prove the equality x = S(u + b) (see (57)).

Step 6. Let’s consider (43) for m = m;, multiply this equality by an arbitrary function ¢ €
C([0,T)), integrate by ¢t € (0,T) and integrate the first term by parts. In particular, by letting
Jj — 400, we obtain (20).

From (20) uy = F — Su € [U(Qo.r)]*. Therefore, u € W(Qor) C C([0,T]; H). Thus, u is the
solution to problem (1)-(3). O
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