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Introduction

Let N,n ∈ N and T > 0 be fixed numbers, Ω ⊂ Rn be a bounded domain with the smooth
boundary ∂Ω, Q0,τ := Ω× (0, τ), Σ0,τ := ∂Ω× (0, τ), τ ∈ (0, T ].

We seek a vector-valued function ũ = (ũ1, . . . , ũN ) : Q0,T → RN such that

ũk,t + α∆2
(
ũk + bk

)
+∆

(
ck(x, t)

∣∣∣ũ+ b(x, t)
∣∣∣γ(x,t)−2(

ũk + bk(x, t)
))

−

−
n∑

i=1

(
aik(x, t)

∣∣∣ũxi + bxi(x, t)
∣∣∣p(x,t)−2(

ũk + bk(x, t)
)
xi

)
xi

+

+
(
N
(
ũ+ b

))
k
(x, t) + φk

((
E(ũ+ b)

)
k
(x, t)

)
= Fk(x, t), (x, t) ∈ Q0,T , (1)

ũ|Σ0,T
= ∆ũ|Σ0,T

= 0, (2)

ũ(x, 0) = u0(x), x ∈ Ω, (3)

where α > 0 is some number; ∆ ≡ ∆1 is the Laplacian; ∆s+1 := ∆(∆s) for s ∈ N;

(Nz)k(x, t) ≡ (N(t)z(t))k(x) := gk(x, t)|z(x, t)|q(x,t)−2zk(x, t), (4)

(Ez)k(x, t) ≡ (E(t)z(t))k(x) :=

∫
Ω

Zk(x, t, y)zk(y, t) dy, z = (z1, . . . , zN ), (x, t) ∈ Q0,T ; (5)

Nz :=
(
(Nz)1, . . . , (Nz)N

)
; Ez :=

(
(Ez)1, . . . , (Ez)N

)
; (6)
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ck, aik, gk, φk,Zk, Fk, u0, b = (b1, . . . , bN ) are some functions, i = 1, n, k = 1, N ; γ = γ(x, t), p =

p(x, t), and q = q(x, t) are the variable exponents of the nonlinearity.
In Theorem 1 below we prove the existence of the weak solution to problem (1)-(3). The

corresponding to (1) equation with the second derivative with respect to the time variable, under
the condition bk ≡ 0 and without integral terms, was considered by N. Protsakh in [2]. The system of
second-order equation and fourth-order semilinear equation with variable exponents of nonlinearity
and without integral terms was investigated by T. Bokalo in [3]. When b ≡ 0 and when γ, p, q do
not depend on t the problem (1)-(3) was investigated by O. Buhrii and N. Buhrii in [4]. Various
problem for the equations with the variable exponents of the nonlinearity were considered in [5],
[6], [7], [8], [9], [10]. The problem for the system (1) with b ̸≡ 0 and an integral term present there
and variable exponents of nonlinearity was considered for the first time.

1 Notation and statement of problem

We use the notation from paper [4]. Additionally, suppose that Lip (R) be a set of the Lipschitz
functions on R, for some m ∈ N and some measurable set O ⊂ Rm we also put L0(O) := {v : O →
R | v is a measurable}, and B+(O) := {q ∈ L∞(O) | ess inf

y∈O
q(y) > 0}. For any function q ∈ B+(O)

let us denote

q0 := ess inf
y∈O

q(y), q0 := ess sup
y∈O

q(y), Sq(s) := max{sq0 , sq0}, s ≥ 0, (7)

q′(y) :=
q(y)

q(y)− 1
for almost every (a.e.) y ∈ O. (8)

Suppose that

P log(O) := {q ∈ L∞(O) | q – globally log-Holder continuous function, q0 ≥ 1}, (9)

H := [L2(Ω)]N , Vs := [Hs
0(Ω)]

N , (10)

Ws := {v ∈ H2s(Ω) | v|∂Ω = ∆v|∂Ω = . . . = ∆s−1v|∂Ω = 0}, W∗
s := [Ws]

∗, (11)

Z := W1, X(t) := W
1,p(x,t)
0 (Ω), Y (t) := Lq(x,t)(Ω), (12)

V (t) := ZN ∩ [X(t)]N ∩ [Y (t)]N ∩H, (13)

X∗(t) := [X(t)]∗, Y ∗(t) := [Y (t)]∗, H∗ ≃ H, V ∗(t) := [V (t)]∗, t ∈ [0, T ], (14)

U(Q0,T ) := {u : (0, T ) → V (t) | Dαu ∈ [L2(Q0,T )]
N when |α| = 2,

ux1 , . . . , uxn ∈ [Lp(x,t)(Q0,T )]
N , u ∈ [Lq(x,t)(Q0,T )]

N ∩ [L2(Q0,T )]
N}, (15)

W (Q0,T ) := {w ∈ U(Q0,T ) | wt ∈ [U(Q0,T )]
∗}. (16)

Note that W (Q0,T ) ⊂ C([0, T ];H). Let’s assume that the following conditions are satisfied:
(P): γ, p, q ∈ P log(Q0,T );
(Z): α > 0, γ0 ≤ 2; r0 = min{2, p0, q0}, r0 = max{2, p0, q0}, s ∈ N,

s ≥ 1

2
max

{
2, 1 +

n(p0 − 2)

2p0
,

n(q0 − 2)

2q0

}
;
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(A): aik ∈ L0(Q0,T ), 0 < a0 ≤ aik(x, t) ≤ a0 < +∞ for a.e. (x, t) ∈ Q0,T ,
where i = 1, n, k = 1, N ;

(C): ck ∈ L0(Q0,T ), |ck(x, t)| ≤ c0 < +∞ for a.e. (x, t) ∈ Q0,T , where k = 1, N ;
(G): gk ∈ L0(Q0,T ), 0 < g0 ≤ gk(x, t) ≤ g0 < +∞ for a.e. (x, t) ∈ Q0,T , where k = 1, N ;
(Ф): φk ∈ Lip (R), |φk(ξ)| ≤ φ0|ξ| for a.e. ξ ∈ R, where 0 ≤ φ0 < +∞, k = 1, N ,
(E): Zk ∈ L0(Q0,T × Ω), |Zk(x, t, y)| ≤ Z0 < +∞ for a.e. (x, t, y) ∈ Q0,T × Ω,

where k = 1, N .
(FD): F ∈ L2(0, T ;H);
(UD): u0 ∈ H;
(WD): b ∈ U(Q0,T ).

Also we introduce the following notations:

(z, v)Ω :=



∫
Ω

(z(x), v(x))RN dx, z = (u1, . . . , uN ) : Ω → RN ,

v = (v1, . . . , vN ) : Ω → RN ,∫
Ω

z(x)v(x) dx, z, v : Ω → R;

(17)

⟨S(t)z, w⟩V (t) :=

∫
Ω

N∑
k=1

[
α∆zk∆wk + ck(x, t)|z|γ(x,t)−2zk∆wk +

+
n∑

i=1

aik(x, t)|zxi |p(x,t)−2zk,xi
wk,xi

+ φk

(
(Ez)k

)
wk

]
dx+

+
(
(Nz)(t), w

)
Ω
, z, w ∈ V (t), t ∈ (0, T ); (18)

⟨Su, v⟩U(Q0,T ) :=

T∫
0

⟨S(t)u(t), v(t)⟩V (t) dt, u, v ∈ U(Q0,T ). (19)

Let us give the definition of the solution to our problem.

Definition 1. Function ũ : Q0,T → RN is called a weak solution to problem (1)-(3), if
1) ũ ∈ W (Q0,T );
2) function ũ satisfies the equality∫

Q0,T

N∑
k=1

[
−ũk vk,t + α∆

(
ũk + bk

)
∆vk + ck(x, t)

∣∣ũ+ b
∣∣γ(x,t)−2(

ũk + bk
)
∆vk +

+

n∑
i=1

aik(x, t)
∣∣ũxi + bxi

∣∣p(x,t)−2(
ũk,xi

+ bk,xi

)
vk,xi

+

+
(
N
(
ũ+ b

))
k
vk + φk

((
E
(
ũ+ b

))
k

)
vk

]
dxdt =

∫
Q0,T

N∑
k=1

Fkvk dxdt (20)

for all test functions v ∈ U(Q0,T ), i.e., in the sense of the spaces [U(Q0,T )]
∗ and

[D∗(Q0,T )]
N it holds the equality

ũt + S(ũ+ b) = F ; (21)

3) ũ satisfies condition (3) in the sense of the space C([0, T ];H).

The main result of this paper is the following.

Theorem 1. Let conditions (P)-(WD) hold, the constant s is taken from condition (Z), and
∂Ω ⊂ C2s. Then problem (1)-(3) has a weak solution.
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2 Auxiliary statements

Similarly to Lemma 3.26 [4, p. 875] we obtain the following.

Lemma 1. If condition (E) is satisfied, then E : L2(0, T ;H) → L2(0, T ;H) is a linear, bounded,
continuous operator and it satisfies the estimate

||Eu;L2(0, T ;H)|| ≤ C1||u;L2(0, T ;H)||, u ∈ L2(0, T ;H), (22)

where C1 > 0 – constant, which does not depend on u.

We will use the additional notations. Suppose that,

V− := ZN ∩ [W 1,p0
0 (Ω)]N ∩ [Lq0(Ω)]N ∩H, V+ := ZN ∩ [W 1,p0

0 (Ω)]N ∩ [Lq0(Ω)]N ∩H. (23)

Note that the space Ws from (11) is a Hilbert space, it is also reflexive, and

Ws 	 H2s(Ω), Ws

_
	 L2(Ω)

_
	 W∗

s . (24)

From the choice of the number s and space V (t) we obtain that

[Ws]
N

_
	 V (t)

_
	 H ∼= H∗ _

	 V ∗(t)
_
	 [W∗

s ]
N . (25)

Let r0, r
0 be taken from (Z). Then, similarly to Lemma 2 [11, p. 46], we have

Lr0(0, T ;V+)
_
	 U(Q0,T )

_
	 Lr0(0, T ;V−). (26)

Similarly to (25) we obtain the following expression

Lr0(0, T ; [Ws]
N )

_
	 U(Q0,T )

_
	 [L2(Q0,T )]

N
_
	 [U(Q0,T )]

∗ _
	 L

r0

r0−1 (0, T ; [W∗
s ]

N ). (27)

We will use the following facts.

Proposition 1 (see Lemma 1 [12], p. 32). Let the condition (P) be satisfied, g ∈ L∞(Q0,T ),

z ∈ Lq0(Ω), m ∈ N, ξ = (ξ1, . . . , ξm) ∈ Rm, w1, . . . , wm ∈ Lq0(Ω), w(x, ξ) =
m∑
l=1

ξlw
l(x). Then the

function I(t, ξ) =
∫
Ω g(x, t)|w(x, ξ)|q(x,t)−2w(x, ξ)z(x) dx, t ∈ (0, T ), ξ ∈ Rm,

satisfies the L∞-condition of Caratheodory.

Proposition 2 (see Lemma 3.27 [4], p. 875). Let Z∈L∞(Q0,T ×Ω), φ∈Lip (R), z∈L2(Ω), m∈N,

ξ = (ξ1, . . . , ξm) ∈ Rm, w1, . . . , wm ∈ L2(Ω), w(x, ξ) =
m∑
l=1

ξlw
l(x), x ∈ Ω, E taken from (5) and

k ∈ {1, . . . , N}. Then the function J(t, ξ) =
∫
Ω φ

(
(Ew(·, ξ))k(x, t)

)
z(x) dx, t ∈ (0, T ), ξ ∈ Rm,

satisfies L∞-condition of Caratheodory.

Lemma 2. Let α > 0, conditions (P)-(E), (WD) and notations (18) are satisfied. Let also
{wj}j∈N ⊂ V+, m ∈ N, L = (L11, L21, . . . , Lm1, . . . , L1N , L2N , . . . , LmN ), where

Lµk(t, ξ) = ⟨(S(t)(z + b))k, w
µ⟩, k = 1, N, µ = 1,m, t ∈ (0, T ), (28)
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ξ = (ξ11, ξ21, . . . , ξm1, . . . , ξ1N , ξ2N , . . . , ξmN ), z = (z1, . . . , zN ), zk(x) =
∑m

ℓ=1 ξℓkw
ℓ(x),

x ∈ Ω, k = 1, N . Then

(L(t, ξ), ξ)RmN ≥
∫
Ω

[α
4
|∆(z + b)|2 + a0

2

n∑
i=1

|zxi + bxi |p(x,t) +
g0
2
|z + b|q(x,t) −

− C2|z + b|2
]
dx− C3β(t)− C4, t ∈ (0, T ), (29)

where the constants C2, C3, C4 > 0 do not depend on z, ξ, t,

β(t) =

∫
Ω

[
|∆b(x, t)|2 +

n∑
i=1

|bxi(x, t)|p(x,t) + |b(x, t)|q(x,t) + |b(x, t)|2
]
dx. (30)

Proof. It is clear that

(L(t, ξ), ξ)RmN =
⟨
S(t)(z + b), z

⟩
=

⟨
S(t)(z + b), z + b

⟩
−

⟨
S(t)(z + b), b

⟩
. (31)

Using the generalized Young inequality (see [4, p. 863]) with the exponents γ(x, t) > 1 and
γ′(x, t) := γ(x,t)

γ(x,t)−1 > 1, we obtain the estimate

J1 :=

N∑
k=1

∣∣∣ck(x, t)|z|γ(x,t)−2zk∆zk

∣∣∣ ≤ C5|z|γ(x,t)−1|∆z| ≤ κ0|∆z|γ(x,t) + C6(κ0)|z|γ(x,t), (32)

where κ0 > 0 and the constant C6(κ0) > 0 does not depend on x, t, k,m.
At those points, where γ(x, t) = 2, we have J1 ≤ κ0|∆z|2 + C7(κ0)|z|2. At those points, where

γ(x, t) < 2, we have
2

γ
> 1,

2
γ

2
γ − 1

=
2

2− γ
> 1, and then

|∆z|γ(x,t) ≤ |∆z|
γ(x,t)· 2

γ(x,t) + C8 · 1
2

2−γ(x,t) = |∆z|2 + C8.

Similarly, we have |z|γ(x,t) ≤ |z|2 + C9. Generally, we obtain

J1 ≤ ε1|∆z|2 + C10(ε1)(1 + |z|2). (33)

Using estimate (33) with z + b instead of z, we get⟨
S(t)(z + b), z + b

⟩
≥

∫
Ω

[α
2
|∆(z + b)|2 +

+ a0

n∑
i=1

|zxi + bxi |p(x,t) + g0|z + b|q(x,t) − C11|z + b|2
]
dx− C12. (34)

For the second term of (31), we obtain

∣∣∣⟨S(t)(z + b), b
⟩∣∣∣ = ∣∣∣ N∑

k=1

∫
Ω

[
α∆(zk + bk)∆bk +

+ ck|z + b|γ(x,t)−2(zk + bk)∆bk +

n∑
i=1

aik|zxi + bxi |p(x,t)−2(zk,xi
+ bk,xi

)bk,xi
+

+ gk|z + b|q(x,t)−2(zk + bk)bk

]
dx+ (Φ(z + b), b)Ω

∣∣∣. (35)
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Let’s transform the expressions here. For the first term of (35), we get the estimate

∣∣∣ N∑
k=1

α∆(zk + bk)∆bk

∣∣∣ ≤ N∑
k=1

∣∣∣α∆(zk + bk)∆bk

∣∣∣ ≤
≤

N∑
k=1

(
ε1|∆(zk + bk)|2 + C13(ε1)|∆bk|2

)
= ε1|∆(z + b)|2 + C14(ε1)|∆b|2. (36)

We estimate the second term of (35) as follows:

I :=
∣∣∣ N∑
k=1

ck|z + b|γ(x,t)−2(zk + bk)∆bk

∣∣∣ ≤ N∑
k=1

|ck| · |z + b|γ(x,t)−2|zk + bk| · |∆bk| ≤

≤
N∑
k=1

|ck| · |z + b|γ(x,t)−1 · |∆bk| ≤ c0
N∑
k=1

·|z + b|γ(x,t)−1 · |∆bk| ≤

≤ |z + b|γ(x,t) + C15

N∑
k=1

|∆bk|γ(x,t),

where the constant C15 > 0 does not depend on x, t, k,m. At those points, where γ(x, t) = 2, we
have I ≤ |z + b|2 + C16|∆b|2. At those points, where γ(x, t) < 2, we get

|z + b|γ(x,t) ≤ |z + b|
γ(x,t)· 2

γ(x,t) + C17 · 1
2

2−γ(x,t) = |z + b|2 + C17.

N∑
k=1

|∆bk|γ(x,t) ≤
N∑
k=1

(
|∆bk|2 + C18

)
= |∆b|2 + C19.

In total, we obtain
I ≤ |z + b|2 + C20(1 + |∆b|2). (37)

We estimate the third term of (35) as follows:

∣∣∣ N∑
k=1

n∑
i=1

aik|zxi + bxi |p(x,t)−2(zk,xi
+ bk,xi

)bk,xi

∣∣∣ ≤
≤

n∑
i=1

N∑
k=1

|aik| · |zxi + bxi |p(x,t)−2|zk,xi
+ bk,xi

| · |bk,xi
| ≤

≤
n∑

i=1

N∑
k=1

|aik| · |zxi + bxi |p(x,t)−1 · |bxi | ≤ C21

n∑
i=1

|zxi + bxi |p(x,t)−1 · |bxi | ≤

≤ ε2

n∑
i=1

|zxi + bxi |p(x,t) + C22(ε2)
n∑

i=1

|bxi |p(x,t). (38)

We estimate the fourth term of (35) as follows:

∣∣∣ N∑
k=1

gk|z + b|q(x,t)−2(zk + bk)bk

∣∣∣ ≤ N∑
k=1

|gk| · |z + b|q(x,t)−2|zk + bk| · |bk| ≤

≤
N∑
k=1

|gk| · |z + b|q(x,t)−1 · |b| ≤ ε3|z + b|q(x,t) + C23(ε3)|b|q(x,t). (39)
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Using notation (17), from condition (Ф), we get

J :=
∣∣∣(Φ(t)(z + b), b)Ω

∣∣∣ = ∣∣∣∫
Ω

N∑
k=1

φk

(
(E(t)(z + b))k

)
bk dx

∣∣∣ ≤
≤

∫
Ω

N∑
k=1

φ0
∣∣∣(E(t)(z + b))k

∣∣∣ · |bk| dx ≤ C24

∫
Ω

|E(z + b)| · |b| dx.

From the Cauchy-Bunyakowski-Schwarz’s inequality, it follows

J ≤ C25||E(z + b); [L2(Ω)]N || · ||b; [L2(Ω)]N ||.

Then, from (22), we get J ≤ C26||z+b; [L2(Ω)]N ||·||b; [L2(Ω)]N ||. Finally, from the Young inequality,
we have that

J ≤ C27

(
||z + b; [L2(Ω)]N ||2 + ||b; [L2(Ω)]N ||2

)
= C27

(∫
Ω

|z + b|2 dx+

∫
Ω

|b|2 dx
)
. (40)

Using (36)-(40), the second term (31) we estimate as∣∣∣⟨S(t)(z + b), b
⟩∣∣∣ ≤

≤
∫
Ω

[
ε1|∆(z + b)|2 + ε2

n∑
i=1

|zxi + bxi |p(x,t) + ε3|z + b|q(x,t) + C28|z + b|2
]
dx+

+

∫
Ω

[
C29(ε1, ε2, ε3)

(
|∆b|2 +

n∑
i=1

|bxi |p(x,t) + |b|q(x,t)
)
+ C30|b|2

]
dx+ C31. (41)

Substituting the obtained estimates (34) and (41) into (31) and choosing ε1, ε2, ε3 > 0 sufficiently
small, we obtain (29). �

3 Proof of main results

Let us prove Theorem 1 by the Faedo-Galerkin method.
Proof of Theorem 1. Step 1. Let {wµ}µ∈N be a set of all eigenfunctions of the problem

−∆wj = λjw
j in Ω, wj |∂Ω = 0, j ∈ N, (42)

be also orthonormal in the space L2(Ω),

MN =
{
x 7→

( m∑
µ=1

αm
µ1w

µ(x), . . . ,

m∑
µ=1

αm
µNwµ(x)

) ∣∣ αm
µk ∈ R

}
,

the number s is taken from condition (Z), and the spaces Ws,W∗
s are taken from (11). From the

choice of s and statement (25) it follows that MN is a dense set everywhere in [Ws]
N and in V (t),

t ∈ [0, T ]. Let m ∈ N, ũm := (ũm1 , . . . , ũmN ), where

ũmk (x, t) :=

m∑
µ=1

φm
µk(t)w

µ(x), (x, t) ∈ Q0,T , k = 1, N,
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φm := (φm
11, φ

m
21, . . . , φ

m
m1, . . . , φ

m
1N , φm

2N , . . . , φm
mN ) is the solution to the Cauchy problem

⟨ũmt (t), wµ⟩+ ⟨S(t)(ũm(t) + b(t)), wµ⟩ = ⟨F (t), wµ⟩, (43)

φm
µk(0) = βm

µk, k = 1, N, µ = 1,m. (44)

Here S(t) is taken from equality (18), t ∈ [0, T ], vector βm = (βm
11, β

m
21, . . . , β

m
m1, . . . ,

βm
1N , βm

2N , . . . , βm
mN ) ∈ RmN selected so that the function um0 := (um01, . . . , u

m
0N ), where

um0k(x) :=
m∑

µ=1
βm
µk w

µ(x), x ∈ Ω, k = 1, N , satisfied the condition um0 −→
m→∞

u0 strongly in H. It is

clear that the following condition is satisfied.

ũm(0) =
( m∑
µ=1

φm
µ1(0)w

µ, . . . ,

m∑
µ=1

φm
µN (0)wµ

)
= um0 . (45)

Let us denote M := (M11,M21, . . . ,Mm1, . . . ,M1N ,M2N , . . . ,MmN ), Mµk(t) := ⟨Fk(t), w
µ⟩,

L := (L11, L21, . . . , Lm1, . . . , L1N , L2N , . . . , LmN ),

Lµk(t, φ
m) := ⟨(S(t)(ũm(t) + b(t)))k, w

µ⟩, k = 1, N, µ = 1,m, t ∈ (0, T ). (46)

We will show that the conditions of the Caratheodory-LaSalle theorem (see Theorem 3.24 [4, p.
872]) are satisfied. From condition (F) we have that M ∈ L2(0, T ;RmN ). The fact that the
function L satisfies the L∞-condition of Caratheodory follows from the conditions of the theorem
and statements of the type Propositions 1 and 2, applied separately to each term in (46). From the
estimate (29) and the conditions α, a0, g0 > 0 we obtain the estimate

(L(t, φm), φm)RmN ≥ −C32

∫
Ω

|ũm|2 dx− C33β(t)− C34 ≥ −C35(m) |φm|2 − C33β(t)− C34, (47)

where C33, C34, C35 > 0 do not depend on t, φm, and β ∈ L1(0, T ). Then, the Caratheodory-LaSalle
theorem implies that there exists a solution φm ∈ H1(0, T ;RmN ) of problems (43), (44). Since
∂Ω ∈ C2s, then from (24) it follows that {wµ}µ∈N ⊂ Ws ⊂ H2s(Ω). Therefore

ũm ∈ H1(0, T ; [H2s(Ω)]N ) ⊂ [H1(Q0,T )]
N . (48)

Step 2. Let us multiply the k-th coordinate of the µ-th equation from (43) by φm
µk(t), sum up

by µ = 1,m and k = 1, N , and integrate by t ∈ (0, τ) ⊂ (0, T ). We obtain the equality∫
Q0,τ

(ũmt , ũm)RN dxdt+

τ∫
0

(
L(t, φm(t)), φm(t)

)
RmN

dt =

∫
Q0,τ

(F, ũm)RN dxdt, τ ∈ (0, T ]. (49)

Since (48) is hold, then |ũm|2 ∈ [W 1,1(Q0,T )]
N and

(
|ũm|2

)
t
= 2(ũmt , ũm). Therefore, integrating

by parts and considering (45), we obtain the equality∫
Q0,τ

(ũmt , ũm) dxdt =
1

2

∫
Ω

|ũm(x, τ)|2 dx− 1

2

∫
Ω

|um0 (x)|2 dx.

From the Young inequality, it follows that |(F, ũm)| ≤ |F | · |ũm| ≤ 1
2 |F |2 + 1

2 |ũ
m|2. Therefore, using

the estimate (29), from (49) we obtain the following:

1

2

∫
Ω

|ũm(x, τ)|2 dx+

∫
Q0,τ

[α
4
|∆(ũm + b)|2 + a0

2

n∑
i=1

|ũmxi
+ bxi |p(x,t) +
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+
g0
2
|ũm + b|q(x,t)

]
dxdt ≤ 1

2

∫
Ω

|um0 (x)|2 dx+ C36 + C37

{ τ∫
0

β(t) dt+

+

∫
Q0,τ

[
|F |2 + |ũm + b|2

]
dxdt

}
≤ C36 + C38

{
F(τ) +

∫
Q0,τ

|ũm|2 dxdt
}
, (50)

where β(t) is taken from (30), the constants C36, C38 > 0 do not depend on m, τ ,

F(τ) :=

∫
Ω

|u0(x)|2 dx+

∫
Q0,τ

[
|∆b|2 +

n∑
i=1

|bxi |p(x,t) + |b|q(x,t) + |b|2
]
dxdt, τ ∈ (0, T ]. (51)

Let y(t) =
∫
Ω |ũm(x, t)|2 dx, t ∈ [0, T ]. Then from (50) we obtain inequality

y(τ) ≤ 2C36 + 2C38

{
F(τ) +

τ∫
0

y(t) dt
}
, τ ∈ (0, T ].

We can show for this estimate that∫
Ω

|ũm(x, τ)|2 dx ≤
(
2C36 + 2C38F(τ)

)
e2C38τ , τ ∈ (0, T ]. (52)

It is clear that from (52) follows the estimate∫
Q0,τ

|ũm|2 dxdt ≤ T
(
2C36 + 2C38F(τ)

)
e2C38T , τ ∈ (0, T ]. (53)

Using (53), from (50) we obtain the estimates∫
Q0,τ

[
|∆(ũm + b)|2 +

n∑
i=1

|ũmxi
+ bxi |p(x,t) + |ũm + b|q(x,t)

]
dxdt ≤ C39 + C40F(τ), (54)

∫
Q0,τ

[
|∆ũm|2 +

n∑
i=1

|ũmxi
|p(x,t) + |ũm|q(x,t)

]
dxdt ≤ C41 + C42F(τ), τ ∈ (0, T ]. (55)

Here the constants C36, . . . , C42 > 0 do not depend on m, τ .
From (52)-(55) we get the existence of the subsequence {ũmj}j∈N ⊂ {ũm}m∈N such that

ũmj −→
j→∞

ũ ∗ −weakly in L∞(0, T ;H) and weakly in U(Q0,T ). (56)

Step 3. Let S be taken from (19), ⟨F , v⟩U(Q0,T ) =
∫ T
0 ⟨F (t), v(t)⟩ dt, From estimates (22), (53),

and (55) the following inequality follows ||S(ũm + b); [U(Q0,T )]
∗|| ≤ C43, from which it follows

(possibly, when transitioning to a new sub-sequence) that:

S(ũmj + b) −→
j→∞

χ weakly in [U(Q0,T )]
∗. (57)

Step 4. Let the numbers s, r0 be taken from condition (Z), the spaces Ws,W∗
s are taken from

equalities (11). Similarly as in [4], from (43), (55), and (27) we obtain

||ũmt ;L
r0

r0−1 (0, T ; [W∗
s ]

N )|| ≤ C44, (58)
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where the constant C44 > 0 does not depend on m. Therefore (further, when moving on to a new
sub-sequence, we will not indicate this separately)

ũ
mj

t −→
j→∞

ũt weakly in L
r0

r0−1 (0, T ; [W∗
s ]

N ). (59)

Step 5. From (25) it follows that V−
K

⊂ H
_
	 W∗

s . Also, from (26) and estimates (53), (55) we
obtain the following

||ũm;Lr0(0, T ;V−)|| ≤ C45||ũm;U(Q0,T )|| ≤ C46, (60)

where the constant C46 > 0 does not depend on m.
From (60) and (58), the Aubin theorem (see Proposition 3.11 [4, p. 867]) and Lemma 1.18 [1,

Part 2, §1.3] imply the following convergences:

ũmj −→
j→∞

ũ in L2(0, T ;H) and C([0, T ]; [W∗
s ]

N ), (61)

ũmj −→
j→∞

ũ almost everywhere in Q0,T . (62)

It is also clear that V−
K

⊂ [H1
0 (Ω)]

N
_
	 [W∗

s ]
N . Therefore, from (60), (58), and the Aubin theorem

follows the convergence ũmj −→
j→∞

ũ strongly in L2(0, T ; [H1
0 (Ω)]

N ). Then, for each i ∈ {1, . . . , n}
we will have the following:∫

Q0,T

|ũmj
xi − ũxi |2 dxdt ≤ ||ũmj − ũ;L2(0, T ; [H1

0 (Ω)]
N )||2 −→

j→∞
0.

Therefore, ũmj
xi −→

j→∞
ũxi strongly in [L2(Q0,T )]

N and hence, from Lemma 1.18 [1, Part 2, §1.3] we

obtain that
ũ
mj
xi −→

j→∞
ũxi almost everywhere in Q0,T , i = 1, n. (63)

Using (62) and (63) we prove the equality χ = S(ũ+ b) (see (57)).
Step 6. Let’s consider (43) for m = mj , multiply this equality by an arbitrary function φ ∈

C1
0 ([0, T ]), integrate by t ∈ (0, T ) and integrate the first term by parts. In particular, by letting

j → +∞, we obtain (20).
From (20) ũt = F − Sũ ∈ [U(Q0,T )]

∗. Therefore, ũ ∈ W (Q0,T ) ⊂ C([0, T ];H). Thus, ũ is the
solution to problem (1)-(3). �
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У роботi дослiджено мiшану задачу для еволюцiйних систем четвертого порядку зi
зсувом. Знайдено достатнi умови iснування слабкого розв’язку такої задачi.


