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IPOCTOPax 297

[MTPAIIBOBUTUN Murosa HeckingeHHOCHMBOJIBHI crucTeMn 300paskeHHsT IUCeT  3aadax

Teopil GpyHKIIIH 3 HhpaKTaTLHUMUI BJIACTUBOCTAMEI 300

[IYKAJTBCHKUN IBan, AIIIAH Borman Henokanbaa 3arajbHa KpaiioBa 3ajada sl He-

piBHOMIpHO 2b-TIapabo/IiYHIX PIBHAHDb 31 CTEIIEHEBUMU OCOOJTUBOCTIMMU 302

I[TYKAY Ilerpo, YEPHYXA Opiit Komm'torepre mojemoBanas audy3iiHAX TOTOKIB J10-

MIIIKW B MIapi i3 CHCTEMOIO BUIIQIKOBUX TOYKOBUX BHYTPIITHIX JPKEpPET Macu 304

PAJIYNH €sreniit, KINMAPEHKO Ouspra  3ajada onTuMaaIbHOTO KepyBaHHS I IHTEIPO-

JnudepenIiaabHOro piBHsHHS B BanaxoBux mpocropax 307
PATVIHIHAK Codia Huringpuuni apobu jaHioroBux Ag-1podis 309

PUXJIIK Anron AcuMmnrorndnuii aHajiz MareMaTHYHOIO CIIOAIBAHHS IOBHOI eHepril rap-

MOHIYHOT'O OCIUJIATOPA 30YPEHOr0 BUIAKOBUM ITPOIIECOM 312

PYCAKOB Bikrop, I'THATOBUY Csitrana [loninomianbae kepyBanHs st OjfHiel HeJTi-

HIITHOT HEKEPOBAHOI CUCTEMU 314
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CABYEHKO Anton Meros qBobiuanx HAO/IMKEHb B aHA i3] 38181 TPO CTATUTHUI IIPOTUH

OaJIKi MiKPOEJIEKTPOMEXaHIYHOI CUCTEMHU 13 CeIMEHTOBAHUM €JIEKTPOJIOM 317

CAMYCEHKO Ilerpo Acumnrorndne iHTerpyBaHHs KpailOBUX 3aJ1a4 I CHHTYJIAPHO 30y-

peHux cjabo HesiHifiHuX nudepeniiaabHO-aareOpalTHX CHCTEM 320

CATVYP Okcana BiactuBocti cTaHiB piBHOBArd JUCKPETHUX JUHAMIYHUX CHCTEM i3 IIPUTSI-

rajibHOIO B3a€MO/IIEI0 TUITY CEPETHBOIO OIS 321

CEPIIOK Amnaroniit Haiikpamii HaOankeHHsT KJIaciB 3rOpTOK, MOPOJXKYBAHUX JHHITHIMEI

KOMOIHAIIAMY aHAJITUIHUX fAJIep 3 CHHXPOHI30BAaHUMU (DA30BUMU 3CYyBaMU 323

CKOPOJIITHA Anina, ITAJTAMAPIOK Isanna Iludposi TexHoI0TIl B MistIBHOCTI BUUTEIST

MaTEeMaTUKN 325

CJINMBKA-TUJIMITAK Tamnma, 'JTEBEHA Mupociaa  3amaua Kol mist piBHSHHST KOJTH-

BaHb CTPYHU Ha IJIONIUHI 3 BUMAIKOBUME 30ypeHHsaMHU y mpoctopi OpJtiva 327

COBYVYK Banenrun, PY/IUK €muzasera, HECTEPEHKO Ousnekciit IcnyBanus 1uk/iiB mo-

panky Illapkoscbkoro g imiysibcHol cucremu Jlienapa 329

COKOJIEHKO Irop HabmuxkenHst KaaciB 3ropToK MEepIOAUMIHUX (DYHKIHH 3a JOMOMOTOI0

JIHIHUX MTOJIIHOMIaJIBHIX METO/IiB, ITOOY/I0BAHUX Ha 0CHOBI KoedirienTiB Pyp’e-Jlarpanxkad3dl

COJIZIATOB Biramiit  IIpo d-xapakTepucTuku KpaioBux 3aad /s AudepeHIiaaIbHuX Ch-

CTeM BUIIUX MOPSJIKIB i3 HaflOLIbII 3araJbHUMI KPAOBUMHU YMOBAMUI 334

CTAHYKUIIBKNI Onexcanap, MAPTUHIOK Oussra, IIEPECTIOK HOpiit IusapianTai

MipH JIJI HECKIHYeHHOBUMIPDHUX CTOXaCTUYHUX PIBHAHD 337

VKPAIHEIID Oser  CrifikicTs cTany 3/0poBOro opraisMy B Mojesn iMynHOT Bigmosim i

BILJIUBOM €KOJIOTTYHOTO (haKTOpy 338

OEPVYK Bikrop Crabko HemiHiliHa KpaiioBa 3aada sl ABOUIECHHOTO AU(EPEeHIIaIbHOTO

PIBHSHHS JTPOOOBOTO TOPSAJIKY 3 CEKBEHIIAIbHOIO MTOXITHOIO 341
IIYPKAH Bsuecnas KonrekcryaibHa MapKOBChKa MOJIEIb JUCKPETHOT KOONEpaTHBHOI rpu 343

HIMHKAPEHKO Bosomumup, IITAPAI Haranis  AcuMirornka po3s’si3kiB audepeHIiaib-

HOT'O PIBHSHHS TPETHOT'O MOPSIIKY 346

HITE®AH JIyurpo, CTAHXKNIBKIUN Auapiit  IcHyBaHHS MAPTUHTAILHOIO PO3B’ SI3KY JAPO-

OOBOTO CTOXACTUYIHOTO PIBHSHHS TOHKUX ILTIBOK 349
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FOPYEHKO Irop, ACMHCHKUI Bosmomuvup  Ipo crifikicTs po3s’s3KiB croxacTHIHIX gude-

peHIiaabHO-(PYHKIIOHAILHUX PIBHAHD 13 YaCTUHHUMHU MOXIIHUMHU CIEIIaJIbHOIO BUTJIALY 351

FOCHUIIIB Tapac, SUCKO Aprem, ITEHNCEHKO Haramis 36ikHiCTH aTpaKTOPIiB rajgbop-

KIHCBKUX allPOKCUMAIIiil 1TapaboJIiiHOT IMITYIbCHOI CUCTEMU 355

AKOBJIEBA Iuna, IVPUK Bagum Cunre3 cTpyKTypHOI MATPHUIL MiHIMAJIbHOT BUCOTH TIa-

paJieIbHOrO aJaropuTMy MHOXKeHHS Marpullb [llTpaccena B aabrepHaTuBHOMY Oas3uci 357

AHBEKOB Pagins  [locsimkenas mpocTopoBUX TEPMOXIMIYHUX TIPOIECIB METOJ0M JTBOOI-

YHUX HAOJIMKEeHb 3 BUKOpUCTaHHAM KBasidyukiii ['pina-PBadosa 360

AJIGABITHUI ITIOKAYKYNK ABTOPIB 362
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MUKOJIA OJIEKCIMIOBUY IMEPECTIOK:
BUEHUN, YVIAUTED, JIIOJIMHA

€ Jiroiu, Yl HAyKOBUi JIOPOOOK 3A/IUIIAETHCA Y MiIPYIHUKAX 1 cTaTTax. € Jroau, qui igel
MIPOJIOBXKYIOTH YKUTH Y MPAIAX YIHIB. A € BUeHi, BIUIMB IKUX BUXOJINUTH JTAJIEKO 32 MEKi BJIACHUX
JIOCJIJIZKEHD — Y PO3BUTOK I11JIO1 HAYKOBOI raJry3i, y ¢opMOBaHi HAyKOBi MIKOJIH, Y JI0JIi TTOKOJIiHb
MaTeMaTHUKIB, /I KX BOHU cTaju Buuressvu.

Came takum 0yB Mukosa OuiekciitoBuy IlepecTiok — Bujgarauil yKpalHChKUil MaTeMa-
THK, akaieMik Harionaabaol akajgemil HaykK YKpalHu, JJOKTOp (Pi3MKO-MaTeMaTUIHUX HAYK, IIPO-
decop, ydenuit 31 cBiTOBEUM iM’dM y TaJjiy3i siKiCHOI Ta aCUMIITOTUYHOI Teopil judepeHItiaabHIX
PiBHSIHB, ABTOPUTETHHI JOC/TIHNK Teopil mudepeHIialbHIX PIBHARD 3 IMITY/ILCHIM BILIIBOM. lo-
ro XKUTTEBUI 1 HAYKOBUII MIJIAX OYB HEPO3pUBHO OB ga3anunii i3 Kuiscbkum yuaiBepcurerom. ¥ 1963
porii Mukosia [lepecTiok BcTynus Ha MexaHiko-MaTeMaTwdHuii gpakyibreT KuiBChbKOro Jjiepkab-
Horo yHiBepcuteTy iMeHni Tapaca [lleBuenka, saxuit 3akinuuB y 1968 porri. Y2Ke HACTYITHOTO POKY
pO3II0YaB BUKJIAJIAIIBKY Ta HAYKOBY POOOTY B YHIBEPCHTETI, ITPORIIOBIIN IIJISIX BiJl ACUCTEHTA JI0
npodecopa, 3aBijayBada KadeJapnu Ta JeKaHa MeXaHiKOo-MaTeMaTHIHOIO (haKyJ/IbTeTy.

Ioro cranoB/IenHs sIK yIeHOTO BiGyBaIOCsa Y BCECBITHRO BimoMiit KuiBCHKii HayKOBIi Ko
3 HeJiiHiitHOT MexaHikn KpuioBa—BoromoboBa—Murpornobebkoro. BaxkimBy posib y 1IbOMy CTa-
HOBJICHH] BizirpaB akajemik AHartosiit MuxaitsioBud CaMOJI€HKO — yuuTesb i HAyKOBHil
nactaBauk Mukoan Ouexciitopuda. Came I mikoJa chopMyBasia OCOOJIUBUI CTUIb HOro Hay-
KOBOI'O MUCJIEHHA — TO€IHAHHSA (DYHIAMEHTAILHOCTI, IJIMOOKOTO aHAaJ/Ii3y Ta YBaru Jio 3aJiad, 1o

BUHHUKaIOTH Y peaJIbHUX MaTeMaTUIHUX MOJE/IAX.

Muxona Ilepecmior nid wac naenaproi donosidi «Cao6o npo uumenss, NpucéaueHol axademixy

Anamoniro Muzatinosuwy Camotinenky (Hepnisui, 28.09.2023)
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Y 1972 pori Mukosa OJsekciitoBrd 3aXuCTUB KaH/IMIATCHKY Jceprariiio, a B 1986 pori —
JIOKTOPCBbKY. ¥ 1987 porii nobadmia cBitT monorpadis «/Iudepenmiaabai piBHAHHA 3 IMITY/IHLCHOIO
Jliero», HanmcaHna y criBaBropcTsi 3 Anarosiem Muxaitiosudem Camoitierkom. [e 6yma nepima
MoHorpadidHa mpars, y SKiil cucTeMaTH30BaHO OCHOBHI Pe3y/IbTaTi Teopil iIMIIYJIbCHUX CHCTEM.
Baxknusoro ckiamoBoro Haykopol craamuan Mukosm Outekciftopuda crasm QyHIaMeHTaIbHI pe-
3yJIbTATU B Teopil audepeHIiagbHnX PiBHAHb 3 IMIIYJIbCHOIO JIEI0 Ta PO3PUBHUX JIUHAMIUHUX
cucreM. Bin po3poOuB gKicHO HOBI METOJIN JIOC/T/I?KEHHS TAKIX CUCTEM, 30KpeMa IXHIX PO3B’A3KiB
Ta IHTerpaJbHUX MHOXKWH, BCTAHOBUB YMOBHU ICHYBaHH 1 CTIMKOCTI EPIOAUYHUX Ta MaiizKe 1epi-
OJINYHUX PO3B’A3KIB, OTpUMaB e(PEeKTUBHI KPUTEPil CTIHKOCTI Ta PO3BUHYB METOIU HAOJMAKEHOT'O
pO3B’sI3yBaHHs IudepeHIiaJbHIX PIBHIHD 3 IMITYJILCHOIO Ji€f0. SHadHuil BHecoK Mukomm O.re-
KCiffoBUYa TIOB’SI3aHUIl TAKOXK i3 PO3BUTKOM TeOpil 30ypeHb iHBApiaHTHUX MHOXKUH DPO3PUBHUX
JIMHAMIYHUX CUCTeM, OOrpYHTyBaHHAM aHasoriB MeTo/iiB [lyankape ta Borosobosa st iMiyib-

CHUX CHCTEM 1 JIOCTIIPKeHHSIM IXHIX CKJIaJIHUX KOJUBHUX PEXKUMIB.

Hayrosa wrona mpusae domu, doku euumens npodosicyemvea Yy c60iT YUHAL.

Oanexcandp Cmanorcuyvrut, Anamoniti Camotinenro, Mukosra Iepecmox (Kuis, 2012)

3a nuMu, Ha TEPIIUi MOrJIsl, BY3bKOCIEIIAJILHIMI MATEMATUIHAMI HAIPAMAME CTOSIIA
IIUPIIIa HAYKOBA MPOOJIeMa — 3PO3yMITH 3aKOHOMIPDHOCTI CKJIAIHUX JIMHAMIYHUX IIPOIECIB 1 CTBO-
pUTH MaTeMaTUIHUN iHcTpyMenTapiit /s ix jgocsimkenns. Came Tomy npari Mukosu OJtekciiio-
BUYa MaJId 3HAYCHHS He JIUIIE JIjI PO3BUTKY Teopil JiudepeniiaabHiuX piBHAHb, & i JIJId ITUPIIOTro
KoJIa 3329 MaTeMaTUIHOI'O MOJIE/IIOBAHHS Ta HEJIHINHOI MEeXaHIKMU.

Haykopa cnaammuna Mukosm Ouekcifiopuda — e moHas 350 HAyKOBMX i HayKOBO-
MeTouYHUX mpanb. [[pore maciTad yaeHOro BUBHAYAETHCA HE TIIbKU KiJIbKICTIO ITyOJHKAIIii.
BazxymBo it Te, cKiJIbKM 3HaHb 1 HAYKOBOT'O JIOCBIJLYy BiH IepejiaB HACTYyIHUM HoKoinugaM. [Ti fio-
ro KepiBHUIITBOM 3axuineHo 10 JOKTOPChKUX i 25 KaHIMAATChKUX JIUCEePTAIliii. oro yUHI
CBOT'OJIHI TIPAITIOIOTh Y PI3HUX YHIBEpPCUTeTaX Ta HAYKOBUX IEHTPaX, MPOJOBXKYIOUN PO3BUBATU
HallpsIMU, JI0 IKUX BiH JOKJAB CBOIO IIPAITIO.

Hayxkose Busnanusg Mukosmm OuiekcifioBuda Oysio mmmpokuM i Baromum. Y 2009 porii #ioro
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obpano akajiemikom Harionasibnol akajemil nayk Ykpainu. Bin — jraypear /lepkaBmol mpemil
YKpaluu B raJrysi Hayku i TexHikn, /lep:kaBHol ipemil YKpainu B rajy3i ocBiTH, mpeMiit imeni M.
M. Kpumiosa ta M. M. Borosiro6osa HAH Ykpaiuu, yjocTOEHIIT TOYECHOTO 3BaAHHS «3aC/TyKEHUI
Jlisid HAYKW 1 TeXHIKH YKpalHuy», HaropozkeHuii opgenamu «3a 3acayrus 111 ta 11 crynenis, a
TaKOXK BiJI3HAYCHUN YUCTICHHUMU JICPXKABHUMU f aKaJIeMiYHUMHI HANOPOJIAMMU.

Bognodac #ioro aBropuTeT BUXOJUB JAJEKO 3a MexKi onHoro yuirepcurery. Mukosa Oiie-
kciftopud 6yB IloyecHUM JOKTOpPOM VY 2KIropoJICHbKOI'O HAIliOHAJIbHOTO yHIBEPCUTETY Ta
YepniBenpbkoro HalrfioHajabHOTO yHiBepcurety iMmeHni FOpis @enpkoBuda, 3aciay>KeHUM
npodecopom KmuiBcbkoro HarioHajsibHOro yHiBepcutetry imeni Tapaca IlleBuenka Ta
Kam’auernb-Iloaisnibcbkoro HamioHabHOTO yHiBepcutety imeni IBana Orienka. Bin Bxo-
JIUB JIO CKJIaJly PEJAaKIHHUX KOJeriit i OyB rOJIOBHIM PEIaKTOPOM HAYKOBUX BHJIAHDb, YIIPOJIOBXK
HaraTbox POKiB OYO/IIOBAB CIEIa/i30BaHy BUEHY PaJIy i3 3aXUCTy JucepTalliit. AKTUBHO ITPaIIOBAB
3811 PO3BUTKY MaTEMaTUYIHOl HAYKU Ta MiJITOTOBKU MOJIOJMX HAYKOBIIB, OY0JIIOBAB €KCIEPTHY
paay BAK Ykpalam, npaifoBaB y cKja/i 9uc/JIeHHIX KoMmiciit MiricTrepcTBa ocBiTH 1 HayKn YKpa-
THU.

Benuky yBary Mukosia OJiekcifioBud npu/iijisiB PO3BUTKY MIKIJTbHOT MATEMATUKH, aJ7Ke J10-
Ope po3yMmiB: came 3i IMKOJIU MOYNHAETHCA MIJIIX MaOyTHHOI0 MaTeMaTHKa, (popMy€eThCs iHTepec
JIO HAYKHU Ta MaTeMaTUIHe MUCJIeHHs. Bin OyB aBTOpOM 1 cIiBaBTOPOM MiIPYYHUKIB, HABYATILHIX
ociOHMKIB 1 30ipHUKIB 3a/1ad 3 MaTeMaTUKU JJIsi IIKOJISIPIB Ta BCTYIHUKIB JI0 3aKJIaJIiB BHUIIOL
ocsitu. OcobuBy yBary MpUIL/ISB MATPUMIN OTIMIIAJIHOTO PYXy 3 MaTeMaTUKH B YKpaini Ta
BIIPOJIOBK OaraThox POKiB OYOJIIOBAB Kypi BeceyKpainchbKol yIHIBCHKOI OJTIMITIa I 3 MaTEeMaTUKU.

Muxkosta OJsiekciitoBud OyB YJIEHOM ITPOrPAMHUX KOMITETIB YNCICHHUX HAYKOBUX KOH(MEPEH-
i, BUCTYIIAB 13 IJIEHADHUMU JIOMOBIISIMU, aKTUBHO JIOJIy9aBCs JI0 HAYKOBUX JUCKYCIiT 1 3aB¥XKIN
3AJIAIIABCS BIJIKPUTUM JI0 CHIJIKYBAHHS 3 KOJIETAMU Ta MOJIOAMMEU HAyKOBIgIMU. CBOIM IIPUKJIaI0M
BiH TOKa3yBaB MOJIOJIOMY TIOKOJIIHHIO, IO HayKa PO3BUBAETHCS HE JIMIIE Yepe3 BJIACHI JTOCIIKe-
HH¢, a i Jepe3 YKUBe CIUIKYBaHHSA, OOMIH ijedMu, MiATPUMKY OJHOYMINB 1 MOCTIfHUI TOITyK
HOBOTO. Tak meperaeTbcsd HayKoBa KyJbTypa, HAPOJZKYIOThCS HOBI iJ1el Ta ITPOJIOBXKYETHCA Tpa-
JIATIIST Bif IMMOKOJIIHHS 7O ITOKOJIIHHA.

Jlna YepniBenbkoro HarioHagpHOro yHiBepcutery imeni FOpis @PempkoBudaa Mukosa Ote-
KCiiffoBr4 OyB He MIPOCTO 3HAHUM YUYEHUM, iM’d sIKOTO TIOB’sI3aHe 3 MaTeMaTHKOIO CBITOBOTO PiBHS.
IToro 6araTo pokiB moeHyBay 3 yHIBEPCHTETOM HAyKOBi Ta ji0chKi 38 sa3Ku. Y 2010 porti ifomy
Oymno npucoeHo 3Banns IloyecHoro mokropa YepHiBelbKOTo HAIIOHAJILHOTO yHiBepcu-
Tery iMeHi FOpis PenpbKoBuYa — Ha 3HAK BU3HAHHS HOI'O BAIOMOI'O BHECKY B PO3BUTOK TEOPIl
JrdpepeHIiaTbHUX PiBHAHD 1 HEJIHIHOT MeXaHiKi Ta OaraTopidHOl CIIBIpAIl 3 YHIBEPCHTETOM.

OcobauBuM € i floro 3B’30K i3 MaTeMaTH4IHOIO crijbHoTo0 Yepwisiis. Mukona Ouekciiio-
BUY OYB YJIEHOM PEJAKITIIHOT KoJjleril « ByKOBUHCBKOTO MaTEMaTUYHOTIO YKYPHAJILY » , TJITPU-
MyBaB fi0ro po3BUTOK. JI0ro iM’st ¢TaIo 4acTHHOI HAYKOBOTO CEPEIOBUIIE, Y STKOMY IPAIFOBAJIA i
3pocTaJn YepHIBEIbKi MaTeEMAaTHKH, a IIiJ1 1OT0 KePIBHUIITBOM 3aXUIAJINC JJOKTOPCHKI AUCcepTalril

Ta hOpMyBaJUCH HOBI MOKOJIHHS JTOC/ITHUKIB.
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Muxona Oaexcitiosuy Ilepecmiox eidkpusae Misicrnapodny naykosy xkondepenyiro
«Mamemamura ma iHBopmaiting mexnoso2iis, npucsaueny H5-pivuro darxysvmemy

MaMEMaMuKY, ma thgopmamuru, 3 dexarom Oaveoro Mapmuwiox (Hepnisui, 28.09.2023)

Ta, mabyTb, HaliBaxK/mBimow pucoio Mukoau OuiekciitoBuda K ydeHoro OyJa ifioro 3ma-
THiCTB 3ajmmaTtucgd Buntenem. s HbOro MareMaTnka He 3aBEPIITYBaJIaCsd OTPUMAHUM DE3YJIb-
TaTOM UM OMyOJIIKOBAHOIO cTaTTeo. BoHa Mpo/ioBKyBagacsd B yUIHAX, Y HAYKOBUX JUCKYCISIX, y
HOBUX IMUTAHHSX, SKI BUHUKAJIN ITiCJIsI KOXKHOI 3HAMIEHOT BiIIIOBIII.

25 ciang 2024 poxy Mukosa Ousekciitoua Ilepectiok Bimiiimos y Biunicts. IIpore itoro
HAYKOBa CHAJIIIUHA IPOJIOBXKYE KUTU — Yy MPAIAX, pe3yJibTaTaX Horo y4HiB, PO3BUTKY TeOpil
judepeHIiaIbHIX PIBHAHL 1 B HOBUX HAYKOBHUX MMUTAHHSX, J0 IOIIYKYy BiJITOBi/eil HA sKi BiH
HaJINXHYB He OJTHE TTOKOJIIHHA MaTeMaTHKIiB.

Came Tomy MixKHapojiHa HaykKoBa KoHdepeniis «/IudepenmnianbHi piBHAHHSA Ta X
3aCTOCYBaHHS», IIPUCBsUeHa nam gaTi akajemika Mukosu Ilepectioka, — e He Jjmine JanuHa
naMm’gTi BUJAATHOMY BUYeHOMY. lle mpoj1oBKeHHsT HAYKOBOTO JHAJIOTY, SIKOMY BiH HPUCBITHB CBOE
JKATTS.

Hexait pe3synbraTu, igei Ta HayKoOBi NOINMYKHU, ITPEJCTABJEHI HA IUX CTOPiHKaX,
CTaHYTbH Ille OJHUM MOPOJIOB>XKeHHsIM cnpaBu Buenoro, Yuurens i Jlioguuu, ume im’s

HA3aBXK/M 3AJIUIIUTHCA B iCTOPil YKpPalHCHKOI MaTeMaTUuKH.
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Rating systems are widely used to estimate the relative strength of agents participating in
repeated interactions. The Elo system provides a framework for updating the rating of an agent

based on the difference between the observed and expected outcome [1]:

N
FE =y KON T) 3 (S P W

7&

cale are the calculated ratings of agent i before and after interaction k;

calc
where ikt and 77

K(M,N,T) is the Elo update coefficient depending on the number of interactions M, interacting
agents NN, and interaction index T'; S;; and Pjj; are the actual and expected results of the
sub-interaction with agent j.

The standard Elo framework assumes that an agent’s rating is sufficiently accurate. In
practice, an agent’s strength may change over time, with such changes unknown before new
interactions are observed. We therefore represent the initial rating as a probability distribution
reflecting uncertainty in the agent’s underlying strength and apply it to outcome forecasting using
Monte Carlo simulation.

Elo ratings can predict individual interactions. However, when many interactions jointly
determine an outcome, analytical probability estimation is generally infeasible due to the combi-
natorial complexity. Monte Carlo simulation provides an approach to such problems, as demonstrated
by de Angelis and Fontana [2]. Their approach uses the Elo formula to evaluate future interacti-
ons. However, analysis shows that lower-rated agents have slightly higher winning chances than
predicted by Elo. Therefore, the proposed approach uses logistic regression models to predi-
ct the outcomes z;; of future interactions based on Elo ratings (r;,7;) and additional features
(hi,...,hy), if needed:

xij = f(ri, v, he, .o hr). (2)

However, this approach still assumes that the input ratings are known precisely. In practice,
a calculated Elo rating is only an estimate of an agent’s underlying strength and is therefore
subject to uncertainty. The proposed approach accounts for this uncertainty by treating the
initial rating as a random variable rather than a fixed value. Thus, instead of using the same

calc

calculated rating ;" for each Monte Carlo simulation, we model the actual rating as the sum of

the calculated rating and an uncertainty term e:

rae = tew e~ N (i o) (3)



19

where p;; is the difference between the true and calculated ratings and oy is its standard devi-
ation. The magnitudes of both parameters depend on the number of interactions. The higher the
number of recent interactions, the more precise the agent’s rating calculation becomes, and the
less the calculated rating deviates from the true rating. Thus, the difference between the true and

calculated ratings is modeled as

Eik | M;};zcent ~ N (ﬂzk (Mrecent) (Mrecent)) (4)

Given an Elo rating uncertainty distribution at a particular time, a random rating can be
sampled for each agent based on its calculated rating and uncertainty. After each interaction, the

agent’s rating is updated with a specific Elo update coefficient:

N
=iy + K (MONLT) Y (Sik — Pig) ()

yo
The model was implemented using English Premier League results for seasons from 2015/16
to 2024/25 [3|. The expected rating deviation is calculated based on the rating potential, which
is the 90th percentile of the last 10 years of team ratings (rf,ftential), and information about
promotion/relegation to the Premier League (PR;;), where 1 indicates promotion, —1 indicates

relegation, and 0 means no change:

50 + Bl ( potentlal Calc) + BQPRzk
6
1 + )\er]gcent ( )

The standard deviation is based on the average rating deviation between the beginning and

,uik (Mrecent) _

end of a season.

UODk
E 7
1+ AMzecent ()

Hyperparameters were optimized using gradient descent and evaluated with logarithmic loss.

Tik (Mrecent) —

The proposed approach achieved the best result (2.554), compared with 2.596 without uncertainty
and 2.652 without Elo updates during simulation.
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In a domain Qr = {(z,t) : 0 < x < [,0 < t < T} we consider the coefficient inverse

problems for the degenerate parabolic equation:

wy = a(t)tPwey + (b1 (t)x + by(t))w, + ez, t)w + f(x,t), (1)
’LU(.CE,O) = §0<x)> S [0>l]> (2)

wl“<07t) = /vbl(t)v wz(lv t) = N2(t)7 te [07 T]7 (3)
/w(a:,t)dx = us(t), tel0,7T], (4)

/ vw(e, )dz = pua(t), e [0,7]. (5)

It is known that a(t) > 0,¢ € [0,7] and the degeneration of the equation is caused by the power
function #°. Both cases of strong (8 > 1) and weak (0 < 3 < 1) degenerations are investigated.
The coefficient at the first derivative of unknown function w = w(z,t) in the equation (1) is a
polynomial of the first order for the space variable with two unknown functions with respect to
time variable by = by(t), by = by(t).

It is established conditions of existence and uniqueness of the local solutions to the named
problem. To prove the existence of the solution to the problem (1)-(5) we apply the Schauder
Fixed Point Theorem. For this purpose, using the apparatus of Green’s functions of boundary
value problems for the heat equation, the inverse problem (1)-(5) is reduced to an equivalent
system of equations and conditions of Schauder’s theorem are ensured for it. Uniqueness of the
solutions is based on the properties of the system of homogeneous integral Voltera equations of
second kind with integrable kernels.

Moreover, it is proved that for the case of strong degeneration for parabolic equation with
Neumann boundary conditions the unknown function w = w(z,t) and its first derivative with
respect to space variable are continuous in @To' The second derivative of this function has the
singularity 3" at t — 0 unlike both cases of weak degeneration when all these functions are con-
tinuous in @To and strong degeneration of parabolic equation with Dirichlet boundary conditions
when the first derivative of unknown function behaves as ¢ 2~ when ¢ — 0.

It is established also that the unknown functions by = by(t), by = bo(t) behave at t — 0 as
t° with § = min{~, 3} in contrast to the case of strong degeneration for parabolic equation with

Dirichlet boundary conditions when ¢ = min{~, %} with v > %
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Results of this paper can be used in research of inverse problems of identification the younger
coefficients in parabolic equation which depend on both space and time variables. Besides, they

are the first step in investigation parabolic equations with general strong degeneration or multi-

dimensional degenerate parabolic equations.



22

A nonlocal problem for an impulsive hyperbolic system with

generalized piecewise-constant argument

Anar ASSANOVA
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

assanova@math.kz; anartasan@gmail.com

In the present communication we consider the following nonlocal problem for an impulsive

system of hyperbolic equations with generalized piecewise-constant argument on the domain 2 =

[0,7] x [0, w]

0%u ou(t, ) ou(t, )
Dt0m = A(t, x) pe + B(t, x) 5 + C(t,x)u(t,z) + f(t,z)+
Ou(~(t Qu(y(t —_
ot ) 2Oy PO a0, 1A, = TNL ()
0u(0, ) ou(T,z)
P2 08 oD o), wefo) )
t_l)ltrjr}rou(t x) — tiit?lou(t,x) =p(z), ze€[0w], j=1,N—-1, (3)
u(t,0) = (),  tel0,T], (4)
where u(t,z) = (ui(t,x),...,un(t, z)) is unknown vector function, the n x n matrices A(t, x),

B(t,x), C(t,x), Ao(t,x), Bo(t,z), Co(t,x) and n vector function f(¢,x) are continuous on 2;
Yt) = ¢ if t € tti), j=0,N—1; t; < <tjyq forall j=01,..N—-1, 0=1¢5 <
t1 < ...<ty_1 <ty =T;the n x n matrices P(z) and S(x) and the n vector function p(z) are
continuously differentiable on [0, w], the n vector functions ¢;(x) are continuously differentiable
on [0,w], j =1, N —1; the n vector function 1(¢) is continuously differentiable on [0, 7).

Let PC(, {t;}Y,', R") be the space of piecewise continuous on €2 vector functions u(t, x)

Jg=1>
with possible discontinuities on lines t = ¢;, j =1,N — 1, and norm
lully = max sup |lu(t,2)||, @ =[t—1,t)x[0,w], r=1N.
r=1,N (t,z)eQ,
A vector function u(t, z) € PC(, {t; };V !, R™) is a solution to problem (1)—(4) if:
(i) u(t, z) has partial derivatives 8“8(::”) and a“(t %) helonging to PC(L, {t; FOLRY);
9%u(t,r)

(ii) the mixed partial derivative exists at each point (¢,z) € Q with the possible exception

dtox
of the points (t;,z), j=0,N —1, for all z € [0,w], where the one-sided mixed partial derivatives
exist;

(iii) system of hyperbolic equations (1) is satisfied for u(t, z) on each subdomain (¢;,;41) X [0, w],
j = 0,N —1, and it holds for the right mixed partial derivative of u(t,z) at the points (¢;,z),
j=0,N—1, z€[0,w];

(iv) boundary conditions (2), (3) are satisfied for u(t,z) at the lines ¢t = 0, = 0, respectively.
(v) conditions of impulse effects (4) are satisfied for u(t,x) at the lines t = ¢t;, j = 1, N — 1,

z € [0,w].
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Problems for impulsive differential equations of various types have been the subject of active
research for many years, see references in [1-2]. One important class of differential equations
with discontinuities consists of equations with a piecewise constant argument [3]. A new type
of piecewise constant arguments for differential equations was introduced in the work [4]. New
results in the theory of impulsive hyperbolic equations with loads were obtained in [5]. The study
of hyperbolic equations with a generalized piecewise constant argument was initiated in [6]. In
this work we establish the coefficient conditions for the existence of a unique solution to problem
(1)-(4).

We use the notations a(x) = max ||A(t,2)||, ao(z) = max ||Ao(t, )|,

te[0,T t€[0,T

0= maX{ max (¢, — (1), max (G—1 — t?‘—l)}v
r=1,N r=1,N

t

D(ta) = [1AGe)+ Alroldr, (a) €2 r=TN,
Cr—l
and introduce the (nN x nN) matrix
[ P()[I + Dy (0,2)] 0 . 0 S@)[I + D(T,z)] |
—I—Dl(tl,l‘) I+D2(t1,5€) . 0 0
Qn(z) = 0 —I — Da(ts,z) . 0 0
| 0 0 . —I—DN,l(tN,l,x) I—I—DN(tN,hx)

Theorem 1. Assume that the nN x nN matriz Qn(x) is invertible for all x € [0,w] and the
following conditions are valid:
(a) |[@n(x)]7 || < yn(x), where yn(x) is positive continuous on [0,w] function;
(b)) = () max (|| P(a)|| +][S(@)]|. 2) a()e™a(e) + ao(a)]6® < x < 1, where x
1S positive constant.

Then nonlocal problem (1)-(4) has a unique solution.
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We will use notations and definitions from [1]. Let 0 = (0,...,0), b = (by,...,b,) € C"\ {0} be a
given direction, Ry = (0,4+00), D" = {2z = (21, 22, ..., 2,) € C": |z5] < 1,5 € {1,2,...,n}} be the

unit polydisc, L: D" — R, be a continuous function such that for all z = (21, 2,..., 2,) € D"
b1
L(z) > f max ———, [ = const > 1. (1)

For a given z € D™ we denote D, = {t € C: z +tb € D"}. In other words, D, = {t € C: |t| <

min; <<y 1‘%;‘]'} Here, if b; = 0 then we suppose 1‘%;‘3' = +00. Denote
L(z + t,b) U }
A = sup su —— |t — 1] < .
b(7) “eDn t1.aeD. {L(Z +12b) b= ol < min{L(z + t:b), L(z + t2b)}

The notation Qy(D") stands for a class of positive continuous functions L: D" — R,
satisfying (1) and (Vn € [0, 5]) one has A\p(n) < +oo. We denote a™ = max{a,0}. Set u(r) =
u(2°,0,7) = L(2° + re"b). Let Wy, (D") be a class of positive continuous function L: D" — R,
satisfying all following conditions:

1) for all z € D" L(2) > 61%1%)% 1‘%{!}_', where 5 = const > 1;

2) for every z° € D™ and every 6 € [0, 27| the function u(r, 2%, ) be a continuously differen-
tiable function of real variable r € [0, ), where ro = min{s € Ry: |2} 4+ s¢b;| = 1,1 < j < n};

3) for every 2% € D", § € [0, 2] one has <%m}sl)+ — 0 as max |29 +reb;| — 1,
Le. 1 — o, (=l (22,0,7) J(L2(2° + réb)) — 0 o

An analytic function F': D™ — C is called a function of bounded L-indez in a direction b,

if there exists my € Z, such that for every m € Z, and every z € D" the following inequality

ﬁ%i((zg)l < max { lg&i(é))l c0<Ek< mo} , where OpF(2) = F(z2),06F(2) = >0, agz(j)bj,
OFF(2) = 0p(0F ' F(2)), k > 2. The least integer mg = mq(b) is called the L-index in the direction
b of an analytic function F and is denoted by Ny(F, L,D") = my.

Below we formulate proposition providing growth estimates of analytic solutions of the

is valid

following homogeneous partial differential equation
OP F(2)
Obp—1
Theorem 1. Let L € Qp(D™) N Wy (D"), functions go, g1,- - ., g, be analytic in the unit polydisc
and there exists R € [0,1) such that for all z € D", |z| > R, one has |g;(z)| < m;L(2)|go(2)|

for 1 < j < p, where m; are some nonnegative constants. If an analytic function F': D" — C

90(2) 0 F'(2) + 91(2) +o+gp(2)F(2) = 0. (2)
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satisfies equation (2) and Yz € D", |z| < R, F(z + tb) # 0 then F(z) is of bounded L-index in
the direction b and for all 2° € D™, § € [0, 27|

0 10 D
m ln|F(Z +e Tb)‘ SmaX{l,Zm]} (3)
j=1

max |20 +reifb;|—1 ;
RN d J L(z° + te?b)dt
0
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We consider the nonlinear control system

x'lzu,

(1)
'jj’i — x?ﬁzifl+l + f171<t7 x’ 'u/>’ Z = 2, “e . ,n

where u € R is a control input, k; > 0 are given integer numbers, f;(¢,z,u) are continuous
functions representing higher-order nonlinear terms, with f(¢,0,0) = 0 for all ¢ > 0. We assume
that the exponents k; are strictly increasing, i.e., k1 < ko < -+ < k,_1. It is well known that
system (1) has an uncontrollable linearization at the origin and is not feedback-linearizable.

The control u(z) = a1x1 + -+ - apz, + anﬂx%kl“ + -4 a2n_1a:,2ffl’l_1 was proposed in [1]
for the stabilization of the equilibrium point # = 0 of system (1), under certain conditions on
the coefficients a; of the control. In the present work, we extend this result by employing a
different estimate for the derivative of an appropriate Lyapunov function. In particular, for two-
and three-dimensional systems, we obtain new conditions on a; which are less restrictive than
the corresponding conditions established in [1]. For example, in the two-dimensional case, the
coefficients a; may be chosen arbitrarily subject only to a; < 0, « = 1,2,3. Some interesting
results were also obtained in [2] for the case of non-strictly increasing k;.

Furthermore, we modify the obtained stabilizing control to achieve finite-time convergence
to the equilibrium and establish corresponding conditions for finite-time stabilization [3]. This
modification is based on V.I. Korobov’s controllability function method and leads to global finite-

time stabilization.
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The study of impulsively perturbed systems of ordinary differential equations has a long
tradition in the Kyiv school of nonlinear oscillations, particularly at the Institute of Mathematics
of the National Academy of Sciences of Ukraine [1, 2. This research was initiated in 1937 by M.M.
Krylov and M.M. Bogolyubov with the study of a clock mechanism in which damping caused by
friction was compensated by periodic jolts of the anchor. Before 1967, research on the theory
of impulsive boundary value problems were predominantly descriptive in nature, limited to the
discussion of examples of impulsive processes occurring in mechanics, electronics, and physiology.
Furthermore, the study of the theory of impulsive boundary value problems was focused on linear
systems |[3, 4, 5].

The study of the theory of impulsive boundary value problems was initiated in Kharkiv
by A.D. Myshkis in connection with the question posed by engineer B.V. Abramov concerning
the influence of periodic shocks on engine stability. A.D. Myshkis suggested this problem as the
topic of V. Milman’s thesis [6]. The research of M.M. Krylov and M.M. Bogolyubov was contin-
ued in the works of A.D. Mishkis and A.M. Samoilenko. The constructive theory of systems of
ordinary differential equations with impulsive action developed rapidly following the publication
the publication of monograph by A.M. Samoilenko and M.O. Perestyuk [2]. Necessary and suffi-
cient conditions for the existence of solutions of impulsively perturbed boundary value problems
for systems of ordinary differential equations in various critical and noncritical cases, as well as
the construction of the Green’s operator of the Cauchy problem and the Green’s operator of a
periodic boundary value problem with impulsive action were established in the works of Yu.O.
Mitropolsky, A.M. Samoilenko, M.O. Perestyuk, S. Shvabik and O.A. Boichuk [1, 7, 2, 5, 10].

In the works of A.M. Samoilenko and O.A. Boichuk necessary and sufficient conditions for
the existence of solutions of Noether boundary value problems for systems of ordinary differential
equations with non-degenerate impulsive action at fixed times were obtained [1, 7]. Systems of
ordinary differential equations with impulsive action at non-fixed times, namely, with impulsive
action on the hyperplane, are also investigated in the monograph by A.M. Samoilenko and M.O.
Perestyuk [2].

We analysed the relationship between boundary value problems with impulsive perturbation
at fixed times and boundary value problems with switching at fixed and non-fixed times [11]. We

found the constructive conditions of solvability and the scheme for constructing solutions of a
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nonlinear periodic boundary value problem with switchings at non-fixed times. Using the Ado-
mian decomposition method, we obtained the solvability conditions and a new iterative technique
for finding solutions of a weakly nonlinear periodic boundary value problem with switchings at
non-fixed times is constructed. Furthermore, we obtained the constructive conditions for the con-
vergence of the iterative scheme to the solution of the weakly nonlinear boundary value problem,
as well as the switchings points. The resulting iterative scheme was applied to obtain approxi-
mations to a periodic solution of the equation with switchings at non-fixed times, which models

a non-isothermal chemical reaction [11].
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We obtained solvability conditions for normally solvable [1| boundary value problems for a
system of ordinary differential equations with a degenerate impulsive action at fixed times |2, 3],
under the assumption of an infinite number of impulsive perturbations. We estabished differences
between the structure of solutions of a system of ordinary differential equations with a nonde-
generate impulsive action at fixed times 2] (with an infinite number of impulsive perturbations),
and the solutions of a system with a finite number of degenerate impulsive perturbations [3].

The conditions for the boundedness of solutions of systems of ordinary differential equations
with degenerate impulsive action at fixed times generalize the results of [1, 2, 3] to the case of
a finite number of degenerate impulsive perturbations [3]. These results can also be extended to
systems of ordinary differential equations with singular perturbations [4], as well as to systems
of ordinary differential equations with impulsive action of a more general form [5, 6], including
systems of ordinary differential equations with impulsive action at non-fixed times |2, 7, 8] and
functional-differential equations with impulsive action with delay [1, 9, 10, 11, 12|. In the case of
non-solvability, the boundary value problem with degenerate impulsive action, can be regularized
in a similar manner to that described in [13, 14].

Solvability conditions obtained for normally solvable [1] boundary value problems for a
system of ordinary differential equations with a degenerate impulse action at fixed moments of
time, under the assumption of an infinite number of impulse perturbations were published in the
article [15].

Co-author Viktor Chuiko was partially supported by the Grant of the Targeted Training
Department of Taras Shevchenko National University of Kyiv at the National Academy of Sciences
of Ukraine for 2025 — 2026.
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Multifrequency systems of equations are studied in the monograph [1]

d

da:X(T7a7g0)’

dT (r.a) (1)
v  w(T,a

— = ——" 1Y .

= P (1,a,¢)

Consider a system of differential equations with linearly transformed arguments

da,

T v Xy (an, o),

K 2)
dtV = w,(1,) + ™Y, (ax, po), T, = £”t,

where 31 > 36 > -+ > 3, > 0, small parameter € € (0,&], t > 0, as(t) = (a(\it),...,a(\t)),
a€DCR,0<A < <X <15 00(t) = (p(011),...,0004t), p ER™, 0 <) <y <--- <
0, < 1.

For 5, =1, A\; = 1 and #; = 1 we obtain system (1). The mathematical model of coupled

oscillators with different asymptotics of interaction

d’z, da:A> )

2 Ay
W + wy(Tu) Ty =€ f(an ﬁ

is reduced to the form of system (2) by the change of variables

dx, .
X, = Gy, COS Py, = —a, w, sin g,
2 i 2
For the system of equations (2), we construct a system of equations averaged by the com-
ponents of the fast variables oy, ..., ©y,:
da, _
d = XI/,O(aA)7
” (4)
dp wy (7))
L= Y, o(@y).
dr, g  Yool@)

The method of averaging by phase variables is used to study a multifrequency system with
linearly transformed arguments |2, 3, 4]. On the contrary to multifrequency systems of a standard
form, we consider the systems of equations, in which the speed of amplitude and phase variables
can depend on a small parameter to various degrees.

The existence and uniqueness of the solution of the system of equations (2) with the initial

condition at the point ¢ = a is proved.
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The resonance condition in system (2) is the equality

> b, (k,w() =0, > k| #0. (5)

For a sufficiently small e* € (0, £¢], sufficient smoothness of the right-hand sides of the system
of equations (2) and the fulfilment of the condition for the system to leave a small neighbourhood

of the resonance, an estimate of the error of the averaging method is obtained:
av(1s,€) = @ (T )| + lou (10, €) =By (Tse)| < e gt v="1n, (6)

where a = 1/(ngq), ¢, > 0 and does not depend on «.
Estimate (6) holds for each v on the interval [0, Le**~!], v = 1,n, and for all € € (0,&*].

The results are illustrated for a system of coupled oscillators of Duffing type.
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Zln\y ) (1)

where ag € {—1,1}, v € R, p €]0;1], p : [a,w['! —]0,+00] (-0 < a < w < +00), @; : Ay, —
10,400] (i = 0,1,2,3) are the continuous functions, ¥; € {0,400}, Ay, is either the interval

The differential equation

3
y = aop(t) [ [ wi(y™) exp (

1=0

[42,Y;[? or the interval |Y;, Y], is considered.
We suppose also, that every ¢;(z) is regularly varying as z — Y; (z € Ay;) of index o; and

3
> 0 # 1.
i=0

Definition 1. We call defined on [tp,w[C [a,w]| solution y to the equation (1) the
P, (Yo, Y1,Ys, Ys, Ag)-solution (—oo < Ay < 400) if next conditions take place

y i fto,wl— Ay, my () =Y (1=0,1,2,3), (2)
" 2
. yo(t
o (E;) ( )/)/ =
ey () Y (1)

The asymptotic representations for P, (Y, Y, Ys, Y3, 1)-solutions to equation (1) and their
derivatives of the first and of the second order are found. Necessary and sufficient conditions
of existence of such solutions are also established using [2|. All P,(Yp, Y1, Y, Y3, 1)-solutions to

equation (1) are rapidly varying functions [1], that essentially changes ways of establishing.
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f w > 0 we will take a > 0.
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Let n be a natural number, and R™ be the linear space of ordered collections x = (z1, ..., z,)
of real numbers with a norm |z| := (|Jz1|*> + ... + |z,|*)'/2. Suppose that © is an unbounded
domain in R", and 99 (boundary of the domain ) is a piecewise-smooth surface. Let v(z) =
(v1(x),...,vp(x)) be a outward-pointing normal unit vector on 92 at a point z € 99Q2. Suppose
00 = Ty U Ty, where Ty is a closure of an open set on 99 (in particular, Iy = () or I’y = 99),
[ =00\ Ty Put Q:=Qx(0,7), 39 :=Tgx(0,7), ¥ :=T4 x (0,T), where T" > 0 is some
number. Denote by Bd(2) the set of all bounded subdomains of €.

Suppose that
(B) b: Q2 — R is a function such, that b(x) > 0 for every x € Q, and there exists an open set
Qo C Q such that b(x) > 0 for v € Qy, and b(x) =0 for x € Q\ Qo; moreover b is continuous on
Qo N, and sup b(x) < co for every ' € Bd(Q).

ze)
We consider the problem: to find the function u(x,t), (v,t) € Q, that satisfies (in some

sense) the equation

n

d

(a0 = 3 g st V) V) = 0 (2:0) € Q. (1

the boundary conditions 5

U
= = 2
Y o 0, v, |14 0 (2)
and the initial condition

u(z,0) = uo(x), =€ Qy, (3)

where a; : Q X R*" - R, i =0,n, f: Q — R, uy : Q@ = R are given real-valued functions,

Ou(x,t n
% =Y ai(z, t,u, Vu) v(x) is an exterior conormal derivative of u in point (x,t) € ¥;.
Va i=1

Assume that the spatial part of the differential expression in the left-hand side of (1) is
elliptic, i.e., equation (1) is parabolic on €y x (0,7") and is elliptic on (2\ ) x (0,7"). Therefore
it is called the elliptic-parabolic equation.

An example of the equations of type (1) considered here is

k n

(b(z)u)e = Y (@, e )oy — Y (@il 1),

ij=1 i=k+1

Pi(x)_Zumi)mi —I—ZL\()(LU, t)u - f(l', t)? (4'>
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(x,t) € Q, where k£ € {1,....,n — 1}, and Q such that Q N {x = (x1,..., Tk, Tpy1, ..., Tn) €
R™ | |z1[* + ... + |zx[> < 7%} is bounded for each 7 > 0, for example, Q2 = € x €, Q; is an
unbounded domain in space {(x1, ..., zy) ‘ x1, ...,z € R}, and €2y is a bounded domain in space

{(@ks1, ey Tn) ! Tpi1, - Tn € R}Y. Also we suppose that 1) @;; = @j; € Loo(Q), 4,7 = 1,k, are

k
functions such that for a.e. (z,t) € Q a quadratic form > @;;(z, t)nin;, (n1,...,m) € R*, is pos-
ij=1
itive, 2) for every i € {0,k + 1,...,n} a function a; : Q — R is measurable, and 0 < Sss(injf) a; <
% (0,

esssup a; < +oo for all Q" € Bd(Q), 3) for every i € {k+ 1,...,n} a function p; : 2 — R is mea-
Q'x(0,T)

surable, and 1 < es%i,nfpl- < esst;uppi < +oo for all Q' € Bd(Q?) (the functions p;,i = k + 1,n,
are called exponents of the nonlinearity).

Boundary value problems for elliptic equations and initial-boundary value problems for
parabolic equations in unbounded domains (with respect to the spatial variables) were studied
by many authors. Well known, to guarantee the uniqueness of the solution of these problems
for linear equations (in particular, these problems can be described by (1), (2), (3) with either
b(x) = 0 or b(z) = 1 for every x € ) we need some restrictions on solution’s behavior as
|z| — o0, for example, solution’s growth restriction as |x| — 400, or belonging of solution to

some functional spaces. For example, let Q := {z € R? ‘ |z| > R}, where R > 0 is arbitrary fix

number, ¢ € C(0N). Then the external boundary value problem for Laplace equation
Au=0 in Q, ulsgg=¢, ulxr)—0 as |z|] = +oo, (5)

has a unique classical solution and it given formula

(2) 1 |z|*> — R?
ulxr) =
AR Joq ]a:—y]3 v

(y)dS,, =€l (6)

Note that restriction u(z) — 0 as |z| — 400 is an essential condition for the solution uniqueness
of the problem. Indeed, it is easy to verify that the classical solutions of problem (5) for ¢ = 0

are the following functions
u(z) =C(1—R/|z|), x€Q, CER is arbitrary constant.

For linear parabolic equations, the situation is similar. It was shown that the classical

solution u(z,t), (z,t) € R™ x [0,T], of the Cauchy problem for heat equation
uw—Au=0 in R" x (0,7, Ulpmo =up on R", (7)
is unique in the class of functions such that
lu(z,t)| < C e forall (z,t) € R* x [0, 7], (8)

where constants a and C' depend on w, while restriction (8) is an essential condition for the

solution uniqueness of the problem. More precisely, it was proved that problem (7) with ug =0

a|x|2+5

has a nontrivial classical solutions with growth Ce as |z| — +oo for € > 0. It was shown
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that classical solution of the problem (7), (8) exists if uq satisfies the condition: |ug(z)| < C ebl*l”
for all x € R™, where b,C are some constants. Note that restrictions on solution’s behavior as
|x| — 400, can be interpreted as an analog of the boundary condition at infinity.

The existence and uniqueness of weak solutions of the studied problems are established
under additional conditions on behavior of solutions and the growth of input data at infinity.
A priori estimates of weak solutions of the studied problems are obtained. The study uses an

analogue of the Saint-Venant principle known from mechanics and the monotonicity method.
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Urban traffic congestion remains one of the most persistent problems of modern city infras-
tructure. Growing numbers of vehicles at signalized intersections lead to longer waiting times,
higher fuel consumption, and increased emissions. The situation becomes particularly critical
when emergency vehicles — ambulances, fire trucks, or police cars — need to cross an inter-
section without delay. Classical fixed-time traffic light systems operate according to predefined
cycles and do not respond to the actual traffic situation, which makes them poorly suited for
such dynamic conditions. Intelligent control strategies, including fuzzy logic, offer a way to make
traffic light behavior adaptive to real-time conditions, since traffic flow is inherently uncertain
and difficult to describe with strict analytical rules.

The goal of this work is to design an adaptive fuzzy-logic-based traffic light controller and
to evaluate its performance against a standard fixed-time controller within a realistic microscopic
traffic simulation. Particular attention is given to the simulation environment itself, since a
reliable evaluation of any control strategy depends heavily on the quality and configurability of
the simulator used for testing.

The simulation part of the project is built on SUMO (Simulation of Urban MObility),
an open-source, highly configurable microscopic traffic simulation package widely used in traffic
engineering research. SUMO makes it possible to construct a custom road network, define lanes
and intersections, generate vehicle routes and traffic demand, and simulate the movement of
individual vehicles with realistic car-following and lane-changing behavior. For this project, a
network with a signalized intersection was built, including separate lanes for each direction and
a configurable traffic light program. Vehicle flows, including a subset of vehicles marked as
emergency vehicles, were generated and injected into the simulation according to a route file,
allowing repeatable and controllable experiments.

A key advantage of SUMO is its TraCI (Traffic Control Interface) API, which allows an
external program — in this case, a Python script — to communicate with the running simulation
step by step. Through TraCI, the program can query the simulation state in real time: the
identifiers of vehicles present on each lane, their speed and accumulated waiting time, whether a
given lane currently has a green or red signal, and whether any vehicle on a lane is an emergency
vehicle. TraCl also allows the program to actively intervene in the simulation by switching the
traffic light phase at the chosen moment. This tight, real-time coupling between the simulator
and the control logic is what makes SUMO suitable for testing adaptive algorithms such as fuzzy

controllers, as opposed to static traffic modeling tools.
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Using this SUMO-TraCI setup, two simulation modes were implemented. The first is a
baseline mode in which the traffic light runs its default fixed-time program while the Python
script only collects statistics, without interfering with the signal control. The second is a fuzzy-
controlled mode, in which the script actively monitors the intersection at every simulation step
and decides whether the current phase should continue or switch.

The fuzzy controller itself takes several input variables describing the current state of the
intersection: the number of vehicles waiting on the red-light lanes, the number of vehicles on the
green-light lanes, the maximum waiting time on the red-light lanes, the number of emergency
vehicles on the current green lane, the number of emergency vehicles on the opposite red lane,
and the waiting time of emergency vehicles on both lane groups. Vehicle counts are represented

nn

by the fuzzy sets "too small," "small," "much," and "too much"; waiting time is represented

nn n.n

by "negligible," "okay," "much," and "too much"; and the presence of emergency vehicles is
represented by "absent," "present," and "much." The output variable of the controller has two
linguistic states: "okay," meaning the current phase should be preserved, and "need switching,"
meaning the traffic light should change phase.

The rule base encodes intuitive trafficcmanagement logic. If an emergency vehicle is present
on the current green lane and no emergency vehicle is waiting on the red lane, the system keeps
the current phase to let the emergency vehicle pass. Conversely, if an emergency vehicle is
waiting on the red lane while the green lane has no emergency vehicle, the system recommends
switching. Ordinary traffic load is also taken into account: a heavily loaded green lane combined
with a lightly loaded red lane favors keeping the current phase, while the opposite situation favors
switching. In addition, rules involving waiting time increase the likelihood of switching as the
maximum waiting time on the red lane grows toward "much" or "too much."

At every simulation step, the Python program retrieves the relevant data from SUMO
through TraCI: which lanes currently have green and red signals, the vehicles present on each
group of lanes, their accumulated waiting times, and the emergency vehicles among them. These
values are fed into the fuzzy inference engine, which computes a single output signal. When this
signal exceeds a defined threshold, the program issues a phase-switch command back to SUMO
through TraCl.

To compare the two control strategies, several performance indicators were collected during
both simulation runs: the number of stopped and moving vehicles, the total accumulated waiting
time of all vehicles, and separately the waiting time of emergency vehicles. Because both modes
run on the same SUMO network and the same generated traffic demand, the resulting statistics
provide a direct and fair comparison between fixed-time and fuzzy-based control. SUMO-GUI
was additionally used to visually observe vehicle movement and phase changes during simulation,
which helped verify that the controller behaves as intended and gave an intuitive, real-time
illustration of how emergency vehicles are prioritized at the intersection.

The results obtained from the SUMO simulations show that the fuzzy logic controller adapts

more effectively to changing traffic conditions than the fixed-time program, and it is able to reduce
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the waiting time of emergency vehicles by giving them priority when needed. This confirms that
combining fuzzy logic with a flexible microscopic traffic simulator such as SUMO provides a

practical and extensible platform for experimenting with adaptive intersection control.
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We study a one-dimensional scattering problem on quantum graphs (see e.g. [1, 2|) with a locally
periodic structure. The quantum graph Gy consists of a metric graph Gy = (E, V), which is
the line with IV identical compact resonators attached at the equidistant points vy,...,vy, the
differential equation (negative second derivative) acting on the edges e € E, and suitable matching
conditions at the vertices v € V. Scattering of a particle of energy k? is described by the solution
) = {1 }eer of the equations
4+ k%, =0, ecE,

which obeys the prescribed vertex conditions and has the asymptotics of an incident, reflected
and transmitted wave on the two half-lines. In particular, at the points v;, j = 1,..., N, we
impose certain scale-invariant coupling conditions (see [3, 4]).

This study is a continuation of [4] in which the attached resonators are the single edges.
Here, the resonator is a star graph, attached to the line either at a pendant or the central vertex.
Our main goal is to investigate how the resonator structure affects the transmission probability.
We reduce the problem to scattering on the line with energy-dependent matching conditions at the
junction points v;, which incorporate the structure of the resonators, and derive explicit formulas
for the transmission probability. This allows us to establish its properties, such as symmetry and
periodicity, and to locate the resonant frequencies. We further show that the parameters of the
resonators (edge lengths, coupling constants, coefficients in boundary conditions) can be chosen
so that the waveguide acts as a band-pass filter, with transmission close to one on a prescribed

pass band and close to zero on a stop band.
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We consider planar polynomial differential systems of the form

i=Plr,y), §=Q(y),

where P,Q € R|x,y|. In this work, we focus on the class of real quadratic differential systems
possessing at least one invariant ellipse, denoted by QSE.

In [1], the family QSE was classified according to the configurations of invariant ellipses
and invariant straight lines that these systems may possess. In [2|, necessary and sufficient
conditions in order to have at least one invariant ellipse for a system in QSE were estab-
lished, and a global bifurcation diagram, expressed in terms of 36 affine-invariant polynomials
(n, M, Cy, 0, N, N;, Hy, Hy — H9, F, T3, Bl — 38, Y1 — Yo, R, — ﬁﬁ) were constructed. The ex-
plicit forms of the above invariant polynomials are provided in [2|, where beside the conditions of
the existence of an invariant ellipse, there are also the conditions for distinguishing what kind of
ellipse we have: real or complex, being limit cycle or not. The global topological classification of
systems belonging to QSE was done in [3].

In the present paper, we continue the study of this class by addressing the problem of its
Liouvillian integrability. A polynomial differential system is said to be Liouwillian integrable if it
admits a Liouvillian first integral. By Singer’s theorem [4], a planar polynomial differential system
has a Liouvillian first integral if and only if it possesses a generalized Darboux integrating factor.
Such an integrating factor is of the form R(z,y) = e“/H T]°_, fi(z,y)*, where G, H € C(z,y) and
fi € Clz,y] are irreducible invariant curves for the system and \; € C.

The existence of a generalized Darboux integrating factor is closely related to the invariant
algebraic curves and exponential factors of the system. An algebraic curve f(z,y) = 0 is invariant
it Pf, + Qf, = Kf, where K(z,y) is its cofactor. Similarly, an exponential factor F' = eG/H
satisfies PF, +QF, = LF, where L is the corresponding cofactor. If f; = 0 are invariant algebraic
curves with cofactors K; and F} are exponential factors with cofactors L;, then a generalized

Darboux integrating factor is obtained whenever
D ONK A+ Y Ly = —div(P,Q),
¢ J

where div(P, Q) = P, + @, denotes the divergence of a system.
Based on the previously obtained configurations of invariant algebraic curves, we study

the existence of generalized Darboux integrating factors for systems in the class QSE. Using
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affine invariant polynomials, we obtain necessary and sufficient conditions for their existence and,

consequently, for the Liouvillian integrability of these systems. Our main result is the following.

Theorem 1. Let S € QSE be a real quadratic differential system having finitely many singular
points (finite and infinite). Then S admits a generalized Darboux integrating factor and hence is
Liouvillian integrable if and only if either Bg #0 and 0 =0, or B\Q = 0.

This work was supported by a research project funded within the competition Stimularea
FExcelentei in Cercetare 2025-2026 (project code: 25.80012.5007.83SE).
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Motivation and objective. A Nash equilibrium gives a fixed strategy profile, while fictitious
play (FP) is a repeated learning rule. Each player forms an empirical strategy from the opponent’s
observed actions and chooses a best response. In simultaneous FP (SFP), both players respond
to the same pre-update histories. In Brown’s alternating FP (AFP), the row player updates first
and the column player then responds to the updated row history |1, 2]. We compare these update

orders over 5000 recorded profiles and examine sensitivity to the initial pure-action pair.

Game model and learning rules. A finite game has payoff matrices A, B € R™*". The
mixed strategies p € A,, and ¢ € A,, give the probabilities of the m row actions and n column
actions. Their expected payoffs are u;(p, ¢) = p" Aq and uy(p, q¢) = p" Bq. The best-response sets
are

BR;(q) = argmax(Aq);, BRay(p) = arg max(pTB)j.
7 J

Here i and j index the row and column actions. Thus, BR;(g) is the set of row actions that
maximise the row player’s expected payoff against ¢, while BRy(p) is the analogous set of best
column actions against p.

Let p, and g; be empirical action frequencies after ¢ recorded observations, and let e; and e;

denote the corresponding unit vectors. SFP computes both next actions from the same histories,

ir+1 € BRi(qr), Jt+1 € BRa(pr),

before updating either empirical strategy. The row-first AFP order is

tpt + eitJrl
t+1

tq + €1

, ] € BR , =
Jt+1 2(pt+1) dt+1 1

itr1 € BRi(q@), pigp1 =

To compare the methods from identical initial conditions, we record the same arbitrary pure-
action pair as observation 1 in both histories. Beginning with observation 2, AFP follows the
row-first alternating order above, whereas SFP computes both responses from the pre-update

histories.

Experimental design. Matching Pennies and Rock—Paper—Scissors (RPS) used Ayp = (;, 7')

and Arps = ( ?1 _(1)1 —(1)1 >7 with B = —A. The coordination game used A = B = (39). We recorded
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5000 empirical profiles for every pure initialization: four in each 2 x 2 game and nine in RPS. Ties

were resolved by choosing the smallest action index. For an empirical profile (p, ¢), we measured
NashConv(p, ¢) = [max(Aq); — p' Aq] + [max(p' B); — p" Bq].
i J

This residual is the sum of the players’ largest unilateral payoff improvements and is zero at
a Nash equilibrium. Final values refer to empirical profile 5000. For each run, we record the
first profile with NashConv < 1072; the initial profile is numbered 1. In the zero-sum games,

NashConv equals the upper-minus-lower value gap max;(Aq); — min;(p" A);.

Numerical findings. Medians and ranges in the table are calculated across all pure initial
profiles. “Reached” counts starts with at least one NashConv < 1072 profile; later values may
exceed the threshold.

Game Method Median NashConv Final min—max Reached 1072
Matching Pennies SFP 0.0200 0.0200-0.0200 0/4
Matching Pennies AFP 0.0004 0.0000-0.0004 4/4
RPS SFP 0.0234 0.0188-0.0238 0/9
RPS AFP 0.0044 0.0040-0.0052 9/9
Coordination SEFP 0.0004 0.0000-0.0008 4/4
Coordination AFP 0.0002 0.0000-0.0008 4/4

Median first profiles were 200 (Matching Pennies AFP), 1041 (RPS AFP), 200 (coordination
SFP), and 100.5 (coordination AFP: the median of 1, 1,200,399 is (1 + 200)/2); zero-sum SFP
never reached the threshold. AFP also had the smaller median final NashConv in all three games.
In RPS, empirical strategies moved towards the uniform equilibrium although pure actions kept
switching; action cycling does not preclude convergence of empirical strategies. Coordination
paths depended on the initial profile, with equilibrium starts having zero residual immediately

and other starts approaching equilibrium.

Extensions and applications. Smooth FP uses regularised responses; stochastic FP uses
perturbed responses [3]. Fictitious Self-Play transfers the empirical-mixture principle to extensive-
form games [4]. These variants provide broader research context and were not implemented in
this study.

Conclusion. Under the stated horizon, initialization, and tie-breaking rule, AFP produced a
lower median final NashConv in all three games. The coordination results also showed sensitivity

to the initial profile.
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Delay differential systems are widely used to model various real-world phenomena in fields
such as automatic control and regulation systems, as well as chemical, biological, technical, eco-
nomic, and other processes, where the evolution depends on their history. Specifically, in the
modeling of processes in semiconductor laser devices with optical feedback, delays arise due to
the time required for the signal to travel from the laser to the mirror. In biological systems,
evolution is related to long-term processes such as reproduction, development, and extinction,
which do not occur instantaneously but involve a certain delay. Considering delays often leads to
significant changes in the properties of the system [1]-[3].

An important task for differential-functional equations is to construct and substantiate
finding approximate solutions, since there are currently no universal methods for finding their
precise solutions. Of particular interest are studies that allow the use of methods of the theory
of ordinary differential equations for the analysis of delay differential equations.

Schemes for approximating differential-difference equations by special schemes of ordinary
differential equations are proposed in the works [4, 5]. This allowed a qualitative study of the
behavior of solutions of equations with delay to be reduced to the analysis of solutions of ordinary
dynamical systems. The accuracy of approximation of nonlinear differential-difference equations
with delay is investigated in the case when the solution of the initial problem is differentiable or
satisfies the Lipschitz condition.

Further study of approximation schemes for differential-difference equations in spaces of
continuous functions on a finite interval is carried out in [6, 7|. Analysis of the accuracy of
approximation of the delay vector element for various input functions and generalization of ap-
proximation schemes for systems of differential-difference equations of delay and neutral types are
considered in [8, 9]. A scheme for approximation of the DDE with delay of increased accuracy is
proposed in [10, 11].

The study of approximation of linear stationary systems with a delay allowed us to construct
algorithms for approximate detection of nonasymptotic roots of quasi-polynomials. Using these
algorithms, a method for modelling the stability of solutions of linear systems with a delay is
developed, as well as constructive computational algorithms for constructing coefficient regions
of stability of linear systems with many delays [12]-[14].

The proposed approximation schemes allowed us to construct methods for studying the
stability of linear systems with many delays, which can be constructively implemented on a

computer using Mathematica software or Python libraries. Computational experiments on special
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test cases showed the high efficiency of the proposed algorithms for studying the stability of linear

differential equations.
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We consider the cubic differential system

i =y(1+ cx + ma?) = P(z,y),

(1)

§=—a—ga® —dovy — by* — s2® — qz’y — nay® — ly* = Q(a,y),

where P(x,y) and Q(z,y) are real and coprime polynomials in the variables z and y. The origin
0(0,0) is a singular point of a center or a focus type for (1). In this paper we study the problem
of distinguishing between a center and a focus for cubic system (1) using the irreducible invariant
algebraic curves (algebraic solutions).

The cubic system (1) has two parallel invariant straight lines [y = 0 and I, = 0 real or

complex conjugated (I = I;). In [1] it was proved the following Theorem.

Theorem 1.The cubic system (1) has two parallel invariant straight lines of the form 1o =
2+ (et —4m)x =0 if and only if m(c* — 4m) # 0.
According to [2], the cubic system (1) can have invariant quartic curves of the form
P = agrt + an 2’y + anr®y? + aisry’ + any® + asr® + anr’y + apry’+ 2)
+ aozy® + agr® + an1zy + agey® + awx + agy +1 =0,
where (a40,a31,a22,a13,a04) # 0, ;5 € R,i+j€ {1727374}-

It is known [1] that a singular point O(0,0) is a center for system (1) if and only if the
system has a holomorphic integrating factor of the form p(z,y) = 1+ > o ui(z,y), where gy
are homogeneous polynomials of degree k in some neighborhood of O(0,0).

The function u(x,y) is an integrating factor for system (1) if and only if
o°P 0
— —Q) =0.

ou
ox * dy

P<x,y>~a—“+@<x,y>-—+u(

ox dy ()

In this paper we give the conditions under which the cubic system (1) has an integrating

factor of the Darboux form 2]

plz,y) = G52, (4)
where [y = 0, [ = 0 are parallel invariant straight lines, ® = 0 is an irreducible invariant quartic
curve, and oy, ag, a3 € C.
Theorem 2. The cubic system (1) has an integrating factor of the form (4), composed of two

parallel invariant straight lines l; = 0, Iy = 0 and one invariant quartic ® = 0, if and only if one
of the sets of conditions (1)—(iv) is satisfied:
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(i) ¢c=3(b+g), n = (2d*—9bg—6g*>—125)/9, | = (d(20+g))/6, m = (18bg — d*>+ 12+ 65) /6,
q = (dg)/2, 36bs — d*g + 24gs = 0;

(ii) ¢ = bd+dg—3l, m = 3(2c —3b—3g)(b+ g)/4, n = (2d* — 9b* + 6bc — 18bg — 3¢*> — 125) /6,
3(2¢ — 3b — 59)[(3b + ¢)(18b + 11g) — 4(3b + 29)(3b+ ¢ — g)] + 4d>(3b — 2¢ + 4g) + 125(6b —
2c+7g) =0, 3d[2(2b+ ¢)(3b+ ¢ — g) — (3b + ¢)(7b + 4g) — 4s]+ 2d® + 18(c — 2g) = 0,
2d2(2c — b — 3g) + 3(3b + 29)[(2c — 3b — 5g)* — 4s] — 12dl = 0;

(iii) ¢ = bd +dg — 31, m = 3(c —3b — 39)(b+ g), n = (d* — 9b* + 3bc — 18bg — 6g* — 65)/3,
d*(2c — 6b — Tg) — 3g(c — b — 29)(2c — b — 2g)+ 6g(b + g)(5b + 3g) + 3s(2¢c — g) = 0,
9(3b + ¢ + g)l + 3d(2b + g)(c — b — 2g) — 3d(b+ ¢)(10b + Tg) + d(d*> — 6s) = 0, d>(c — 2b —
39) +3g(b+ ¢)(80+ 5g) + 3g(b+ ¢)(b — ¢+ 2g) — 3dl + 3gs = 0;

(iv) ¢ =0bd+dg—3l, m = (c—3b—3g)(3b—2c+3g), n = (d* —3(3b—c+2g)(3b—2c+4g) —65)/3,
39(3c—89—9b)(2c—4g—3b)—d*g+3s(6c—13g—12b) = 0, 3d(6b*+bg+25)+18d(c—29—b)(c—
29 —3b) —91(3¢—5g—3b) —d* = 0, 9dl — 3g(3c—T7g —9b)(2c — 49 — 3b) — (3b+g) (d*> — 65) = 0.

Indeed, identifying the coefficients of the monomials x'y’ in (3), we obtain a system of
algebraic equations for the unknowns a;j, aq, aq, as, i +j € {1,2,3,4} and the coefficients of
system (1). The solutions of this system yields the sets of conditions (i)—(iv). In each of these
cases we have an integrating factor of the form (4):

In Case (i): l1o =2+ (c £ V2 — dm)x, g = x(6by + dv + 4gy)3dg® + 4(3b + 29)[6d>g* x>+
3dg(18bg + d* + 12¢2)z%y + 6g(18bg + d? + 12¢%)x? + 2d(2bd? + 3bg* + d?g + 2¢%)y> + 6(3b +
29)(2d?gzy® + 9dgzy + 12g9x + 2d*y? + 6dy + 6)] and a; = s = (—1)/3, az = —1.

In Case (ii): } = 2+ 3(b+ g)z, lo = 2+ (2c — 3b — 3g)x, 4 = 3s(agy — ¢g* — s)a* +
3az1 7%y + 3agr?y? + (9bags + 6gags — d*l)xy® + 3g(agy — ¢*)x> + 3(dasy + bdg — ds — 3gl)x*y +
2d(bd + dg — 3l)xy? + 3apsy® + 3aszr® + 3(bd + 2dg — 3l)zy + d*y* + 6gx + 3dy + 3, where
ap3 = (V2d+2bdg+6bl—6¢l+dg*+12gl) /6, az, = (bd+dg—3l)asy—bdg? —bds—dg®—dgs+3g*1+3ls,
a9y = (agd® + b2d? + 2bd*g — 6bdl — 2d*s — 6dgl + 91%)/3, asg = (27b*g — 18bcg + 8bd? + 54bg* +
6cg? + 4d*g — 24dl — 3¢°)/[6(2c — 3g)] and oy = 1/3, ay = a3 = —1.

In Case (ili): &3 = 14+ 3(b+ g)x, ls = 1+ (¢ — 3b— 3g)z, Py = 3s(ag — g* — s)a* +
3az12%y + 3axr’y® + (9bags + 6gags — d*1)zy® + 3g(ase — ¢*)x® + 3(dagy + bdg — ds — 3gl)z’y +
2d(bd + dg — 3l)xy* + 3agsy® + 3agr® + 3(bd + 2dg — 3l)xy + d*y* + 6gx + 3dy + 3, where
ap3 = (20%d+4bdg-+3bl—3cl+2dg*+6gl) /3, az; = (bd+dg—31)a—bdg?—bds—dg®—dgs+3g21+3ls,
a9y = (agod? + b2d? + 2bd*g — 6bdl — 2d?s — 6dgl + 91%)/3, asy = (54b*g — 18bcg + 4bd* + 108bg? —
6cg? + 2d%g — 12dl + 39¢%)/[3(2¢ — 3g)] and oy = (—1)/3, ag = a3z = —1.

In Case (iv): Iy = 14+ (3b —c+3g)z, lo = 1+ (2¢ — 3b — 3g)z, D4 = 3s(ay — ¢* —
s)xt + 3as1 23y + 3agr®y? + (9bags + 6gags — d2D)xy® + 3g(asy — g?)a® + 3(dagy + bdg — ds —
3gl)x*y + 2d(bd + dg — 31)xy? + 3aezy® + 3asr? + 3(bd + 2dg — 31)zy + d*y? + 6gx + 3dy + 3,
where ag3 = ((8(b+ g)(b+ g — ¢) + 2¢*)d + 1(3b — 3c + 69))/3, as1 = (bd + dg — 3l)asy —
bdg* — bds — dg> — dgs + 3g*1 + 3ls, azs = (aged?® + b*d* + 2bd*g — 6bdl — 2d?*s — 6dgl + 91?)/3,
asy = (54b*g — 5dbcg + 4bd* + 108bg? + 12c%g — 42cg® + 2d*g — 12dl + 39¢°)/[3(2¢ — 3g)] and
a; =1/3, ap = (—1)/3, ag = —1.
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Fractional partial differential equations of variable order (FPDEVOs) are used to model a
wide range of phenomena in the fields of science, electric circuits, engineering and mechanical
systems. In this paper, using the Euler-Fourier method, we study the solvability of the classical
and nonclassical boundary problems for FPDEVO using the two-dimensional Chebyshev wavelets
functions for the first time.

In works [1, 2, 3|, we provided the first proof and a formula for solving the nonclassi-
cal boundary value problem for the heat conduction equation of constant order «, and studied
numerical and analytical solutions in a special space in the Caputo sense [4, 5, 6]. Parabolic
pseudodifferential equations with pseudodifferential operators with non-smooth symbols were first
introduced by S.D. Eidel'man and Ya.M. Drin’ in |7, 8]. In [9], the Cauchy problem for a parabolic
pseudodifferential equation with a deviated argument is studied. In [10], the first boundary value
problem for the heat equation with a deviated argument was solved for the first time.

In this paper we study the solvability of the mixed problem for equation (1) [11]
o~®) ov(t, ) N ,0*v(t, x)

B v(t,x) = ay(t)v(t, z) + as(t) 5 @y (1)
aa(t)
t >0, x € R, where B v(t, x) is the fractional derivative
o) t (s, )
“ 1 v(s,x
tr)=—— [(t—s) 22y
") = Ty /( 2 9s
0
where a(t) € (0,1), ay(t), as(t), t > 0 are given functions, a* — constant, v(¢, z), w(x) are unknown
ou(t, 1 ov(t,0
functions and v(0,z) = pw(x), v(t,0) = v(t,l) = 0, or v(t,0) = 0, Ua(’ ) =0, Ué’ ) =0,
T T
v(t,1) =0,1>0.
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Branch and weakly branch groups were introduced in [1,2,3] and are objects of intensive
studies during the last few decades. Totally non-free actions and invariant random subgroup
(IRS) were introduced by A.Vershik and also attracted a lot of attention. The ideas of Vershik
were further developed in the papers [6,7] and in the paper of the authors [8] where the stronger
conditions in the form of absolutely non-free and perfectly nonfree actions were introduced. More-
over in [8] the diagonal actions were used to construct for every countable branch group infinitely
many different ergodic perfectly non-free actions, infinitely many indecomposable characters and
associated with them [;-factor representations, and infinitely many continuous ergodic invariant
random subgroups.

Study of unitary representations up to unitary equivalence, weak equivalence or quasi-
equivalence is a classical subject of mathematics going back to the classical works of von Neumann
and Murrey and .M. Gelfand. Associated with representations C*-algebras and von Neumann
algebras are central objects of study in mathematics. This involves classification theory and
applications.

Using the construction from [9] of invariant random subgroups on weakly branch groups
acting on regular rooted trees we produce uncountably many indecomposable characters on these
groups. We study three types of characters paying attention to their similarities and differences.
The obtained results are used to show that each countable amenable weakly branch group has
uncountably many pairwise non quasi-equivalent embeddings into Murray-von Neumann hyper-
finite factor R. For the canonical character associated with a self-similar group and studied as a
self-similar trace we provide a number of examples when it is explicitly computed. The obtained

results are the following:

Theorem 1. Fvery countable weakly branch group admits a continuum of pairwise distinct inde-

composable characters.

Theorem 2. Every countable weakly branch group admits a continuum of pairwise nonisomorphic

ergodic totally-nonfree (in fact, perfectly nonfree) actions on a Cantor space.

Theorem 3. Let G be a countable amenable weakly branch group and R a Murray-von Neumann
hyperfinite factor. There is a family {0;,5 € I,|I| = 2%} of embeddings 0; : G — U(R) into
a unitary group U(R) of R belonging to different orbits of the action of automorphism group
Aut(R).
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We are concerned with linear non-autonomous dynamical systems, defined on real vector
bundles with compact base. For these systems we generalize the notion of pseudo-orbit tracing
property (POTP) or, in other words, the Shadowing Property, intensively developed during the
last decades for autonomous dynamical systems.

For the first time, the Shadowing Property has been defined independently by D. V. Anosov
and R. Bowen [1]. It is an inherent consequence of the uniform hyperbolicity, as e.g. the Anosov
flows, or so called "axiom-A" diffeomorphisms.

It is well known that for a linear autonomous system in a finite dimensional space the
Shadowing Property is equivalent to hyperbolicity of the linear operator (see, e.g. [2]). As for
linear operators in general Banach spaces, hyperbolicity implies the Shadowing Property, but it
is not necessary for the latter.

The Green-Samoilenko function is a useful tool in the uniform hyperbolic theory (e.g. in
the Grobman-Hartman Theorem on the structural stability of a hyperbolic linear operator under
small non-linear perturbations).

This function was developed by A. M. Samoilenko in the problem of existence of invariant
tori, and by I. U. Bronstein and A. Ya. Kopanskii [3| in the theory of (weak) regularity of linear
extensions of dynamical systems. Further development with applications of Green-Samoilenko
functions was elaborated by A. A. Boichuk [4], H. M. Kulyk and V. L. Kulyk [5], and by M. O.
Perestyuk and V. Yu. Slyusarchuk [6], to mention just a few.

Our purpose is to generalize the results, known in the Shadowing theory of diffeomorphisms
and flows, to non-autonomous dynamical systems. For this we adjust the definition of shadowing
and develop some tools, including Green-Samoilenko function, which are sufficient for a non-

autonomous dynamical system to possess the Shadowing property.
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Let A be a nonnegative self-adjoint operator in a Hilbert space $) with a scalar product

(+,-). Denote by C(13(A) the set of all its exponential type entire vectors namely,

Cry(4) = {f € C=(4) = (| D(A")|3a >0, Fe=c(f) >0
|A"f|| < ca™, n € Ng=NU {o}}

(everywhere in the sequel ¢ denotes various numerical constants corresponding the situations
under consideration, D(A) is the domain of A and || f|| = +/(f, f)). The number

o(f, A) =inf{a>0[3c >0, Vn € Ny : |A"f|| < ca”}

is called the type of the vector f with respect to the operator A.

As has been shown in [2],
Cay(A) = {f € H|f=EN)g, VA>0, Vg€ H},

where E(X\) = E([0, A]) is the spectral measure of A.

Now, consider the equation
y'(t)+ Ay(t) =0, teR, =]0,00). (1)

By a weak solution of this equation we mean a continuous vector-valued function

y(t) : Ry — § such that for any t € R,
¢ ¢
Jy(s)ds € D(A) and y(t) = —A [y(s)ds + y(0). Denote by S the set of all weak
0 0

solutions of (1). As was established in [1],

S={ylt): Ry = 9| y(t) = f, f € n}, (2)
where

e Mf = [ eMdEN)S.
/

Note that the set of all strong (or simply) solutions of (1) is given by formula (2) with f going
through the whole D(A).
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It is not difficult to verify that S is a Hilbert space with norm
lylls = sup [l = |l f]- (3)
teR4

If the operator A is bounded, then each weak solution y(t) of equation (1) can be extended to an

entire $-valued vector function y(z) of exponential type
o(y) =inf {a>0: |y(z)] < ceo‘lz‘} .

But it is not the case if A is unbounded. The set Sy of all weak solutions of (1) admitting an

extension to an entire vector function of exponential type is described by the following theorem.

Theorem 1. A weak solution y(t) of equation (1) belongs to Sy if and only if it can be represented
in form (2) with f € Cqy(A). The set Sy is dense in S, and o(y) = o(f, A).

Recall some definitions and notations of the approximation theory required to formulate
the further results.
For y € S and a number r > 0, we put

Ely) = inf _ '
(y) YoE€So:0(yo)<r ||y yOHS

Thus, &,(y) is the best approximation of a weak solution y(t) of equation (1) by its entire solutions
of exponential type not exceeding r. If y is fixed, the function &,(y) does not increase and, since
So=329, &(y) = 0as r — oo.

For f € 9, set also &,(f, A) = inf If = foll = [[(I = E(m)) |- If y(t) = e 4f,

B fo€Cy13(A):o(fo,A)<r
then, by virtue of (3),

& (y) =&(f,A)

Besides, for any k € Ny, we introduce the function

wi(t,y) = sup sup
‘h|§t seRL §=0

(—DMICy(s + )|, kN wolt,y) = ylls. t>0.

Taking into account (2) and the equality e=4*y(t) = y(t + s), we conclude that

Vk € Ny @ wi(t,y) = sup (e‘Ah — I)kyHS

|h|<t

(I is the identity operator).

The following theorem establishes a relation between &, (y) and wy(t,y).

Theorem 2. Lety e S. Then

1
VkeN, dep > 0: E.(y) < cpwi (;,y) , r>0.
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Let us consider the Lie algebra g which consists of matrix super-integro-differential operators

with two anticommuting variables 6; and 6, (0% = 0, 62 = 0) in the form
A = 18(1 + Zp<q Apap7 p € Zv p < q, ¢ € N: (1)

where A, = A,(z,61,0s; Dy, Dy,) = Aop + A1 Dy, + A3, Dy, + Az, Do, Dy,, A, € C(S x
AL gl(min)), Arp = Arp(z,01,02) = AD (2) + 01 A} (x) + 0. A7 () + 010, A7 (x), r € {0,1,2,3},
p € Z,p<q,qé€ Nisan order of the matrix super-integro-differential operator (1), gl(m|n)) is a
semi-simple Lie superalgebra of square supermatrices, for every p € Z and p < ¢ the supermatrices
A, , are even if r € {0,2} and odd if r € {1,3}, 1 € gl(m + n) is an unit matrix, 0 = 9/0xz,
x €S ~ R/21Z, 01,00 € A, A := Ao & Ay is a Grassmann algebra over the field C C Ay,
Dy, = 9/06; + 0,0/0x are superderivatives such that D = 0/0x and (Dg,AB) = (Dg,A)B +
(—1)!YTAI(Dy,B) for any smooth supermatrix-valued functions A, B € C®(S x A% gl(m|n)),
o(.) is a parity function, o(A) = 0 if A € gl(m|n) is an even supermatrix (the elements of its
diagonal blocks are even) and p(A) =1 if A € gl(m|n) is an odd supermatrix (the elements of its
diagonal blocks are odd), I := diag(1,...,1,—1,...,—1), and 9/00, is a left partial derivative
—— —

by the anticommuting variable 6,, ¢ € {1, 2}, with the standard commutator
A, Bl=AoB—-BoA, ABEceg. (2)

Here the symbol "o" denotes the product of two matrix super-integro-differential operators such
oY ve 1o v
that Ao B =3 ! (3— <A£)7>> (DY B), € = 2, ny = Dy, £ and 2= arc left

a€Zy, vp=0,1 ol ogx ox ony ony
and right partial derivatives by the anticommuting variable 6,.

On the Lie algebra g one can introduce the scalar product (A, B) = meS dx [ dfsSp I€SD,. Dy,
B), where "resp, p,," denotes the coefficient at Dy, Dy,0~! in the expansion of a matrix super-
integro-differential operator and "sSp" is a supermatrix supertrace, being invariant with respect
to the commutator (2), i.e. (A, [B,C]) = ([A,B], C) for any A,B,C € g, which allows us to
identify the dual space g* to g, with the Lie algebra itself, that is g* ~ g.

The Lie algebra g is splitting into the direct sum g = g>; @ g1, of two its Lie subalgebras
g1 = {A =107+ Zl§p<q Ay (x,61,09; Dy, Dg,)OP* + A1 9Dy, + A3 0Dy, + As0Dg, Dp,, p1 =
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T,¢—1} and g1 == {A = Aoo + 3,50 Aps(2,01,02; Dy, Dp,)0772, py € N} and its dual
space is written as g* = (g>1)" ® (g<1)", where (g>1)" ~ g1, (8<1)" = g>-1, g>-1 1= {A =
109 + 3 0 py<q O (Ao py + Do, A1y, + Do, Az, + Doy Doy Az p,) + 07" Dy, Dp, Az 1, pr = 0,q — 1},
ge1 = {A = 0 Y(Ao_1 + Do, A1 1 + Dy, A5 1) + Zp2>1 0P (Ao py + Do, A1 p, + Do, Asp, +
Dg, Dy, Az ), 12 € N\{1}}, Ay 1, Arpyy Arpy € C°(SxAZ; gl(mln)), r € {0,1,2,3}, p1, p2 € Zy,
0<pi <gq, p2>1,q€N, the supermatrices A, 1, A,,,, A, p, are even if r € {0,2} and odd if
re{1,3}.

One constructs the central extension g := g @ C of the parameterized Lie algebra g :=
[I,cs g by the Maurer-Cartan two-cocycle on § in the form wy (A, B) = fyeg dy (A, 0B/dy) for any
A, B € g, with the commutator such that [(A,d), (B,e)] = ([A, B], wa(A, B)), (A,d), (B,e) € g,

and introduces another commutator on g in the form
[(A7 d)> (Bv 6)]R1 = ([*’47 B]Rn W2, R, (-’47 B))> (3)

where [A, Bz, = [R1A,B] + [A, R1B], wor, (A, B) = wa(R1A, B) + wa(A, R1B), R1 = (P>1 —
P.1)/2, P>y, P-y are projectors on the Lie subalgebras g>; and g-; accordingly. On the space
g*, dual to g with respect to the scalar product ((A,d), (B,e)) = (A, B) + de, where (A,B) =
fy s 4y (A, B), the commutator (3) determines the Lie-Poisson bracket

v ke, () = (1, Vv (D), Veu(l)r,) + cwar, (Viy(1), Veu(l)) = (Viy(1), ©V,u(l)),  (4)

where 7, 1 € D(g*) are arbitrary smooth by Frechet functionals on g* ~ g, at a point (I,¢) €

Ak

g*.
Vi, V, are left and right gradient operators accordingly, © : T*(g*) — T(g*) is the Poisson

Here [ € g* is some matrix super-integro-differential operator of an order ¢ € N, ¢ € C,

operator generating the Lie-Poisson bracket (4) at a point [ € g* and acting as © : Vy(l) —
[l —c10/0y, (Vy(1))s1] — [l — c10/0y, Vy(1)]>-1 for any v € D(g*), the subscripts "> 1" and
"< 1" denote projections of the corresponding matrix super-integro-differential operator from g
on the Lie subalgebras g>; := HyES g>1 and g = Hy€S g1 accordingly, the subscripts "> —1"
and "< —1" denote projections of the corresponding matrix super-integro-differential operator
from g on the subspaces §>_1 1= [[,cs g>-1 and g<—1 = [[, 5 8<—1 accordingly, T'(g"), 7"(g") are
tangent and cotangent spaces to g*.

The Casimir functionals of the central extension g v; € Z(g*), j € N, whose left gradients
obey the equalities such that [ —c19/dy, Viv;(1)] = 0, where Vyy;(1) := 107 + 3 . A, ;0, p €
Z,p<j, jgeEN A=A, ;(x,01,00 Dy, Dp,) = Aopj + A1p; Do + Asp Do, + Az iDg, Do,
Arpj = Arpj(,01,00) = A) (x) + 01AL, (x) + A7 () + 0,16,A7 (x), r € {0,1,2,3},
A,pi € C®(S x A}; gl(m|n)) for any r € {0,1,2,3}, p € Z, p < j, j € N, at a point (,¢) € g,
and the R;-deformed Lie-Poisson bracket (4) give us the hierarchy of Lax type Hamiltonian flows

on g* ~ g in the form
dljdt; = (V)1 L — c10/3y], £ € R, jEN. (5)

The Lax type hierarchy (5), reduced upon concrete orbits of the coadjoint action of the abstract Lie

group @, related with the Lie algebra g, generate Lax integrable hierarchies of supersymmetric
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dynamical systems on manifolds of supermatrix-valued functions of two commuting and two
anticommuting independent variables, possessing infinite sequances of conservation laws.
One investigates the Lax type hierarchy (5) on the coadjoint orbits associated with the

rational factorized elements of the dual space g* ~ g also.
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Differential-difference and differential-functional equations arise when accounting for delays
in the description of various technical, physical, and natural processes. This is why the systems
of differential-functional equations have become a relevant subject of research [1]. Currently,
there are no universal methods for finding exact solutions to differential-functional equations,
which makes the development and justification of algorithms for obtaining approximate solutions
to initial and boundary value problems for such equations an important and relevant task.

The methods for approximating differential-difference equations by ordinary dynamical sys-
tems were proposed in |2, 3]. In this work, we construct and justify approximation schemes for
linear differential-functional equations with delay by sequences of special systems of ordinary
differential equations [4, 5].

Let us consider the initial problem for a differential-functional equation of the form

dx(t)
dt

where the linear functional L(t, ¢) has the form

= L(t,xt),t € [0,T], 20 = ¢. (1)

Lit.g) = > Aitye-m) + [ D(t.0)p(0)as ©)

often encountered in applied applications, A;(t),7 = 0, p, are n x n continuous matrix functions,
D(t,0) is an n x n matrix function, whose components d;;(7, §) are continuous functions over the
set of variables on [0,7] x [-7,0],0 <7y < Ty < ...< T, =T.

Let us consider the schemes for approximating the initial problem (1) by a sequence of
Cauchy problems for systems of ordinary differential equations, which are similar to the approx-
imation schemes for delay differential-difference equations.

In the case of a linear functional of the form (2), we associate the initial problem (1) with

a system of ordinary differential equations

dz(t) < T r(m - K)
dt ; Z(t)zlz (t) + m ; (t> m )Zm z(t)> (3)
dzi(t) m .
S0 i) - 5(0), = Tt € 0,7],
with the initial conditions .
(N N—

where the indices [; are defined by the equalities [; = [@], j = 0,p and the second term in the
first equation of (3) is obtained by replacing the integral with the formula of left rectangles with
a step h = [Z].

T
m
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If the integral is replaced by the trapezoidal quadrature formula with a step h = =, then
we associate with the initial problem (1) a Cauchy problem for a system of ordinary differential

equations of the form

dZ()(t) - d T
dt = ;Az(t)le (t) + %(D(t, —T)zm —+ D(t, O)Zo(t)—i—
+% mz—: D(t, _T(mm— i) Vei(1), -
dzcjét(t) (2j-1(t) — 2(1).j = Tm,t € [0, T7,
50)=¢(- ) j=Tm 6

Theorem. If A;(t), i = 0,p, D(t,0) are continuous matriz functions for t € [0,7], 6 € [—7,0],
then the solutions of the Cauchy problems (3), (4) and (5), (6) approzimate the solutions of the
original problem (1) as m — oo [4, 5/.
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Let us consider a Lax equation

(%) (t) = G(A(t) — A()G(t), telo,T), (1)

where A(t) = (a;x)5%=o is a given infinite continuous matrix and G/(¢) is an unknown generalized

three diagonal Jacobi hermitian matrix G = G(t),t € [0,7), with continuous elements of the form

Cj.0,0 €501 0 ce 0
0 Gt Gz e-o 0

ci=1". . . : ;G > 0,
Cj:3,0  Cigl G2 oo G+l

bj—(bj), CLj—(Cj), j—O,l,..., Z—O,...,j.

Let also A(t) is a three diagonal block Jacobi matrix with diagonal elements «,(t) (left diagonal),
Ba(t) (main), 7,(¢) (right). If we consider matrix A(t) with elements a,(t) = 0, 8,(t) = —1b,(¢),
Yu(t) = —cn(t),n € {0,1,...}, then equation (1) transforms to the generalized Toda lattice

“ = 5 B0 - a(h(0).
bi<t> T T )
o = @ (Dai(t) — i (t)ai, (1), (2)

a(t)=c(t)=0, ie{0,1,...},t[0,T).

Then we can consider integration of (2) using the method described in [1| with respect to the
direct and inverse spectral problems for the matrix G = G(¢). The direct and inverse spectral

problems for the matrix G = G(t) were investigated in |2, 3.
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It is well known that dissipative infinite-dimensional dynamical systems, particularly those
generated by nonlinear partial differential equations, frequently possess a nontrivial invariant uni-
formly attracting set in the phase space, namely, a global attractor. Consequently, studying the
qualitative behavior of the trajectories of a dynamical system reduces to investigating the prop-
erties of its global attractor. The existence of such a set in the infinite-dimensional case requires
certain additional conditions. Specifically, a dissipative continuous dynamical system is known
to possess a global attractor provided that it is asymptotically compact. The global attractor
exhibits key properties essential for applications, such as stability and robustness.However, in
many practically significant scenarios, the system dynamics are non-continuous due to phenom-
ena like short-term perturbations (impacts, switching, etc.), which are mathematically modeled
using impulsive actions. The foundations of the theory of systems with impulsive perturbations
were established in the pioneering works of the prominent mathematicians A.M. Samoilenko and
M.O. Perestyuk. The qualitative analysis of impulsive systems has been extensively studied by
numerous authors over the past decades. One of the most application-critical yet least understood
classes of such systems is impulsive dynamical systems (impulsive DS), i.e., autonomous systems
whose trajectories undergo impulsive perturbations at the moments when they intersect a spe-
cific surface in the phase space.The primary challenge encountered when attempting to extend
the theory of global attractors to impulsive DS stems from the lack of continuous dependence on
initial data. This shortcoming precludes the application of classical approaches and necessitates
a new concept of the attractor itself. In this work, we propose a new attractor concept wherein,
alongside uniform attraction, the invariance property is replaced by minimality. This approach
allows us not only to establish the existence of a compact uniform attractor for many classes of
dissipative infinite-dimensional impulsive DS but also to prove the invariance and stability of its
non-impulsive component.

This work was supported by the National Research Foundation of Ukraine, project no.
2023.03/0074 "Infinite-dimensional evolution equations with multi-valued and stochastic dynam-

ics.
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Mathematical models of the infection spread dynamics have remained a relevant area of
research for the past few decades. Moreover, these models have also proven to be suitable for
modelling DDoS-attacks in computer networks. The qualitative behaviour of solutions in such
models is usually arranged as follows: there is some threshold value at which the global asymptotic
stability of the solution with a zero component, which is responsible for the number of infected
individuals, changes to the stability of the non-zero equilibrium position. From a meaningful
point of view, this means that the self-exhaustion and disappearance of the infection changes to
a constant circulation of the infection in the population. However, the presence of an impulsive
perturbation can make the infection-free solution asymptotically stable regardless of the threshold
value, and such impulsive perturbations allow a natural interpretation within the framework of
the epidemiological model as the process of vaccination of a certain part of individuals. Such
problems have already been considered for the SIR- and SEIR-models in the case of a simple
structure of impulsive points, due to which the impulsive problem was actually reduced to a
problem without impulsive perturbation. However, a more complex structure of the set and
magnitudes of impulsive effects requires the application of the theory of impulsive differential
equations, which is done in this work.

We consider a classical SEIR-model respect to the unknown functions S(t) (Susceptible is
the fraction of the population that can become infected), E(t) (Exposed is the fraction of the
population that is carried the infection), I(t) (Infectious is the fraction of the population that is
infected) and R(t) (the fraction of the population that Recovered and has immune), for which
equality

St)+E({t)+1(t)+R(t)=1, t>0,

and ordinary differential equations system
S=-AST+v(1-S8)+6(1—-S—E—1I),
E =\SI — (e +v)E, (1)
I =cE—(y+v);

holds. Here A, v, 6, €, v are positive parameters that determine the indicators of the spread of

infection.
Let's D={(S,E,]) eR3 : 0< S+ E+1 <1}
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Modelling the vaccination process as a sharp decrease in the susceptible to infection popu-

lation proportion we arrive at an impulsive problem
AS|yy, = S(ta +0) = S(ta) = —baS(tn), (2)

where {b,} C (0,1), {t,} are the given values and the moments of the impulsive perturbation. By
solution (1), (2) according to 2] we will understand a left-continuous function, which is satisfies
the system (1), when ¢ # t,,, and at points {t, } satisfies the equality (2).

The main result of the work is the following theorem.

Theorem. Let in problem (1), (2) impulsive perturbations satisfy conditions
O<ti <te<...<t, <T, typyp=t,+T, n>1,

bn+p = bn, n Z 1.

or
ti=1T"+q;, 1€,
the sequence {a;}ticz is almost periodic and sup |o;| = o < 3
=

the sequence {b;}icz is almost periodic, {b;}icz € (0,1) and ing b; >b>0.
S

and P(t) = {S(t),0,0} is corresponding infection-free impulsive almost periodic solution. Then

there is such T* > 0 that for T < T* the solution P(t) is globally (in IntD) asymptotically stable.

From a practical point of view, the obtained result means that by choosing a certain real-
istic vaccination schedule (which takes into account possible deviations from a strictly periodic
nature) and supporting vaccination of a certain proportion of the population, it is possible to
achieve the stability of the infection-free state of the system, which will mean the attenuation of
the epidemic process. The obtained results can also be applied to high-dimensional systems of dif-
ferential equations which are used for describing DDoS attacks in computer networks. The study
generalizes previously known results by considering a more mathematically complex model that
allows for a more realistic practical interpretation. It should be noted that the linear impulse per-
turbation condition (2) is due to empirical data on the cessation of the circulation of infections in
the population upon reaching a sufficiently high level (80-90%, and sometimes more than 95%) of
vaccinated people in the population (see, for example, https://ourworldindata.org/vaccination).
As a rule, achieving such levels requires mass vaccination, so we really neglect the throughput of
the medical system, considering it proportional to the population size. In our further studies, we
plan to consider the case of a nonlinear dependence of the magnitude of the impulse disturbance
on S, which is a more realistic case from the point of view of the practical vaccination process,

which depends on the capabilities of the system.
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Let S = {a;}",, 1 < m < oo denote an abstract society whose individuals a; are in conflict,
fighting for their status. We assume that the energy status of each individual a; is measured by
a numerical value 0 < p! <1, >, pt = 1 which changes in discrete time ¢ = 0, 1, .... Thus, the
states of the social system S are presented by the stochastic vectors p* = (p,...,pt, ..., pL,). If
the conflict struggle occurs according to the rule, each against all, then the evolution is described
(see [1], [2]) by the difference equations:

pirt =PI gty - ),
where 2! is the normalizing denominator.

In this report, we discuss a more complex typical situation where one of the individuals or
a fixed cluster, currently in minimal status, receives external support to survive. In such case the

dynamics is described as follows

p = Lt ) = £(0Y) = (AP, - iR, - fn(PY)), (1)
b = ) = 6oLk - U 0<hcn i=0 @)
ki

Here H(-) is the Heaviside function. From (2) it is seen that b[[,, H(pj, — p{) > 0 only if the
coordinate p! is minimal relative to all others and it is subject to an additive shift 0 < b < 1,
which corresponds to receiving support.

In the case of m = 3 we obtain the whole spectrum of typical variants of behavior of our
dynamical system depending on the value of the parameter. In addition, we illustrate our results
with the corresponding figures (we represent only one of them).

Are there fixed points in the three-component dynamical system (1)7 We have a positive
answer. The dynamical system has three pairs of fixed points. The existence of fixed points is
possible only when at the initial moment of time the two larger coordinates are equal, and the
parameter b is less then 3.5 — \/4_8/ 2. This value is a bifurcation point.

The issue of stability of fixed points is investigated by the method of estimating the modules
of the eigenvalues of the Jacobian matrix at these points. According to our calculations, fixed
points are not stable. For example, for the parameter value b = 0.02512 three of them are saddles
(with eigenvalues of the Jacobian matrix greater and less than unity) and three are repellers (with
multipliers greater than unity).

Let us consider the case when all coordinates are different. Then the smaller coordinate of

those on which the shift does not act at some moment of time always becomes the smallest, in
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particular, smaller than the one on which the shift acts. Therefore, the property of a coordinate
to be the smallest among the three coordinates changes, just at the moment when it increases
due to the shift. Another coordinate becomes the smallest and then the additive shift will act on
this other coordinate until it is smaller. Thus, an index number of the smallest coordinate is not
constant.

The largest coordinate can retain its status as the largest, and therefore periodic states can
arise when two smaller coordinates alternately equal two different constant values, and the largest
coordinate does not change. Such situation is possible when 0 < b < /7 — 2.5. In this case 6
cycles of period 2 exist. Three of them are stable, and three are not. The value b = /7 — 2.5 is
a bifurcation point. Cycles of such type do not exist when b > /7 — 2.5.

Besides for 0 < b < /7 —2.5 there exists a zone for coordinate values that is located outside
the basin of attraction of both fixed points and periodic states. All trajectories starting from this
zone have unpredictable behavior with a limiting set of complex structure. We show that among
them there are also trajectories with Lyapunov exponents greater than zero which corresponds
to the chaotic nature of such ones.

The dynamical system has unstable behavior for v/7 —2.5 < b < 0.34. For 0.34 < b < 0.364
it depends significantly on the initial data. We clearly demonstrate this for different initial states
and the same values of the shift parameter. The dynamical system can have either chaotic or
periodic behavior including cycles of period 3 and period 6.

Finally, numerous examples confirm the existence of stable cycles of period 3 for b > 0.3645

regardless of the initial data.

0.6
0.5+

0.4

0.31

0.2+

0.1

0 0.2 04 0.6 0.8 1

Figure 1: Bifurcation diagram of the mapping f(p). The parameter b varies from 0 to 1 with the
step of 0.005. The dynamical system starts at p® = (0.1, 0.4, 0.5). For each value of the parameter
b, the values of the first coordinate of p’ are plotted.
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We investigate of some properties of solutions of nonlinear difference equations [1, 2|. We

use permutable rational functions for study of some classes of one-dimensional mapplngs We

P(x)
consider rational functions R(z) = z* P(z)=2"+ a,x" P Q(x) =1+ a,x?, where
(@) =2 G P } a7, Q) >,

p=1

1
ne€N, keZ, k>0 The maps + — R(z) and x — m are permutable. We investigate the
x
22+ ax o a . .
map r — T on unit circle. The map z — ax — —, 0 < a < 1, has invariant measure on
ax x
, a z(1—x)
R. We consider the map ¢ — ar —2a + —, 0 < a < 1, and map * — on
x a+ (1 —4a)x(1—2z)

[0,1]. We investigate polynomial and rational mappings with invariant measure and construct
equivalent piecewise linear mappings. These mappings have countably many cycles. We applied
the methods of symbolic dynamics to the theory of unimodal mappings. We use whole p-adic
numbers for study the invariant set of some mapping in the theory of universal properties of one-
parameter families. Feigenbaum constants play an important role in this theory. We investigate

of Mandelbrot sets and Julia sets of some mappings in complex plane.
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We consider the problem of constructing a control that transfers a linear system from a
given point onto a surface in finite time. This problem belongs to the class of control problems
with variable endpoints. The main results are an explicit algorithm for constructing controls,
both with and without control constraints, as well as conditions for controllability from a point
onto a surface in the presence of control constraints. Examples were considered earlier in [3].

Consider the control problem of transferring an arbitrary point zqg € R™ onto a surface

G = {z: F(z) = 0} along the trajectories of the system
t = Ax + Bu, x € R", (1)
where A and B are real matrices of dimensions n x n and n X r, respectively.

Definition. The system (1) is called controllable onto the set G C R™ if, for any initial point
zo € R", there exist a finite time 7T'(xy) < oo and a measurable control u(t,z() defined on the
interval 0 < ¢ < T'(xg) such that the trajectory of the system (1), starting from zo at t = 0,

reaches the set G at time moment 7'(xz).

A necessary and sufficient condition for the controllability of the system at a given time T
is the equality
L+ G=R", (2)
where L denotes the linear span of the columns of the Kalman matrix Q = (B, AB, ..., A" 'B),
that is L = Lin(B, AB, ..., A" 'B).
The paper proposes an explicit algorithm for constructing a control for systems satisfying

condition (2), reducing the system to the form

v = Any,
z = Agly + AQQZ + Blu,

where the second subsystem is completely controllable. The algorithm introduces the new initial
and final points Z, = —e 42Tz + 2y + fOT e~ 4227 Ay y(7)d7 and Zr = 0, where x5 = (yo, 20) and
xr = (yr, 27).

Note that the condition (2) is not sufficient in the presence of control constraints. We obtain
conditions for controllability from a point onto a surface in the presence of control constraints for
the case when controllable subsystem is canonical. The results are based on the controllability
function method of V. I. Korobov and generalise the results on constructing control for a non-

equilibrium point obtained in [1, 2]. The results are presented in the following theorem.
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Theorem. Consider the control problem of transferring the point xy = (yo,20) onto the surface

G={x=(y,2): F(y,z) =0} for the linear controlled system y = Ay, z = Asz + bu, where

01 0 0
Ay = b=

0

0 1

Assume that L + G = R™ and that the eigenvalues \; of Ay satisfy Re\; < 0. Then the equation

2000 — (N~1(0)%(0), %(0)) =0,

©
N(©) = /0 (1 - é) e~ 2tphre 21 dL,

has at least one positive root © > 0 for every ag satisfying

where

0<a0§2d2min{l,ﬁ},l>0,’y>0.

Moreover, the control

u(z) = —%b*Nl(@(z))z,

transfers the initial state Zy to the origin at time © and the initial state xo to xr along the
trajectory y(t) = eMlyy, z(t) = eA2! (zo + f(f e~ A27bu(7)d 7'), and satisfies the control constraint
lu(z(t))| < d for allt € ]0,0].
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In the strip Q(T) : {(t,z) € R*"" : ¢ € ([T1,T> U [T3,T4]),z € R"} we consider nonlocal

problem with integral conditions

AEE AL S U 0

o’ Ox ot
Ts Ty
/tkﬁ(t,x)dt+/t’“ﬁ(t,x)dt — Zilx), k=1{0,1,2,3), 2)
T1 T3

where ﬁ(t,x) = col (U(t, x), U2(t, x), U3(t, ), U*(t, 2)), Bi(z) =

= col (¢}, 2,03, 0}), A; for i = {1,2,3,4}, are squert matrix 4 x 4. Let H,,a > 0 be a
Sobolew space with norm. ||¢(x); Hy| =

= \/% 7221+ (€)% 1(£)[2d€ < oo, where 3(€) is a Fourier transformation of the func-
tion ¢(x). H, is a vector space of the function ¢(z), with norm ||¢(z), Ha|| = max ||¢?(z); Ha||

Theorem. Let conditions occur, let A(€) # 0 for everyone £ € R\ {0}. If &, € Fil,
a1 = s +4(C?+1), as > 1, j = {1,...,n}, then the space C*([T},T»] U [E,,Td),ﬁi) exists and

unique solution 7(t, z) of the problem (1)-(2), which still is depending on vector-function &,

j ={1,2,3,4}. Solution is the represented in the form

16
2 —Ag’jg)e*qfﬁqwxs)ds,

J,q=1

400
ﬁ(t, x) = \/% / e're

where A;,(€), j,q ={1,...,16}, £ # 0, algebraic complement the standing element j this

poem and ¢ for this column of indicator A(¢),

col(11(€), ..., 16(E)) = col(@1(E), ..., @1(&); ... ; L&), ..., Pp3(€)), i @?(5) is a Fourier trans-
formation of the funktion ¢j(x), j = {1,2,3,4}, ¢ = {1,2,3,4}. This result continues the research

of work [1, 3, 4, 5, 6, 7].
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We consider the problem of an electron motion on a two-dimensional torus T? under the
influence of an electromagnetic field.

Let the torus T? C R? embedded in three-dimensional space be described by equations
r=(R+rcospi)cosps, y=(R+rcosp;)sings, 2z =rsiny;,

where 1, o are angular coordinates, and r and R are the radii of the small and large circles,
respectively, with r < R.

Assuming that the magnetic field is orthogonal to the torus and has constant intensity B,
and that the electric field is tangent to the torus, the motion of the electron is described by the
Lagrange equations on the two-dimensional torus T? = R?/27Z? = {(¢1, p2) | mod 27} with the
Lagrangian

1

L, 1 5 € .
L= §m7’290? +om (R+7cosgr)’ 5 + 53%902 + eE1p1 + eEapa,

where m is the electron mass, e is its charge, ¢ is the speed of light, and F;, F5 are the components
of the electric field.

To study the dynamics of electron motion in such a system, we transform the given La-
grangian system into Hamiltonian form. The dynamical system obtained after transformation

has a Hamiltonian form on the symplectic manifold (R? x T2, w?) with symplectic structure

c eB
w? = ———dp; Ndpy + —dpy A dpa,
eB c

with a multivalued Hamiltonian function

14~
— COS
R

~ omr? + 2mR2?

2 2 -2 E E
P1 3 ( ( Cp2>> _ CLapy n CL1P2 — eEypy — eBaps,

1T B B B

where p = (p1,p2) € R? ¢ = (p1,p2) € T? = R?*/27Z?. The system is locally Hamiltonian,
because the Hamiltonian function is multivalued, or, equivalently, the corresponding 1-form is
not globally exact.

Under the condition y = # < 1, the system can be considered as a small perturbation of a

locally Hamiltonian system with Hamiltonian function

2 2

Dy D35 cEopy cEipy
Hy = - — eEyp1 — eEsps.
=52 Tomm B B v che
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This unperturbed system with Hamiltonian H, has a single-valued first integral

2 2
N D3
L(pp2) = 2mr? + 2mR2

and all trajectories of the unperturbed system are quasiperiodic on three-dimensional tori in
four-dimensional space with frequency basis
eB cFs _cEl. (1)
cmrR’ B’ B

On attempting to apply the theorem on perturbation of invariant tori of locally Hamiltonian

systems from [3] to the perturbed system (with Hamiltonian H), difficulties arise because the
absolute value of the perturbation of the H is estimated as of order max{r/R?, rR}, while the
first frequency is estimated as of order 1/(rR); consequently this frequency grows without bound
as the perturbation tends to zero.

After a series of transformations the perturbed system becomes a system with transformed

Hamiltonian
H = (ko + (i°k2)y — eErpr — eBrp1 — eBapa + h(y, 1,9, v, ), (2)
(eB)? 5 o
where kg = W, v = (B, F, Ey), ko = Ka(v,&), h = O(p?), £ > 0 is internal parameter
m(c
numerating the tori of nonperturbed system; and Poisson brackets

Wy =1, {e1, 02} = —p. (3)

Applying the theorem on perturbation of invariant tori of locally Hamiltonian systems
from [3] to the perturbed system with transformed Hamiltonian (2) and Poisson brackets (3), we
can state that most trajectories (in the measure sense) of the original system with multivalued
Lagrangian that describes the motion of an electron under the influence of an electromagnetic
field are quasiperiodic on three-dimensional tori in four-dimensional space with the same frequency
basis (1) as unperturbed system.

In the considered problem, the existence of three-dimensional invariant tori in the four-
dimensional phase space of the system that describes the motion of an electron on the two-
dimensional torus T? under the influence of an electromagnetic field has been proved. These
invariant tori persist under the small perturbations arising from the torus geometry and the
applied fields, and they support quasiperiodic motions with the same fundamental frequency
basis as in the unperturbed model. The obtained result covers both the degenerate case (u — 0)
and the nondegenerate case (when p is sufficiently small but nonzero), thus unifying the study of

different situations.
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A pair (g, h) of functions g,h : X — R on a topological space X is called a Hahn pair if
g < h, g is upper semicontinuous, and h is lower semicontinuous. Such a pair is called a functional
Hahn pair if both the functions g and h are functionally semicontinuous. We say that a pair (g, h)
is separated if there exists a continuous function v : X — R such that ¢ < u < h.

In [1], V. K. Maslyuchenko and co-authors introduced the minimal and the mazimal sections
As, Vit X — Rof a function f: X x Y — R, defined by

Af(z) = inf f(z,y) and Vi(z)=sup f(z,y), =€ X.
yey yeY

We will call the pair (Af, V) the extremal section of the function f.

The authors of [1] observed that (Af, Vy) is a Hahn pair for any separately continuous func-
tion. Evidently, the extremal section of a separately continuous function is separated. Moreover,
it is a functional Hahn pair provided that X is perfectly normal or Y is separable.

We say that a pair (g, h) of functions on X is C-generated (resp. CC-generated) with
respect to Y if there exists a continuous (resp. separately continuous) function f: X x Y — R
such that ¢ = Ay and h = V. In [1] it was proved that every Hahn pair on [a; b] is CC-generated
with respect to [c; d]. General results of this type were obtained in [2].

A topological space X is called C-generating (resp. CC-generating) with respect to a
topological space Y if every separated functional Hahn pair (g,h) on X is C-generated (resp.
C'C-generated) with respect to Y. It is clear that every C-generating space is C'C-generating.

Using the approach from [2], we obtain the following characterization of perfect normality.

Theorem 1. Let X be a completely reqular space. Then the following conditions are equivalent:

(0) X is perfectly normal;

(1) X is C-generating with respect to N;

(2) X is C-generating with respect to (0;1];

(3) X is C-generating with respect to every non-pseudocompact space;

(4) X is C-generating with respect to some separable space;

(5) X is CC-generating with respect to N;

(6) X is CC-generating with respect to [0;1];
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(7) X is CC-generating with respect to every space which has a non-scattered compactification;
(8) X is CC-generating with respect to some separable space.
And finally, we present one result on C-generating spaces which are not perfectly normal.

Theorem 2. Let X be a completely reqular topological space. Then X is C'-generating with respect

to the space Y = C°(X) of bounded continuous functions with the topology of uniform convergence.
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Let X be a topological space, Y a subspace of a compact space Y, D C X and f: D — Y.
Following P. Painlevé [5] and Collingwood-Lohwater [1], the cluster set of f at a point z € X is

fley= () f0ND),
Uel,
where U, is the family of all neighbourhoods of  and the closure is taken in Y the associated
multifunction f : X — 2V has graph gr f, so dom f = D, and f is continuous at x € D iff
f(x) = {f(x)}. We address the following
Problem. Given X, D C X, a point x € D\ D, and a dense subspace Y of a compact space Y,

describe the sets F CY that can be realised as f(x) for some continuous f: D — Y.

For X metrizable, D a boundary locally connected open set and Y = R, Y = R, the problem
was solved in [2]. The case where L = {z} is a single point and Y is a general topological space
was initiated in [3|, and [4] treated upper semicontinuous compact-valued cluster multifunctions
on a closed nowhere dense subset. Here we complete the picture for a single point in an arbitrary
Ti-space, measuring the local structure of D at x by its local rank.

Recall that the rank r(z, E) of a point + € E in E C X is the supremum of n € N for
which E splits into pairwise disjoint non-empty clopen pieces Ei, ..., E, with = € Ej, for each
k; the local rank is Ir(z, E) = supyqy, r(z, ENU). Denote by nc(F) the number of connected
components of F' (with nc(F) = oo if there are infinitely many). A subspace Y of Y is locally
arcwise connectedly embedded in Y [3] if for every a € Y and every neighbourhood U of a in Y
there is a neighbourhood V' C U of a such that any two points of V' NY are joined by a continuous

curve lying in U N'Y. The following necessary bound is straightforward.
Proposition 1. Let D C X, a € D and f: D =Y be continuous. Then nc(f(a)) <lr(a, D).

To reverse this bound we control D near x by a single scalar. A continuous function
¢ : X — [0;400) is a base function at a € X if {¢~([0;¢)) : € > 0} is a base of neighbourhoods
of a in X; for a Ti-space X such a ¢ exists iff X is completely regular at a and y(X,a) = N,
and then ¢1(0) = {a}. A mapping g : X — Y is open at a point a if g(U) is a neighbourhood
of g(a) for every neighbourhood U of a.

Proposition 2. Let X be a Ti-space, ¢ a base function at a € X, D C X with Ir(a, D) =n € N

and a € D\ D. Then there exist a neighbourhood U of a and pairwise disjoint clopen sets
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Ei,....,E, in E=DNU with E =||}_, Ex, a € Ey, and each restriction ¢ = ¢|g,u(a} i open

at a.

Although ¢ itself need not be open at a on all of D, it becomes open at a once restricted
to each piece Ej of a decomposition adapted to the local rank. Openness at a is exactly what
makes composition with ¢, transport cluster sets: if g : X — T is continuous and open at x,
h:T — Y, and ty = g(xo), then ho g(zy) = h(ty). Combined with the following realisation

theorem on the half-line [3] this yields our main result.

Theorem 1. Let X be a Ti-space that is completely reqular and first countable at a point x, let
D C X withx € D\ D and Ir(z, D) < oo, and let Y be a dense locally arcwise connectedly
embedded subspace of a metrizable compact Y. Then for every non-empty closed set F CY the

following are equivalent:
(i) ne(F) <Ir(z, D);
(ii) there exists a continuous f : D — Y with f(z) = F.
Remark. For a metric space (X, d) the distance ¢(t) = d(x,t) is a base function at x, so Theorem 3

of [6], announced by the authors for the metrizable case, is an immediate corollary of Theorem 1.

Finally, we emphasize that the assumption of finiteness of the local rank is essential for the

method used above. The case Ir(z, D) = oo remains open.
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Parabolic equations with growing coefficients, which are considered in the report, arise in
problems of the theory of random processes and statistical radio engineering.

Let nq, ng, n3 given natural numbers such that n3 < ny < ny; n := ny+ny+ns; the variable
r = (r1,29,23) € R", 2 € R™, | € {1,2,3}. In the layer IIg 7y := (0,7] x R"of finite thickness

T > 0 we consider the equation

(&g — lej&@j — ngj&%j — Z jsOr,; 0y, — belj&Clj)u(t, x) = f(t,x),
j=1 j=1 j=1

Jss=1

where a;; and b are real constants, with a;; = asj;, {j,s} C {1,...,n1}, and the condition of
parabolicity holds

ni
36 >0 Vo := (011, .., 01n,) ER™ 1 > ajs015015 > 8|o|?.
Js=1
For such an equation, the fundamental solution of the Cauchy problem was found in explicit

form in [1, 2|, and its properties as well as the properties of the Poisson integrals generated by
it were studied. Based on these properties, theorems on the representation of solutions to the
Cauchy problem and solutions defined in an open layer from special weighted L,-spaces in the
form of Poisson integrals were proved for the homogeneous equation in [3]. The properties of
the volume potential generated by the fundamental solution of the Cauchy problem in classes of
bounded functions are presented in [4].

The report is dedicated to the implementation of the Eidelman-Ivasyshen approach to

obtaining exact results on the well-posedness of the Cauchy problem in special weighted spaces.
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This talk is devoted to the influence of stochastic perturbations on the long time behavior
of nonlocal evolution equations. I will start with a brief overview of the theory of stochastic
evolution equations, and their applications. I will specifically focus on two of such models: the
bidomain model of heart tissue, and the aggregation-diffusion equation (Keller-Segel model).

The nonlocal character of these equations can be present either in the differential operator
(bidomain) or in the reaction term (Keller-Segel). Using the fundamental concepts in the area
of stochastic analysis, semigroup theory and PDEs, in my talk, I will address the effects of noise
on the existence of global vs. local solutions (Keller-Segel) and their regularity, as well as the
existence of invariant measures (for the bidomain model), which is the key step in establishing
the qualitative behavior of the underlying physical system. This is the joint project with Prof.
Oleksandr Stanzhytskyi (Kyiv) and Prof. Thsan Topaloglu (VCU)
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Let f: X™ — Y be a map. Then the map g : X — Y defined by g(x) = f(z,...,z) is
called a diagonal of f.

Investigations of diagonals of separately continuous functions f : X™ — R were started in
classical works of R. Baire [1|, H. Lebesgue [4, 5| and H. Hahn [2] who proved that diagonals
of separately continuous functions of n real variables are exactly the functions of the (n — 1)-th
Baire class.

Let (X,)ses be a family of topological spaces X,. The product X =[], ¢ X, endowed with
the box topology generated by the family of all boxes [ ], 4 G, where (Gy)seg is a family of open
subsets of X for every s € 9, is called the box product and is denoted by e X.

The problem on constructing a separately continuous mapping with a given diagonal with
values in products of topological spaces endowed with the box topology was investigated in [3].

The following result was obtained there.

Theorem 1. /3, Theorem 1.1] Let X be a paracompact connected space, Z = [[,.q Zs be a product

sesS
of a family of equiconnected metrizable spaces endowed with the box topology and g : X — Z be a

Baire-one map. Then there exists a separately continuous map f : X2 — Z with the diagonal g.

For a fixed point a = (as)ses € [[,.q Xs we consider the set

o(a) ={(xs)ses : |{s € S : xs # as}| <w}.

Definition 1. A topological space X is called boz-flat if for each set S and each continuous map
f: X — O°R, every point € X has a neighborhood U, C X such that

f(U.) Co(f(x) SR

Theorem 2. Let X be a topological space such that for every x € X any one of the following

condition holds:

(1) X(I7X> S NO;
(2) there exists a connected neighborhood U of x in X;
(3) there exists a pseudocompact neighborhood U of x in X ;

(4) there exists a neighborhood U of x with the countable chain condition.

Then the space X s a box-flat space.
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Proposition 1. There exists a perfect space X which is not box-flat.

Proposition 2. Assume that the character x((0¥[0,1]) = Wy. Then there exists a Lindeldf space
X which is not box-flat.

Theorem 3. Let Z = U,c9Z be the boz-product of equiconnected metrizable spaces and X be a
box-flat paracompact space. Then each function f: X — Z of the first Baire class is the diagonal

of some separately continuous function g : X x X — Z.

Theorem 3 combined with Theorem 2 implies the following corollary extending Theorem
1.1 of [3].

Corollary 1. Let Z = UsesZs be the box-product of equiconnected metrizable spaces and X be a

paracompact space such that for every x € X any one of the following condition holds:
(1) x(z, X) < Ro;
(2) there exists a connected neighborhood U of x in X;
(8) there exists a pseudocompact neighborhood U of x in X ;
(4) there exists a neighborhood U of x with the countable chain condition.

Then each function f : X — Z of the first Baire class is the diagonal of some separately continuous
function g : X x X — Z.
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Daily numbers of COVID-19 cases, the classical SIR (Susceptible-Infectious-Removed) model [1],
the exact solution of corresponding differential equations [2] and the original parameter identi-
fication procedure [2| were used to simulate and predict the first pandemic wave in Ukraine.
Unfortunately, the accuracy of the best prediction was only 69.2% (compared with best predic-
tions for China (3.8%), South Korea (7.8%), Austria (6.6%), Italy (11.6%)), [2|. It looks like the
second epidemic wave started in our country before the first one finished. Next pandemic waves
in Ukraine were simulated in [2, 3] with the use of assumptions that the model parameters are
constant only for i-th epidemic wave. Both national dataset and one available in [4] were used
in [3] and the results of SIR simulations were compared.

Weekly numbers of COVID-19 cases W, (j = 1,2,...,n) and deaths in Ukraine [4, 5]
are less random than daily datasets and need no smoothing [6, 7]. In this study we will add
some recent data from [5] and try to analyze time series of W; using the novel generalized SEIR
(Susceptible-Exposed-Infectious-Removed) [8] and SIR [9] models, which take into account also
hidden (asymptomatic/unregistered) patients. The most reliable generalized SEIR model (which
takes into account also the incubation periods) consists of 6 differential equations and 14 pa-
rameters [8]. The calculations of the optimal values of these parameters (providing the best
coincidence with the limited number of observations n) is a non-trivial problem and probably can
be solved only with the use of High Performance Computing or AI. Nevertheless, the proposed
model allows estimating the ratio of the numbers of exposed persons at different moments of time
Rp.(t) = E(t)/E(t — 7) [8]. When 7 = 1 week, the corresponding weekly increasing/decreasing
rates of the numbers of exposed persons can be estimated as Rg; ~ W;/W;_; [8|. Epidemiologists
widely use this ratio (see, e.g., [5]), which according to the mathematical model [8] corresponds
to the weekly increasing/decreasing rates for the number of exposed persons and can be useful
for making decisions about epidemic control.

The generalized SIR model [9] allows obtaining oscillating solutions and equilibrium points
with the non-zero constant rate of increasing the numbers of visible cases. In 2022 and 2023,
in Ukraine, we can see the periods with almost constant W; values [6]. The same stagnation
periods occurred from the beginning of April 2026 until mid-May 2026 (with some increase during
the period from April 14 to May 5, 2026, likely caused by the emergence of the new “Cicada”
variant [10]). After May 17, 2026, no new COVID-19 cases were registered in Ukraine during
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6 weeks. Models [8, 9| allow existing a solution with zero numbers of infectious persons. Its

stability has to be investigated in the future. Probably the abrupt transfer from the equilibrium

to the zero solution is the result of increasing the visibility coefficient 5; > 1 — the ratio of total

infections to the visible ones. Due to the weakening of the virus and increasing the immunity

B; — 00, and the epidemic becomes totally hidden.
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Let @ € R™ (n = 1,2) be a bounded domain with smooth boundary 092, T" > 0, and
Qr = Q2 x(0,7). Our goal is to study the behaviour of the solutions to the initial boundary value
problem (IBVP)

raﬁftug + Jyu, — A(—Aus +au, + B(us)) = fo(z,t), (x,t) € Qr,
u5|t:0 =upe(z), x €,
atu5|t:0 =wu(zr), z€Q,
=0, t e (0,7).

L u€|x€8Q -

as € — 0, where A : H2(Q) N H}(Q) — L*(R), a € R, and B(u) = |u|Pu.
The problem (P.) is the relaxation of the corresponding IBVP for the Cahn—Hilliard equa-

tion

ov — A(=Av+av+ B(v)) = f(z,t), (z,t) € Qr,

U‘t:o =uw(z), €, (Fo)
Av| 0, te (0,7).
The model (F) is governed by the celebrated Cahn—Hilliard equation, which was proposed

U‘xG@Q = 2€dQ

to describe phase separation phenomena in binary systems, including phase separation processes
between healthy and tumour tissues and the phase separation of binary mixtures [1]. The unknown
u stands for the relative concentration of one phase, or component, in a binary material.

In recent years, researchers’ attention has turned to other versions of (Fp) related to specific
physical situations. Among them, we are interested here in the so-called hyperbolic relaxation of
the equation, proposed by P. Galenko and V. Lebedev [2]. This can be written as (F:), where
¢ is a small relaxation parameter, and the new term cuy takes into account the occurrence of
“inertial” effects. From a mathematical point of view, equation (P.) is a semilinear damped wave
equation.

By H*(Q), k € N, we denote the usual real Sobolev space endowed with the norm
k
sy = [ 3 10rute)da.
|| =0

The space HY(€2) is the closure of C§°(€2) in the norm of H*(Q).
Denote by V = Hj () the space endowed with the scalar product

(u,v) = /QVu(x) -Vo(z) dx,
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and by V' = H~1(Q) the dual space of V.

For k € N*, 1 < p < 400, (a,b) C (—00,400), and a Banach space X, we denote by
WHP(a,b; X) the Banach space of all vector-valued distributions u € D’(a, b; X) such that u¥) €
LP(a,b;X), j=0,1,...,k, endowed with the norm

k 1/p
<Z ||u(J)||€P(a7b;X)> ) p € [17 OO)J
7=0

o 1 iy, p= oo

”uHWk*P(a,b;X) =

Definition 1. Let T > 0, f € L*(0,T;V’), and B : D(B) C L*(Q) — V'. We say that a
function

u. € W2(0, T; VYN Wh>(0,T; L*(Q)) N L0, T; H*(Q))

is a quasi-strong solution (in what follows, simply called a solution) to the problem (P.) if u.
satisfies the equation (P.) in V' for a.e. t € (0,7) and satisfies the corresponding initial and

boundary conditions.

Definition 2. Let 7' > 0, f € L>*(0,T;V’), and B : D(B) C L*(Q) — V’. We say that a
function

v € L0, T; V') N L>(0,T; H*(Q))

is a solution to the problem (Fp) if v satisfies the equation (F) in V' for a.e. t € (0,7) and

satisfies the corresponding initial and boundary conditions.

Theorem 1. Let T >0, b > 0, and

q=>0, ifn=1,
g€ (1,2, ifn=2.

If
Uoe € H3<Q) N V; U1e S V7 fs € L2(07T7 Vl)?

then there ezists a unique quasi-strong solution to the problem (P.).

Theorem 2. Let T >0, b > 0, and let q satisfy conditions (1). If
up € H*(Q)N'V, fewhH0,T; L*(Q)),
then there ezists a unique quasi-strong solution to the problem (FPp).
Theorem 3. LetT >0, n=1,2, and b > 0. Suppose that
ap = A1 + min{0,a} > 0,

where A1 is the first eigenvalue of the Dirichlet problem for the Laplace equation, and suppose that
conditions (1) are fulfilled.
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If
Ug, Uge € Hg(Q) N ‘/, Ul € V,

and

fofe e W0, T:L%(Q),  p>1,
then there exist C' and ¢y, depending on ag, q,p, b, ), such that
[ue — vlleqorrz@) < C [M(T)e” + D], e € (0,&), (2)
where u. and v are solutions to the problems (P.) and (Py), respectively,
M(T) = l[uoel| 20 + l[usellv + L f[lwr20,7502(0)),

D, = ||uge — uol| + || fe = fllz20,m:22(0))

and
1/4, if f=1=0,
(p—1)/(2p), i f#0.

Conclusions. The main result of Theorem 3 shows that the small relaxations of the IBVP

b=

for the nonviscous semilinear Cahn—Hilliard equation have a regular character. We also indicate
the rate of convergence of the solutions of the perturbed problem to the corresponding solutions

of the unperturbed problem as the relaxation parameter tends to zero.
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Based on the principles of multicomponent mass transfer in the nanoporous media |1, 2|, a

competitive diffusion and adsorption model is developed:

acs (t, Z) Dinters 82 Cs Dintras (aQs )
X=1

ot 12 oggzz  CmerfsToo \ Gy

aQs(t7X7 Z) Dintras (82Qs + 2 8Qs)

ot TR \ox? T Xox

with initial conditions:
Cs(0,2) =0, Qs0,X,Z2)=0, Ze€(0,1), Xe(0,1), s=1,2 (3)

Boundary conditions for dimensionless coordinate X of the nanoporous particle and Langmuir’s

equilibrium conditions:

Qs K,Cy(t, Z)

—(t,0,2) =0 s(t,1,7) = , =1,2 4
ox L02) =0 QL 2) = e A TR e 7)) 4)
Boundary conditions for dimensionless coordinate Z:
aC;
Cs(t, 1) , 8Z(,O) 0, >0 (5)

where C, ()s — concentrations of the s-type diffused components in the gas and solid phases,
Dinter,y Dintra, — diffusion coefficients in the interparticle and intraparticle spaces, K — adsorption
constants, [ — interparticle space dimension, R — radius of the particle.

The non-isothermal model (1)—(5) is decomposed into a system of boundary value problems
with nonlinear Langmuir competitive adsorption equilibrium to a convergent series at the phase
transition point and a small parameter. The diffusion coefficients were identified based on the
results of solving the inverse problem and experimental data of real adsorption processes, and
computer multiparameter modeling of the concentration spatial-temporal distributions of diffused

components in the interparticle and intraparticle spaces was performed.
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Let conv(R™) be the family of all nonempty compact convex subsets of R with the Pompeiu-
Hausdorff metric h(X,Y) = max{rgnea)gi Ig%l;l 1€ =<l max Iﬁrél)r(l l€ —¢<||}, where ||- || denotes the usual
Euclidean norm in R".

Let E™ be the family of mappings x : R" — [0, 1] satisfying the following conditions:

1) z is normal, i.e. there exists an {, € R" such that z(&) = 1;

2) z is fuzzy convex, i.e. x(A{ + (1 — A)¢) > min{z(&),z(¢)} whenever £, € R™ and
A€ 0,1];

3) z is upper semicontinuous, i.e. for any {, € R™ and ¢ > 0 exists §(&y, ) > 0 such that
z(§) < (&) + € whenever ||£ — &l <9, & € R™;

4) the closure of the set {£ € R" : z(§) > 0} is compact.

Let 0 be the fuzzy mapping defined by 0(¢) = 0 if £ # 0 and 0(0) = 1.

Definition. [1] The set {£ € R™ : z(§) > a} is called the a — level [z]* of a mapping = € E™ for
0 < a < 1. The closure of the set {¢ € R™ : z(£) > 0} is called the 0 - level [z]° of a mapping
x e k"

Define the metric D : E" x E™ — R, by the equation D(z,y) = sup h([z]%, [y]*).
a€l0,1]

We know that (E", D) is a complete metric space [1].

Let X,Y, Z be in conv(R™). The set Z is the Hukuhara difference of X and Y, if Y + 7 = X,
ie. Z = X2Y [2]. Hence, if z,y,2 € E", then z is the fuzzy difference of x and y, if [2]* =
[z]*Z[y]* for all @ € [0,1], i.e. 2 =2 —y.

Definition. [1] A fuzzy mapping x : [0,7] — E™ is fuzzy differentiable at t € [0,7] if for some
h > 0 the fuzzy differences z(t + A) — z(t), z(t) — z(t — A) exist for all 0 < A < h and there
exists an #(t) € E™ such that

£$JXA”@@+A%ﬂﬁ»i®)ZggﬂxAA@@—W@—A»¢@»:O

The report discusses the following linear fuzzy Cauchy problems

i(t) = A(t)x(t) + f(t), ©(0) = o, (1)
&(t) + A)z(t) = f(t), x(0) = o, (2)
#(t) + f(t) = A()x(t), x(0) = o, (3)

E(t) + A(t)z(t) + f(t) =0, 2(0) = o, (4)
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where A :[0,7] — R™™ is a continuous matrix function, f : [0,7] — E™ is a continuous fuzzy
mapping, and xg € E™.
Unlike Cauchy problems for ordinary linear differential equations, in this case we will have

different existence theorems and solution formulas.

Theorem. The Cauchy problem (1) has a solution x(-) on [0,T], given by

oo t Tk T2
z(t) = g(t)+ > fA f Tk_l)...fA(Tl)g(Tl)dTl...di_l AT,
k=10 0 0

t

where g(t) = xo + [ f(s)ds, the integral is understood in the sense of the fuzzy Riemann integral
0

/3]

Theorem. The Cauchy problem (2) has a solution x(-) on [0,T], given by

T2k T2

x(t) = g(t) + i ftA(Tgk) [ A(rop—1) - .. [A(m)g(mi) dm . .. dTog—1 dTop— 5
S 0 ;

oo t
- Zf A(Tgkfl) f A(TQk 2 f A 7'1 7'1) dTl . dTQk,Q dTgkfl,
k=10 0

if and only if the fuzzy diﬁerence in (5) for allt € (0,T] and the fuzzy difference f(0) — A(0)x
exist, where g(t) = xo + ff

Theorem. The Cauchy problem (3) has a solution x(-) on [0,T], given by

T2

—$0+Z/A7'k /ATkl /(Tl)dTl...dildi

k=17 0

if and only if there exists a continuous fuzzy mapping g(t) on [0, T] such that g(t) = A(t)zo— f(t)
for all t € 0, 7).

Theorem. The Cauchy problem (4) has a solution x(-) on [0,T], given by

00 t Tk 2
(t) |:I_'_Z 1)ka Tk f Tk1)...fA(Tl)dT1...di1d7’k1 To—
k=1 0 0 0

t 00 t t t

— [ [I + S (=" [A(mi) [ Al(mj—1) ... [ A(71)dm ... dTia di] f(s)ds

0 k=1 s ™ b

if and only if [x)° € R™ and [f(t)]° € R™ for all t € [0,T].
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We consider a one-parameter family of autonomous differential equations on a closed two-
dimensional surface,

2= X,(2), ze M,

and study the qualitative changes of the phase portrait caused by a saddle-node on an invariant
circle (SNIC) bifurcation.
We use the following local model of a SNIC bifurcation. Consider the one-parameter family

of vector fields on the open infinite cylinder
M =Rx S*"=Rx[0,7]/(u,0) ~ (u,)

given by
U = u, U = p1 + sinv.
At the critical value g = 0, the invariant circle v = {u = 0} contains the unique singular point

s = (0,[0]). In local coordinates near s the system has the form
U =u, v =v?+ O(v'),

which is the normal form of a saddle-node singularity. The wu-direction is repelling, so the node
component of the saddle-node is a source. For p < 0 two singular points occur on the invariant
circle, whereas for p > 0 there are no singular points on it and the trajectories rotate around the
circle. Thus pu = 0 represents a saddle-node on an invariant circle bifurcation.
The same local model can also be considered on the open Mobius strip obtained from
R x [0, 7] by the identification
(u,0) ~ (—u,m).

We follow the approach developed in [1] and apply it to the global topological classification
of phase portraits generated by SNIC bifurcations on closed surfaces. Although the local structure
of the bifurcation is standard, the global phase portrait depends essentially on the way in which
the separatrices of the saddle-node are connected with the rest of the phase portrait. In particular,
several saddles and periodic orbits may lead to different global topological configurations.

To classify these configurations, we introduce a stable separatrix skeleton. After cutting the
surface along its periodic orbits, the resulting surface with boundary contains a finite separatrix
structure. Its combinatorial organization is encoded by a finite code which records the cyclic

arrangement of separatrices, the regions of the separatrix skeleton, and the compatibility of
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orientations. Additional parts of the code record the pairs of boundary components corresponding
to repelling and attracting periodic orbits.
Choosing the lexicographically smallest code among all admissible representations gives a

canonical code.

Theorem. Two SNIC bifurcations with topologically equivalent local models have topologically

equivalent global structures if and only if their canonical codes coincide.

Thus, the canonical code provides a complete topological invariant of the global phase por-
trait generated by a SNIC bifurcation. In particular, the topological structure can be determined
without solving the corresponding differential equations explicitly.

An important consequence is that the global topological structure generated by a SNIC
bifurcation is determined by the combinatorial structure at the bifurcation moment. This estab-
lishes a connection between the local theory of saddle-node bifurcations and the global qualitative
theory of differential equations on closed surfaces.

We apply the obtained classification to the enumeration of possible structures generated by
SNIC bifurcations. For the sphere, we describe all structures with at most four saddles and at
most three periodic orbits. For the torus, we obtain the corresponding classification in the case
without periodic orbits. The enumeration was performed using the software developed by the
author [2].

The author is deeply grateful to the late Academician M. O. Perestyuk for his inspiring
lectures on the qualitative theory of differential equations and for his constant interest in the

author’s research.
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We consider the construction of solutions of the nonlinear boundary value problem

du
pri f(t,u), te€la,bl, (1)
®(u) =d, (2)

where u : [a,b] — C and ® is a functional defined on continuous complex-valued vector functions
on [a,b]. By writing z = u, y = u and setting ¢(t,z,y) = f(t,z +1iy), ¥(t,z,y) = f(t,x + iy) we
can interprete (1), (2) as the system of two boundary value problems for the real-valued vector

functions x and y:

C;—f =o(t,z,y), Pi(z,y)=di, (3)
% = ¢(ta$,y), (I)Q(xay) - d? (4)

with &1 (z,y) = ®(z +1y), Pa(x,y) = P(z +1y), d1 = d, dy = d.
Assume that ¢ : [a,b] x D, x D, = R", % : [a,b] x D, x D,, = R" with bounded D, C R",
D, C R™ are Lipschitz continuous. We suggest to use the idea based on [1]-[5], according to

which problem (3), (4) is reduced to the parameterized system of simple auxiliary boundary value

problems
dx
= etoy), w0) =z a(b) =, (5)
dy
E = w (tv x??/) ) y(a) = Zya y(b) = ’yya (6)

where 2,,7., 2,7, are unknown vector parameters. Problems (5), (6) can be studied with the

help of the recurrence sequences of functions
t

Trmi1(t, 2o, Vas Zys Vy) = %o +/w(s,xm(s,zx,%,zy,vy),ym(s,zx,%,zy,’yy))ds

a

b
t—a t—a
- b—a /QO(S, xWL<S7 Zxs Vs Zy77y>7ym(57 Ry YV, zy,’yy))ds + m [’71" - ZCE] (7)

and

t
ym+1<t72$77x7 Zyafyy) = 7y + /w(saxm(sa Zw7717zy77y)7ym(s?zx77xa Zyafyy))ds

b

t—a t—a
b—a /¢(57Im(57 Zxy Vs Zya’)/y); ym(57 Zxy Vs Zy77y>>d5 + m [’Vy - Zy] ) (8)

a
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where m =0,1,2, ...,

t—a t—a
l’o(t, zx,%,zy,vy) = Zr + b—a [/Yx - ZJ}] 5 yO(tyzxvfyxv Zya’yy) = Ya + b—a ['Vy - Zy] .

Under suitable assumptions it is proved that these sequences converge uniformly to the
limit functions zso (-, 2, Y, Zys Vy)s Yoo (+ Zas Vas Zy» Vy), Which are solutions of problems (5), (6)
respectively. The limit functions are solutions of the original problem (1),(2) if and only if the
numerical values of parameters z,,7,, 2y, 7, satisfy a certain system of equations of dimension 4n
determined by the functions ¢, ¥, Ty, (-, 2oy Vas Zys Vo) Ym (5 Zos Vas 245 Yy) and the functionals @,
®,. For the practical investigation of the non-linear problems (3), (4), it is suggested to use a

scheme with polynomial interpolation [6], where instead of (7), (8) one uses the sequences

{x'r]Xii vafovzyﬂ’yy)}m 0’ {yﬁill Zx”yx’zy77y)}::0

of vector polynomials of degree N + 1 constructed using Lagrange interpolation with Chebyshev

nodes. Numeric examples demonstrate the effectiveness of the method.
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This talk provides an overview of research in the theory of impulsive differential equa-
tions, focusing on the development of asymptotic methods and the qualitative and dynami-
cal properties of impulsive systems. Asymptotic methods have played an important role in
the research of the Kyiv School of Nonlinear Mechanics for many years. In particular, the
Krylov-Bogolyubov—Mitropolsky asymptotic method and the Bogolyubov averaging method were
extensively developed for a broad class of differential equations, among which differential equa-
tions with impulsive action occupied a prominent place.

The considerable interest in such systems stems both from the wide range of their theoretical
and practical applications [1] and from the specific features of their dynamics. The theory of
impulsive differential systems constitutes an independent area of research, since the presence of
impulsive perturbations can substantially alter the behavior of a system. In particular, even linear
impulsive systems may, under certain conditions, exhibit complex dynamical properties that are
usually associated with nonlinear systems.

This can be illustrated by relatively simple systems described by second-order linear differ-
ential equations with constant coefficients [2]. Despite the simplicity of the underlying equation,
the introduction of impulsive action, even at fixed moments of time, can substantially change
the nature of its solutions. In particular, for different types of equilibrium points determined by
the coefficients of the corresponding differential equation, an appropriate choice of the impulsive
conditions can lead to the existence of both bounded and unbounded solutions and, in certain
cases, of periodic and even quasiperiodic solutions. In the case of a center-type equilibrium point,
quasiperiodic solutions may arise in the form of a sum of two periodic components with incom-
mensurable periods. At the same time, the corresponding differential equation without impulsive
perturbations may have no solutions possessing the aforementioned properties.

Another interesting phenomenon that may arise in impulsive systems is related to the
nature of the impulsive action [3]. In particular, systems with non-fixed impulse times may
exhibit complex dynamics characteristic of chaotic systems. As an example, one can mention the
possibility of the coexistence of infinitely many periodic solutions with different periods, with the
set of their periods exhibiting the structure described by the Sharkovsky ordering [2|. Even more
complex dynamical behavior is, of course, characteristic of nonlinear systems [4, 5|.

The examples presented above demonstrate that impulsive action can not only modify the
behavior of solutions of the underlying differential system but also give rise to qualitatively new

dynamical regimes that are absent in the corresponding system without impulsive effects. Thus,
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impulsive action is not merely a mathematical means of modeling instantaneous changes in the
state of a system, but also a mechanism that may give rise to specific dynamical properties. This
circumstance largely motivates the study of differential systems with impulsive action and the
development of effective methods for their qualitative and asymptotic analysis.

The talk also considers the construction of asymptotic solutions for first-order ordinary
differential equations [6, 7, 8|, as well as for systems with a degenerate matrix at the highest-
order derivative [9], subject to singular perturbations and impulsive action. Such solutions are
constructed using the boundary-layer function method. In addition, asymptotic solutions are
constructed for a boundary-value problem for the heat equation with impulsive perturbations,

using the Vishik-Lyusternik method [10].
This work is a part of the project that has received funding from the EU Horizon

2020 research and innovation programme under the Marie Sklodowska-Curie grant

agreement Number 873071, SOMPATY.
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This talk is related with the study of some generalized models of hydrodynamics, namely

the variable coefficients (vc) Korteweg-de Vries equation [1, 2]
EMUpre = a(x, t,€)uy + b, t, &) un,, (1)
the ve Benjamin-Bona—Mahony equation |[3|
2 Upyr = a(z,t, )y + b(z,t, €)uy + (2, t, £)unty, (2)

the vc Burgers equation [4]

ElUyy = a(x,t,e)u; + bz, t, )uuy,, (3)

the ve modified Camassa—Holm equation [5]

a(x,t,e)uy — 2 Uggr + b(x, 1, &)Uty = 26%Upllyy + E* Ul gy, (4)
and the ve Camassa—Holm equation [6]

a(x,t,e)uy — 2Uggy + b(x, 1, ) Uty = 26%Upllyy + EXUllgyy, (5)

where ¢ is a small parameter.

The coefficients appearing in equations (1) — (5) are assumed to admit asymptotic ex-
pansions in a small parameter, with nonvanishing main terms. This assumption guarantees the
nondegeneracy of the corresponding problem.

In this generalized setting, explicit forms of exact solutions are generally unavailable, since
the presence of variable coefficients makes many classical analytical techniques inapplicable. Nev-
ertheless, the existence of a small parameter allows asymptotic methods to be employed effectively.
Within this framework, we construct approximate solutions that, in an appropriate sense, remain
close to the wave solutions of the corresponding constant-coefficient equations. In particular,
we consider soliton-like solutions of equations (1) and (2), step-like solutions of equation (3),
and soliton- and peakon-like solutions of equations (4) and (5). These solutions can therefore
be viewed as deformations of the standard wave-type solutions resulting from the presence of
variable coefficients.

The methodology employed in this study is based on the nonlinear WKB approach 7], which

provides a general framework for constructing asymptotic wave-type solutions of the required
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form. Nevertheless, the specific implementation of this approach depends essentially on the
structure and nonlinear properties of the equation under consideration and therefore requires
substantial modifications from one equation to another. In particular, the analysis of equation
(4) and (5) is especially challenging, as the construction of the corresponding asymptotic solutions
cannot be achieved by a straightforward application of the standard nonlinear WKB scheme and
requires a significantly more involved procedure.

The main results comprise the development of an algorithm for constructing asymptotic
solutions and the rigorous justification of the proposed approach based on accuracy estimates for
the resulting approximations. In general, the constructed asymptotic solutions are not global,
since the phase function corresponding to each solution is determined by a nonlinear differential
equation and may fail to be globally well defined. However, for an appropriate choice of the
equation coefficients, the resulting solutions can be shown to exist globally. This property is
demonstrated by several specific examples.

The theoretical results are complemented by graphical representations of the asymptotic

approximations for several equations with prescribed coefficients.
This work is a part of the project that has received funding from the EU Horizon

2020 research and innovation programme under the Marie Sklodowska-Curie grant
agreement Number 873071, SOMPATY.
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We will study local regularity properties of the non-negative solutions to the equation

up — Z (ai(z,t,u, Du)), =0, (x,t) € Qr, (1)

=1

where the functions a;(z,t,u, Du), i = 1,..., N, satisfy the Caratheodory conditions and the

following structure conditions for almost every (z,t) € Qr,

N N
S ag(x,tu, Du) (u™ )y, = Ky S atmi=m )@= (™) (P, = min(my, ..., my)
i=1 i=1
1 2
(mi=m)Hpi=1) [ N _ _ ez @)
‘ai(xjt’uj Du)| < K2 U P u(mj_m )(pj_l)l(um )wj ’pj
j=1
being K, K, fixed positive constants, Du = (ug,, - ,u,,) the weak gradient, and all the

(anisotropic) exponents satisfy p; > 1, m; > 0.

The prototype equation related to this double anisotropic setting is given by

N

uy — Z (u(mfl)(mfl) =

i=1

pi’qui) =0, Vm; >0, p;>1

T

and defined over the space-time domain Qp := Q x (0,7T), where € is a bounded domain in RY

and T a real positive number.

We consider (1)-(2) under the following definition of a local weak solution.

Definition. We say that a non-negative function u satisfying

u € Croe(0, T; LE™ (), w™ € LL (0, T; WP (Q)),

loc loc loc

and fori=1,...,N,

my(pi—1)+m™— mg(pg—1)+m—

W55 ( )eLf;c(O,T;Lféc(Q)%

is a local weak sub(super)-solution to (1) if the following integral inequalities hold

/ugpdx
K

to " N
+// [—ugpt—{— E a;(z,t,u, Du) @, | dedt < (=)0, (3)
t1 X
H K =1
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for any compact K C €2, any interval [t1,t;] C (0,7) and any non-negative ¢, such that

p € W™ (0,T; L' (K)) N LP(0,T, Wy '(K)), = (p1,....pn)-

loc

We say that u is a non-negative, local weak solution to equation (1) if u is both a non-negative,

local weak sub- and super-solution.

Let = max p; _ = min p; and
b+ 1<i<Np“ p 1<Z<sz

A_:= min \;, Ay := max \;, N\ :=m(p;—1), i=1,--- N.

1<i<N 1IN

Assume that
>\+ — A < €y, (4)

for some €, € (0,1), and Ay > 1, so we are considering the doubly nonlinear anisotropic PDE (1)
to be degenerate. In this setting, the main result concerning the spreading of positivity of w is

the following

Theorem 1. [1] Let k,r > 0 and g € (0,1) and assume that

K () N [u, 8) > k]| > aol K7 (y)].

Then there exist constants C, > 1, By > 1 and €, = ]’\)ﬁinci, depending only on the data and o,
such that L
(e t) > & x € K[ (),

and for all t
s+ ByrPt BN <t < s+ Byt kUM

We assume, as before, that (4) holds for some sufficiently small positive number €, to be
chosen; but now we will be considering (1) to be singular, meaning that A\, < 1. In this singular

setting, the result on the expansion of positivity reads like

Theorem 2. [1] Let k and r be two positive numbers and ag € (0,1). If

K () N {ul, 8) = B} > aol KF (y)l,

p_In2

then th St tants 0,1),C,>1and e, = ——
en there ezist constants 0, € € (0,1), C, > 1 and € NTnC.

, depending only on the data and

g, such that

k

u(z,t) 2 o TE K (y),

and for all t

s+ (1—¢e)orP+ M <t < s+ 0P+ B

This work was supported by the National Research Foundation of Ukraine, project No.

2025.07/0369 "Qualitative methods of nonlinear analysis of heterogeneous structures".
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The main objective of this study is a comprehensive (theoretical and computational) inves-
tigation of the structure of infinitely iterated wreath products of finite symmetric and alternating
groups of infinite rank [1]—[3]. To study the infinitely iterated wreath products of finite symmet-
ric and alternating groups, it was decided to use their natural geometric representation. From an
algebraic point of view, it is most convenient to realize such groups as subgroups of the group of
all automorphisms of regular rooted trees.

Description of the Mathematical Model. Let T, be a regular d-ary rooted tree, the
vertex set of which is naturally identified with the set of all finite words over the alphabet X =
{0,1,...,d — 1}. A vertex w = x1xs...x,, is located at level n = |w|, and the root of the tree
corresponds to the empty word. Two words u,v € X* are connected by an edge if and only if
v = ux for some x € X. Every automorphism g € Aut(T}) preserves the tree structure (the root
is mapped to the root, and vertex adjacency is maintained). Thus, the action of an automorphism
g on an arbitrary word wx € X* (where w € X*, x € X) can be recursively described by the
following equation: g(wz) = g(w)m, (), where 7y, € Sy is a local permutation (also known
as a state or section) acting on the alphabet X and depending on the automorphism g and the
vertex w. This infinite set of local permutations {mg, }wex+ completely and uniquely defines
the automorphism g (the so-called “portrait of an automorphism”). Since direct computation in
infinite (profinite) groups by software means is impossible due to limited computational resources,
the developed software product is conceptually oriented towards modeling finite approximations
of these groups. The software model operates with tree truncations to a specified finite depth k.
The automorphism group of the k-th level is isomorphic to the k-fold iterated wreath product of
the base group S;: W, = §d S FRERER. S@-

Algebraically, this construcktion can be defined recursively as Wj, = Wj_11.S4. The global
action of such an automorphism at level & manifests itself in a permutation of the set of d* leaves
of the tree. The full automorphism group Aut(7T,) (which is a metasymmetric group) is endowed
with the topology of a profinite group and is mathematically defined as the inverse limit of the
finite groups W}, with natural projection homomorphisms ¢y : Wy, — Wi_1: M(Sy) = Aut(Ty) =
limy_y o0 Wi

Accordingly, the meta-alternating group M (A,) is approximated by strictly restricting the
local permutations exclusively to even ones (m,,, € Ay) for all nodes of the tree: M(A,) = {g €
Aut(Ty) | Yw € X* g, € Ag}.
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Thanks to this approach, the inverse limit of these finite groups forms a profinite group, the
properties of which (for example, subgroup indices, the structure of normalizers or commutators)
we can extrapolate by analyzing the behavior of the visualized system at levels k =1,2,3, ..., n.

Architecture of the Technology Stack and Calculation. To ensure cross-platform
compatibility, a high level of interactivity, and the convenience of disseminating research results
among the scientific community, the software tool was implemented as a client-side web applica-
tion (Single Page Application). The choice of specific technologies was based on the requirements
for the performance of graph computations and the convenience of declarative interface descrip-
tion (JavaScript, React.js, Scalable Vector Graphics, Tailwind CSS styling). The basis of the
visualization is a recursive algorithm for constructing a tree on a plane. Unlike classical static
tree drawing algorithms (for example, the Reingold-Tilford algorithm), the coordinates of the
nodes in the developed system are dynamic and depend directly on the currently active auto-
morphism in the group. Thanks to this mathematical approach, when the local state of any
node changes, the child branches of the tree smoothly "intertwine" on the screen due to CSS
transitions. This allows visualizing not only the statics of the group but also the mathematical
essence of the process of applying an automorphism itself. To verify deep algebraic properties of
group elements, the program automatically analyzes the action of the current automorphism on
the boundary of the tree. The algorithm performs symbolic path tracing, constructs a bijection
dictionary of mappings, uses a Set data structure to track visited elements, and extracts an array
of independent cycles into the classical string mathematical format.

Analysis of the Results. The created software product is an instrument of experimental
mathematics in the field of geometric group theory. Thanks to the modeling of the action of
automaton generators on rooted trees (d = 3,d = 4), the stabilization of the quotient groups
Wi(Ag) /Wi (Ag) with increasing tree depth k was empirically proven. These computations agree
with the theoretically derived condition for the perfectness of the profinite meta-alternating group:
it was established that for the corresponding d, the group indeed coincides with its commutator
subgroup (perfectness condition).

In this work, a path to the software solution of an urgent problem in geometric and com-
binatorial group theory was proposed: a comprehensive analysis of the structure of infinitely
iterated wreath products of finite symmetric and alternating groups of infinite rank was carried
out; the structure of metasymmetric and meta-alternating groups as profinite algebraic systems
was characterized; a general method for constructing finite generating sets for meta-alternating
groups was described.

Specialized web-based software was created for visualizing the actions of automorphisms
on regular trees, allowing for the automatic modeling of finite automata operations, calculating
the cycle decomposition of elements, and confirming theoretical hypotheses by conducting rapid

computer experiments.
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Subwreath product as structure of normal subgroups of

permutational wreath products
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Normal subgroups and their properties for finite and infinite iterated wreath products W,,, =

Spy Lo 0Sp,,,, n,m € N are found. We prove that W, is a monolithic group.

Definition 1. The permutational subwreath product G WH is the semi-direct product G x HX,
where G acts on the subdirect product H* by the respective permutations of the subdirect factors.

Provided the specification of HX is established separately.

Subwreath product also appears in the research of pronormality [1| and in [2].

The first normal subgroup in W = §,, ¢ .S,, turned out to be subwreath product.

Definition 2. The set of elements from S, ! S,,n > 3 which is presented by the Kaloujnine

tableaux [3] of the form: [e]o, [a1,as,...,a,]1, satisfying the following condition

Hsgn([ai]l) =1,k eN, (1)

be denoted by ALY,

Proposition 1. The set of elements AV forms a normal subgroup in S, ! S,,n = 3.

Proposition 2. The subgroup E ! E U A, is the monolith in S, 1S, 1 .S,.
k
l

Definition 3. The set of elements from 1 S,,,n; > 3 with depth k satisfying the following
0

7=
condition

nk

[T son(lads) = 1, (2)

i=1
be denoted by Avfﬁ) By gi%) we mean the usual A,,.
Now we can recursively construct the easiest and elegant subgroup £ AP of Sp USp USh.
Definition 4. The subgroup with the structure £ AV be denoted by AY.
Proposition 3. The subgroup A® s normal in Sp S USh.

Definition 5. The set of elements from S, ¢S, 1 S,,n > 3 presented by tables [3] forms:
lelo, [e,e,...,€l1,[a1,as, ..., a,z]s, satisfying the following condition

n n2

Hsgn([ai]g) =1, H sgn(laila) =1,. .., H sgn([a;]2) = 1, (3)

be denoted by AVS?).
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Proposition 4. The definitions (5) and (4) are equivalent.

~ ~ k
Theorem 1. The following normal series holds E < AP 4 Afg) < 1 Sy, which admits general-
i=0
ization on case of ASZ) from Wi
Definition 6. A subgroup in S, 1S, ¢S, is denoted by ﬁg) if it consists of:

1. elements of the form E1 El A, ,

2. elements with the tableau [3] presentation [e]o, [e, ..., €|1, [T1, ..., Tp, Tni1,- -, Tnz|2, wherein
Vi=1,...,n:m €S, \ A,.

Theorem 2. The set of elements of type ;[g? forms the subgroup in Wy, furthermore gi? < Wiy.
Definition 7. The subgroup of S, .5, 1.5, having structure £ T; be denoted by i§2).
We emphasize that T? admits generalization to T¥) which is normal in Wi.

Proposition 5. The subgroups TVTEQ) and ig) are normal in S, VS, LS.

/

Remark 1. If G = S,1S,, then the subgroup of type ﬁn has the structure 7}, ,,, >~ (A X Ay X -+ X Ay X

n

Cy.

Theorem 3. Proper normal subgroups in S, U S,,, where n,m > 3 with n,m # 4 are of the

following types:
1. subgroups that act only on the second level (stabilizing the first level ) are

E WA, T, E2 S, B0 Ay,

2. subgroups that act on both levels are A, zzflm, Shn zzﬁm, Sh zzém, A, LS,

wherein the subgroup S, WA, ~ Sp A (S, K S, K5, K...X S@) endowed with the subdirect

product satisfying condition (1). In case n = 4 there are 3 additional subgroups: E U Ky, K4
Ay, K2 Sy
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Minimal involutive generating sets in extended special linear

groups ESL,(F,), ESL,|Z] and square roots in these groups
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We recall concept of ESL, (F,) studied in our previous work [1].
Let SL3(FF,) denotes the special linear group of degree n over the finite field F,.

Definition 1. The set of matrices over the integer ring or over a field
{M; : det(M;) = £1, M; € GL,[Z], or M; € SL,(F,)}

forms extended special linear group over Z or over IF, respectively and is denoted by ESL,|Z]

or by ESL3(F,), respectively.

To construct split extension of SLj (F,) we consider the following class of matrices with

determinant —1, but do not centralizing the group SLj (F,).

-1 0 0 1 0 0 1 0 O
Di=|0 1 0|,D:=(0 -1 0],D3=[01 0
0 01 0 0 1 0 0 -1
The structure of group generated as extension of SLj (F,) by (D;) 1 <i < 3 is semidirect

product
<D1> X SLg (Fp) ~ ESLg (Fp)

with kernel SLs (IF,).

Proposition 1. If the complement subgroup to kernel SLs(F,) of semidirect product is (ID;), then
D; is TI — subgroup /3] but not antinormal subgroup. The subgroup D123 is not TI — subgroup.

Denote a permutation matrix of order 3 by P; and the transvection [1] by trjy of group
-1 0 0
SL3(F,). Suppose D1os = | 0 —1 0 | beadditional generator extending SL; (F,) to ESL; (F,).
0 0 -1
Theorem 1. The minimal set of involutive generators Fr,, Dy, I3 43 as for ESL;|Z] as well as for
ESLs|F,| is Mazurov triple

10 0 0 O 10000 0 0 -1
0 -1 1 0 O 00 0O01 0 -1 0
Iy343=10 0 1 0 Of, Fr=1]10 00 10|, Do=1]0 -1 0
0 0 1 -1 0 00100 0O -1 0 0 O
0 0 0 0 1 01000 -1 0 0 0 O

Thus, we obtain triple with two commuting involutions Dy, I3 43 = €.
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Recall that a group is called a string group generated by involutions {pg, p1,- -, Pn_1} (Sgg1)
if there exists such ordering of the involutions wherein p;p; = p;p; for every 4,5 € {0,...,n — 1}
such that [i — j| > 1 [4].

Definition 2. By the extended group of (upper) unitriangular matrices EUT, (F) (over a field F)
we mean the unitriangular group UT, (F) that admits not only 1 but also -1 on the diagonal.

We prove that EUT3|Z] ~ {(p1, p2, ps, pa) is sggi group [4] with following involutive gener-

ating set:
-1 0 0 -1 1 0 1 0 O 1 0 0
Po = 10 ) P1 = 0 10 ) P2 = 01 1 ) pP3 = 01 0 )
01 0 01 0 0 —1 0 0 —1
where [p1, p3s] = e, [po, p3s] = €, [po, p2] = e, this defines the type of involution generating set
(2 x2,2x2).

The formula of matrix equation X? — A = 0 roots is GLy(R) was found by D. Sulivan [§],
we extend this formula and research conditions of existence on SLs[Z] and ESLs [Z].
Let A\, Ay, A3 bee.v. of A € SL3[Z] provided trA = A+ s+ A3 = a, b = A\ Ao+ A A3+ A2 As.

3

Let x4 (z) = x*—ax*+bx—1 denotes characteristic polynomial for A. According to Lemma 1 [1] if

B? = A, then ji; = /M1, po = Vg, iz = /s, where puy, o, ps are e.v. of B. We introduce the
following notations q = puy jia + pi1 i3 + paps, trB = p = py + po+ 3. Let xp (v) = 23 —pr*+qr—1

be characteristic polynomial of B.

ay a ay a aip a
Leta=trAandb= | — 7 + o + R A A2 + A Az + Ag s,
21 A22 21 A23 Q22  A23
The number N(E,m) of roots of equation X? — I = 0 over non-singular square matrix of

degree m was found in [9]. We found an analytical formula of root in SL[3,Z].

Theorem 2. The square root\/A belongs to SLs [Z] iff
p* — 2ap* — 8p + a® — 4b = 0. (1)

15 solvable over p € Z.

In addition, equivalent condition

F—-2p=be’Z
pPP—2q=a€c’Z
holds.
Theorem 3. Consider the matriz equation in SL;[Z]
X? = A.
If its solution lays in SL3|Z] then this solution is a matriz B defined by the formula:
A2 . tr2(3)+tT(A)A — tr (B)

B= 2
(1 - ey, )
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We call the classical Laplace transform of the function ¢ — (1 +¢)~! the Euler function:

oo ,—zt
F(z):/ ¢ dt, Rez > 0.
o 1+t

Theorem 1. The Euler function satisfies the convolution equation
(FxF)(2)=1-2zF(z), Rez > 0.
Here the convolution of functions holomorphic in the right half-plane is defined by

1 b+ico
(F1 % Fy)(2) = —/ Fi(w)Fy(z — w) dw, where b > 0,
b

- omi

—100
provided the integral exists. The Euler function has the asymptotic expansion

F(z)~Y (=)"alz™",  z— foc.

n=0

This expansion motivates the linear functional £_; on the space of polynomials R|x] defined by
(E_q,2") = (=1)"n!, n=20,1,2,...,

which we call the Fuler copolynomial with the parameter —1.

Copolynomials, studied in [1, 2, 3, 4], are linear functionals on R[x]. They form an algebraic
analogue of distributions, providing a natural language for the differential and convolution equa-
tions in algebraic settings. In the talk we consider one-variable copolynomials and characterize
the Euler copolynomial by convolution equations.

The space of copolynomials is denoted by R[z]|". For the value of T' € R[z])" on p € R[z] we
write (T, p). Let 0 € R[z] be the delta-function, (J,p) = p(0). For a polynomial ¢ € R[z]| and a
copolynomial 7" € Rz]" we put (¢7,p) = (T, qp). We also use the derivative of a copolynomial,
(T",p) = =(T,p), p € Rlz].

We consider R[z]" with the topology of pointwise stabilization: T; — T if, for every p € R|z],

the values (7}, p) are eventually equal to (T, p). A series of copolynomials converges if its partial
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sums converge in this topology. If T' € R[z]', its Cauchy—Stieltjes transform is an element of the

formal Laurent series space s 'R[[s7!]], and the transform and its inverse are given by

C(T)(s) =Y (T,a*)s™", o—l(z bks‘k‘1> =T, (T,2%) =0y
k=0

k=0

The multiplication of copolynomials is defined by 7375 = C~!(C(T1)C(13)), and the convolution
is defined by
degp p®)
(T +Ty,p) = ) (T1, F) (Ty,2),  peR[al
k=0
For a € R we define the Euler copolynomial E, by

(Eq,p) = Z a"p™(0), or equivalently E, = Z a"nlo"
n=0 n=0

or (Eg,z")=a"n!, n=0,1,2....

The powers refer to the copolynomial product, and a = —1 recovers the functional introduced

above. The series converges in the topology described above. If a > 0, then

1

+o00
(Eup)=3 [ vl pe Rl
0

This representation connects E, with the classical Laplace transform of polynomials. The follow-

ing result gives convolution and differential characterizations of this copolynomial.

Theorem 2. Let T € R[z]' and let a € R. The following conditions are equivalent:
() T=E, (@)ad"+T=9¢; (iii) ad(T+*T)+06=1T;
(iv) (T,1) =1 and a(T + T) = «T.

In particular, for a = —1 the Euler copolynomial F = E_; is characterized by either of the

convolution equations

ExE+2xFE =0,
d—0(ExE)=F,
(E,1) = 1.
Acknowledgement. Roman Skurikhin was supported by the National Research Foundation of

Ukraine, project No. 2025.07/0369 “Qualitative methods of nonlinear analysis of heterogeneous
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Consider the nonlinear dynamical system

. (1)
y=-y—|zly.
Its vector field is locally Lipschitz but not continuously differentiable in any neighborhood of the

origin due to the absolute-value terms. Indeed,

6f1 o -r, Y>> 07

dy T, y < 0.

For xy # 0, the one-sided limits at (zg,0) differ, hence the vector field is not C'!' in any neighbor-
hood of the origin.

We construct a Lyapunov function on

D ={(z,y) €R*: ||(z,y)]2 < 1}

using the genetic programming and sparse optimization method proposed in [1]. Let z = (x,y).

Candidate functions are sought in the polynomial class
V(z;c) = Z Caz.
aeM

Genetic programming determines the polynomial structure, while sparse optimization estimates
the coefficients and eliminates redundant monomials.
For each candidate, the coefficients are optimized on a finite sample X C D by minimizing
the violations
$1(z¢) = kal|z[|* = V(23 0),
62(2:0) = V(=) — halll

P3(z;¢) = ksl 2lI” + (VV (20), f(2)).

The coefficient optimization problem is

mcin {% Z P(@(Z(i); C)) + ’VR(C)} 5

i=1 [=1
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where p penalizes positive constraint violations and R(c) is a sparsity-promoting regularizer.
In the numerical experiment, we used N = 10000, k; = 0.5, ky = 1.5, k3 = 1, and v = 0.01.
After two generations, the algorithm identified

V(z,y) = 2* + 9

Its derivative along the trajectories of system (1) satisfies
V = =222 — 2% — 2Jy|a? — 2|z|y?
< =2(2” +97).
Thus,
Vie,y) = @)l Viey) < =2l 93,
which confirms exponential stability of the origin and shows that the identified function satisfies
stronger bounds than those imposed during optimization.
V(x)=x2+y?
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Figure 1: Surface and level curves of the identified Lyapunov function
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We study a nonlocal thin film model in a multidimensional bounded domain, where the
nonlocal diffusion is described by a spectral fractional Laplacian subject to homogeneous Neumann
boundary conditions. The main goal is to investigate qualitative properties of weak solutions and,
in particular, their spatial localization and behaviour at large times.

A key ingredient of the analysis is an a-entropy inequality adapted to the nonlocal struc-
ture of the equation. This estimate provides uniform bounds that are instrumental in obtaining
regularity properties and controlling the evolution of weak solutions over extended time intervals.
We further establish a localized form of the entropy inequality, which allows us to analyze the
propagation of the support of nonnegative solutions.

As a consequence, we obtain a finite speed of propagation property: compactly supported
nonnegative initial data generate solutions whose support remains spatially bounded at every
positive time. In addition, we derive a criterion guaranteeing the occurrence of a waiting-time
effect. Under this condition, a portion of the domain can remain in the zero state during a positive
time interval before the solution becomes nontrivial there.

The obtained results demonstrate how the nonlocal diffusion mechanism modifies character-
istic qualitative properties of thin film equations and provide new tools for studying the interplay
between nonlocality, degeneracy, and free-boundary-type phenomena.

This is joint work with Antonio Segatti (Universita di Pavia, Pavia, Italy).
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A significant contribution to the study of periodic and almost periodic oscillations, as well as
nonlinear systems of partial differential equations, has been made in [1]-[4]. Of particular interest
are boundary value problems for evolutionary systems arising in the mathematical modeling of
dynamical processes.

An important method for studying such boundary value problems is the parametrization
method proposed by D. S. Dzhumabaev.

Initial-boundary value problems for evolutionary systems are considered in the domain
Q=[0,T] x R* x R™

Zaa (t,x y —i—Zb (t,x,y)g); = A(t,x,y)u+ f(t,z,y), (1)
u(0,z,y) = p(z,y), (2)
B(x,y)u(0,z,y) + C(z, y)u(T, z,y) = d(z,y), (3)

where t € [0,T], v = (21,...,z,) € R", y = (y1,...,4n) € R™, q;(t,z,y), bj(t,z,y) are
continuous vector-valued functions of dimensions n and m respectively, possessing periodicity,
smoothness, and boundedness properties, with the norm defined as the supremum of the Euclidean

norm of the vector-valued function:

a(t+ 0,z + qw,y) = a(t, z,y),
b(t+ 0,2+ qw,y) = b(t, z,y),

0
lal < a0, lizzal < o, ligrall < a2

oz

(4)
0 0
< —b|| < —b| <

for all ¢ = (q1, ..., qm) € Z™, where Z is the set of integers. The periods wy, ..., w,, - positive
in commensurable constants, qw = (q1wi, awa, ..., gmwm) the vector of multiple periods, w =
(wlu ) wm)u Q, 607 an, Qg /817 /82 - some pOSitive constants. U(t, z, y) = (ul(t) z, y)) B un(t7 z, y)) -

is the sought vector function, with periodicity properties

u(t + 6,z + qw,y) = u(t,z,y), (5)
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A(t,z,y) - n X n - matrix, that satisfies the following condition:

|A(t, z,y)|| < Ag = const > 0,

__ (6)
Alt+ 0,2+ qu,y) = A(t,z,y) € C([0,T] x R" x R™), qeZ™
f(t,z,y) - n - - vector function that satisfies the following condition:
ft+0,2+q0,y) = f(t,z,y) € C([0,T] x R" xR™), q€Z" 0

| f(t,z,y)|| < Fy = const > 0,

B(z,y), C(x,y) (n x n) - are matrices having periodicity properties by part of variables,
d € (R* x R™).

B(z +qw,y) = B(z,y), ®
C(z +qu,y) = B(x,y),

|B|| < By =const >0, |C| <Cy=const >0,
d(z + qw,y) = d(z,y) € (R" x R™).

Construction of a solution in the broad sense for system (1).

(9)

Definition. The continuous function u(t, z,y) in Q@ = [0, 7] x R™ x R™ is called a periodic
solution in part of variables in the broad sense of the problem (1) — (3), if it satisfies the
boundary condition (2) — (3) and is also periodic in (¢, x) with a vector period (#,w) bounded
in all variables and along the characteristic {A(¢,0, xq, y0),&(t,0,x0,y0)} satisfies the system of

ordinary differential equations:

where

= u(t, A(t,0,20,40),&(t,0,70,90)),
A A(t )\(t 0 l'o,yo),f(t Oax07y0>>7
f= ft, A(t,0,20,10), (£, 0,20, y0))-
(

Then the initial-boundary value problem (1) — (3) goes over to the initial-boundary value

problem for systems of ordinary differential equations:

du - L=
(0, A(t,0,20,0),&(t,0,70,90)) = (A, 0,20, 0),£(E, 0, 20, 10)), (11)

B(()\(ta Oa Zo, y0)> g(ta 07 Zo, yO))a(Oa )‘(tv 07 Zo, y0>7 £(t7 07 Zo, yO))+
Cy’((A(t) 07 Lo, y0)7 g(ta 07 o, yo))ﬁ(0> /\(T> 07 Zo, 90)7 £(t7 07 Zo, yO)) = (12)
= d()‘(ta 07 Zo, ?JO): §(t7 07 Zo, yO))
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To solve the initial-boundary value problem for ODE (10) — (12), we use D. Dzhumabaev’s
method, the parameterization method.
Let us take a step h > 0, which fits exactly N(N = 0,1,2,..) times on the segment [0, T]

and perform a partition along it

N

0.7) = [JI(r = 1, rh].

n=1
Two-point boundary value problems can be equivalent to multipoint boundary value problems
[5].

Based on the homogeneous initial condition, a representation of the solution to the para-
metric problem is successively constructed. Substitution of this representation into the boundary
condition, followed by passage to the limit, yields a system of equations for the functional param-
eter.

The solution of the resulting system determines the required functional parameter. Subse-
quently, solving the corresponding Cauchy problem enables us to reconstruct the solution of the

original boundary value problem.
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Problem Statement. Robotics education involves transitioning from a theoretical in-
troduction to electronic components and algorithms to the independent creation of functional
systems. An essential component of this process is project-based learning, in which students are
required not only to write program code but also to determine the device structure, select com-
ponents, establish connections between them, and verify the overall functionality of the system.
Implementing such tasks using physical equipment can be hindered by a limited number of kits,
the need for additional technical support, and the risk of component damage due to assembly
errors. Therefore, there is a clear need to utilize virtual design tools that allow students to execute
the core stages of robotics system development within a digital environment.

Main Results. Tinkercad Circuits is presented as a tool enabling the step-by-step im-
plementation of the main stages in a robotics project: from constructing an electronic circuit
to writing code and testing system operations. The platform supports Arduino along with a
wide range of electronic components, allowing students to simulate various interaction scenarios
between microcontrollers, sensors, and actuators.

A crucial aspect in education is the ability to rapidly modify the project structure. Dur-
ing the process, students can add or remove components, adjust connections, modify code, and
immediately observe the results. This creates ideal conditions for experimental learning, where
an error is viewed not merely as a failure, but as an opportunity to analyze system operations
and discover alternative implementation strategies. Within the course "STEM Education in
Computer Science Classes," students at Yuriy Fedkovych Chernivtsi National University use Tin-
kercad Circuits to complete practical robotics assignments. These assignments include working
with LEDs, servomotors, flex sensors, vibration sensors, and LED strips. Such tasks enable a
gradual increase in system complexity, moving from individual electronic components to their
comprehensive integration.

The platform allows for the integration of several activities within a single practical task.
While building a model, students simultaneously work with the electronic schematic and code,
establishing cause-and-effect relationships between sensor signals and actuator responses. Conse-
quently, students develop a holistic understanding of a robotics system as an interconnected set
of components rather than isolated elements. Another key advantage is using Tinkercad Circuits
for both individual and collaborative work. Created projects can be shared with instructors or
peers for review and further refinement. Project-sharing capabilities foster an environment for

presenting results, comparing different approaches to a single problem, and collectively improving
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robotic models.

The practical outcome of this approach is the development of essential skills for independent
project implementation: task analysis, component selection, circuit design, algorithm develop-
ment, programming, and testing. Beyond technical skills, project work enhances independence,
creative problem-solving, and the ability to refine solutions based on test results. These ca-
pabilities directly align with STEM goals, where knowledge of programming, electronics, and
engineering design are integrated to solve practical problems.

Conclusions. Tinkercad Circuits serves as an effective virtual design environment in
robotics education. Its primary benefits include establishing conditions for independent con-
struction and programming, repeated model testing, and safe experimentation. The platform
seamlessly integrates electronics and programming within a unified educational task, fostering a
systemic understanding of robotic device operations. A promising area for future development is
designing a progressively complex set of project tasks tailored for students with varying levels of

initial training.
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Let T'> 0 and M,n € N be some numbers, G := (V, E) be a simple connected directed
graph with the vertices P; € V and edges ; € E, i = 1,n. Each edge is parameterized by the
interval €; := (0,¢;), ¢; > 0. Let V;;,; be the set of all internal vertices. Let V., be the set of the
boundary vertices, which is divided into two disjoint subsets Vp and Vy such that Vp # @.

We seek a weak solution u = (u',...,u") of the following initial-boundary value problem

on the graph G

up = (a(a Ol 2 ) + g O = fe), @) e x0T, (1)
u'(Pt) = u"(P,t) for all Q;, Q= P € Vi, (2)

) p—2
Z U;(R t)‘ U;(P, t) = 07 P e Vint7 (3)

Q=P

u’(P, t) =0, Q= PeVp, (4)
u,(Pt) =0, ;> P ey, (5)
u'(x,0) = uh(x), = €10,4], (6)

where p, ¢ > 1 are some given numbers, a’, ¢°, f*, uj) are given functions, and the notation 2; > P
indicates the incidence relation, meaning that the edge €; is connected to the vertex P.
Similarly as in [1]-[2], under appropriate conditions on the input data, we prove that problem

(1)—(6) has a unique weak solution.
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Definition 1. A metric space (M,d) is called plastic if every bijective non-expansive map

F: M — M is an isometry.

There are a number of results concerning the plasticity of the unit balls of Banach spaces
as metric spaces with the metric generated by the norm (see, for example, [1, 4]). Most of the
results for the unit balls are based on properties of bijective non-expansive maps between unit
balls of normed spaces, which do not work for the unit spheres. The talk is devoted to properties
of the non-expansive maps between unit spheres and the plasticity of the unit spheres of some

Banach spaces. Namely, the following theorems are proved.
Theorem 1. The unit sphere of any Hilbert space is plastic.
Theorem 2. The unit sphere of the space {1 is plastic.
Theorem 3. The unit sphere of the space l, is plastic.

Definition 2. A metric space (M, d) is said to be strongly plastic if every non-contractive mapping

F: M — M is an isometric embedding.

This definition was introduced in [2]|, however, this property was studied before (for example
in [5] for totally bounded spaces). We show that the strong plasticity of the unit spheres of Hilbert
spaces is an easy consequence of the parallelogram equality.

Acknowledgments. Olesia Zavarzina was supported by the National Research Foundation
of Ukraine, project No. 2025.07/0369 “Qualitative methods of nonlinear analysis of heterogeneous

structures”.
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Posrasinemo piBHSIHHSA HEOKJIACHYIHOI MO/ 3pOCTaHHA 3 MaiizKe IepioAunIHIME KoedilieH-

TaMi Ta HeIiKCOBAHMMU MOMEHTaMU IMITYJIbCHOI JIil

dil(tt) = —a(t)z(t) + Y B;(0)a”(t = hy(t))e OOt 2 gy (a(8)), (1)

Jj=1

Ax(t) = z(t +0) — z(t)

apx(t) + by, t=m(z(t)), k € Z, (2)

ne v € R, p e (0,1) — crana, nenepepsui bynkiii a(t), 5;(t), v,(t) ta h;(t) momarnosna4ni Ta
Maiizke mepiofuani, mocaigosrocti {ag} Ta {by} maiike mepioguuni it ap > —1, by > 0, k € Z.
IviysibeHa Jiist BiIGyBa€ThCsl IPU JIOCATHEHH] pO3B’si3kamu noBepxoub 'y = {(t,z) : t = m(x)},
k € Z. ®yukuii 7(x) 3a10BOJbHIIOTE yMOBY Jlinmuist 1 piBHOMIpHO BijiiieHi ojHa Bijl iHIIOL.
[Tocainosuicts dbyukiit {7x(x)}, k € Z mae piBHOMIpHO MaiizKe TePiO/IYHI TTOCITITOBHOCT] PI3HUIH
(R (@)}, ne 7 (x) = Ty (@) = 7h(2), ] € Z.

Pisusnns (1) 3i cramuvu koedirientamu 3 m = 1 6ysio 3anpononosane y 2011 p. A. Matsumoto
i F. Szidarovszky sik Heok/acmIHa €KOHOMiYUHA MOJIE/Ib 3POCTAHHS, /i€ T IO3HAYAE KalliTaaoMic-
TKICTh Ha OJUHUINO Tpari, «, [, v, 0 — JojaTHi mapameTpu, h — 3aTPUMKa y BUPOOHUTOMY
IIpoIieci, mapaMeTp p MOXKHA, PO3IJIAIATH K MOKA3HUK I BUMIPIOBaHHS Bijgadi BiJ MacIITa-
Oy BUpOOHUYOI (DyHKIIIT, ¥ BioOparkae CHIy «HEraTUBHOIO e(PeKTY», CHPUIHHEHOTO 3POCTAHHSIM
KOHIIEHTPAIIl KaIiTa/ry, Ta BU3HAYAETbCs CTYIIEHEM IOIIKO/ZKEHHSI IIPUPOIHOrO cepeaoBuina abo
eHepreTHIHUX pecypcis. ImmysbeHi i (2) xapakTepu3yoTh KOPOTKOYACHI 30BHIIIHI BIUIUBH B MO-
MeHTH Yacy T (2 (t)). Bimmitumo, mo nipu p = 1 piBasians (1) € sHamenuTum piBastaHAM Hikosicona
3 MaTeMaTUIHOI 6i0JI0Til.

Metoro Hamol poboTH € 3HaXO/KEHHSI YMOB iCHYBaHHs 1 CTIHKOCTI KYyCKOBO-HEIIEPEPBHOT'O
JIOJIATHOTO MaiiKe MepiofinIHOro po3B’sa3Ky piBHAHHS 3 iMirysbcHOO ieo (1), (2). Mu Bukopu-
CTOBYEMO O3HAUYEHHsI KYyCKOBO-HellepepBHUX Maiixke nepiogndnux (yHKIH (w-Maiixke mepiojin-
ynux (yukuiit) y cenci [1]. Touku po3puBiB 1ux po3B’a3KiB 301ral0ThCs 3 TOUKAME IMITYJILCHOT JIiT
{m(2)}-

OcKiIbKI MOMEHTH iMITyJIbCHOI il piBHstHHS (1), (2) 3 HediKcOBAHMMEI MOMEHTAMHE IMITY/Th-
CHOT il 3aJiezKaTh BiJI PO3B’A3KiB, TO Pi3HI PO3B’A3KU MOXKYTb MATH Pi3HI MOMEHTU DPO3PUBIB.
Takoxk y cuctemu MOxKe OyTH Tak 3BaHUil (peHOMEH OUTTS, KOJIM PO3B’SI3KHU ITEPETUHAIOTH TOBEPX-
HiO t = Tj(x) KiJbKa pa3iB UM HABITH HECKIHUEHHY KIJIBKICTH pa3iB. Mu mpuiryckaeMo BUKOHAHHSI

YMOB, 3a IKUX ePeKT OUTTs BiJICyTHIi.
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CrouaTKy JOBOAMMO, IO po3B’s3ku piBHsaHHA (1), (2) 3 MOYATKOBHME 3HAYCHHIME 3 J6-
SIKOT 0OMErKeHO1 MHOXKUHI 3a/IUIIAI0THCS PIBHOMIPHO OOMEXKEHMMHI 1 pIBHOMIPHO BiJlIlJIeHUME BiI
HyJIsl Ha JIOJATHIN miBOCI Ta HaOyBaOTh I'PAHUYHUAX 3HAYEHDb 1IPU { — 00 B OOMEKEHOMY BiJIPI3KY
[mg, Mo], 0 < mg < My < oo. Haui, gk iy [2], Oymyemo jeske BimobpakeHHsT y POCTOPI Maiixe
HepIlOIMYHIX MTOC/IIOBHOCTEN 31 3HaUeHHAME B [myg, My|. Hepyxoma Touka 1poro BijmobparkeHHst
Bi/INOBiTa€ Maiizke TEePIOMIHOMY PO3B’sI3Ky DiBHsIHHS 3 iMimysibeHOo fiero (1), (2). Ieit maiixe
nepioInIHuil po3B’d30K MPUTATYE BCl PO3B’SI3KM 3 00MexKeHOI MHOXKUHU. B o3HaveHHi mpuTdry-
BaHHs BPAXOBYEMO BIJIMIHHICTH TOYOK PO3PUBY PIZHUX PO3B’43KIB PIBHAHHSA 3 HEMDIKCOBAHUMU

MOMEHTaMHU IMITYJIbCHOI JIil.

This work is a part of the project that has received funding from the EU Horizon
2020 research and innovation programme under the Marie Sklodowska-Curie

grant agreement Number 873071, SOMPATY.
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Posraspaiorbes JuHAMIUHI CHCTEME, CTaH SIKAX 3MIHIOETHCA Oe311epepBHO MizK (pIKCOBAHIMM
MOMEHTaMHM IMITYJIbCHOI JIil Ta cTPUOKOMIOIIOHO B caMi 11l MOMeHTH. MeToro € BCTaHOBJIEHHS J0CTa-
THIX yYMOB ICHYBaHH¢ IHTerpaJibHOI MHOYKWHU HEJIHIITHOI HEOTHOPIIHOI CUCTEMU Ta JIOCTIIZKEHH T

CTIMKOCT] pO3B’A3KiB OOy Hel.

dt

d
— =P+ f(toa), t#7,

AiE}t:TZ_ = Bi(p)z + Li(p, ).

d
2~ alt, ),

Bekropni Ta MmaTpuuHi (OyHKIIT BBAXKAIOTHCS OOMEXKEHUMHE, TIEPIOJINTHIMU 32 BiITOBITHIMI 3MiH-
HUMH Ta TAKUMHU, 110 3a0BOJILHsAI0TH yMoBH Jlimmmuis. MomenTn immyabeHol il dikcoBani. Io-
TPiOHO BCTAHOBUTH YMOBH iCHYBAHHS IHTEIPAJIHLHOI MHOXKHHU Ta 11 CTIHKOCTI.
CriouaTKy pO3IJIsHEMO HEABTOHOMHY CHCTEMY, 33/IaHy Ha TOPI, Ta MO3HAYUMO depe3 ¢ (T, ¢)
11 po3B’sa30K. KoMimakTHicTh (ha30BOro mpocTopy i HpuitHATI 0OMeKeHHsI 3a0e31edyI0Th iCHY BAaHHS
PO3B’sI3KiB Ha BCiit jilicHiit oci. s Jlineapm30BaHOl CUCTEME BBOIUTHCS MATPUIAHT i (DYHKILSA
['pira—CamoitieHKa, BJIACTUBOCTI SIKOI JIAI0TH €KCIOHEHITAIbHI OIIHKNA OOMEXKEHNX PO3B’sI3KiB.
[HTerpajbHOI MHOKUHOIO HA3UBAETHCS MHOXKUHA T = u(t, ¢), HepiondHa 3a IapaMeTpoM,
KYCKOBO-HEIleEpEPBHA 3a YacOM 1 Taka, 10 Ma€ PO3PUBU IEPIIOTO POy B MOMEHTH IMITYJILCHOL
mil. Oynkuisg u(t, ) BU3HAYAE HTErpajgbHy MHOMXKWHY, AKIO I KOXKHOTO PO3B'SA3KY @i(T, ),
©-(T, ) = @, HepIol 3 CUCTEM BUKOHYETHCs CITiBBITHOIIIEHHST
dxt(7—7 90) _ d t _
T EU( (T ) =
= Pt u(m,9))ult, o7, 0)) + F(8 (7, 0)) =
= P(ta Spt(’r’ @))xt(7—> 90) + f(t’ th(Tv ‘10))

1A Oynp-sikoro 7 € R, ¢ € T,,. A npu t = 7; Mmaemo

Tr;+0 (7', 90) — Ty (Tv 90> = Bj ((ij (7—7 @))ij (Tv 90) + [j ((PTJ' (Ta (10»
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i Oynb-akoro T € R, o € .

[nTerpanbHa MHOXKWHA BiJIIITYKOBYEThCA ITEPAIINHO, IK MeyKa ITOC/IiJOBHOCTI MHOXKUH

u(o)(t,gp), u(l)(t,go), . u(j)(t,gp), o

KO>KHE 3 AdKHX € iHTeraJII)HOIO MHOZKHNHOIO CUCTEeMHI piBHHHI)

dep

_— = t
dt a(’@)?
Y Pt g)et [t u ), AT
dt - ,QO[E ,QO,’LL 790 ’ Tis

Ax|_, = Bilp)z + Ii(p,u (7, ).

Ba momomororo dysKIl I'pina—CamoiijieHKa OTPUMY€EThCS IHTErpaIbHE [IPEJICTABICHHS T€ProBOrO
HaOJIMKEeHHA. 3a YMOBHU JOCTATHBO MAJIOl KOHCTaHTH JIIMmuist HeTiHIHHOT YaCTUHY 1€ TIPeJICTaB-
JIEHHs 3a0e31e4y€ €JIMHY OIIHKY JIJI BCiX €JIEMEHTIB ITOC/IiIOBHOCTI.

OcHoBHuii pe3ysbrar. fKino HesiHiiina cucreMa 3a/10BosbHsie yMoBH Jlinmmuig Ta obmve-
JKEHOCTi, & BijmoBiHa JiiniitHa cucrema mae dyHKIo ['pina-CamoilieHka 3 HEOOXITHUMU eKC-
[MOHEHIaJIbHIMHI OIlIHKaMM, TO 38 J0CTATHBO MaJiol KOHCTaHTH JIIIIuIls HeTiHiitHOT YaCTUHNA Ch-
cTeMa Mag iHTerpaJjibHy MHOKUHY. BoHa OyJiyeTbcsi siK piBHOMIpHA I'DaHUILA MTOCJIiIOBHOCTI iHTe-
rpaJbHUX MHOYKUH JIOTIOMi?KHUX CHUCTEM.

OTrpumaHo J0CTATHI yMOBHU iCHYBaHHS IHTErPaJbHOI MHOXKWUHU HEJIHIHHOI CHUCTEMHU 3 iM-
IIyJIBCHOIO ITi€0. i mo6yI0Ba 3MHCHIOETBCS ITEpAIiHIM METOIOM, 8 361KHICTh 3a0e3MedTyeThCs
orinkamu Ha ocHOBI ¢pyHKIII ['pina—CamoiteHka. 3a J0JaTKOBUX CIEKTPAJILHUX YMOB iHTEIPaJib-
HA MHOYKUHA € ACUMIITOTUYIHO CTiiKOI0. Pe3yibrarit MoKy Th OyTH BUKOPUCTAHI JJIsl JTOC/IiJIZKEHHST

NEepPIONYHUX 1 0AraTo4acTOTHUX PEKUMIB JTUHAMIYHAX CUCTEM 3 IMITYJTbCHUMU 30yPEHHSAMH.
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IIpo anpokcumariiiiiHi BJacTIBOCTI 6araTroTO9YKOBUX

KpaioBux 3aaa4

Ounena ATJIACIOK?, Bosomumup MUXANJIEIL*3

L Teavcincoruti yrnisepcumem, Ieavcinki, Dinasandis
2 Incmumym mamemamuryu Havionarvroi axademii nayx Yxpainu, Kuis, Yxpaina,

3 Koponiscvrudi xonedotc Jlondowna, Jondown, Beauwa Bpumanis

hatlasiuk@gmail.com, vladimir.mikhailets@gmail.com

Hexait (a,b) C R — ckinvennuii inrepsas, a napamerpu n € N U {0}, {m,r k} C N,

1 < p < oo — nosinbhi. [Tosnaunmo 3Buuaitnmit KomiiekcHuit mpoctip CoboJsieBa sik
W;J’T([a, b);C) := {y e " Y[a,b];C): y™ Y € AC|a,b], y") € L,|a, b]}

Posriistaemo KOpeKTHO BU3HAaUYeHY KPalloBY 3a/a4dy 3 HEO/IHOPLIHUMU KpailoBUMHI yMOBaMHU

(Loyo) (1) =y () + Y Ar_eo(t)ys (1) = folt), t € (a,b), (1)
/=1
n+r—1 b
Byyo := Z Qs y((]s) (to) +/ @0(t)yén+r) (t)dt = ¢y, (2)

ne 3agano Marpumo-bynkiito A, o(-) € (W)™ sexrop-bymkuio fo(-) € (W)™, BekTop
co € C™, aucnosi Marpuni agg € C™ ™ rta marpumo-dyukiio $o(-) € Ly ([a,b]; C™>™),
p € [l,00), p ' +p'~! = 1. gk Gyno moseseno B |1, Teopema 3.2|, KoxKHa JIOBLIbLHA HEOAHOPIIHA
KpaiioBa ymMoBa Jyisi piBHstHHS (1) JIOIIycKae equHe KaHOHIYHE TpejcTaBieHHs Buiy (2), me to —
noBilibHA (ikcoBaHa TOUYKa iHTEpBaILy |a, b].

Posp’asox 3azaqi (1), (2) posymiernes sk exrop-dynkiia y € (W)™, aka 3amososbise
sik piBustHHg (1) (cKpish, sKIo n > 1, Ta Maiizke ckpisb, skimo n = 0) Ha (a,b), Tak i piBHiCTH
(2). Kpaiiopa ymosa (2) 3 ioBimbauM HenepepsruM orepatopom By: (W)F)™ — C' e natibiavw
3azaavroro st mudepermianabaoi cucremu (1). BoHa oxorutoe Bei KiacudHi THITH KpaiioBUX YMOB,
Taki 9K IOYaTKOBI yMOBHU B 3aj1a4i Ko, pizHi 6araToToYKOBi yMOBH, IHTErpaIbHI YMOBH, 3MillIaHi
KpailoBi yMOBH, a TaKOXK HEKJACUIHI YMOBH, IO MICTATH JPOOOBI MOXiJIHI, Jie TOPSAIOK MOX1THIX
MOXKEe MEPEBUIIYBATH TOPSAIOK AU epeHIiaibHoro piBusanus [2].

Posriisinemo moctiioBHICTh 6araTOTOYKOBUX KPAOBUX 3a/1a4

(Liy) () =y (&) + > Arer®yl (1) = fult), t € (a,b), (3)
/=1
n4r—1 N(k)
Bkyk = Z Oés’k y,(f) (to) —f- Z ﬁij;y,(gn—i_r_l)(tﬁk) = Ck, k = 1, 2, 3, P (4)
5=0 j=0

Tyr enementn Marpuni-gynkuii A, g, HateKaTh JedKill migpHil MHOXKHIHI F C (W;)mxm, a G

— MIJIbHA MHOXKHHA Y TIPOCTOPI (W;‘)m ta f, € G ans Beix k. Bisgbine Toro, s Beix iHIEKCiB
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Qs iy Bie € C™™ 1a TOUKE t;); HadekKaTb AesKiil miiabHiit MHOKHHI P Ha imTepsasi [a,b], Ta
BUKOHYIOTbCS TPAHUYHI CIiBBigHOMIeHHSA [, — fo, ¢ — ¢ pu k — 00.

Mu BuB9aeMo 3aja4y iCHyBaHHs HOCJIOBHOCTI KpaitoBux 3a1a4 (3), (4), po3’a3ku sKux
3aJI0BOJIBHAIOTH ACUMITOTHYHY (DOPMYJTY Yr — Yo, B (W;“)m upu k — co. OTpuMaHo MO3UTUB-
HY BIIIOBiZb HA Iie IMTaHHSI, CIUPAOYNCh Ha |1, Teopema 2.2|, sika BCTAHOBJIIOE HENEPEPBHICTH

PO3B’g3KIB KpailoBUX 3a/1a4 3a apaMeTPoM, IO HAJEKUTH aOCTPAKTHOMY METPUIHOMY ITPOCTOPY

M.

Teopema 1. IIpunycmumo, wo odnopiona xpaiiosa 3a0a4a Mae AUUE MPUBIANOHUT PO36 A30K.
Todi icnye maka nocaidosHicmy Kopekmno eusnavenur kpatiosur 3aday 6udy (3), (4) 3 noaino-

MIANOHUMU KOCPIUIEHMAMU A NPAGUMU YACTUHAMU, ULO
(1) axwo 1 < p < 00, mo H (Lk,Bk)_l — (LO,BO)_1 H — 0, npu k — o0;
(ii) axwo p =1, mo (L, By)™" = (Lo, Bo) ™" iy — yo y (W)™ npu k — oo.

Tyt 5 no3Havae CHIbHY 3612KHICTD OLEPATOPIB.

Y Bunajiky p = 1 BUHUKAE MPUPOHE MMUTAHHSA: sKi JIOJIATKOBI yMOBH Tpeba HAKJIACTU HA
oneparop (Lo, By), 1mob 301:KHICTH (Lk,Bk)_1 — (LO,BO)_1 Oysa He JMIle y CUJIbHIA, a i y
piBHOMIpHIii omeparopHiii Tomosorii? 3rijHo 3 Teopemoro 1 Ie 3aBxkan Tak, gkimo p € (1,00).

Binmosiznb Ha HBOTO Ja€ HaCTYIIHA TeopeMa.

Teopema 2. Hexatl suxonyromocsa ymosu meopemu 1 ma p = 1. Todi surxonyemocsa
| (L, Bi) ™" — (Lo, Bo) || = 0, npu &k — oo,

modi © MiAbKY Modi, KOAU KodHceH esemenm mampuii-pyrryii Py dopierroe peeysvosanit pynruii

MatioHce CrpI3s.

Harasnaemo, 1mo dyHKiis Ha inTepBasi [a,b] HA3MBAETHCs PEryTHOBAHOIO, FKINO BOHA MAag€
CKIHYEHHI JIIBY Ta IIpaBy I'PaHUIll B KOXKHIif TOYIl IHTEpBAJLYy.

Iloasiku

Pob6otra nieproro asropa Oyira npodinarncoBata nmoctaoKropebkoro crumeniero EU-MSCA4Ukraine
(nomep: 1244691, womep WBS: 4100609). Ileit mpoekT orpuman hiHAHCYBaHHS 4Yepe3 MPOEKT
MSCA4Ukraine, axwuit dinancyerbess €Bponeiicbkum CorozoM. OHAK BUCIOBJIEH] IOIVISIA Ta
JIYMKU € JIUIIIE JyMKaMU aBTopa Ta He 000B’SI3KOBO BijobparkaioTh norisau €sporneiicbkoro Co-
103y, €BpONEichbKOr0 BUKOHABYOTO areHTCTBa 3 jociikenb abo Kourcopriiymy MSCA4Ukraine.
Hi €sponeiicbkuit Coro3, Hi €Bporeiicbke BUKOHABYE areHTCTBO 3 JOCJIzKeHb, Hi KoHcopiiym
MSCA4Ukraine B mijiomy, Hi Oy/b-sika okpema ycranoBa-wieH Koncopriymy MSCA4Ukraine we
HEeCYTh BiJIMOBITAILHOCTI 38 HUX.

Hpyruit aBrop xoriB 0m noggkyBaTu [ncrutyry maremarndnnx Hayk imeni [caaka Hbro-
Tona B KeMOpupKi 3a HiATPUMKY Ta MOCTUHHICTD I1i1 dac «IIporpamum coJiigaprocTis, jie mnpo-
BoJMIacsd poboTa HaJ IUMH pedyiabraramMu. g pobora Oyia miarpumana rpantom EPSRC Ne
EP/R014604/1. Asrop xoriB 6u nogasikysatu kadeapi maremaruku KoposiBebkoro kose Ky JIon-

JIOHA 38 TOCTUHHICTD.
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BararoroukoBa 3asava 3 mapaMeTpaMu JJIs HeJiHIIAHOL

0araTo4acToOTHOl CUCTEMH 3 IMIIYJILCHOIO €0

Apociap BII'VH, Poman IIETPUILINH
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opisa @edvkosuua, Yeprisui, Yrpaina

y.bihun@chnu.edu.ua, r.petryshyn@chnu.edu.ua

OcHoBu gudepeHIialbHIX PiBHAHD 3 IMITYJILCHOIO i€l0 3akajeHi y monorpadii A.M. Ca-

moiterka 1 M.O. Tlepectioka [1]. ¥V momosiai posrisiaerbest 6araTo4acToTHa CHCTEMA BUTJISIILY

d d
o ea(x, @, et, s), & _ w(x,et) + eb(z, p,et,s), t#t,

dt dt (1)
Aw tZtk = €p<x7 SO? S)? A(plt:tk = €Q(x7 ()07 S)?

nex € DCRY, o e R" t€[0,L/)e], se€ G=R"¢ee(0e)] e <1, thy —tp =27, to = 0.
[Ipasi yactuau piBHsHb (1) HaEXKATH IEBHAM KJIacaM TIAJAKUX 1 27-MepioIUTHIX 110 ¢ (DYHKITIA.

Bamamo g (1) 6araToTouKoBi yMOBH

A(gj‘t:dn s 7x|t=dra S) = 07

d (2)
> Bj(liays- - Tli=a,» 5) Plieg, = C(@li=dr - - Tli=a, 5),
j=1

ne A — (n + {)-sumipuuit Bektop, B i C' — m-sumipni Bekropu, 0 < d; < dy < --+- < d, < L/e.
Mg snaxomxenns: po3s’s3ky {x(t,¢e),p(t,e)} cucremn piBusinb (1) 3 iMmysnbcHOO mi€ro,
SIKUiT 38/10BOJIbHSIE YMOBH (2), 32CTOCOBAHO METOJI YCEPETHEHHST 3a, IBHUIKUMI 3MIHHUMI, OOIDYH-
roBauuit y mororpadii A.M. Camoiinenka i P.I. [lerpummuna [2]. Yeepennena cucrema OyryeThest
6e3 IMITyIbCHOT JIil, 30KpeMa, KoMmionenTu {Z(t,¢),s5} poss’asky {Z(t,e), B(t,€),S5} ycepeaaeHol
3a/1a4i € PO3B’I3KOM 3a/1ati
dz . _ € _,_ _
i ea(z,et,s) + %p(x, et,s),

A(T’t:dm cet ﬂf‘t:dmg) =0.

(3)
Axuo icHye po3B’s30K 3aja4i (3) i MaTpurg

\
> Bi(@li=ar, - - Tli=a, 5)
j=1

HEBUPO/ZKEHA, TO 3HAIEMO JT0CTaTHI YMOBH iCHYBaHHsI € uHOTO po3s’s3ky {z(et), p(et), s}, upnu-
qoMy noxuoku ||z (t,e)—Z(t, )| 1 ||s—S3|| meroxy ycepeanenus acummnrornano masi auis ¢ € [0, L/e]
ie € (0,&0] must gocurh masioro g9 > 0.

3aIporoHOBaHU BUIIE METO/T JOC/IIPKeHHST PO3ZBUHYTO JIJIsi CUCTeM JTudepeHIliaJ bHIuX PiB-
HsHb 13 Maiizke TepioguIHuMu 10 ¢ PyHKIIMU a, b, p, ¢ Ta MOMEHTaMU IMITyJILCHOI i, sKi
3a/I0BOJIBHSIIOTH YMOBY

lim (tk-i-l — tk) =0>0.
k—o0
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Meroy ycepeiHEeHHS 3a MIBUJIKUMUA 3MiHHUME JIjIg 6araTo4acTOTHUX CHUCTEM i3 3alli3HeH-
HAM 1 TOYATKOBUMU, 6AraTOTOYKOBUMHU Ta IHTErDAJbHIMHU YMOBaMU OOI'DYHTOBAHUN y TPAISTX
d.J1. Biryna i P.I. Ilerpummuna Ta ix yunis. HoBuit Kiac y3arajbHeHIX 6AraTo4acTOTHAX CHCTEM
13 JIiHIITHO IEPETBOPEHNMHU apryMeHTaMHU 1 PI3HOI0 aCUMIITOTUKOIO JIJIsT TTOBLIBHUAX 1 MIBUJIKUX 3MiH-

HUX J0CTiKeno y mpari [3|. PosrisayTo 6ararodactoTHy cucteMy BUTJISLY

da

d_ = €%1X(7’, anp, @@),

fp wlr) W
o= +5%2Y(7—7 CZA,SO@),

dr o

ne s > 0,00 >0, >0;¢ € (0,60], 7> 0,a € D CR" D — obmexkena omykia 0bJacThb,
v € R™; ap(1) = (a()\lr),...,a()\pT)), 0< A <= <A <1, po(r) = (@(917),...,@(9q7)),
0<b0<---<0,<1.

[TobynoBana BijmoBiHA ycepeHEeHA CUCTEMa 3a MIBUIKAMEA 3MiHHUMM

da

0 =< Xolr.an)

dp  w(r) o _
E_—ef% +e YE)(T,CLA)

it oTpuMaHa OIliHKA ITOXMOKN METOJy YCEePEIHEHHS /I MOBLIBHUX 1 MBUAKUX 3MIHHUX BUIJISILY
e”|la(r,e) —a(r)|| + e |lp(r. ) = B(r, )| < cre™™ 7, (5)

e a = x/(mq), a|l;=0 = @lr=0, P|r=0 = P|r=0, ¢1 > 0 1 He 3a7eKUTD BiJ €.
Y KOKHOMY 3 HaBeJCHUX BUITQJIKIB MOOYI0BAHO MPUKJIAIN, Ki LIIOCTPYIOTH OJIepKaHi pe-

3yJIbTATH.
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AcCUMIITOTMYHI BJIACTUBOCTI PO3B’I3KIiB AndepeHIiaIbHIX
PiBHSHDL APYTOro MOPAJKY 3 €KCIIOHEHIIaJIbHOIO
HEeJTIHIHICTIO

Mapig BIJTOSEPOBA!, Oxbra YEITOK?

LOdecvruti navyionarvnuti ywisepcumem imeni I. I. Mewnuxosa, Odeca, Inemumym
mamemamuru HAH Vrpainu, Kuis, Yxpaina
2 o PTT - o . o . o . . .
Aepoicasruti 3axaad “Ilisdernmnoykpaincvkuti nayionaibrut nedazo2ivnutl Ynieepcumem wmMems

K. JI. Vwuncvrozo”, Odeca, Yxpaina

1 2

marbel@ukr.net, “ olachepok@ukr.net

Posrnsinaerses qudepenttiaibie piBHIHHS JIPYTOro HOPSIKY

y" = agp(t) exp <Ro(y, y') + exp(Ri(y, y’))>, (1)

e ap € {—1,1}, p: [a,w) = (0,400) (—00 < a < w < +00), a HenepepBHO JUbEPEHIHOBHI
dbyuxmii Ry : Ay, X Ay, — (0,4+00) (k € {0,1}) y neBrOMY cerci 6m3bKi /10 TPABIIIBHO 3MIHHIX
byuxuiit. Tyr V; € {0,400}, a Ay, nosnauae [y?,Y;)* a6o (V;,yY]. Takox mpurmyckaemo, Imo
dyukil Ry 3a10BOJBHAIOTH YMOBH

lim Rk(y07 ?/1) = +00,

(vo,y1)—=(Yp,Y1)
(¥0,y1)€ Ay XAy,

OR(yo, y1)
lim S /7 B Yki, piBHOMIpHO 32 y; # v (k,4,j € {0,1}).
s Brlyo, v)

s pisasiab Tuimy (1) po3risiiaeThest HACTYITHHUN KJ1ac PO3B’s3KiB:

Oznauenns 1 ([2]). Posp’ssok y, Busnadenuit ma [to,w[C [a,w[, piBusanma (1) HasuBaeTbCs
P, (Yo, Y1, \o)-po3B’sa3KOM, SIKIIO
/ t))Q

O g, w[— Ay, limy@#) =Y; (i=0,1 th:A.
Yy [07 [ Yo tTwy () ( ) )7 e y//(t)y(t) 0

Metoro pobotu € BcTaHOBJIEHHsT HeoOXimHuX 1 jocrarnix ymos icaysanus B, (Yp, Yi, Ag)-
PO3B’sA3KiB piBHsiHHS (1) Ta ACHMITOTHYIHOrO 306parkKeHHs Tpu ¢ T w JIJIg TAKUX PO3B’sI3KiB 1 IXHIX
HOXIJIHUX [EPIIOro MopsAIKy y Bunaakax Ao € R\{0, 1}.

st mofaHHs pe3ysIbTaTiB BBEJIEMO TaKi JOIOMIXKHI TO3HAYEHHS:

) t, Ipu w = +00,
T, (t) =
t—w, 1upnw < 400,

*Slkmo Y; = +oo (V; = —00), BBAzkaemo, mo y9 > 0 (y? < 0).
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B),
NoI(r
L Nol(7) a, upu [ " 01 ST = +0o0,
I(t) = / pV— dr, B
o (Ao = Dmy(7) w, TpH f(,\0/\0|1[) d7'<—|—oo

“lyo,y1) = (AoYoo + Yo1)Ro(vo, y1) + (Aoy10 + 711) R1(vo, y1) exp(Ri (o, 91))’
)

®0(Y0, y1) = O(Yo, y1)Yo exp(Ro (Yo, y1) + exp(R1(yo, ¥1))),

Fi(yo, y1) = é(yo, y1)? exp(Ro(yo, y1) + exp(Ri (Yo, 1)),

F(yo,y1) = ( Fl(yy_(? v) ) .

Yo

Ba Bracrusoctsvu dynkmiit By ta Ry (mus., nanpukiam, [1]) moxna obpartu y) Ta y) Tak,
mo6 Ha Ay, X Ay, icHysasna eauna obeprena dynkuis F1 = (Fy ', Fy )

OTpI/IMaHO HaCTYIIHY TeopeMy.

Teopema. Hexat Ay € R\ {0,1}. Todi ymosu

Ww(t)y?yg/\o(/\g —1) >0, Ww(t)y(l)ao()\o —1)>0 nput€ la,w),

1 I(t
Y- liTm |7rw(t)|*01—1 =Y, liTm L(t) = lim ( ) =1
tTw tTw

2 o (7 (ot )
g A0 Ao T(5() -
tho  I(t) Ao— 17 e Li(t)e ( <[ (1), 25 t)))

7 Ao—1

¢ neobrionumu ma docmammimu das icnysanna P,(Yy, Y1, A\o)-pose’askise pienannua (1).
Kpim moeo, pisnanns (1) mae odnonapamempuyne cimeticmeo poss’askie y eunadky (Ao —
1)8 < 0 ma dsonapamempuune cimeticmeo po3e’sasxis, sxuo (Ag—1)F > 0 ma (Ag—3)(Ao—1) < 0.

Zas Kootcno20 makozo pods’asky npu t T w Maomsb MIiCUe Mmaki acuMNMOMUYHE 300PaAAHCEHHA:

Ao exp(Ro(y(t),y'(t)) + exp(Ry(y(t),y'(1)))) 5~ I (t)
((Movo0 + 701) Ro(y(t), y’(t)) + (Aovi0 + 711) Ra(y(t), y'(t)) exp(Ry(y(1), y'(t)))) 7

Ty () X
y(t) Ao — 1
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YuceabHe OMIHIOBAHHA PeryJiaipHOCTI (ppakTabHUX (PYHKIIIii

Ha CKIHYEeHHUX MaclIiTadax

Tyurpo BOBNJIEB

Kpusopisvruti deporcasrutl nedazozivnuti ynisepcumem, Kpuesutd Pie, Yxpaina

dmytrobobyliev@gmail.com

[Tokazuuk perysspHocti dbpakTaabHOI PYHKIINT € ACUMIITOTHYHOIO XapPaKTEPUCTUKOIO, TO-
JIi 9K fOoro 4mcesibHA OIIHKA I'DYHTYETHCH HA CKIHYEHHIM ampokcuMaliil Ta oOMeKeHOMYy Hadopi
MacIITabiB. ¥YHACTIIOK ITbOTO CIIOCTEPEKYBAHU TTOKA3HUK MOYKE CHCTEMATUIHO BiJIPI3HATUCS Bi/I
ACUMIITOTHIHOIO HABITH 3a BiJICYTHOCTI BUIIAQJIKOBUX ITOXHOOK. Y POOOTI JTOC/IJIZKEHO JBa, JI2Ke-
pejia Takoro BiixujieHHs — OOMeKeHHsI (hPAKTAIbLHOTO Py CKIHYEHHOIO KIUJIBKICTIO LJIEHIB Ta
CKIHYEHHICTh MacCIITaOHOTO IHTEPBAJIY — 1 BCTAHOBJIEHO 1X B3a€MO3B 430K Y KPUTUIHOMY PEKHUMI.

Poszriianemo cimeiicrso
Faplz) =) Npl'z), 0<A<l, b>2 (1)
n=0

Jie  — obMmezkeHa nepiojgudHa L-rimmmuiesa GyHKIlig. o mporo Kiacy HajexkaTh KaacudHi ¢ppa-
kraabii dyuknil Beitepmrpaca i Takari [1, 2|. ¥V gucenbrux obuuciennsx pgaj (1) 3aMiHioeTbes

JaCTKOBOIO CyMOIO

N
N n T
iy (@) = ) Ae(b"a).
n=0
Mg mel
>\N+1
Frp— F oo < llllo .
[ Fx A oo < [l 1—\
Hexaix
w(z,r) = sup |F(z+ h) — F(x)|, wy(z,r) = sup [FN(z + h) — FM(z)].
|h|<r |h|<r
Tomi
)\N—H
w(z,r) —wn(z,r)| < dn, on = 2||<P||oom- (2)

Omrxke, BemvrHa 0 38/1a€ MPUPOJHUIA OPIl PO3IBHOT 3IATHOCTI: KO Wy (2, ) TOPIBHAHHA 3
O, TOBeIiHKa (PYHKIIT Ha I[HOMY MAaCIITabl ByKe He MOXKe HaIIiHO BiATBOPIOBATH aCUMIITOTHIHY
peryiaspHICTb.

OcobuBuii xapakTep Mae KpuTudHe criBBigHomenas \b = 1. CrangapTHe po30UTTs psity

3a JaCcTOTaMH, MEHIINMH i GLIbLIIME 32 11, 1ae

w(z,r) :O(rlogl) : r— 0.
r

Jlorapudmiaauit MHOXKHUK MTOPYIIY€ UUCTUN CTENEHEBUI 3aKOH 1 CIIPUYUHIOE CHCTEMATHIHE 3Mi-

IIeHHd ITOKaSHUKa, BUSHAYICHOI'O 3a CKIHYEHHIM iHTepBaIIOM.
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Teopema 1. Hexatii A\b =1 1 6 mowuyi x surxonyemvca
1
w(z,r) = C(x)rlog - (14 o(1)), r—0, C(z)>0.
r

s macwmabie v; = b7 edexmuenuti noxasnuk, 6UHAMEHUT CEKAHMHUM HATUAOM MIJIC T,
ma 1;,, 3a0060AbHAC
(3)

adf==1-—

loa(i. /i
'Og(J'l/Jo) +0(_ 1 | )
(41 — jo)logb J1— Jo
iiicno,

logw(x,b77) = —jlogb +log j + log(C(z)logb) + o(1),

TOMY JIOJIAaHOK log j 3MeHIye cKindeHHUN HaxXua. TakuM YMHOM, Y KPUTUYHOMY PEKUMi BUHU-
Ka€ JIeTepMiHOBaHE Biji'€MHe 3MIIEHHs OIIHKU PEryJIsiPDHOCTI, siKe HE YCYBAETHCs I IBUIICHHSIM
TOYHOCTI 00UYMC/IeHHA caMol (DYHKITII.

[oeananns (2) i (3) BusHauae obracTh MacTabiB, IPUJATHEX IS IHCEIBHOIO OIIHIOBA-
HHs. 3 0JIHOTO OOKY, Iepexij 0 MEHIINX 7" 3MEHIIYE CKIHYeHHO-MaCIITabHe 3MIMeHHs; 3 1HIITOro
— OCIWJIATIIST HAOJMKAETHCH JI0 TIOpora 0y, IOPOJKEHOr0 yCideHHdM psity. ToMy HMXKHIO MeXKy

JIOITyCTUMOT'O MacCIITaOHOTO 1HTEPBAJIY JIOIIJIHLHO BU3HAYATUH YMOBOIO
wn(z, ) > Ko, k> 1. (4)

fAxmo B kpurraaomy pexumi w(x,r) < C(z)rlog(1/r), To rpanuannii Macirad Mae 3a10BOJb-

HATN
1 AN

minl — X .
" Ongm 1—A

Otxke, TinbOIHA 0OMeKeHHsT (DPAKTAIBHOIO Psily CKIHIEHHOIO KUIBKICTIO UieHiB N Bu3Havae

He JINIIIEe TOYHICTH alfpoKcuMariili (pyHKIIl, a if HaliMeHIHil MaciiTad, Ha SKOMY 11 PeryJsipHicTb
MOKe OyTH JIOCTOBIpHO OlliHeHa. BcraHoB/ieHM 3B’ 430K MiK ITOXHOKOIO OOMEKeHHs (hpaKTa/ib-
HOT'O PAJIy CKIHYEHHOIO KiJIbKICTIO YJIEHIB Ta CKiHYeHHO-MAaCIITaOHUM 3MIIEHHAM JIa€ KiJIbKiCHUM
KpUTepiit BUOOPY MacIITabHOrO IHTEPBAJLY 1 MOACHIOE TIOBLILHY CTabL/Ii3aIii0 YUCETbHIX OIIHOK Y

KPUTHIHOMY PEXKIMI.
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OGepHeHna 3ajia4a 3 HEBIJOMUM JXKEPEJIOM y IIPOCTOpax
OeceyieBUX ITOTEHIIAJIIB

[Terpo BONKO, Iasmna JIOITYIIITAHCBKA, Ilerpo ITYKAY

Hauionarvruti ynisepcumem "Jlvsiscora nosimexnixa”, Jlveis, Yrpaina

Jveiscoruli Haytonasvhull yrisepcumem iment leana Ppanka, Jveis, Yrpaina
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s piBHAHHS
‘DPu+ (—A)2u = Fy(t)g(x) + F(x,t), (x,t) € Q:=R" x (0,T] (1)

3 ipoGoBoro moximoro Kamyro nopaaxy 8 € (0,1) i gpobosum namacianom (—A)?2, Busnadenum

i
3a fonomoroio nepersopenns Dyp'e: F, e[(—A)2v(x)] = |€|*F,_¢[v], BuBuaemo obepueny saary
u(r,0) = Fy(z), =eR", (2)

1
?/u(x,t) dt = ®(z), zeR" (3)
Q
po BU3HAYEHHs napu GyHKIl (u, g) npu 3ananux I, Fy, F, ©.

IIpu s € R, p > 1 no3navyaemo:

H**(R") = {v € §'(R") : [[ullmeren) = [|F (L + [€]) 2 F] |, ny < +o00}

— mpocTip OecesieBUX ITOTEHITIAJIIB,
C([0,T]; H*"(R™)) = {v(z,) = [[vllcqorymermn) = e fJo(-, )]

Co((0,T); H*P(R™)) = {v(@, 1)« [[ollcyoryasr@n) = Sup [0(s Ol rer(mn) < +003,
<(0,

Cas (10, ] H*?(R")) = {v € C([0,T]; H*+**(R")) : “Djv, (=A)**v € Cy((0, T); H**(R"))},

Hs,p(Rn) < +OO},

[0l e 0,03 50 @y = max {|vlleqoysmsten @ny),
1(=2)*"2] | ¢y o,rstrer @)y, 1Dl ey o,yser @) }-

BukopucroByemo [1] icmyBanns Bexrop-dyukimii I'pina (Go(z,t), Gi(x,t)) 3amaai Komi i

BUpas3n 11 KoMronenT depe3 H-dyukiiio Pokca, TaKoxK, 10

FooelGol, )] 1= Go(&,1) = 177 By p(—01") = 177 By p(—a® (1 + [€*)/(¢]17),
FonelGh(w,8)] := FlGa(w,t)] = Gr(€,1) = Ega(—a’(1+ |€*)7*¢|*7),

ae Eg (2) =) NPZT:#) — dyukiig Mirrar-Jledbdiiepa.
p=0
[Mapa (u,g) € Cap([0,T]; H¥P(R")) x H*"*P(R") nasuBaerbcs po3s’s3roM 3ajadi (1)-
(3), axmo Henepepsha byukuig u: [0,7] 3 t — u(-,t) € H*TP(R") (axka mae HemepepsBHi
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DPu(-,t), (=A)*2u(-,t) € H*P(R™)) 3amosonbuse pisusimms (1) y mpocropi HP(R™) upn KozKio-
my t € (0,7, a mogarkoBy ymoBy (2) i ymoBy (3) y mpocropi H*t*P(R™).

BukopucroByioun pesyibrar 2| npo ognosnauny poss’asuicts 3agaqi Komi (1), (2), gka €
anasiorom TeopeM /[la IIparo i ['picBapia nmpo MakcuMaJsibHy PeryJisipHiCTb PO3B’dA3KY, 3HAXOIMMO
JoCTaTHI YMOBH OHO3HATHOI po3B’siznocti 3amaqi (1)—(3) y Bciit mkasi mpocropis GecesreBnx

MTOTEHITIATIB.

Teopema 1. Hexati § € [%,1), a>p,1<p< l, s € R, F € Cy((0,T); H¥T*P(R™)), ug €
HstoP(R"), ® € H¥2P(R"), Fy € C[0, T fFo t)dt # 0. Todi icnye edunuti poss’asox (u,g) €

Cap([0,T]; H*P(R™)) x H*T*P(R™) s3adawi (1)—(3).

DyHKIIIS ¢ BUBHAYAETHCA Yepe3 Uu:

9(z) = 5 [T(~A)"B(x) — up(x) fa—s(T)

FCL’TdT xreR",

+
O\ﬂ

=

8

:L o

o

=

|

\]
O\ﬂ

U € PO3B’A3KOM JIIHIHHOTO IHTErpaJbHOTO PiBHAHHS DpejrosbMa IPYyTroro poiLy

t

. T
w(w,t) — ——— [ |ulz,n) = [ Fo(7)Go(z,t — 7)dr| fip(T — n)dn = vo(x,t), (x,1) € Q,
s)dso/ [ ! 0/ } ’ o )

y mpocTopi C([O, Ty, H5+O"p(R")), ze

t

w(e.t) = —— [ R0)[T (~8)20() — uo(a) fas(D)
fF( )ds 0

T
—|—/F:c ndn * Go(x,t — 7)dT + up(x) * Gy(x,t), (x,t) €Q
0

1 TyT omepariis 3ropTKH € 38 TPOCTOPOBUMHU 3MIHHUMU.

JlitTepaTypa
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MogemoBaHHA mpoliecy iHAEKIIITHOro 3aXBOPIOBAHHS 3
ypaxyBaHHSAM CTaHy OpPraHi3My B yMOBaX iMYHOJIOTIYHOI i
dapmMakoJIOriTHOl TepaIril

Annpiit BOMBA, Cepriit BAPAHOBCBHKIUN

Hauronanvrut ynisepcumem sodnozo 2ocnodapecmea ma npupodoxopucmysannsa, Piene, Yipaina

abomba®@ukr.net, svbaranovskyOgmail.com

[TepeBazkna OLIBIICTD ICHYIOUNX Mojesell iH(EeKIIHHIX 3aXBOPIOBaHb (hOKYCYIOThCA HA JIH-
HaMiIi 0OMeXKeHO1 KiJTbKOCTI KOMIIOHEHTIB IIPOIECY B MexKaxX TOCTPOro Iepiojy 3aXBOPIOBAHHS,
3aJIUIIAI0YH 11038 YyBarol XapaKTEePUCTUKHU, IO BU3HAYAIOTh 3arajbHy YKUTTE3/IaTHICTH OpraHi-
3MY y JIOBI'OCTPOKOBIIT IepCcreKTuBi. fIK HAC/IIIOK, TaKi MO/Ie/Il He JO3BOJIAIOTH OIIHUTH CyMapHUit
BILJIUB YCi€l CYKYITHOCTI TATOJIOTIYHUX ITPOTIECIB Ta TEePAIIEBTUYHUX BTPYYaHb, [0 BUHUKAIOTh ITPO-
TATOM yCHOT'O TIePiofy icHYyBaHHS 6i0J0TIIHOTO 00’€KTA.

Y poborax [1]-[3] npencrasieno pisui mopudikarii 6a3oBoi Mogesi, po3pobiieHi Jyist Ipo-
THO3YBaHHS JJMHAMIKM KOHIIEHTPAIlil aHTUTEHIB, aHTUTLJ, IJIa3MaTHIHUX KJITUH Ta BIJIHOCHOI Xa-
PaAKTEPUCTUKU YPasKEHHsI OpraHa-MilleHi 3 ypaxyBaHHIM Judy3iitHnX 30ypeHb, TeMIepaTypu B
yMOBax iMyHOJIOTIIHOT Ta apMakosoriaaol Teparrii. OKpiM 3a3HaY€HNX INHHUKIB, ITPOITOHYETHCST
Beectn dyukiio crany U = U(x,t), Mo XapakTepusye KUTTE3NATHICTH (200 €HepreTuIHuii mo-
TeHIias, pecypc, biomacy Toro) 6ioJ0riaHOro 06’eKTa B TOUIN £ Y MOMEHT 4acy t, 3aKOH €BOJIIOITT

AKOI 33JIaHO Y BUTJIAJI:

ou 0*U
5 = vy flx, t,U) —vim — U -V —v3(0 — 0%) + EQDUW,

ne f(z,t,U) — dyHKIIs, M0 onucye caMOPO3BUTOK 00’€KTa; APYTHUil, TPETiil Ta YeTBEPTHl UIeHH
[IpaBOl YaCTUHU BiJIOOPaKAIOTH JIECTPYKTUBHUN BILJIUB MipU YpaKeHHsI OpraHy-MillleHi, maToreH-
HUX €JIEMEHTIB Ta TeMIIepaTypd BiJIIOBIHO, a ocTaHHIN 4ieH omnucye audysiiine po3citoBaHHs
pecypcy.

[Torparuigang J10 OpranisMy B MOMEHT 4acy lg JI03U BipyciB V() 3yMOBJIIOE BiJIXUJIEHHS KPH-
Boi crany U(x,t) Bim i1 mpupogroi (disionorianoi) Tpaekropil. Onnc auHAMIKE 3HIZKEHHS 0~
Ka3HUKIB XKUTTE3JATHOCTI (30KpeMa JI0 JesTKOro KPpUTUIHOrO PiBHs U, 10 BU3HAYAE MOYATOK
poriecy MpUPOJIHOT HE3BOPOTHOT Jlerpajiallii 06’eKTa) Ha inTepsai [ty, t°] 3ilicHIOETbCS HAa OCHOBI
PO3B’SI3KY CHUCTEMU TUITY «IIPUPOIHUIT cTaH — XBopobay. [ljis 3amobiranus meperaacHiit perpaarii
OopraHiamy Ta HaOJIMXKEHHSI IIPOrHO30BaHOl KPUBOI CTaHy JI0 IPUPOJIHOI Ha BiIPi3KYy [to, t*] posrirsi-
JTA€THCS CUCTEMa «IIPUPOJIHUIT CTaH — XBOpoba — JIKyBaHHs». Lle m1ae 3Mory ontumizyBaTu mapa-
MeTPH Teparil Ta yXBaIOBATH OOI'DYHTOBAHI MeJINYHI PIllIeHHs 3 ypaxyBaHHAM 1HIUBIIyaJILHOTO

aJIAITAIllfHOTO IMOTEHIa/ly KOHKPETHOrO opranizmy. MareMaTndany Mojie/ib CUCTEMU «ITPUPOTHUN
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cTaH — XBOpoOa — JIKyBaHHA» C(HOPMYJILOBAHO Y BUIJIAJI TaKOl 3a/1adi:

& — WV +(B(0) —yF)V — VW +eDV L
% — ¢m)a(O)F(t — 1)V (t — 1) — p(U)(C — C*) — e>4,CW + 2D LS.
%I; =ul" 4+ p(U)C = (ny + YV )F — 2 FW + 5DF227§,
W= ul — B W — VW +eDW Y

=0V — pp(0)m + e2ysmW + 52Dmd o

8t o,
?«)ﬁ = Qy VF+04 VW — ug(0 — 0*) — Aol +€D932§,
W= vy fa,t,U) — vim — UV — v3(0 — 0*) + 2DV 2L,

C (z,tg) = C%(x) ,m (z,t9) = m° (x) , W (z,t9) = WO (x),0(x,t5) = 0°(z),
Uz, tg) = U%x), (x,ﬂ = V0 (x,f) ,F(x,f) = F0 (x,f) do—T <t<ty,
Jie MaJIuil mapamMeTp € BijloOparkae BiJIHOCHO CJIaOKU BILTUB JUQY3iiHUX 30ypeHb MOPIBHAHO 3
JIOMIHYIOUUMU MeXaHi3MaMu 1HQEKIIIHOro mporiecy.
g po3B’d3yBaHHSA BIJIIIOBIIHUX CHUHIYJIAPHO 30ypEeHUX 3a/1a4 i3 3alli3HEHHAM PO3podJIe-
HO KOMILIEKCHY OOYMCJIIOBAJIBbHY IPOIEIYPY, sIKy Peai30BaHO Ha OCHOBI CHHTE3Y MOKPOKOBHX,

ACUMIITOTHIHIX 1 YUCEIbHUX METOJIIB.
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Haban>kenuii po3B’a30K 3a4a49i ONTUMAJLHOTO KEPpYBaHHS
JJisl PIBHSIHHSA 3 TOX1JIHOI0 XYKyXapu 31 MIBUJIKOKOJNBHIMU

KoediIrieHTaM Ha MiBOCI

Kupuno BOHJAPEHKO, Onbra KIYMAPEHKO, Cepriit JAINKOBCHKUI

Odecvruti nayrtonarvrutl yrwisepcumem imens 1.1. Mewnurxosa, Odeca, Yrpaina,
Biticvrosa axademis (m. Odeca),

University of Wiirzburg, Wiirzburg, Germany

kirill.bondarenko@onu.edu.ua, olga.kichmarenko@gmail.com

B momosifi posrisiaeThed HemiHITHA 3a/1a9a ONITUMAILHOTO KEPYBAHHSA CUCTEMOIO, IO OITH-
cyeTbes JiudepeHIiaIbHUM PIBHAHHAM 3 MOXiHOIO XYKyXapu Ha IBOCI 3 MaJIUM ITapaMeTpoM i

MIBUIKOKOJIMBUMUMHI KoeillieHTaMu, HEJIIHIITHY 32 KePyBaHHAM

t
D= F (L)) x0.u0) = x m
ne € > 0 — masmit mapamerp, x : [to, 00] — conv(R™) xo € conv(R"), F : [ty, 00] X conv(R"™) x
R™ — conv(R"), wu(t) — m-BumipHuii BekTOp KepyBauHsd, u : [tg,00] — R™, u(t) € U C
comp(R™)

3 KPUTEPIEM SIKOCTI
T
T[] = / e Lt yo (1), u(t)) dt — inf 2)
0

Tyt L : [0, 4+00] X conv(R™) x R™ — R, j > 0 — dixkcoBana craa, 1Mo XapaKTepu3ye TUCKOHT.
BacTocyeMo 115t 11 PO3B’sI3aHHS METOJT, yCepPeTHEHHS.

Hexait icuye piBaoMipHO 3a X € conv(R™) ta u € R™ cepe/ue

$—00 S

lim (1 /0 CF(rxu)dr, FO(X,u)) —0, (3)

TYT iHTErpaJs Biji MHOXKHHHO3HAYHOTO BimoOpazkeHis po3ymiemo B cenci Jlebera-Xykyxapu.
Toni 3ajada onTUMaJbLHOTO KepyBaHHs Ha mmiBoci (1)-(2) 31 mBukokosuBHIME KoeDiIieH-

TaMW CTaBUTbCA Y BIAMOBIIHICTH ycepe/iHeHa 3ajla9a KEPYBaHHSI:

Dyn = Fo (n, u(t)), n(0, u(0)) = Xo. (4)

3 KPUTEPIAMH STKOCTi
T
Dol = [ L n(0), wle)de i, )
0

BusnavueHno ymMoBH, 3a SIKUX PO3B’I3KH MOYATKOBOI 3aj1a4i (1) 36iratoThest 710 pO3B’si3Ky yce-
perenol 3aja4i (4).
TakokK BCTAHOBJICHO YMOBH, 3a AKHX iICHYIOTh PO3B’{3KH 3a/1a9 OINTUMAJJILHOTO KepyBaHHS

(1), (2) Ta (4), (5). A Takoxk onTuMaJsbHI 3HAUEHHS KpuTepis skocTi 3aad (1), (2) 36irarorbes 70



157

ONTHMAJILHOTO 3HAaYCHHs KpUTepis sakocti 3aadi (4), (5) ra 36ikuicts po3s’askis 3a1ad4di (1), (2)
. : C :
110 po3B’s3KiB 3a1a4i (4), (5) 1 36ixkuicTb OnTHMAIBHUX KepyBaHb 3aja4i (1), (2) 10 onTuMaIbHOro
kepyBannsg 3aa4i (4), (5).
Bceranosiieno 38’430k MiXK 3a/[a4aMyi ONTUMAJIBLHOIO KEPYyBaHHs Ha CKIHYEHHOMY iHTepBaJIi

Ta BLIIIOBIIHOIO 3aJ1a9€i0 Ha IIBOCI.

TBepmxkenns 1. Jonycmumum KepysanHam € m-sumipri eexmop-@dynryii u(-) maxi, wo u(-) €

i de U — womnaxmua mmoorcuna 6 Ly([0, TY).

TBepmkenns 2. Bidobpasicenna F(t, x, 1) 6usnauene i HENEpepsne 3a CYKYNHICIIO aPeyMeH-
mie 6 obaacmi Qo = {t > 0, x € conv(R"), ue U C R™}, i:

1) F(t, x, u) 3adososvnae 6 QQ ymosy Ainitinozo pocmy 3i cmaaoto M, moomo
[F(t, X, u)l < M(1+[x])

ons 6ydv-suz (t, x, u) € Qo;
2) F(t, x, u) 3adosorvnac 6 Qo ymosy Jlinwuuys s3a x € conv(R"™) i uw € R™ 3i cmaaoiwo

A, mobmo

h(F (t’ X5 U) 7F(taX17 ul)) S /\<h (X:Xl) + |U - u1|)

das dosinonuz (t, x, w) i (t, x1, u1) 13 Qp.
TBepmxkennst 3. Qynxuyia L(t, x, u) 6usnauena i HENEPEPSHA 304 CYKYNHICMIO GPLYMEHMIE 6
obnacmi Qy = {t € [0, T], x € conv(R"), u € R™}, npusomy

1) L(t, x, w) pisnomipro sidnocno t € [0, T] i u € R™ nenepepsna 3a x € conv (R™);

2) L(t, x, u) 3adosoavhae 3a 3minnoto u 6 obaacmi Q1 ymosy Jlinwuys 3 KOHCMAHMON0
A>0;

3) pynruia ® : conv(R™) — R nenepepsna 3a .

Bigzraunmo, 110 3 ymoBu 2 3a Teopemoro Kapareogopi BUILIUBAE, IO JIJIsT KOXKHOI'O JOILY-

crumoro Kepysanus u(t) pos3s’asok 3amadi (1) x(t,u) icuye, eaunanit na BcboMy Biapisky [0, 7).
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Oame kjaac camoadinunx QyHKITA, acomiiioBaHNX 3
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Inemumym mamemamuru HAH Vrpainu, Kuis, Yxpaina
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Binbmiicts Henepepsaux dyHKIii y mpocropi C[0; 1] MaloTh CKIa/IHY JOKAJIBHY CTPYKTYDY
i dpaxraapui BaacruBocti. Cepes HUX OLIBIICTE € (DYHKINIAME Hijle He MOHOTOHHUMW 1 MaiOTh
HeobMexkeny Bapiarnifo. Taki GyHKINT € akTyaJbHIM 00’€KTOM CyYaCHUX HAyKOBHUX JOCJI2KCHb.
Busuaiorbes X ¢TpyKTypa, TOIOJIOrO-MEeTPUYHi, iHTerpo-audepenmiaibii BiaactuBocTi. OgHoMy
3 KJIaciB Takux (PyHKIH pucBIIeHa ,ZLOHOBiO,ZLob. .

Hexait ¢ = (qo, @1, -+ qny--- ), ¢ > 0, Z%qi =1;,9="(90,915-+Gns---), |gi| <1, Z%gi =1;
Bo =0, Bix1 = Bi + i, 00 =0, 0;11 = 6i+giz> 0, i€ No={0} UN. '

Teopema 1. Heckinuernna cucmema gynrkyionasvruz pienans f(G; + qx) = 6 + gif(x), i € N

y Kaact nenepepsnux Gyrnkyit na [0; 1] mae edunutdl po3e’a3oxk, AKUG GHAATMUYHO BUPAHCAEMBCA

0o k—1
f(x) = 5041 + Z 50% H gaj = Aa1o¢2...an...7
k=2 j=1

de
00 k—1
T =S + Z ﬁak H o; = AanZQ...an...'
k=2 j=1

Teopema 2. Hxwo g; > 0 daa 6ydv-axozo i+ € N, mo pynwkuia f € cmpozo MoHOMOKHOW PYyH-

Kui€ero po3nodiny, axa mae N -camoadirnui epadix I'y 3 nacmynnoro cmpyxmyporo

= U o)), de

!
T =P+ g,
/ .
y =0+ gy, i € No.
Teopema 3. Axwpo ichye g; = 0, mo dynruyia f € cuneyrapnoro GyHKUie1o KaHmMopPi6cvLKo20
Muny, MHONCUHG HECTNANOCTNE AKOT € caMOonodibr10, a i camonodibna po3MIPHICMD € PO36 A3KOM

pienanma Y, qF = 1.
i:g;#0

Teopema 4. fxwo g; # 0 daa 6ydv-axoeo @ € N 1 icnye g; < 0, mo dynxuia f € nide e
MOHOMOHHOI0 T MAE HEOOMEINHCEHY BAPLAULIO.
Hrwo icnye g; < 0, mo dynwuia f rne mae npomisCckic MOHOMOHHOCMI, OKPIM NPOMINCKLG

CManocmi, 1 Mae GPaxmasvoHi MHOHCUHYU DIGHIG.
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Teopema 5. Mae micue pienicmos

1 Z 52’%
/ flz)de = 22—,
0 ;)gi(h'

Teopema 6. dxwo f(x) — pynryia kanmopiccorozo muny,a X — 6unadkosa 6eAuMUNa, PIGHOMID-

no poanodinena na [0; 1], mo eunadkosa sesuvuna Y = f(X) mae wucmo duckpemnut po3nodia.

Teopema 7. Sdxwo ceped waenie nocaidosnocmi (py) ichyroms 610 emmi wucaa i Hyai, mo f

€ PynKryico Heobmescenol eapiayii, AKa He MAE NPOMIHCKIE MOHOMOHHOCE 3G GUKAOYEHHAM

NPOMIINCKIB CMANOCITI.

Y JI01I0BiIi ITPOIIOHYETHCs PE3YJIBTATH JIOCIII?KEHb 1 IHIINX BJIacTUBOCTEll (DYHKIIii o3Hate-

HOT'O KJIACy.
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Cucremu iHepIIiiftHOTO IIEpeHocy

Isan BYPTHAK, lNanrna MAJINIIBKA
Kapnamcvruii nauytonaronut yrisepcumem imeni Bacuas Cmepanuxa, Iearno-Ppanxiscok,
Vkpaina

ivan.burtniak@cnu.edu.ua

Mu noctijizKyeMo BUPO/IZKeH] TapaboJIivHi CUCTEMH, 0 y3araJbHIOTh PiBHIHHS Judy3il 3
IHEpIIi€o 3 YOTUPMa I'PylaMé MIPOCTOPOBUX 3MIHHUX, JI€é B TPHOX I'PYIax € BUPO/KeHHS mapabo-

JIMHOCTI, JIJIA CUCTEM i3 3MIHHUMEU Koedirientamu OyryeMo hyHIaMEHTAJTIBHAN PO3B 30K 3a/1adi

Kormi.
Hexait
3 Nj+1
Ou (t,x) — szﬂl‘aﬂ%ﬂu (t,x) ZAk t,x) DE u(t,x), (1)
j=1 p=1 |k|<2

te (t07T] y L= <$1,$2,x37I4) € Rnov X € an7

TLOZZTLJ', njznjH (j:1,2,3>, HJEN(jzl,,4)

u(t, ) }t:to = ug (). (2)
I,) Cucrema

O (t,x) = Y Ag(t,x) Diu(t ), (3)

|k[<2
piBHomipno napatosiuna B emysi Iy, 7 = {(t,x), x € R™, t € [to, T]}.
I5) Koedinientu Ay (¢, 2) oomexxeni Ta menepepsni B Iy, 11, npn |k| = 2 nenepepsuicTs 110
t piBHOMIipHO IO T, T € R™.
I3) Koedimientn Ay (t,z), |k| = 2 3ag0BosbHsI0TE yMOBY Lesbaepa [0 & 3 MOKA3HUKOM (v,
O0<a<l.
1)

ZAktxal katzalBo,

|k|=2 [k|=2
e By — MaTpudHUN MHOXKHUK, & Z‘ k=2 Tk (t,z) oF — omHopinHa GyHKIsA JIPYroro HOpsIKY JIs
BCIX O'lf.
OcHoBHUIT pe3ysbrat. fKio BUKOHYIOTHCS yMoBH [1)—I4), To cucrema (1) mae dynga-

MEHTaJIbHY MATPUIIO PO3B’I3KiB

F<t7x;7—7£) - G'0 (th;T7£77—7€> +/ n GO (t7x;ﬁ777t77)<)0(ﬂ7777—7£) d7d5

ne ¢ (t,x,7,&) — mykana dbyuknis. Marpuns Go (t, x;7,&,7,€) € dyHIaMEHTATBEHOIO MaTPUIEIO
po3B’a3kiB 3aa4i Ko ajis1 cucremn
3

Owu (t,x) — ijarjﬂu (t,x) = Z Ay (t,2) DEu(t,z), t>7>0.

j=1 |k =2
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Metoa nBobIYHMX HAOJJIM>KEHb HAa OCHOBI BUKOPUCTAHHS
kBa3idyukiiiil I'pina-PBadoBa y amajisi 3agaqi lipixie ajis
TPUBUMIPHOIO HEJIHIAHOTO PiBHAHHS TEIJIOOPOBIIHOCTI

Kocrantnn BACUJIUIITNH

Xapriscokull naytonaronul yrisepcumem padioesexmponiku, Xaprie, Yrxpaina

kostiantyn.vasylyshyn@nure.ua

Posriiinemo pocTopoBy 3aja4y HEJHIHHOI TeIIONPOBIIHOCTI
—div(k(T) grad T) = F(x,T), x€Q, (1)

T‘ag =0, (2)

ne T'— remneparypa, k(1) — KoedillieHT TEIIONPOBIIHOCTI, O 3a1eKUTh BiJl TeMueparypu 1,
F(x,T) — dbynxuig, mo xapakrepusye o6’eMue jizKepesio tera, 2 C R3 — obMezkene mpoctopose
Ti10, MexKero Of) SKOTO € KyCKOBO-TJIAJIKA TIOBEPXHSI, X = (X1, Ta, 3).
Hexait T'(x) > 0, x € Q, xk(T) — nenepepBHa i jofarHa (3arajoM KaxKydd, HesiHifiHa)
dyukuis remueparypu T, F(x,T) — menepepsHa i jojgarna dbyHKIs aist Beix x € 0, T > 0.
Axmo k(T) = G'(T), To 3amaqa (1), (2) 3amumerscs y BUNIAIL

~A(G(T)) = F(x,T), x€Q, (3)

Ty =0 (4)

jie A — TpuBumipHuit oneparop Jlamraca.

Baminoo v = G(T) zamauy (3), (4) 3Begemo 10 3aadi
—Av = F(X, G_l(v)) , X €, (5)

U‘ag = G(0), (6)
e T = G~'(v) — obeprena 1o v = G(T) byukis.
Axmo G(0) # 0, To B 3ama4i (5), (6) me mogarkoBo 3pobumo 3aminy v = u + G(0). Toxi

14 Cb}’HKLIll U OTpHUMa€EMO 3a/1a4y 3 O,ILHOpi,ZLHOIO KpaﬁOBOIO YMOBOIO
—AU = f(X7 U), Xc Qa (7)

0, (8)

Uy =

ne nosnaveno f(x,u) = F(x, G (u+ G(0))).
s BimmykaHHst 10/1aTHOrO po3B 3Ky 3aa4i (7), (8) 3acrocyemo mMeTo 1BoOIYHIX HAOIH-
JKeHb Ha OCHOBI BHKOpucTaHHs KBasidynkuil ['pina—Peadosa [1]. Biamosigro mo mporo meromy

3ama4a (7), (8) exBiBasieHTHA IHTErPAIBLHOMY DIBHSHHIO Y PHCOHA

u(x) :/QK(X,s)u(s) ds—l—/QQ(x, s)f(s,u(s)) ds, (9)
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1/ +4dwx)w(s) —r
Am /12 + dw(x)w(s)

1 1
s oneparopa —A y obiacti Q, K(x,8) = —Agg(x,s), g(x,8) = —- r =

dm \/r2 + 4w(x)w(s)’

|x —s|, a w(x) — enemenTapha HyHKILA, MO BiANOBIIHO j10 MeToy R-yHKIIii onucye reomerpito
obmacti €2 [2].

Pipranns (9) posraamarmvemo y mpoctopi C(Q) dymkmiit, Hemepepsrux B (), MO HaImib-

ae Q(x,s) =

— kBasidyukiisg ['pina—PBadoBa 1mepioi kpaitoBol 3a/1a4i

YIOPSIKOBAHO KOHYCOM HEBIJI €MHUX HellepepBHUX (DYHKINH K. Y3araJibHEHUM pPO3B’I3KOM u*
saga4i (7), (8) masBemo po3p’s3ok piBHsHHA (9), mo Hasexurb K. Hexait dynkuis f(x,u)
Ma€ JiiaroHasbHe nojaHas f(x,u) = f (x,u,u), jge HeBlI'eMHA (DYHKIIisT f (x, v, w) HerepepBHa 3a
CYKYIHICTIO 3MIHHUX X, ¥, W, MOHOTOHHO 3DOCTA€ 3a ¥ 1 MOHOTOHHO CIIaJa€ 3a w JJId BCix X € ().
Toni st pose’sizanus piBHsAHHs (9) MOXKHA 3alIPONOHYBATH HACTYIHUIT iTepariitauii mporec [1],

110 1BOOIYHO 30iraeThesd 10 u*:

ok ( K*(x,8)v®)(s) ds — K (x,8)w®) (s) ds+
/ (10)
/Q x,s)f (s, 0¥ (s) w(k)(s)) ds,
w* ) (x Kt (x,8)w®(s)ds — | K~ (x,s)v¥)(s)ds+
= J ”
/st F(s,w®(s),v9(s)) ds
k=012
v O (x) = 1(x), w9 (x) = wy(x), (12)

ne KT(x,s) = max{0, K(x,s)}, K~ (x,s) = max{0, —K(x,s)}, a 3a nmoyarkoe HaO/JMUKEHHSI
v (x), w®(x) obpano kinmi KomycHOro BimpisKa < vg, Wy >, AKMI € CHIBHO iHBAPIAHTHIM JITs
reTepOTOHHOTO ONEPATOPA, IO BU3HAYAETHCA [IPABOI0 YACTUHOIO PiBHsIHHSA (9).

Axmuo 3amana Tounicts € > 0, o irepanii (10)—(12) ciig mpoBoauTH JI0 BUKOHAHHS HEPiB-

nocri max(w® (x) — v (x)) < 2¢. Toxi 3 ToumicTio & Moxkna BBaxkaTn, mo u*(x) ~ u®(x), a
x€eN

orzKe, 1151 Buxignoi sazadi (1), (2) poss’szok T™(x) ~ G~ (u®(x) + G(0)).
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3acTocyBaHHs amapaTry HediTKol Jioriku MamagaHi aJjis
MO/JeJIIOBaHHSI PU3NKY OaAHKPYTCTBA BUPOOHMIMX

ITiIIMTPUEMCTB B yMOBaxX BOEHHOT'O CTaHY

Outena BIHHNYVYK, Tersna TOTNHYAH, lNamna IBACHOK,
Tounas ®PPATABYAH

Yepniseuvkul Haytonasvhut yrisepcumem iment [Opia @edvrosuna, Yrpaina

o.vinnychuk@chnu.edu.ua, t.hotynchan@chnu.edu.ua, h.ivasjuk@chnu.edu.ua,
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OrintoBanHst pu3uKy OAHKPYTCTBA MiIITPUEMCTB € BaXK/IMBUM 3aB/IaHHAM €KOHOMIKO-MaTEMATHTIHOTO
MojiestoBantsd. Tpajuriiitai mijaxoan 10 TpOrHo3yBaHHs (iHAHCOBOI HECIIPOMOXKHOCTI, 30KpeMa
JCKPUMIHAHTHI MOJIE, MepeBaXkKHO I'PYHTYIOThCA Ha KITbKICHUX (hiHAHCOBHX MOKasHUKax [1].
Boanowac cydacui ymoBu (YHKITIOHYBAHHS BUPOOHUYUX MiIIIPUEMCTB XapaKTEPU3YIOThCS 3Ha-
YHOIO HEBU3HAYEHICTIO, 3yMOBJICHOIO HECTAOIIbHICTIO PUHKIB, TIOPYIIEHHAM JIOTICTUIHUX 3B A3KiB,
eHePreTUIHUMU OOMEYKeHHSIMY, KaJ[POBUMU MTPOOIEMAMK Ta BOEHHUMU PU3UKAMU. 3& TAKUX YMOB
BUKOPUCTaHHs JuIe (DiHAHCOBUX IMOKA3HUKIB He 3abe3Ievuye MOBHOTO BiIOOpaKeHHS YNHHUKIB,
[0 BU3HAYAKOTH CTIHKICTE mianpuemcrBa. OHUM i3 MaTeMaTUIHAX IHCTPYMEHTIB (popMasizaril
indopmariii, o XapaKTepU3yeThCs HEITOBHOTOIO Ta HEBU3HAYEHICTIO, € alrapaT HeIiTKUX MHOYKUH,
sanpononosanuit JI. Sase |2]|. HeuiTkuil miaxia jgae 3Mory BUKOPHCTOBYBATH 9K KITBKICHI, Tak 1
JUHTBICTUYHI XapaKTEPUCTUKU TTOKA3HUKIB, & TAKOXK BPAXOBYBATU B3a€MO3B SI3KM MiXK HUMHI 3a
JIOTIOMOT'O0 €KCIIEPTHUX MMPAaBUJI. 3aCTOCYBAaHHS HEUITKUX MOJIEJIel /10 OIiHIOBaHHS PU3UKY OaH-
KPYTCTBa MiNPUEMCTB JIOCIIZKYBaJIOCst, 30KpeMa, y poborax |3, 4].

Metoro mociizkeHHsT € PO3POOIEHHST eKOHOMIKO-MaTEMATUIHOI MOJIEI OIIHIOBAHHS PU3UKY
6aHKpyTCTBA BUPDOOHUYIUX IIIIPUEMCTB Ha OCHOBI anapary HediTKol jioriku Mamgani 3 ypaxysa-
HHAM crienuikn X (PyHKIIOHYBaHHSA B YMOBaX BOEHHOT'O CTaHYy.

3arpornoHoBaHa MOJIETh epegdadac KOMILIEKCHe BpaxyBaHHs (DIHAHCOBUX, BUPOOHUINX,
MapKETUHI'OBUX, JIOTICTUYHUX, €eHEPIeTUYHNX, K&IPOBUX Ta BOEHHO-eKOHOMIYHUX YMHHUKIB. Jj1s
3MEHITIeHHST PO3MIPHOCTI 3a/1adi Ta 3abe3IevueHHs CTPYKTYPOBAHOIO IIPeJICTaB/IeHHs iHdOpMaIiil
MEPBUHHI TTOKA3HUKU O0’€THAHO B JIEB'dATH iHTErpajbHUX XapaKTePUCTUK: (PiHAHCOBA CTIHKICTH,
Kpe/INTHE HABAHTAXKEHHA, MPUOYTKOBICTb JIiAJIBHOCTI, BUPOOHNYA e(PEeKTUBHICTb, e(DeKTHUBHICTH
peaJtizarii MpoJyKIIil, JIOriCTUYHA CTIHKICTh, eHepreTuydHa Oe3reka, KaJpoBa CTIfKiCTb, BOEHHO-
€KOHOMIYHUIT PU3UK.

3HaveHHsT IHTErpaJbHIX MOKA3HUKIB (POPMYIOTHCS Ha OCHOBI HOPMOBaHUX MEPBUHHUX Xa-
PAKTEPHUCTHUK i3 BUKOPUCTAHHAM BaroBUX KOoeMiIieHTIB. Y 3araJbHOMY BUIJIS/I arperyBaHHsd I10-

Ka3HHUKIB MOXKHA, II0JJaTH AK

j
Xj= E DijZij,
1=1
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Jie X — j-it inTerpaJbHuil IIOKa3HUK; N — KIIBKICTD CKJIIOBUX j-TI'0 IHTErPaIbHOIO IIOKA3HUKA; Tjj
— {-Ta CKJIaJIoBa j-I'o IHTerpabHOr0 MOKa3HUKA; P;;— BaroBuil KoedilienT BIUIMBY IIi€l CKJIa/10BOI,
upudomy p;; > 0, Z:Zl pij = 1. llokasuuku p;; inTeprperyiorshes K Barosi koedinientn (qacTku
BILIMBY ), & Y BUIIQJIKY HMOBIDHICHUX OIIHOK $IK /iIMOBIDHICTDb BILIUBY.

Hacrymaum etarmom mojiesnoBanid € (pa3udikaliis iHTerpajbHIX MOKa3HUKIB, TOOTO BU3HA-
YeHHd CTYTEHIB 1X HAJIEXKHOCTI Bi/ITOBITHUM JTIHTBICTHIHUM TepMaM. /[ XapaKTepuCTUKN CTaHy
daKTOPiB BUKOPUCTOBYIOTHCS TEPMU «HU3LKUIT», «CepeJiHiily Ta «BUCOKUIT». BUXigHOIO 3MiHHOIO
HEYITKOI CUCTEMH € PU3UK OAHKPYTCTBA, IKWII TAKOYXK OMUCYETHC BiJIIIOBLIHUMHA JIIHTBICTUIHIMUA
PiBHSIMM.

JInst BCTAHOBJICHHS 3aJI€2KHOCTI MiK CTaHOM IHTErpaJibHUX (DAKTOPIB Ta PIiBHEM PU3UKY
H6aHkpyTcTBa CHOPMOBAHO €KCIIEPTHY 0a3y 3HAHB i3 CEMU HEUITKHUX MPAaBUJI, IO BiJI0OparKaioTh
XapaKTepHi crieHapil (pyHKIIOHyBaHH MiIIIPUEMCTBA: MiHIMAJILHUN PU3UK OAHKPYTCTBA, (DiHAH-
COBY KPH3Y, BUPOOHUYO-MAPKETUHTOBY KPHU3Y, KPUTUYHWUI BOEHHO-ONEPAIiHNI BILIUB, CTiiiKe
GYHKITIOHYBAHHA B yMOBax BilffHU, THIIOBHUIl CTaH MiJNPHEMCTBA Ta KOMOIHOBAHUI HEraTUBHUN

clleHapiit. Y 3arajJbHOMY BHIVISI IPABUJIO HEYITKOIO BUBEJIEHHS MAa€ BUTJIA

ATl(Xj1) VAN AT’2(Xj2) VANPISAN ArmT(ijr> = BT(Y)7 e {1, e 7},

Je le,...7X

jm, - — IHTErpajbHi IOKA3HUKHM, 0 BUKOPUCTOBYIOTLCA B 7-My IIpaBuii; A, — Biz-
HOBiJTHI JIIHTBiCcTUYHI Tepmu; Y — BHXi/iHa 3MiHHA «PU3UK OAHKPYTCTBay; B, — BUXiIHUIT JIHTBI-
CTUYHUIT TepM 7-TO MPaBWIa; M, — KUIBKICTb YMOB y 7-MYy IPpaBUJIL.

Ha ocuoBi cpopmoBanol 6a3u 3HAHb PEATIZYETHCA AJTOPUTM HEUYITKOI'O JIOTIYHOIO BUBEJIE-
HHg Mamjani, gkuil nepedoadae (aszudikalliio BXiIHUX JTaHUX, BUBHAYEHHS CTYIEHIB aKTHUBAIIil
[PaBWJI, arperyBaHHs iX pe3ysbTariB Ta jieda3ndikariio BUXiIHOI HEUiTKOI MHOXKUHU. Y DPe3yJib-
TaTi BU3HAYAETHCS IHTErpasjibHe 3HAUEHHS PU3UKY OAHKPYTCTBA, & TAKOXK CTYIEHI HAJEYKHOCTI
T IITPUEMCTBA /10 BIITOBITHUX JIHTBICTUYHUX PIBHIB PUBUKY.

OcobMBICTIO 3aIIPOITOHOBAHOI MOJIEN € MOXKJIMBICTh BpaxyBaHHSA OJJHOYACHOTO BILINBY pi-
3HOPIJIHUX YMHHHUKIB. 30KpeMa, BHCOKHUII BOEHHO-€KOHOMIUHWIT PU3MK HE TPAKTYETbCS K 0e3-
YMOBHa& O3HAKA BUCOKOI'O PHU3UKY OAHKPYTCTBA. 3a HASIBHOCTI JIOCTATHBOIO PiBHS (hiHAHCOBOI,
JIOTICTUYHOI, eHePreTUIHOI Ta KaJIPOBOI CTIKOCTI MiIITPUEMCTBO MOXKe 30epiraTv MpUuHATHUNR Pi-
BeHb (pyHKIionyBanH«. [le ae 3Mory O11bIT a/IeKBATHO Bi0OparkaTH CKJIa IHI ClieHAPiT Mg/ TbHOCTI
MiJITPUEMCTB B YMOBAaX BOEHHOT'O CTAHY.

Taxum amHOM, 3aCTOCYBaHHSA allapaTy HediTKol joriku Mamaani j1ae 3Mory moeHaT Kijlb-
KiCHY Ta dKiCHY iH(OpMAIliio, 3MEHITUTH PO3MIPHICTb MOJIE MIJIIXOM arperyBaHHs TEePBUHHIX
MMOKA3HUKIB Ta BPaxXyBaTH KOMILJIEKCHUI BILJIUB BHYTPINIHIX 1 30BHINTHIX YUHHUKIB Ha PU3UK OaH-

KPYTCTBa BUPOOHUYOTO ITi/IIIPUEMCTBA.
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Bajadi cramionapuol audysii 3 0JHOYACHUM PO3IMAJIOM PEUOBHHU Ta XIMITHOIO PEAKINEO
BUHUKAIOTHL IIPU OINUCI OKUCHEHHA TOPHUCTUX MaTepiasiB, Judy3il KUCHIO BCEPEJMHY BYT1IHHOL
JaCcTUHKH Ta POOOTH IMOPUCTUX KaTaJizaTopiB. [IIBuakicTh peakiiil 3a/exKUTh Bij KOHIIEHTpAIIL
HeJIHINHO, a JIJId PeakIiiit JIpoOOBOro MOPSIKY — 3& CTEIIEHEBUM 3aKOHOM 3 TIOKA3HUKOM, MEHIITIM
3a OJIMHUITIO. TOYHI PO3B’SI3KM TAKMX 3aJia4 BIJOMI JIMIIe B TIOOJUHOKUX BUIAJIKAX, TOMY aKTy-
aJIbHOIO € PO3PO0Ka KOHCTPYKTUBHUX METOJIIB X HAOJIMKEHOTO PO3B’A3aHHSI 3 OIIHKOK ITOXHOKH.

Posrnsgremo mrockuit mopucTuii map 3aBTOBIIKY L, y SKOMY IepEHECeHHs] peareHTy OIMUCYE
zakon Dika. Bajanc pedoBuHU B ejleMeHTApPHOMY 00’€Mi B CTAI[lOHAPHOMY PEYKUMIi JIa€ PiBHICTD
HYJII0 cyMu Judy3iifHOTO YjieHa, YjieHa JIHINHOTO POo3MaJly 31 CTAJ00 > Ta IIBUJIKOCTI PeakIlil.

s peakiiii JpoOOBOro MOPAIKY p Yy 0e3pO3MIpHUX 3MIHHUX MAaEMO PIBHIHHA

—u" + k*u = P, z € (0,1), (1)

xL?
D

3aJIE2KHOCTI MBUJIKOCTI PeakIlil Bijl KOHIIEHTPAITl.

ne k? = — kBagpar moxyis Tine, D — koedinient qudysii, p € (0,1) — cryninb Hesiniiinol

KpaiioBi ymoBI BHU3HAYAIOTHCS TUM, 10 BiIOYBA€TbCs Ha MexKax mapy. SKImo oouasi da-
CTUHU MeXKi OMHUBAIOTHCS YUCTUM DO3YNHHUKOM, KU OJpa3y BUHOCHTDH 3aJIMIIKH PEareHTy, TO
KOHIIEHTpAIlisl HA HUX HYJIHOBA; SIKIIO 2K OJIHA 3 YACTUH MeKi HEIPOHUKHA, TO HYJIbOBUM € MOTIK

pevoBUHU Kpi3b Hel. OTKe, MAEMO JIBA TUIM KPAOBUX YMOB:
uw(0)=0, w(l)=0 Ta w(0)=0, u(1)=0. (2)

[Mlykaerbes poparuuii Ha (0, 1) po3s’si30K KOXKHOL 3 BIIMOBIIHUX KPAHOBUX 3a,1a4.

Ob6uaBi 3aja4i JOCTIRKYIOTHCA METOJaMU HeJHIHOrO (DyHKIIOHAJIBHOIO aHa/Ii3y B Ha-
HiBYTIOPSITKOBAHUX IpocTopax [1]: kpaiioBa 3a/ava 3BOAUTHCS 10 PIBHOCHIBHOIO IHTEIPAJBLHOTO
PIBHSAHHS, & JI0 floro po3B 3Ky OYy/IyIOThCs JBI MTOCJIIOBHOCTI, IO 30iraloThCd 3BEPXY 1 3HU3Y Ta
JIAIOTH AIIOCTEPIOPHY OIHKY ITOXUOKH.

®yukuii ['pina oneparopa Lu = —u” + k*u na [0, 1] jyis 1ux 33724 MaloTh BULJIsL

1 sinh(kz) sinh(k(1 —s)), 0<z <s,

Gi(z,s) = —————
ksinh & sinh(ks)sinh(k(1 —z)), s<az <1,

1 sinh(kx) cosh(k(1 —s)), 0<z <s,

Go(z,s) = ————
k cosh k sinh(ks) cosh(k(1 —x)), s<a <1
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[pu k > 0 o6uasi dysKIi Hesix'emui y kBaapari [0, 1]2.
Ha wonyci KT wmesip’emuux y C[0,1] dyukuiii koxkHa 3 KpaiioBux 3aja4 eKBiBaJeHTHA

HeJIIHIITHOMY 1HTerpaJibHOMY PiBHAHHIO ['aMmepriTeiina

() = /0 Gz, 5)uP(s) ds = (Tu)(x), (@)

ne G(z,s) — sianosinua dyskiis [pina (3). Oueparop T Ha konyci K' € qomaTHuM, IIJIKOM

HelepepBHUM, MOHOTOHHUM Ta Uo-YBiI‘HYTI/IM, e

() = /0 o) ds.

YMOBa Up-yBIrHYyTOCTI BUKOHYETHCsI TOMy, 1m0 T(Tu) = 7°Tu, a 77 > 7 upu 7 € (0,1), i ne
3aJIe2KUTh aHi BiJl THUITYy KpailoBUX yMOB, aHi Bif k. 3Biacu KoxKHa i3 3a7a1 Mae He OiIbIle 0JHOIO
JIOJATHOTO PO3B’A3KY.

s monoToHHOTO omeparopa T moby/yeMo iHBapiaHTHUIT KOHYyCHUI Biapizok (vg, wp), je
vg = aug, wy = Pug, a cram a1 f (0 < a < ) Bubupatorbesa 3 ymoB Tvy > vy, Twy < wy.
Ockinbkn T(vyug) = yPTug, 1i yMOBU piBHOCHIBHI HepiBHOCTAM o' ™P < m T1a 7P > M, ne m i

M — naiimentie Ta HaiiblibIre 3HAYEHHS (DYHKITIT

(T'ug) ()

? = @

1 1
ua (0,1), 3Biakn a < mi—», § > MT».

Jlasti posryisstHeMo cxeMmy TOC/IiIOBHUX HaOJIMZKEHb

%mwzﬁeu@ﬁ@w, mmwzﬁem@%@@, (5)

n =0,1,2,... Hocrigosuicrs {v,(z)} He cnagae 3a konycom K1, a mocainosicts {w, ()} He

3pocTae, TOOTO MalTh Miclle HEPIBHOCTI

voSvp <o <o

— ¥n

< << <w

— n

< S wp < wy,

Jie u* — ToYHU Po3B’A30K BiAOBIIHOI KpaitoBol 3aa4di. Habmkenum po3s’si3koM Ha n-it itepariil

Oyne dyHkitis
Up + Wy
Up = )

2

IIPA 1IBOMY TTOXUOKA OIIHIOETHCS HEPIBHICTIO

1
—ul < = — .
|up —u|| < 5 max (wn () — vn(2))

Omneparop T oaHOPIIHMIT CTEIEHs P, IO A03BOJIIE CKa3aTH Mpo 30iKHicTh Oiibire. [lo3Ha-
B

quBIIHN 0 = =, IHJIYKIIEIO 38 N OTPUMYEMO TOYHE CIIBBIIHOIICHHS

wy(z) = 07" v, (),
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npaBubHe TP Beix n i x. OTxKe, BiAHOCHA IIUPUHA JBOOIYHOI CMYTHM OJHAKOBA B YCiX TOUKAX

BiJIpi3Ka, BiHOCHA IOXUOKA OIIHIOETHCA AK

a MOTPIOHY KIIbKICTB iTeparliil /i1 BiJHOCHOT TOYHOCTI € MOYKHAa BKa3aTH HAIIEPe/I, IIIe 10 3aIlyCKy

IIpOIIECy:

1 In(1 + 2¢)
>|— In—— 21,
n_{lnp i Ind -‘

(6)
Ha Bimminy Bij amocrepiophoi, orinka (6) € anpiopHOO 1 He 3a/e:KUTh aHi Bij BUNIsiAy ByHKII
['pina, ani Bij THIy KpailoBUX yMOB.

Hab6mekeni pos3s’ssku 3HaxoAuauch npu k = 1 3 BigHocHoio Toumicrio € = 107°. V Ta-
O/TUITl HaBEIeHO HOPMY HAOJIMZKEHOTO PO3B A3KY Ta KIJLKICTH iTepalliil 3a/1e2KH0 BiJT p; (pakTuIHa

KUIBKICTB iTepalliif y BCiX BUIaJKaX CHIBIAJAE 3 AlIPIOPHOIO OMiHKOI (6).

P 0,1 0,3 0,5 0,7 0,9
3adava 3 u(0) =0, u(1) =0

o 0,7442 0,3242 0,0741 2,11-107% 6,29 10"
B 0,7663 0,3598 10,0928 4,00-1072 5,99-10"10
|un|l | 0,0867 0,0405 0,0103 4,28-10"* 5,28-10"!

n 4 8 15 32 117
Badaua 3 u(0) =0, v/(1) =0
a 0,837 0,5110 0,216  0,0300  1,26-10~5

B 0,8711 0,5895 0,2937  0,0583 1,85-107°
|un|l | 0,3064 0,2062 0,1012  0,0192 4,83-1076
n 4 9 16 32 119

Jliteparypa

[1] Boponernko M./I., Cumopos M.B. Koncrpykrusae fgoc/izkeHHs HeTHITHIX KpaiioBuX 3a/1ad

JUId 3BUYaiinux judpepenniaabHuX piBHAHBL. Pajtioenekrponika i indopmaruka. 2018. Ne 1.

C. 48-54.



170

YnceabHnii aHaJi3 OJHIE] MATEeMAaTUYHOI MOJIeJIl
MIKpPO€eJIEKTPOMEXaHIIYHOl CICTEMI METOA0M JABOOIIHMX

HaOJIMXKeHb 3 BUKOpucTaHHaM kBa3idynkmii I'pina-PBadoBa

Mukura I'BO3IEB

Xapriscokutll naytonaronul yrisepcumem padioesexmponiku, Xaprie, Yxpaina

mykyta.hvozdev@nure.ua

Tunosa Mikpoe/ieKTpOMeXaHiuHa CTPYKTYPa CKJIQJIAE€THCsI 3 TOHKOT IIPYZKHOT IJIaCTUHE (BepX-
HIll eJIeKTPOJT) Ta YKOPCTKOI MPOBIIHOT MifKIaaKu (HIDKHIN eekTpos). MixK elekTpogamu € mo-
BITPSAHMIT 3a30pD 1 JI0 €JIEKTPOJIB MPUKJIAJIeHa HAIIPYTa, [0 CTBOPIOE €JIeKTPOCTATUYHE IoJe. 3a
JIeTKUX J0JIATKOBUX IPUIYIIIEHb MaTeMaTUIHOIO MOJIEJLIIO0 TaKOl MIKpOeJIEKTPOMeXaHI9HOI cucTe-
Mu Oyjie HACTyIHA 3a1a49a Hap'e /1 HAIMB/IIHITHOTNO PIBHAHHSA Y€TBEPTOTO MOPSJIKY €TIIITUIHOTO

Ty [1]:
A

= Au|aQ =0, (2)

Ay — y*Au = X = (21, 22) € €, (1)

ul o,
ne u — nporun Mem6panu, 0 < u(x) < 1, x € ; Q C R? — mjiocka 06/1acTh 3 KYCKOBO-TJIaJIKOIO
mezkero 0f), sKa 3aj1a€ bopMy IIACTHHE; ¥2 — BiJIHONIEHHHA HATATY JI0 }KOPCTKOCTI; A — HapaMeTp
€JIEKTPOCTATUIHO]L JTil.

BayBaxkumo, 1o 3a71a4a (1), (2) 3amucana y 6e3po3MipHUX 3MIHHUX.
[Mokyasmmm u; = u, ug = —Au, 3a1a4dy (1), (2) 3aMiHIMO TEPIIOI KPAOBOIO 3a/1a9er0 JIijIs
CHCTeMU eJUITHYHUX PIBHAHL APYIOro HOPSIKY:

A

m, x € (), (3)

—Aul = Usg, —AUQ + ’YQUQ =

U], = 12|y, = 0. (4)

Bsaxkarumemo, 1o reomerpito obaacti €2 MoxKHa onrcaT MeToaoM R-yHKIi i moOypyBaTn

UM METOJIOM eJIeMeHTapHY (DYHKI0 w(X) Taky, mo w(x) > 0y Q, w(x) = 0ra 00 i |Vw(x)| # 0
na 0f). BukopucroBytoun meros kBasidynkuiit I'pina—Peavosa |2]| Bix 3azadi (3), (4) nepeiinemo

JIO €eKBIBAJIEHTHOI CUCTEMU IHTErPAJIbHUX PIBHAHBL Y PUCOHA

uy(x) :/QK(X, s)us(s) ds—l—/QQ(x, s)us(s) ds, (5)

QW (x,8)
(1—wuy(s))’

Q(x,s) = Qi In \/1 + —4w(x)w(s)

T 72

() = /Q KO(x, 8)us(s) ds + A /Q ds, (6)

e
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— kBazidynxmia ['pina-Psadosa mus onepatopa Jlamraca —Au y mpoctopi R?;

QU (x,s) = % (Kolrr) = Ko (1/17 + 4w(x)(s) ) )

— kBasidynkmnig ['pina-Psagosa mas oneparopa Lempyromnbina —Au + v2u y npocropi R

0? 0?

K(X, S) = _a_s%g(xa S) - 8_83‘&()(’ S)’
0 0?
K(”(x, S) _8_ (v)(X S) _ @g( )(X S) + g(w)(x s)
2
ge X = (r1,72), 8 = (51,82), 7 = [x — 8] = \/(751 —s1)? + (2 — 52)%, Ko(2) — momucpikoana
dynkmia Beccerss apyroro pomy,
1 1 1
g(x,8) = —In , N(V)x,s:—K( r2+4wst>.
g(x.s) 2m \/7"2 + dw(x)w(s) §0xs) or " 7\/ GeJets)

Ha ocnosi cucremu (5), (6) MOxKHA 3aIPOIIOHYBATH O3HAYEHHSI y3araJlbHEHOTO PO3B’SI3KY
sazadi (1), (2), a Takoxk oOyryBaTH iTepaniitauii mporec JBOOITHOrO Xapakrepy 361KHOCTI, sSKuii

JIO3BOJIUTH AITPOKCUMYBATH 1 IMyKaHUI PO3B’A30K, i fioro yamtacian. [leit mporec mae BUTISA

v§k+1 /K+xsv1 )ds — /K x,8)w; "’ (s)ds + /stv2 S,

1 QO (x,s)
k+ /K X, S)v ds—/K X, S)w ()ds+)\ des,

(kH /K+xsw1 ds—/K X, S)U ds—{—/st s)ds,

k+1 /K X, S)w ds—/K X, S)v ()cierA/Q (1Q )(:)’(S>>2d5,

w; (8)

[\

k=0,1,2,...,
o) =), 0 ) = ud(x), w9 = ui(x), wp’ (x) = wi0),
e
K, (x,s) =max{0, K(x,s)}, K_(x,s)=max{0,—K(x,s)},
K7 (x,5) = max{0, KP(x,5)}, K" (x,s)=max{0, K" (x,s)}.
[TouaTKOBUM HAOJIMZKEHHSIM JIJIsl 3al[POLIOHOBAHOTO IT€PAIIfHOr0 poIecy 06UpaoThCs KiH-

Hi CHJIBHO iHBapiaHTHOFO KOHYCHOI'O Bi,H‘piBKa JJId TeTEepOTOHHOI'O OllepaTOopa, IO BU3HAYAE€TbHCA

paBoro YactuHoro cucremu (5), (6).

Jliteparypa

[1] Laurencot P., Walker C. A fourth-order model for MEMS with clamped boundary conditions.
Proceedings of the London Mathematical Society. 2014. Vol. 109. Ne 6. P. 1435-1464.

[2] Sidorov M. V. Method of two-sided approximations for finding positive solutions of boundary
value problems for semilinear elliptic systems: the use of the Green-Rvachev’s quasi-function.
Journal of Numerical & Applied Mathematics. 2018. Ne 2 (128). P. 96-113.
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Haiikpanii nabamkenHda KiaciB tTuity Hikosbcbkoro —BecoBa
nepioanvyanx PyHKIIIH 6araTbox 3MIiHHUX Yy HIIIIPOCTOpPax

Jlebera

Csitnana 'TEMBAPCBKA

Boaurncokuti mauionarvnut ynisepcumem iment Jleci YVepainxu, Jlyyok, Yrpaina

gembarskaya72@gmail.com

Hocmimkyorbess Hab/IMKEHHs KJ1aciB Bz?ﬂ nepiojmaaux HyHKIiH Gararbox 3MiHHUX, jie () =
d
w([]t;), a dyuxuis w(7) — 3amana GyHKIA oHiel 3MIHHOT T THILY MOJYJIsI HEIIEPEPBHOCTI HOPSI/T-
j=1
Ky [. Bazkaemo, 1o g dynkuia 3agoBosnbige ymosu (S) ta (S)), gKi HASHBAIOTHCS yMOBAMA
Bapi —Creukina.

O3HAYNMO AITPOKCUMAIIIHHY XapaKTEPUCTUKY, KA HAMU J0C/IiKyeThes. [loctaBumo y Bij-

HOBiHICTL KOzKHOMY BeKTOPY s € NY MHOXKHUHY BUITISAITY
p(s) :={keZ: 297 <|kj| <29, j=1,d}
i g n € N 1okJiajiemMo

Qui= | 0s), ac llslly = s + 52+ o+ 50

l[slli<n
Muoxkuna (), Ha3UBAETHCS CXiTIACTUM TiIePOOITHIM XPECTOM.
Jlasti y BaifmoBiiHICTE MHOXKUHI (), TOCTABUMO CYKYIIHICTH TPUTOHOMETPUYIHUX TIOJTIHOMIB

BUTIJIALY

T(Q,) =A{t :t(z) = Z cpe'®®) 2 € RY ¢, € C}.
k€Qn

d
Hexait X C Ly(T¢), T¢ := [][0;27), — nigupocrip cymosuux dyukiiit i3 nopmorwo || - || x.

7=1
Hnsa dyuknil f € X o3HAUNMO BETUINHY

Eq,(flx = inf |f—t|x
o teT(Qn) ’
i s pyHKIionaabHOro Kiracy F' C X mokJajeMo
Eq,(F)x :=sup Eq,(f)x.
fer
OsnadeHa BeJIMYNHA HA3UBAETHCS HARKpAIUM HAOJIMKEHHAM KJacy [ TPUrOHOMETPUIHUMU I10-
minomamu 3 MHOKUHE T'(Qy,).
. . . Q . .
Hamu ogepzkani TOYHI 3a MOPSIAKOM OIIHKH BEJIMIUHI EQn<Bp79) By1» AUl JEAKHX CIIBBIJI-
HOIIIEHb MIK IapaMeTpaMi p i ¢. 3ayBazKuMo, 1o HopMa y mpoctopi By (aus., nanpukias, 1))
2

e ” cunpHimoro 7, HixK L, -HOpMa.

Cdopmyroemo ojiepKaHi pe3y/IbTaTu.
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d
Teopema 1. Hexati d > 2,1 <p<g<oo,1<60<o00,aQt)=w(][]t;), dew(T) 3adosorvnse
j=1

ymosy (S) 3 dearum o > ]lp — % i ymosy (). Todi cnpasedausa nopadkosa oyinka

n(L_1y (1) (11
Eq.(BY)g,, = w(2 )2 dpd-00-5),

d
Teopema 2. Hexatid > 2,1 <qg<p<oo,1<6<o00,aldt)=w(]]t), dew(r) sadosorvrace
j=1

ymosy (S*) 3 dearum a > 0 i ymosy (). Todi surkonyemoca nopadkose cnicei0HOWEHNA

EQn <B39>Bq,1 = W(Q_n)n(d_l)(l—%).

Ha mincrasi ojiep:kaHuX pe3ysIbTaTiB 3p0OMMO HACTYIIHUI KOMEHTAD.
. . . . . Q I
[opiBugsmm orinkn B Teopemax 1, 2 3 BiANOBIZHUMM OIiHKaMH BeawmdnH g, (Bpﬂ)q =
EQn(B];?’Q) L,(Td); BUSBJISIEMO, IO KPIM BHIAJKY 0 =1, po3riigHyTa alpoKcuMalliiina XapakTepu-

CTUKa y IpocTopax B, i L, € pi3HOIO 3a IIOPAIKOM.

JlitTepaTypa

[1] Pozharska K.V., Romanyuk A.S. Estimates for the approximation characteristics of the Nikol-
skii ~Besov classes of functions with mixed smoothness in the space B,;. Math. Nachr.,
2025., 298, Ne 9, P. 3114-3134.
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3acTocyBaHHs KOJIOKAIIIITHO-ITEPATUBHOIO METOIY JIJIsI
BIIIMYKAHHA PO3B’A3KYy IHTEerpo-(pyHKI[IOHAJLHIUX PIiBHSIHDb 3

MAaJIOIO HEeJIIHINHICTIO Ta OOMeyKEeHHAMMN

Karepuna 'ECEJIEBA

Kam’aneuyv-Tlodiavevkuti nayionasvruts yrisepcumem iment leana Ozienka,

Kam’aneyo-Tlodinvcvrut, Yrpaina

heseleva@kpnu.edu.ua

Y upocropi Lo(a;b) posrisnaoTsbes iHTerpo-hyHKIIOHATBHI DIBHIHHS 3 MaJIOK HeJiHifHi-

CTIO

y(x / K(z;t)y dt—l—/ H(z;t)h ))dt—|—E/bG(x;t)F(t;y(t))dt, x € [a;b] (1)

3 YMOBOIO
y(a) = ¢(x), & [a; 0] (2)

Ta OOMEXKCHHAMU

b
[ @t =i =T ®)
a
ne f(x),y(x) — 3amani va [a; b] Ta 3a fioro mexkamu byHKI, a y(z) — mykana dyskiia. Jliniino-
nesasiexkna cucreMa yukiiit {®;(x)} Ta uuciosa muokuna {v;}, i = 1,m — sigomi. To pis-
uanns (1) 3 ymosamu (2), (3) 3BomuTbCA KpaitoBa 3ajada Jisd JUQEPEHIIaIbHOro PIBHAHHS 3
BIJIXUJIEHHSIM apryMEHTY i3 3alli3HeHHsIM, y 9aCTKOBOMY BHIIQJIKY CTAJI0Oro 3amisHenus A, h(z) =
x—A, A>0.V npamgx |1, 2| gocizKeHo UTaHHS 100Y10BU HADJINKEHUX PO3B’sI3KiB iHTErpo-
dyHKIIOHAJIBHUX PIBHAHB i3 MaJIOIO HeJiHIHICTIO 663 HaKJIalaHHS JI0JIaTKOBUX OOMEXKEHb.
Bamady (1)-(3) BBaxkaTEMEMO CyMiCHOIO, SIKITO icHye Taka DyHKIS () AKa € PO3B’I3KOM
piBugnng (1), 3a70BosbHsIe yMOBY (2) Ta oOMexkeHHs (3).

Oyukuii K (z;t), H(x;t), G(x;t) y xBagpari [a; b]? 3a10BOIBHAIOTE YMOBH

b b
/ / K?(z;t)dzdt = K? < oo,

/ / H?*(x;t)dvdt = H? < oo, (4)

//sztdxdt G2<oo

dbyukmia F(t;y) B obmacti D = {a <t < b, —oo <y < oo} BumipHa 3a t npH BCiX Yy, HEEPEPBHA

npu Beix ¢ (ymosa Kapareomopi) i 3amoBosbasie ymoBy Jlinmmust

| Fty) = FGy) IS Lly—7l,
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ne L — nesika ponatHa crana; GyHKIis h(z) € HEIepepBHOI pa30oM i3 CBOEK MOXiAHOW Ha [a;b] 1
CITPaB/ZKYIOThCSI HEPIBHOCTI

z—h(z) > A >0, (5)
W(z)>1>0. (6)

[TocJtitoBHi HAGMZKEHHST J10 TIIYKAHOTO O3B 3Ky 3a/1adi (1)-(3) BiamosimgHo 10 KostoKariitHo-

iTepaTI/IBHOFO METOAY 3HaXOJIMMO HACTyIITHUM YMHOM:

b b
mﬂzﬂ@+/Kﬁwmqwﬁf/H@ﬂdemﬁ+

+e /b G(z;t)F(t; yr—_1(t))dt, x € [a; ], (7)

Yr-1(z) = ¢(x), © & [a; 1], (8)

Uk () /thuk dt—i—/thuk h(t))dt, x € |a; b], 9)
:Z%, z € [a;0], wg(x) = 0, z ¢ [a; 0], (10)

j=1

n

wilz) = 3 dbpu(a), (11)

s=1
e y_1(x) — nonepemnne nabmmzenns {ps(z)}"_; ta {&(z)}, j =1, m — neaxi ninifino-nezanexui
cucremn dyuxiit, npuaomy &;(x) = 0, ko x ¢ [a; b].
Jlnst BU3HAYEHHsT HEBIJIOMUX TapaMeTpiB )\? OTPUMAEMO CUCTEMY JHHIHHUX ajareOpaldHux
PIBHAHB, a HeBigoMmi KoedimieHTn ai‘? y dopmyii (11) 3HAXOAUMO 3 YMOBH

wi(z;) = zk(2;) — zk—1(x;) = 0,7 = 1, n. (12)

Y Bunajky cymicuocti 3azgadi (1)-(3) nocsimosni nabmmkenns {Jx(z)}, nobdymosani 3a mo-
nomoroio Metoy (6)-(12), 6ymayTh npu JeskoMy 1 30iraTucs 10 TOIHOTO PO3B’A3KY M€l 3aadi,

HPUIOMY MIBHJIKICTH 30i2KHOCTI 3pocTaTuMe i3 301/IbIIICHHAM 7.

Jliteparypa

[1] Tecenera K. TI. JlocmiizkeHHsT KOJOKAIIHHONO Ta KOJIOKAIIHHO-ITEPATHBHOIO METOJIIB
PO3B’gI3yBaHHs OJIHOT'O THUITYy 1HTErpo-(OyHKIIOHAJILHUX PIBHAHB 3 MaJIOI0 HeJiHiitHicTIo. Ma-
TeMaTU9IHe Ta KoMIr'orepue MojemoBanns. Cepis: Pizuko-mareMaTndHi HAyKd : 30. HAyK.
up. / Ie-1 kibepueruku im. B. M. [iymkosa HAH VYxpainu, Kam'suernp-Ilomin. nam. yu-T
im. IBana Orienka. Kam suenp-Iloginbebkmit, 2024. Bum. 25. C. 27-36.

[2] Tecenesa K.I. TlobGymoBa meTomoM KoJOKaIil HaOJIMKEHOrO pO3B'sI3Ky  iHTerpo-
¢yHKIIOHAJIBHOIO PIBHAHHS 3 MaJIOlO HeJiHifiHicTIo. 30ipHUK MaTepiasiB MiXKHApPOIHOT
HaykoBo-metTojinanol  [urepuer-kondepentii  «[IpobsiemMu Buimoi mareMaTwdIHOl OCBITH:
BUKJIMKH CydacHOCTi», 20-22 geppusa 2024 p. Bimaumng : BHTY, 2024. C. 104-105.



176

MHOXKUHMI CTiIKOCTi /10 30ypeHb MoAn(IKOBaHIX
peryiaspaux C-apobiB

Bosogumup I'VIAJIVH

Hawronarvnuid ynisepcumem “Jlveiscora nosimexnika”, Jlveis, Yrpaina

volodymyr.r.hladun@lpnu.ua

HemnepepsHi apobu, 30kpema mojandikoBani peryiapui C-apobu, € epeKTUBHUM 1 IMIPOKO
3aCTOCOBYBAHKMM alaparoM alpokcumariii crenianbaux ¢yukuniit [1, 2|. Ha npakrumi koedirientu
HEIIEPEPBHOTO JIpOOY BiOMI JiuIne HAOJIMKEHO — BHACIIOK ITOXMOOK BUMIPIOBAHHSI 200 3a0KPY-
rJIeHHd Tpu obumcieHHdaX. ToMmy cTifikicTh HelepepBHUX JIpoOIB 710 30ypeHb iX KoedillieHnTiB €
YMOBOIO KOPEKTHOCTI # HaJiffHOCTI BiJIMOBIIHUX YHCENbHUX aJTOPUTMIB. 3HAXO/ZKEHHSI SIBHUX
MHO>KUH KOMILIEKCHOT IIJIOIIWHY, Ha KX FapaHTYEThCA CTIHKICTh /10 30ypeHb HEllepepBHOTO JIPO-
Oy, J1a€ 3MOT'Y KOHTPOJIIOBATH TOYHICTH OOYHC/IEHD 1 € aKTyaJbHOIO 3a1a9€l0 CyIacHO] aHa I THIHOT
Teopil HerlepepBHUX JPobiB [3].

Posrsgremo moandikosanmit peryasipuanit C-api6b

Qo
, ar€R, ap,#0, k>0, ze€C, (1)
ay
z+
a2
Z+
Z+ .
Ta oro 30ypeHHs
a R R
, Qg € R, ay 7é 0, k> 0. (2)
a
Z+
[
Z 4+
A

[Tosnaunmo uepes f,(z), fn(z) n-Ti alpoKCUMaHTH HerepepBHUX j1pobis (1), (2), a wepes Q,(Cn)(z),

A,(Cn)(z), 0 < k < n, — XBOCTH aPOKCUMAHT f,(2), fn(z) Bi/IIOBiIHO, IIpUYOMY

Q) =0 =2 QM) =2+t QM) =z 4 =t 0<k<n-L

QL (2) Qh(2)
Ckpisb HaJam BBaXKaemo, 1mo f,(z) # 0, Q,(C”)(z) £ 0, @,&")(z) # 0 Ha PO3IIALyBaHiil MHOMKWHI.
IToxknaaemo R
5(a) — sup ar — 7 Eglf) _ fn(z) B fn(z)7 n>1.
k>0 ag fa(2)

Moudikosanuii peryssipauit C-api6 (1) nHasuBarorh crifikum 10 36ypensb y Touni zg € C,
AKITO 71 JI0BiTbHOTO € > 0 3HaitmeThes 0. (29) > 0 Taxe, 1m0 3 HepisHoCcTi £(%) < §,(20) BUMIMBAE

|€£lf)\ < ¢ mig Bcix n > 1. Muoxuny 2 C C HazuBalOTh MHOXKHHOIO IIOTOYKOBOI CTiffKOCTi 10
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30ypeHb, Ko MoudikoBanuii peryaspauit C-api6 (1) € crifikum 10 30ypeHb B KOXKHIi# ToUI
2, 1 MHOYKHHOIO PIBHOMIPHOI CTIKOCTI 710 30ypeHb, AKINO, KPIM TOTO, YUCIO O, MOXKHA BUOpATH

OJIHUM 1 TUM CaMHM I BCiX z € ().

Jlema 1. Hexat f,(z) # 0 daa ecix z 6 Q, 1 nexad Q,(Cn)(z) # 0, @\,(gn)(z) # 0 daa eciz 0 <
k<mn, z€Q. Todi sidnocna nozubra =5 (fn( ) — ful(2))/ fn(2) n-i anpoxcumanmu 36yperozo

Modupirosanozo pezyaapnozo C-dpoby (2) eusnauaemuves Gopmyaoto

n p—1
e =gl (14l Z G 55,“’(’1)17) H G D™ (),
=1 m=1
de N N
8](;1,_1) _ ak: ak’ 8;;,1) _ g — ak) k>0,
ay ay
r B G _
wor O T e )@ @ePE T
Gk (Z) = ay, Gk (Z) - ay
(n) o=1 @ gm0
QW (2)Q(2) 21(2)Q 7 (2)
1<k <n.

Hacrymna jiema 3B0UTh OIHKY BiHOCHOI TOXUOKU 5,(1f ) 0 OIIHKHI XBOCTIB Qén) (2), @,(Cn)(z)

JIema 2. Hezat icnyroms cmani A > 0, p > 0 maxi, wo |ag| < A, [ai| < A, k>0, |Q,(:’)(z)| > p,
|@,(€n)(z)| >p, 0<k<n, n>1,inevaii g=A/p> <1, @ < 1. Todi daa ecizn > 1

e@(1 4 @) g (1= g )
1—¢@ l—g

)] <@ +

BacrocyBasiu Jlemy 2 10 MHOXKWHM, K& € 30BHINIHICTIO KPyTa 3 IMEHTPOM Y MOYATKY KO-

OPJIMHAT, OTPUMYEMO MHOXKUHY PIBHOMIPHOI cTifikocTi /10 30ypeHb.

Teopema 1. Hexati icnye cmana A > 0 maxa, wo |ay| < A, |[ap] < A, k>0, i@ < 1. Todi
mmoorcuna Qr = {2 € C:|z| > R}, R > 2\/Z, € MHONCUMO0I0 PLBHOMIPHOL cmitixocmi do 30ypers

Modugirosanozo peeyaaprozo C'-dpoby (1), i das 6i0HOCHOT NOTUOKU -1 ANPOKCUMAHMU OAA GCIT

n > 1 enpasdocyemoes ouinka (3) 3 g = 4A/ (R +VR? - 4A)2.

O06’enaBIm MHOXKWHEM PiBHOMIPHOI crifikocTi 3 Teopemu 1 3a Bcima JIOMycTUMUMEI PAJIiy-

camu R > 2v/ A, oTpuMy€eMO MHOXKWHY TIOTOYKOBOI CTIIKOCTI /10 30ypEHb.

Teopema 2. 3a ymos Teopemu 1 mmootcuna Qs =JpaoyzQr ={2 € C: [z| > 2V A} € mmoorcu-
1010 NOMOUK060T cmitikocmi do 36ypens modudirosanozo pezyaaprozo C-dpoby (1), i das koorcrol
mouku 29 € Q4 ma eciz n > 1 cnpasdocyemves ouinka (3) 3 g = 4A/(|z0] + \/|20]? — 4A4)?
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IIpo obmexkeH1 po3B’A3KM PI3HUIIEBOIO PIBHIHHS 3

HeoOMeKeHIIMU OIlepaTOPHIMU KoedilliEHTaMu’

Muxaitiio TOPOJIHIN, €mmszasera TUXA

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca [lesuenka, Kuis, Yxpaina

horodnii@knu.ua, goncharova2001@ukr.net

Hexait X — xommiekcumii 6anaxis npocrip, A : D(A) C X —- X, B: D(B) C X — X —

3aMKHEHI oreparopu. Po3ryigaemMo JIBOCTOPOHHE PI3HUIEBE PIBHAHHS

Tni1 = Axp +Yp, n>1,
(1)

Tni1 = Br, +vy,, n <0.

Hama mera — BusHaunTn ymoBu Ha orneparopu A ta B, 3a gxux piBasuaHs (1) Mae eauuuii o6me-
JKeHit Po3B’A30K {x,} /uist J0BLIbHOT 06MezkeHOT moctioBHOCTI {Y;, }.

Bimomo, 1o sxio criextp o(A) 3aMKHEHOro oneparopa A He HEPeTHHAETHCH 3 OJIMHIIHIM
kosiom S = {z € C | |z| = 1}, 0_(A), 0.(A) — gacrunn crnexrpa o(A), Mo JeKaTh BiAIOBIIHO
BeepeuHi 1 30BHI Kosta S, To npoctip X poskiagaerhea B npamy cymy X = X (A)+X, (A)
imBapiantanx BigHocno A mimnpocropiB X (A) Takum gmnom, mo X_(A) C D(A), 3ByxkenHs
A_: X (A) — X _(A) oneparopa A na X _(A) e niniitHuM 06MeKEHIM OIIEPATOPOM 31 CIIEKTPOM
o_(A), a sByxenusa A, : D(A;) C Xi(A) — X,i(A) € 3aMKHEHUM OIEPaTOPOM 3 00JIACTIO
susHadenns D(A;) = X (A) N D(A) i cuexrpom o (A).

OcHoBHEIT pe3y/IbTAT MICTUTH TaKa TEOPEMa.

Teopema 1. /[aa mozo wo6 pishannsa (1) mano edunut obmesrcerutds poss’asox {x,} das dosine-
Hoi" 0bmesrcerol nocaidosrocmi {y, }, HeobTiono i docmammvo, w00 BUKOHYEANUCH MAKE YMOBU:
(11) c(A)NS=2,0(B)NS =g;
(i2) X = X_(A)+X,(B).

Takozk BCTAHOBJIEHO, IO TIPH BUKOHAHHI yMOB Teopemu 1 KoopauaaTn BianosigHoro 10 {y, }
€JTUHOr0 OOMEXKEHOrO PO3B’sI3KY {Z,} pisHuIeBoro piBHsHms (1) BE3HAYAIOTHCA TAKUM THHOM.

Hexait P_, P, ta P_(A), P,(A) — napu mpoeKTOpiB, 10 BiIOBIIAI0TH 300payKeHHIM

00 0
X =X (A+X,(B)1a X = X (A)+X,(A), 24 = S AP (A)yp, 15 = 5. BZ"P_(B)ys.
k=1 k=—o00

Tomi

1 =P_zp — Pixya;

JJIST KOZKHOTO 1 > 2

n—1 0o
wn= Y ATFP (A = > ATVFPL(A)ye + AV P_ (2 + 24);
k=1 k=n

11 Koxkaoro n < 0
n—1 0
Ty = Z B" P _(B)y, — ZBi_l_kPJF(B)yk — BT 'P(zp + 1a).

k=—o00 k=n
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MynabTuCTablJILHICTh TA ONTHUMI3allid eHepril B rpaal€eHTHIii

Mozeal tTuny Kypamoro

Anacracia TPABOBEILIB!, Onexcannp BYPUJIKO!?

L Inemumym mamemamury Hayionaavnoi axademii nayx Yepainu, Kuis, Yxpaina

2 Inemumym mamemamuru ymboavdmevrozo yrisepcumemy Bepaina, Bepain, Himewuuna

nastiahrabovets@gmail.com, burylko@yahoo.co.uk

HocaiKeHHsT TPpUCBAYeHe BUBYEHHIO I'PaI€HTHOI MoJIe/ i pa30BUX OCIHUISTOPIB, dKa OIH-
Cy€ KOJIKTUBHY JIMHAMIKy Ta eHepreTwdHuil janmmadr cucrem dbpycTpoBanux criniB. Momesnb
HaJICXKUTH J10 Kjaacy KypaMoro i 3a/1ana Ha KUIBII 3 IIEHTUYIHAX OCIIUJIATOPIB, Y AKOMY B3a€MO/Tisd
HaMOIMKINX CYyCiiB KOHKYpPY€ 31 B3aeMoji€r0 HacTynHuX cycimiB. Cumerpis Kiablg BigoOpaska-
€ThCA B NMUPKYISHTHIN CTPYKTYpi MaTpHIl 3B’S3KY, [0 HaJa€ 3PYyIHUN aHATITUIHANR iIHCTPYMEHT
JUTSL JTOCJIJIZKEHHS KOJIEKTUBHUX PEXKUMIB Ta IXHBOI CTIMKOCTI. 3HAYHY yBary IPUJILIIEHO BUCO-
KOMY PIBHIO MYJIbTUCTaOIILHOCTI cHCTEMU: depe3 (DpyCcTpoOBaHUil XapaKTep 3B’d3KYy OJIHOYACHO
CHIiBICHYIOTH YHCJIEHHI DIBHOBArM — BiJ| CTaHIB CHHXPOHi3aIlil, 06epToBuX XBWIb (rotating waves)
Ta IpoTuda3HUX CTaHIB 0 ACUMETPUIHUX HEPYXOMUX TOYOK i IIJIMX MHOTOBUIIB piBHOBAr. OTpu-
MaHO HOBHY KJacuikalliio IXHbOI CTIHKOCTI 3a/Ie2KHO BiJ| TapaMeTpiB 3B’g3KY; 30KpeMa, OKPEMO
BCTAHOBJIEHO YMOBH CTIKOCTI CTaHy TOBHOI CHMHXPOHI3AIll K OJIHOTO 3 HalBasK/JIMBIMUX, 3 (i-
3UIHOI TOYKHU 30PY, KOJEKTHUBHUX PEKUMIB. AHATOTIIHAN Pe3yIbTAT OTPUMAHO 1 JIJI BUIIAJIKY
B3a€MOJIi1 3 TphOMa cyciamu. 31 3MIHOIO IMapaMeTpiB 3B’dA3KYy MYJIbTHCTaOLIBHICTD CUCTEMH CYT-
TE€BO TPAHC(HOPMYETHCS BHACJIIJIOK PErYJIsIPHUX Ta BUPOJZKEHUX OidhypKariiii.

OKpeMo JIOCTIIPKEHO, STK CUJIa 3B’ SI3KY MizK OCIIIATOPAME BILINBAE HA €HEPTeTUIHUN JIaH/I-
madT ppycrpoBanoi cucremu. OcobMBY yBary mpuIiieHO MHOKIHaAM MakcBesia — KPUTUIHIM
3HAYECHHSAM [TapaMeTPiB, IPU AKUX TJIOOATbHUN MiHIMYM €Hepril mepexo/IuTh BiJl OJIHOIO CTaHy O
inmoro. BusiBjieHHs TaKUX MHOXKWH JIa€ 3MOTY OKPECJIUTH MeXKi €HEPreTUIHOro JaHmadTy Ta
BU3HAYUTH, AKUil (ha30BUil CTaH € EHEPIeTUYHO BUTTHUM Y 3a/IaHOMYy pekuMi 3B’a3Ky. [lokazano,
0 B TEPMOINHAMITHIN T'PAHUIT TTOBEIHKA CUCTEMU y3TO/IZKYEThCA 3 BIIOMUMUI pe3yabTaTaMy JJTs
CHIHOBUX JIAHIIIOXKKIB 38 TEBHUX KpaiioBux yMoB [1], 10 ¢BIUUTH PO MOXKIMBICTH 3aCTOCY BAHHS
PO3BUHEHOI'O TIIXOIYy JI0 3a/a4 ONTHMI3aIll eHepril B cucTeMax i3 3arajbHiInon abo CKJIaIHIIIO0
CTPYKTYPOIO.

OrpumaHi pe3yabTaTi OKPECTIOITH MPUPOIHI HAIPAMKH TOJAJBIIIONO PO3BUTKY POOOTH.
OcCKiTbKI MOJIe/Tbh HAJIEXKUTh JI0 IIUPIIOro KJjacy cucreM Tuily KypaMoTo 3 JOBIIBHOIO NUPKY-
JISHTHOIO CTPYKTYPOIO 3B’ 43KY, JOILJILHUM € MOIUPEHHS IIOBHOI KJtacudikallil piBHOBATr Ta eHepre-
THUYHOTO JIAHIMAMTY HA BUMAIOK B3a€MOJIIT 3 TPhoMa 1 OijibIe cycijlamu. [HIMM 1mepCrieKTuBHUM
HaIIPpsIMKOM € IIepexiJ BiJl KiJbIleBol reomMeTpil 10 JABOBUMIPHOI I'PATKH, IO OJIMXKYe BiAIOBiTa€

BUXiHI izudaHiil mocTaHOBIN 3a/1a9i PO (GPYCTPOBaAHI CIIIHOBI CUCTEMU.
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IIpo MexKi 3acTOCOBHOCTI armapaTy oOMeKeHOro L-1HJeKCy 10
peryJaspu3aliil HeiipOHHIIX MepeXK: CIIeKTPaJIbHA KOHCTAHTA

JIimmnig aiig 6e3neku soft-sensor’is

Jwbomup I'PUT'OPYYK, lamuaa 'PUT'OPYYK

Isaro- Ppanriscoruil HaytonarbHul mernivnul ynisepcumem nadmu i 2a3y, learno-Ppankiecor,
Vrpaina

grygorchukl@gmail.com

Bagaua 3abe3medeHHs O6e3MeKN HellpoMeperKeBUX Soft-sensor’iB st MPOMUCIOBOTO CYIITiH-
Hs (bapabaHHi CyIIapKu) BUMara€ rapaHTOBAHOIO OOMEXKEHHsI Ty TJIMBOCTI MIPOrHO3Y 0 30ypeHb
BXIJTHUX JIAHUX — 30KpeMa JI0 aBapiifHOro MOKa3aHHs HeCIpaBHOro JAaT4yuka. [Ipupomanm Bumae-
ThCsI HAMATaHHs CKOPUCTATUCS araparoM Teopil obmerxkenoro L-ingekcy (mrkosa O.B. Ckackisa,
A. 1. Banuypu [1]), nepeosHavuuBIim KJIacCHUHy HEPIBHICTH

u®(2) 49 (2)

KILFz) = 0958 J1LI(2)
sIK 30BHIIMHINA MITpad Ha 3pOCTAHHSA MOXITHUX BUXO/Y MepexKi BiIHOCHO (hi3UYHO OOTPYHTOBAHOL
BaroBol (pyHKIIT L.

VY miit poboTi nmokazamo, IO Take IpsMe MepeHeceHHs mo30aBjieHe MaTeMaTHIHOrO O0I'PYH-
ryBarHs. Cujia HaBeJeHOT HepiBHOCTI jyist Tnx (rojoMopdHUX) (DYHKIIN moJisrae He B camiii
dopwmi 3ammcy, a B TOMYy, 110 CKiHYEHHA IEpPeBipKa MOXITHUX JI0 TOPSJKY P 2apanmye, depes
anasitnaHicTs (inTerpas Kormi, npuHImn MakcuMyMy MOJIYJIs), BUKOHAHHS HEPIBHOCTI Jisi BCiX
BuIux nopsjkis. Heiiponna mepexka 3 jificHumMu pisudaHuME BXOJaMU i, K IPABUIO, KyCKOBO-
muiftanmu aktuBanisivu (ReLU) rakol BiacruBocti He Mae 1 He morpebye: nepeHecenHs: hopMmu
HepiBHOCTI 6e3 i€l aHaJIITUIHOI OCHOBH HE A€ »KOIHOI J0JaTKOBOI TapaHTil IOHA Ty, 110 BKJa-

JieHa, 6e31ocepeIHbO Y BU3HaYeHHS 1ITpady.

Teopema (Crekrpasibha Mexka 6esnekn). Hexat fp = Wipoop 1oWp_j0---0010W; — wmepeorca
npamoz2o nowupenns 3 1-Jlinwuyesumu axkmusayiamu, uo 0ie na 6rodu, HOPMOSAHT GAACHU-
MU PizunHumu macwmabamu 3adayi. Todi koncmanma Jlinwuus mepeoci obmescerna dobymxom

CNEKMPANbHUL HOPM MAMPUUDL 6ae.

Lip(fs) < JTIWill2- (1)

i=1

Hepisnicrs (1) — crangaprauii, JoBejenuii pe3yabrar (CyOMyIbTUILIKATHBHICTE OIIEPaTOP-
HOT HOPMH ), TI10 JIE?KUTh B OCHOBI METOJIIB CIIEKTPaJIbHOI HOpMaJIi3allil Ta mrpadHOT perysspusaril
Jlinmmng [2]. fxmo disnano obrpynroBanuit mopir AT aein (W) (BuBegenuii 3 edekry «MOKpPOro
TepMOMeTpa» Ta 4Jacy TeIIOBOI pesiakcallil Kpucrasa) mepeBuliye iy dactury (1), To mporHos
MepexKi TapaHTOBAHO He IMOPYIIYE YMOB O€3IeKN 3a IMPOCTOPOBUM 1 YACOBUM HAIPAMKAMU OJIHO-

qaCHO.
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Jlema. Anapam obmesicerozo L-indexcy ma xonmpoas xoncmarwmu Jlinwuya veped cnexmpanbhi
HOPMU — Ue PI3HE 34 NPUPOAOIO THCTPYMERTU: NEPUWUT, CRUPGEMBCA WA GHANMUYHY CIMPYKMYPY
pyrryii, dpyeuti — Ha ar2edPaivHy CMPYKMypPy KOMNO3uuLi AMHItHux 61000pastcens 1 ne nompebye

AHAATMUYLHOCTI.

BigkpuTuM JIMINAETHCH MUTAHHA 1HIIOTO IITHOY, fKe, Ha HAIly JIYMKY, CTAHOBUTL CAMO-
criftamii inTepec mag Teopil yHKuiil: wn Mae cam poss’asox T(r,z,t) cucremu napaboOsiTHAX
piBHSIHB TerIoMacooOMiHy (a He HaBYeHa HefipoMepeska, Mo Horo ampokcnmye) obMeskeHnit (-
cHmit) L-injexe, Baropa (QyHKIIisl SIKOIO BUBOJUTBCs 0GE3M0CEPEIHBO 3 KOehIIeHTIB PiBHIHHS?
BriaKyBaibHa BJIACTUBICTD TEILIOBOIO spa pOOUTH TaKMil po3B’A30K anamiTudnuM upu t > 0,

IO Jla€ TiJICTaBH! /I TTIOCTAHOBKH ITHOT'O TTUTAHHS KOPEKTHO.
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3Hako3MiHHil pyHKHI JIgnyHoBa A po3mnpeHb IMHAMIHIX

CnCTeM Ha MHOIoBmaax

Isan I'POJI, Inna I'PO/I

Teproniavevkuth Hayionarohut nedazozivnut yrisepemuvem im. Borodumupal 2namioxa,

M. Teproniav, Yrpaina

igrod@ukr.net

Jloc/mipKyeThbesd MUTAHHA PO B3aEMO3B’SI30K MiXK BJIACTUBOCTAMHU MATPHUIAHTA JIHIAHIX
PO3IINPEHD JIMHAMIYHUX CUCTEM Ha TOPI JIJIst €KCIIOHEHIHAJILHO JTUXOTOMIYHUX 1 ¢J1ab0 peryisipHux
JIHHITHAX CHCTEM.

Posriisinemo cucremu judepeHIiajibHuX PIBHAHD BUJLY

d dx

L—aly), =A@z, 1)
Je BeKTop-pyHKIs a () 1 maremarnana GyHkiia A (@) € HelmepepBHUMHU 3a BCIEIO CYKYITHICTIO
SMIHHUX @1, ..., P, 1 2T — HePIOAUIHUMHI 33 KOXKHOIO 3MIHHOIO (©;,  j = 1,m, TobTo 3a1amHi
Ha m-BuMipHoMy Topi Tp; @ € R™ (a(p) € CLiy (Tw), A(p) € C°(T,)). JonaTkoso BigHOCHO
BekTOp-QyHKIIT a (@) npuryckaemo, mo 3a1ada Kol (Z—f =a(p), ¢|,o = ¢o IPU KOAKHOMY
dikcoBanomy 3uaveHHi @y € T, Mae eauHUil po3B’a30K Py (¥g). € oueBUIHUM, IO T1eil pO3B’A30K

BU3HAYEHUi 1Ipy BCiX t € R 1 HemepepBHO 3as1eKuTh Bij o. Haramaemo, mo cucrema (1) pery-

JIsipHa, FKIO BOHA Ma€ €auHy (pyHKIio ['pina 3a1a4i mpo iHBapiaHTHI MHOTOBHIH.

Teopema. IIpunycmumo, wo icnye ckarapra gynxyia T =T (p) € C'(T,), 0aa axoi sukonye-
MbCA HEPIBHICTD

QT@* |7 1 9
0 0 + (S0>0<, ()

de U (p; A) -mampuyarm ainitinoi cucmemu % = A (¢, (¢)) .
Todi cucmema (1) 6yde peeyaaproro i 0606 ’asxoso T (@) # 0 ¥,o € Tm. Biavwe mozo,

axwo T (¢) > 0, mo mpusiaronuid mop x = 0 cucmemu (1) € excnonenuyiarvorno cmitikum Ha

—0OQ.
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I'imepO6oJriuHi KpaiioBi 3a4a49l B KyCKOBO-OJHOPIJTHOMY
KJIMHOBUIHOMY IOPOXKHUCTOMY ITWJIIHIP1

Terana [TUJINTTFOK

Kam’aneyo-Ilodinvcvrut nauionasvhutd yrisepcumem imeni leana Ozienka,

Kam’sneuyv-Tlodiavevrut, Yrpaina

pylypyuk.tetiana@kpnu.edu.ua

Y J0MOBiJII pO3IJISIal0ThCs 3a/a4di o0y I0BU OOMEXKeHNX Ha MHOXKUHI
n+1 n+1
D = {(t,r,p,2)[t > 0;r € I = UIL; = U(Rj—1;R;); Ry > 0; Rpyy1 = R < 4005
j=1 j=1
© € (0;¢00);0 < o < 2m; z € (—l1;12)l; >0, l; + I # 0} xmacuanux po3s’s3kis sinifiHEx Aude-

peHIiaJbHUX PIBHSIHD 3 YaCTHHHUMHU HOXIIHUMU TilepOOiIHOTO TUITY 2-TO TOPSJIKY 31 3MIHHUMUA

koedinientamu 3|

w—i_rar

oy [L (P 10 & E
N |
+xXGu; = filt,r g, 2); €l j=Tn+1 (1)

3 IO9aTKOBUMH yMOBaMHt

Ou;

uj‘tzﬂzgjl(r7gp7z); at :g?(r,gp,z);refj;jzl,n—i—l, (2)

t=0

0
(—& + hl) Uj

:w?(t,r,w); hj >=0; hi +hy #0;j=1,n+1,

KpalioOBUMM yMOBaMu

0
(& + hg) Uj

= w]l (t,r,¢); (3)

z=—l1

z=lo
0 0 0 n=1 0 n+1
ana_ + 011 | wm = go(t, ¢, 2); | ag or + B35 Un+1 =g(t, ¥, 2) (4)
r r=Ro r r=R
OJIHUMHY 3 KPaOBUX YMOB Ha I'paHsiX KjuHa |1]
uj‘(pzo = g1j<t7r7 Z), uj|¢:¢o = wlj(ta r, Z), .] = 17n + 17 (5)
ou; o
uj‘¢:0:g2j<t7r7z>; a_] = _ij(tJTVZ);.] = 17n+17 (6)
Y=o
8Uj .
8_ :g3j(t7raz);uj|¢:@0 :w?)j(tara 2)7 J= 1an+17 (7)
ou; ou; ,
a_j :g4j(t,’f’,2>; 8_j :—U)4j(t,7“,2);j :17n+1 (8)
# lp=0 P=¢0
Ta yMOBaMU CIIPsi?KeHHs [2]
0 0 _
k k k k
Oé-1—+ '1> U — <a2_+52> Uk+1:| :Ov.] :172a k: ) 1L, (9>
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7€ Qrj; Qypjy Qzjs Xj, Qjg, Pj — EIKL CTAJIL;

ay <0, B > 0; |ady | + 67, #0;
a3t 20, B3 2 0; ag T+ By £ 0;
Cjk = agjﬁfj - Q‘llcjﬁgj # 0; c1p - co, > 0;
fitr 0, 2), g5 (r p, 2), wi(t,1,90), go(ts 0, 2); gL, 0, 2); Gps(t, 1, 2); wy;(t, 7, 2);
(s=L2p=14j=1n+1),
— 3ajani aificai obmerkeni HemepepsHi byHKIl; w;(f, 7, ¢, 2) — mykani AificHi gBidl HerepepBHO

JbepeHIiitoBHi PyHKITIT.

Ogiep2kani inTerpaJsbHi 300pakKeHHsT PO3B’A3KiB rilepOo/IIHIX T0YaTKOBO-KPAOBUX 3a/1a4
cupsokenns (1)-(4), (5), (9); (1)-(4), (6), (9); (1)-(4), (7), (9); (1)-(4), (8), (9) wocsire amropu-
TMIYHUN XapaKTep, HEIEPEPBHO 3aJieXKaTh BiJl MapaMeTpiB 1 BUXIHUX JaHWX 3319 i MOXKYTHb
OyTH BUKOPUCTaHI K Y MOJAJBIIUX TEOPETUIHUX JTOCJIPKEHHAX, TaK 1 B MPAKTHUII 1HXKEHEPHUX
PO3paxyHKIiB MaTeMaTUIHUX MOJIesell KOJTMBHUX IPOIIECIB Y KYCKOBO-OTHOPITHUX CEPEOBUIIAX,

AK1 ONUCYIOTHCS IMIHJIPUIHOIO CUCTEMOIO KOOPIUHAT.
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Ilocunenunii BapiaHT TeopeMu PO HEIIOBEPHEHHH

Apocias 'PYIIKA

Inemumym Mamemamuru HAH Yxpainu, Kuis, Yxpaina

grushka@imath.kiev.ua

Xo4a TaxioHHY TilOTe3y MOBCIOIHO OB A3YIOTh 13 YaCOBUMU IapaJIOKCAMU, HEIOIaBHI J10-
cmimkenasa Andréka, Madardsz, Németi, Stannett, Székely BkazyioTh Ha Te, 110 PyX IIBUIIIE 38
CBITJIO He 0DOB’{I3KOBO Tiepejibatae peTporputnHHi 1moopoxi B 1daci. OHak icHyOUi TaxioHHI
KiHEMATHUKH, 10 0a3yI0Thcs Ha rneperBopeHHsx Pekami—OsbxoBebkoro—l'osb1oui Ta Xaccani, He
MOXKYTb OyTH aJIeKBATHO OIiHEHI Ha IPEJIMET YacOBOI HE3BOPOTHOCTI 3a JIOIMIOMOTOI0 aKCiOMaTH-
qHUX cTPYKTYp Andréka ta iH. VY momepeix pesysbraTax 110 IpobsemMy OyJI0 po3B’sa3aHO ILIsi-
XOM JIOBEJIEHHsT aOCTPAKTHUX TEOPEM ITPO HEIIOBEPHEHHS B MeYKaX Teopil KiIHeMaTUIHUX MIHJIUBUX
MHOXKUH. Y IIiif JIOTOBiJIi IIpeJicTaB/IeH] y3araJbHeHHA TeOPEeM PO HEIIOBEPHEHHsI, pO3POOJIEHUX Y
rorepeIHix podborax. BuABISg€THCS, IO YMOBU X TEOPEM JIO3BOJIAIOTH 3POOUTHU 3HATHO CHJIHHIII
BUCHOBKH II0JI0 YaCOBOI HE3BOPOTHOCTI BUXIJIHOI KiHEMaTHKU. 1K HACJ/III0K, MOYKHA BCTAHOBUTHU
OLIBII TIOTYKHI (POPMYJTIOBAHHS IIUX TEOPEM.

Hagasi 6y1e BUKOPUCTOBYBAaTHCh CTAHIAPTHA CUCTEMa TIOHATD 1 MIO3HAYEHb T€OPil MIHJIMBUX
MHOXKUH Ta abCTpakTHOI KiHeMaTuKu, po3podisena y poborax [1, 2|. 3ayBazkumMo, 1110 3 KOPOTKUM
BCTYIIOM JI0 TEOPil MiHJIMBUX MHOXKUH Ta abCTPAKTHOI KiHEMATHKU MOXKHA& O3Hafiomurucs B |1,

posiin 2,3|.
Oznauvenns 1. Hexait /' — joBijibHa yHiBepca/ibHa KiHemaTtuka”. JIaHIorosuii misix
L=(A (A, f1),-, (An, f2)), neN,
HA3UBAETHCsI HETPUBIAJIBLHUM B JF, AKIIO
card(A) > 2,

ne card(A) mosnadae morykuicTh MHOXKUHE A. B iHmomy Bunajiky nuisix £ Ha3MBATHMETHCS

TPUBIAJTBHUM.

Oznauenns 2. YHiBepcajbHa KiHeMaTHKa J Ha3UBaETHCs IIO3UTUBHO YaCOHE3BOPOTHOIO TO/Ii
1 TIIBKK TOJI, KOJIM JIJIsi KOXKHOI cucTeMu Bijiiky f € Lr Ta JUid KOXKHOI'O HETPUBIAJIHLHOIO
JIAHITIOTOBOTO TLIAXY L, TEOMETPUYIHO MUKJIYHOIO B CHCTEMI BiJTiKy f Ta KYCKOBO I'€OMETPUYIHO

CTAIiOHAPHOI'O B JF, BUKOHYETHCH HEPIBHICTH

t(esl(po(L))) <y t(esl(ki(L))).

Teopema 1. Bydv-axa crabko wacono3umuena YHIGEPCANLHA KIHEMAMUKG F € No3umueHo “a-

COHE3BOPOMHON0.

3HAUYCHHs YVHIBEpPCAJILHOI KIHEMaTUKU MOXKHA 3HANTH B CTOP. abo efinition 6|.
*O 3, 156| abo [1, Definit 6
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O3znauenns 3. HasuBarnmemo yuisepcasibay KineMaTuky J abCOJIOTHO 4YaCOHE3BOPOTHOIO,
SIKIO Oy/Ib-siKa yHiBepcaJibHa KiHeMaTuka Jp, eKBiBaJleHTHA JI0 KiHEMAaTUKH J BiJHOCHO Tiepe-

TBOPEHb KOOPMHAT (TOOTO Taka, 1mo JFi ~ F), € HO3UTUBHO YACOHE3BOPOTHOIO.

Teopema 2. Bbydv-axa caabko waconosumuera YHI6EPCANLHA KiHeMamuka F € abcortomHo wa-

COHE3BOPOMHON0.

Crpore MaTemMaTuIHe O3HAUEHHS CJIAOKO YaCOIIO3UTUBHOI YHIBEPCAIBLHOT KIHEMATHKY JTUB. Y
[2, Definition 9, nyukr 5|. 3 iHTYITUBHOI TOYKH 30Dy, CJIAOKO YaCONO3UTUBHA YHIBEPCAIbHA KiHe-
MaTHuKa J 1IpejcTaB/isie coOOI0 MeBHUI adCTpaKTHUN “CBIT’, dKUII MICTUTH TAKy CUCTEMY BIJJIKY
fo € LF, BIIHOCHO sIKOI TOAMHHUKHN B YCiX IHIMMX crCTeMax BiTKY 00epTaloThCs B JI0IATHOMY
HaIPSIMKY.
[z poboTa € YacTUHOIO MPOEKTY, AKUil oTpuMaB dinancyBanng 3a [Iporpamoro j10-

* X x
*
s

*
*
*

caiKeHb Ta iHHOBaI €Bpormneiicbkoro Corosy «lopmzont 2020» B paMKax rpan-

toBol yrogu Mapii CkiogoBebkoi-Kiopi Ne 873071, SOMPATY.

* 5 *

JlitTepaTypa
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CrekTpaJibHi allpoKCUMAIIil JIJisi HAOOPIiB eIITIUIHIX

,HI/I(l)epeHI_[iaJIbHI/IX onepaTopiB Ha KOMIIAKTHNX MHOI'OBN/J1aX

Map’stn IMATPUIINH!, Cepriii IIAPITH?

Kapnamcevkut navionarvhut ynisepcumem imeni Bacuas Cmegpanuxa, Isaro-Ppankiscok,
Vrpaina

!marian.dmytryshyn@cnu.edu.ua, 2serhii.sharyn@cnu.edu.ua

Hexait 2; C R™ — BikpuTa obMezkeHa 00J1aCTh 3 HECKIHIEHHO IV18,IKOI0 KOMIIAKTHOIO I'DAHH-
neto 0€); ms Beix j =1,...,J |1, osnadenus 3.2.1/2|. Posriaagaemo 0f); sk ryaJkuii MHOIOBUI,
Uy (I=1,...,N) — noxasupni Kapry, mo nokpusaioTs 0f);. Ilosnaanmo gepes C*°(Uy;) mpoctip

HecKindenHo jaudepenIifioannx KoMIlJIeKcHo3HauHuX GyHKIii na Ujy. Hexait

yl = (ylh e 7y7lzfl)

— JIOKaJIbHI KoopauHaTH Ha Jf);, Bu3HadeHi qudeoMopdizMamu
l. U Rn—l
Yy Uji — )

3 obeprenumu BimoGpaxkennamu y~'. Hexait C°°(9Q;) — npocTip KoMmiekcHo3HauHUX (DYHKILIT

Ha 0f);, TaKuX, IO
u(y) =uoy™ € C*(y'(Un))

g Beix [ =1,..., N.

Jliniitnuit pudpepenmiaabHUil orepaTop
D: Ooo(Ujl) — COO(Ujl>

nopaaky m € N na Uj mae BUDIs

D = Z a,0%,

|| <m
ae a, € C*(Uj),
lal =a1+ ...+ ap_q, o €Ly, 1=1,...,n—1,
(67 (83 Qi — a
0% = oyt --- 9,1, ai:a_yzl"

BukopucroBytoun BijoOpazkeHHs

5, O (Uyp)) — C=(Uy),
e

S, (v) ==v oy
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s Beix v € C(y'(Uy)), koxkuomy ingexcy [ = 1,..., N cuiBcraBumo onepaTtop
Dy C%(y'(Un)) — C=(y'(Uy),

Jie

D, = 5;1 oDod,.
Toni ais oneparopa Du na dynxuii u € C*°(9€);) B mokanbuux Koopaunarax y' = (yh, ... v, ;)
BU3HAYAETHCS STK

Du(y") = D(uoy™)

y
g Beix [ =1,...,N.

Ha 0f); posrisgaemo eninruunuit nudepentianpauii oneparop L; (j = 1,...,.J) nopsgaky
2m € N, axuit B gokanbHUX KoopauHatax y' = (yi,...,¢yL ) (I=1,...,N) mae Burasm

Liu(y') = > ajay)0*(uoy™),  ajaly’) € CW Un),

ja[<2m
e ajo(y') € R g |a| = 2m. Ilpunyckaemo, 1o icHye Take qucio ¢ > 0, mo
(1™ D aaly)er = clg*
|a|=2m
Juis Beix € € R
Hexait L; 3 06s1acTIO BU3HaYEHHA

D(L;) = C=(9%)

e cumerpuunuii B Ly(0€2;). Toxi ftoro samukanns A; mae TOUKOBUil CIeKTp 1 001aCTH BU3HAUEHHSA
D (AF) itoro k-ro crenens: cuiBnazae 3 npocropom Cobosesa W3™ (9;).

st 6yab-skoro v > () BUBHAYMMO ITiJIITPOCTIP

E7(Ay) = {u € La(0): Nlulleriayy = D N(A;/1)* ull1a00,) < o0

kE€Zy

O6’emHaHHS

E(A) =€ (4)

HaI1JIMMO KBa3iHOPMOIO
||u||g(Aj) = ||u||L2(mj) +inf{vr > 0:ue &(4;)}.

Omneparop A; camocpsikennit B Lo(0€);), a romy E(A;) minbanit B Ly(0€);). Ilpumycrumo, 1o
0 € p(A)) ma seix j =1,...,J, 1e p(A;) € pesonbBenTHa MHOXKHHA A;.

Hexait & — nonoBHeHHST TEH30PHOTO JTO0YTKY

E(A)®...®E(Ay)
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Yy TIPOEKTUBHIN KBa3iHOPMI
lwlle = int Y [luglecar - llulleca,s
n

sie inf GepeTbest 3a BciMa IpejicTaB/IEHHIMA

N

=L ®

n=1

31 cKindennuM N, TaKUMH, IO

Qui e E(A)®...®E(A)).

Yepes %, 1m03HAIUMO TIOMOBHEHHSI TEH30PHOTO JI00YTKY
Ly(0)) ® ... ® La(082))

y IPOEKTUBHINT HOpMI

|‘wH$2 = infz ”u711HL2(391) SR HuiHM(aQJ)'
n

s napu iggekciB 0 < s < 00, 0 < 7 < 00 BUBHAYUMO allPOKCUMAIIITHUN TTPOCTIP
%ﬁ(57$2) = {w € gg: kuﬂﬁ(é‘l,%) < OO}

3 KBa31HOPMOIO

0 dt\""
(/ [(E(t,w; &, %)]" 7) , 0< 71 <00,
[wll 6,2 = { °
supt°*E(t,w; &, L), T = 00.
t>0
Tyr
E(t,w; &, %) =inf {||lw— 0’| g: v’ €&, |u)s <t} we L, t>0.

JoBojimmo psAMi Ta oOGepHEHi alpokcuMariiiini Teopemu y ¢opmi HepiBHocTeir Tuiy JIxxe-

KcoHa 1 BeprmmTeitHa, B SKMX KOHCTAHTH BUPAYKAIOTHCA depe3 ITapaMeTpu allPOKCUMAIITHUX ITPO-

cropis %2 (&, 2%) 2]

JlitTepaTypa
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[2] M. Dmytryshyn. Tensor products of approximation spaces associated with regular elliptic
operators on compact manifolds. Mat. Stud. 2025. 64, No. 2. P. 170-178.
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Ob6rpyHTyBaHHS METOJY ycepeaHEeHHS AJisd 0araro4acTOTHIX

cucteM AndepeHIiaJbHIX PIBHAHD i3 CTAJNM 3alli3HEHHSIM

Maxkcum Jlommainax
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni 0. Pedvrosuua, Yepnisui, Yrpaina

domnitsak.maksym@chnu.edu.ua

Posrasmaernbes HeminiiiHna OararodacToTHa cucTeMa IudepeHIlialbHIX PIBHAHD i3 CTaINM
3alli3HEHHSIM BUIJISALY:

da dp  w(r)

o = X(7,an, po), +Y(7,aa, o), (1)

dr €
Jie a 1 ¢ — BEeKTOpU TMOBLIBHUX 1 MBUJIKUX 3MIHHAX BIJIOBITHO, T — MOBLIBHUI Jac, € — MaJnii J10-
JaTHU napaMeTp, a w(7) — BeKTop-QyHKIIig 9acToT. BIIUB mic/isiiil BpaXOBYEThCs Ye€pe3 BEKTOPH
i3 samizHenuamu ap (1) = (a1 (T—eAy), ..., an(T—eAy)) Ta pp(T) = (P1(T—€b1), ..., om(T—c0n)),
me 0 <A <---<A,ta0<60 <--- <0, — crani 3ani3HeHHs (30KpeMa, JOCITIKYETHCST BUIIA-
oK it m = 3). [logaTkoBi yMOBH JiisT BIAMOBIIHIX 3MIHHIX 3a/1a10ThCsl Ha Bifpiskax [—eA,,, 0]
Ta [—£0,,,0].
Bianosinna ycepemanena cucrema OyIyeThCs YCePEIHEHHAM 3a IIBUIKUMU 3MIiHHUME 1 HAOY-
Ba€ BULJISILY:
da dp  w(T)

E = Xo(T, aA),

OcHOBHOIO 33/1a9€r0 OOI'PYHTYBaHHSI METO/Ly YCepeTHEHHS € BCTAHOB/IEHHS e(peKTUBHUX OITi-

Ir - + Yo(7,an). (2)

HOK OJIM3BKOCTI PO3B’A3KiB BUXIJIHOI Ta ycepeanenol cucteMm. g GaraTroqacToTHHX cucTteM 6e3
3ali3HeHHsT MeTOJ ycepeHeHHsI o0rpyHToBanuii y monorpadii [1], ajst cucremu 3 oxHuMm cra-
JIMM 3alli3HeHHAM - y mpari [2]. Y3arajbHeni 6araroqacToTHi CHCTEME 3 JIHIHIMI 3aIli3HEHHAME
METOJIOM YCepeIHeHHsT JTOCTiIKeH] B [3].

Y naniit JomOBiI 3HAiIEHO JOCTATHI yMOBU iCHYBAHHS 1 €IHOCTI PO3B’I3KY MOYATKOBOI
sajadi g1t cucremu piBustab (1) ma Biapisky [0, L], 1m06y10oBaHO OIIHKY JJisi TOXUOKH METOJLY
yeepejiHeHHst, nopsiiok kol O( %/e).

Opnepzkafi pe3yabTaTi IPOLTIOCTPOBAHO IS OJHOYACTOTHOI CHCTEMUI

da
= cos(20a1 — a2 — Pa3) + cos(29a1 + Paz + Pas). (3)

it orpumano oninky |a(7,e) —a(7)| < Cy/e mus Beix 7 € [0, L] i e € (0, &)

JlitepaTypa
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AnpokcuMmalis po3B’a3KiB JIHITHIX KpaiioBux 3a/1a4 i3
3alli3HEHHAM MEeTOJIOM CILIaitH-QyHKITIA

Amngpiit Hoporr, Osexciit 2KosrroBebkuit
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opia @edvrosuua, Yeprisui, Yrpaina

a.dorosh@chnu.edu.ua, zholtovskyi.oleksii@chnu.edu.ua

Posriiinemo kpaitoBy 3ajiaqy

y' (@) +p @)y (@) +a @)y (@) +@@)y@—71() = f(2), z€[g], (1)
y(x) =¢(x), ze€laa, yla)=¢la), y) =7, (2)

nep(z), q1 (z), @2 (z), f(x), 7 () > 0 — HenepepsHi DyHKIUT Ha [a; b], ¢ (x) — HenepepBHA QyHKITisS
Ha [a*;a], 7 € R, a* = max < (x — 7 (7))
x€a;b]

[Murannsa icHyBaHHS Ta €IMHOCTI PO3B’S3KIB KpalloBUX 3aJiad Jjisd PI3HUX KJAciB Jude-
PEHIIaIBHO-PI3HUIIEBUX PiBHAHD po3rigiasucs B [1]. Bymsemo gomyckaru, 1o icnye equnuii nBiti
HerepepBHO-ndepeHIiiioBatmii po3s’si30K KpaiioBoi 3a1aqi (1)-(2).

3acTocyBaHHS METO/Y CILIAlH-DYHKINH BHABUIOCH €DEKTUBHUM ITi/IXOIOM it HabJIMKe-

HOT'O 3HAXOJ/ZKEHHsI PO3B’SI3KiB KPaloOBUX 3a/ad i3 3alli3HeHHAM. ¥ po0OTi PO3IIANalOThCd JIBi

CXEMU 3aCTOCYBaHHS METO/Iy CILIaitH (DYHKIIT:

® BUKODUCTAHHS 0a3UCHUX KyOIUHUX CILTAfHIB;

e iTeparliiiHa cxeMa 3a JIOIOMOTOI0 KyOIUHUX CILIalHIB JedeKTy 2.

Bynemo mykaru nabimzkenuit po3s’s30k KpaitoBol 3ajadi (1)-(2) y Bursi kybiunoro B-

ciutaitaa [2]

n+1

Sy) = 3 biBi () (3)

i=—1

[lincrapnsrouan crutaita (3) y piBusHus (1) i Kpaitosi ymoBu (2), y By3/aax CiTKH 0JePZKUMO

piBHOCTI
bp—1 — 2bg + b1 bri1 — br_1 br_1 + 4b + biy1
i~ o ; + (4)

n+1

+gok D biBi (=7 () = f (wx), k=0,m,
k=—1

b1 +4by+ b by—1 +4b, + b,

%:w(a% 1+6+ o )

Cuissinnomenns (4)-(5) — ne cucrema JiHIRHAX PIBHAHB /Ui 3HAXO/ZKEHHS KoedinieHTin
be, k= "T,n+13].
Y pobori [4] 3ampornoHoBaHO cxeMy 3HAXOJZKEHHs HabJIMZKEHOrO PO3B’sI3Ky KpaiioBol 3a/1au4i

(1)-(2) y Burssai ky6ianoro crutaitny S(z,y) nedekry 2:
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M R2\ 2 —x Mh3\ o — L —
+ <yj_1 - j6 ]> ]hj + Y; — j6 ] h]] , T E [x]—lvij J=1m,

M =85"(x;4+0,y), j=0,m—1, Mj = S"(z; = 0,y), j =1, m.

s 3naxomKkenas Beaunana M ]+ , My [4] sanporionoBano iTepaliiiny cxemy Ta BCTAHOB-
JieHO KoedirienTHI yMOBHU 11 3012KHOCTI.
Posriisinemo TecToBy KpaiioBy 3a/1ady i3 3alli3HEHHIM

v/ @)+ +y(e-g) =0 e e o],

s 7
y(r) =2, z € [—5;0} : y(§> = 4.
Y tabymri 1 HaBe/ieHO HAOJMKEH] 3HAYEHHS PO3B A3KY 3TiJIHO PO3TVIAHYTUX CXEM allPOKCH-

Mariiit. yr — Tounuit po3s’a30K, Sy — HabiuKeHe 3HAYeHH: KyGiunoro B-cruaitna, S¥ — nabimkene

3HAYCHHS KYyOIUHOTO CILIaiiHa JedeKTy 2 Ha k-it iTeparril.

Tabanra 1
x yr Sy Si SO S0
0.000000 | 2.000000 | 2.000000 | 2.000000 | 2.000000 | 2.000000
0.314159 | 3.658328 | 3.657946 | 3.653093 | 3.657643 | 3.657945
0.628319 | 4.762779 | 4.762178 | 4.754326 | 4.761688 | 4.762176
0.942478 | 5.205243 | 5.204631 | 5.196778 | 5.204141 | 5.204629
1.256637 | 4.942407 | 4.942005 | 4.937151 | 4.941702 | 4.942003
1.570796 | 4.000000 | 4.000000 | 4.000000 | 4.000000 | 4.000000

YucioBl eKCIepuMEeHTH MOKa3yIoTh, 10 OJHAKOBA TOYHICTH HAOJIMKEHHS KyOiunmmu B-

crtafinamu Ta criafinamu JgedeKTy 2 J0CAraeThCd OPIEHTOBHO Ha JIeCATIH iTeparrii.
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AcuMIIToTMYHNIT aHAJI3 TAa ycepeJHEeHHs JIJIsi CTOXaCTUIHIX
andepeHIfiaabHO-(PYHKITIOHAJIBHIX CUCTEM 13 MaJIAM

ImapaMeTpoM 3a HAGBHOCTI 30BHINIHIX BUMOAJKOBUX 30ypeHb

Ipuna JJOPOIITEHKO

Yepriseuvruti nayionasvrut yrisepcumem iment FOpia Pedorosuya, Yepnisui, Yrpaina

i.doroshenko@chnu.edu.ua

Y HaraTbox MaTeMaTUYHUX MOJIEJIAX TEXHIUYHUX 1 (DI3UUHUX cHCTEeM MaJi 30ypeHHS Iapa-
MEeTpiB CYTTE€BO BIIMBAIOTH HA JWHAMIKY, 3MIHIOIOYHM CTaH PIBHOBAIrW BiJl aCUMITOTUYHO CTili-
Koro jio Hecriiikoro [1]. s noc/iijizKeH sl ieTepMIHOBAHUX CUCTeM eDeKTUBHO 3aCTOCOBYEThCS
MeTo/1 ycepeaaennst boromo6osa—MuTtponosnbesroro-Kpumosa—Camoiinenka [1]. IToro possuTox
JIJIsT CTOXACTUYHIX CUCTEM 0e3 Mcagmil Ta 31 CKIHIeHHOIO UM HECKIHYEeHHOIO MiC/IA €0 BUCBITIEHO
y npargx LI Tixmana, P.3. Xacmuncskoro, €.@. [apkosa ta B.K. fcuncbkoro.

Metoro nanoi poboTr € OBrpyHTYBaHHS aJrOPUTMY IIOOYIOBH CIIPOIEHUX (ycepeTHeHnX)
PIBHSAHB JIJTsl KBA3LIIHINHUX CTOXaCTUIHUX JindepeHIiaabHuX Ta udepen iaabHO-OYHKITIOHATLHUX
CUCTEM i3 MaJiuM rapameTpoM € > () 3a HAsIBHOCTI 30BHIIIHIX BUIAIKOBUX 30YPEHbD.

Posraspaerses croxactudne gudepeHiiajgbHe PIBHAHHS 3 MaJIM IIapaMeTpoM I JI€ro

3oBHimHIX Bunakosux Besnand (C/IPBB) na iimosipaicnomy 6asuci (Q, F, {F;, t > 0}, P):
dxy = € [ppa(t, xy)dt + ,b(t, xy)dwy], 4 = zo(w), (1)

Jie Wy — CKAJIAPHUI CTaHJIaPTHUI BIHEPIBCLKUI MIPOIIEC; Oy, 1), — 3OBHIIIIHI BUIIAIKOBI BEJIMYUHH,

He3aJIeXKH1 BiJ] Wy, 31 CKIHUEHHUMU JIPYTUMUA MOMEHTaMM (Egpi < Ky, sz < Kj).
[IpunyckaeTbcst BAMIpHICTD Ta BUKOHAHHs MOAU(DIKOBaHOI 17I00a/1bHOT yMOBH JIirmmmris st

koedirientis a(t,z) Ta b(t,x) 3 koucranroro K* = max{Kj, Ky}, a rakox icunyBanHs 3 #iMOBip-

HiCcTIO 1 TpaHuIi:

S+T
711_{1;0 T/S pwa(t, x)dt = a(z,w). (2)

PiBHSIHHS BUIIAIKOBOIO YyCEPEIHEHOTO PYXY 3a/IUCYEThCs Y BUIJIsI:
dx(t,w) = pea(x(t,w))dt. (3)

Teopema 1. Hexati 6ukoHyomovea YMosu Pe2YaapHoCmi KoePhiuyieHmis ma 2paruyito20 cniéeio-
nowenns (2). Todi npu € — 0 nopmosana pisnuys 1; = \/ngow (xf — z(t,w)) caabo s6izacmvea do

D036 A3KY NHITH020 HEOOHOPIOH020 CMOTACTUYHO20 PDIBHAHHA:

dne = pug(t,w)mdt + 1, f (t, w)dwy. (4)

Teopema 2. 3a suxonarms ymos modugixosarnoi ymosu Jlinwuus icnye maxa gymnxyisa g,(e,T),

wo daa dosinvnux € € (0,69) ma T > 0 mae micye oyinka:

0<t<T/e

E{ sup |xf — x(st)|2} <q1(,T) =0 npue—0. (5)
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Jati po3riigHeMo cucteMy 3i CKIH9eHHOIO Imicrsieto r > 0:
dzy = € [poa(t, z)dt + Yub(t, xe)dwy], w9 = B(0), 6 € [-r,0], (6)

ne vy = {x(t+6),0 € [—r,0]}, a xoedirienTn 3a/10BO/BHIOTH yMOBH Jlinmuis B piBHOMIpHIit

werprni [la| = sup_, <peq [a(6).

[opsiz i3 CPP (6) posriisiaeMo J10MOMIXKHE PIBHSIHHS 6€3 TiC/Is il

dy; = € [pua(t, y:(0))dt + P,b(t, y:(0))dwy] . (7)

Teopema 3. /Jlas pisnuyi pose’sskie cucmem (6) ma (7) mae micye nepiehicmy:

E { sup [z — ysl2} < g(e, T, K ([lall* + [181I%), (8)

0<s<T/e
de lim. o g(e, T/e, K*) = ¢p < 0.

OrpumaHni pe3ysbTaT JA0Th 3MOTY OOI'DYHTYBATHU IHPOIEILYPY YCEPEIHEHHS il KBA3ijIi-
HIHHUX CTOXACTHYHUX JuepeHItiaTbHO-(PYHKIIOHATBHIX PIBHAHD 13 MaJUM IapaMeTpoM 3a Ha-

SIBHOCTI B0BHIIHIX BHUIIAIKOBUX 30yPEHb HA BEJIMKUX IPOMiXKKax 1dacy nopsaiaky O(1/e).
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AcuMnroTndHa NOBeAIHKA PO3B’SI3KiB IMUKJIIYHIX CUCTEM 31

IIBMJIKO 3MIHHUMMW HeJIIHIAHOCTSIMMN

B’auecnas €BTYXOB, Osexkcangp MAKCUMOB

Odecoruti nayionarvrutl ynisepcumem iment 1. 1. Mewnuxosa, Odeca, Yxpaina

evtukhov@onu.edu.ua, 2162237@gmail.com

Posrnsnaernes cucrema audepeHIiaj bHuX PIBHAHD

vi = aipi(t)ir1(Yir1), i=1,n, (1)

Je st Beix yHKINN 1 mapaMmeTpiB 3 iHAeKcOM 1 + 1 OyaeMo BBaxKaTw X B3a€MHO OIHO3HAYTHO
BiIIIOBIJTHUMH BeJIMUUHAM 3 1HJIEKCOM 1.

Y cucremi (1) oy € {=1,1} (i = 1,n), p; : [a,w) — (0,+00) (i = 1,n) — HenepepsHi
byukuii, —0o < a < w < +00, p; : A(YL) = (0, 4+00) (i = 1,n), ne A(Y?) — neauit oanobiunmii
okin roukn Y7, [Y?| < +o0.

DyHKIIiA 1 € ABiYl HellepepBHO JU(EPEHIioBHOIO 1 38/I0BOJIbHIE YMOBHI
Pi(2) 0 mpn z € A(YY),
lim () =00, @€ {0, +oc},

z2—=Y]
2eA (YY) (2)
1
lim —901(,?)301(22’) =1.
=Y [0 (2)]
zeA(YYP)
Perra dbynxuiit ¢;(z) (1 = 2,...,n) € HenepepBHUME i TIPABUJILHO 3MiHHUME TIpu 2 — Y0 yH-

KISIMI TOPSIKIB 0; (1 = 2,...,n).

Y HacTUHHOMY BHUIAJIKY, KON

@ipi(t)Pit1 (Yit1) = Yis1, 1=1,...,n—1,

I CHCTeMa eKBIBAJIEHTHA JIBOUIEHHOMY JudepeHIiajlbHOMY DIBHSIHHIO N-T'0 MOPSIIKY 31 MIBHJIKO
3MIHHOIO HeJIHIMHICTIO (.
Taki piBHsSIHHST paHile JK0CiRKyBanuch pu n = 2 i nupu n = 4 y poborax [1, 2|.
Poss’szok ()", cucremu (1), Bu3HadYeHUT Ha TPOMIKKY [to,w) C [a,w), HA3UBAETHCSA

Pu(A1, ..., A,)-po3B’a3KOM, SKINO BiH 3a/I0BOJIbHSIE YMOBI

yi(t) € A(YL) 1pu t € [to,w), ltle yi(t) = Y?,

Yi(t)yia (t)
thew i (t)Yir1 (t)

MeTo1o poboTH € BCTaHOBJIEHHA YMOB ICHYBAHHS 1 aCUMITOTUIHUX 300parKeHb TAKIX PO3B’I3KiB

y BunaJky, ko Ay, ..., A, € R\ {0}. Pesyabrarun Takoro tumy pamime 6ysno orpumano B [3]
JUIg cucTeMu, B AKiit yci dbynkmii p;(2) (i = 1,...,n) € mpaBuIbHO 3MiHHUME Tpu z —> Y
(t=1,...,n).
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CriiiKicTh OIOZ0 I'PAHUYHMUX 1 30BHINIHIX 30ypeHb OIS

aTpakKTopiB mapadoJidHnX 0araToKOMIIOHEHTHIX CHCTEM

Tersna 2KVK, Auna KPACHEEBA, Anapiit [TAHBKOB

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca Ilesuenka, Kuis, Yxpaina

Inemumym mamemamuru HAH YVrpainu, Kuis, Vkpaina

zhuktetiana6@gmail.com, krasnyeyeva@gmail.com, andrii.pankov@imath.kiev.ua

DyHIaMEHTATBHIM ACIEeKTOM $IKICHOTO aHaJi3y JUCUMATUBHUX aBTOHOMHHX CHCTEM Y Ma-
TeMaTu4Hii (Hi3ulll € BUBYEHH IVI00AJIHbHUX aTPAKTOPIB: KOMIAKTHUX IHBAPIAHTHUX TiIMHOKUH
HECKIHYeHHOBUMIPHUX (pa30BUX MPOCTOPIB, IKi pIBHOMIPDHO NPUTATYIOTH TPAEKTOPIl CUCTEMU BiJl-
HOCHO OOMEXKEHMX MHOXKUH mnovyarkoBux ganux [1]. dns cucrem peaxiii-judysil, BKIOYa0IH
cucremy FitzHugh-Nagumo, mo posrisijiaerbess B poOoTi, icHyBaHHs Ta BJIACTHBOCTI PO3B’sA3KiB
Ta TI00aJIbHUX aTpakTopiB Oyim gocaimkeni B |1, 2, 3|. Komu B cucremi npucyTHi HeaBToOHOMHI
30ypEeHHs, BaXK/IMBOIO € 3aJa4a MPO OIIHKY BiXujeHHd 11 TPaeKTOpiil Bij aTpakTopa He30ype-
HOI cucTeMH. Y BHUITQJIKY TVIO0AJIBHO aCUMIITOTUYHO CTIHKOIO MOJIOYKEHHsI PIBHOBAIW TaKi OIHKN
3a0e31euyoThcs Teopiero crifikocti Bix Bxoay g0 crany (ISS) [4]. s cucrem 3 mHerpusiajibHUM
11006 IbHUM aTPAKTOPOM HEIOABHO Oy/ii OTpUMaHi orinku Tuity [SS 1715 HeaBTOHOMHUX 30y pEHb
npasoi yactuau B [5|. 36ypeHHs TpaHUIHUX yMOB Gy/IM PO3IVISTHYTI JJTsl CKAJISIPHUX HAIIBJIiHIi-
HUX napabosigaux piBHstHb y [6]. VY 1iii poboTi MU 3acTOCOBYEMO METOJ, po3pobienuii y [6], 1o

cucremu piBagab FitzHugh—Nagumo

8ugft, CL’) =a 8215(52’ I) + h('LL(t, x)) — ’U(t,x) + Dl(t, $>, (t,l’) c Q,
2
avgf£ ) = ay % + 61 u(t,x) — dqv(t,x) + Da(t,x), (t,x) € Q,
1
u|x:0 = dq(2), U’I:l = d(1), (1)
Vo =i(t), v|,_, =da(t),
\u|t—0 = uo(2), U‘t—o = vp()

ae Q@ = (0,400) x (0,1), h(s) = —s(s — b1)(s — ba), ai,as,by,by, 01,00 — JAOmATHI KOHCTAHTH,
di, di € L®(Ry), D; € L*(Q), i = 1,2, susHauatoTs 36ypenns, {ug,vo} € H = (Lz(O,l))2.
Binomo [1], mo 3a BimcyTHocti 36ypens (d; = d; = 0, D; = 0) cmabki poss’ssku (1) mo-

po/KyIOTh B (bazoBomy mpocropi H mamisrpyny {S(t) : H — H};>, fKa Mae HeTpHUBIaJIbHUI

KOMITAaKTHUI TJI00aIbHUN aTpakTop O, To0TO
St)e=0 Vt>0,
1 g Oyb-sikol oomexkenoi B C H

IS()Blle := dist(S(t)B, ©) — 0, t — +oo,
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e
dist(Ay, As) = sup inf ||& — &,
€A

£1€A; &2
| - ||z — mopma y mpocropi H, B,(A) = {& | dist(§, A) < r}. Hosmaunmo ¢y = {ug,v0} € H,
d = {dy,dy,dy,dy} € (L®(Ry))* {Dy, Dy} € (L>(Q))?. Barambiy dbyHkiio 36ypens Gyaemo
HO3HAYATH
D :={d, Dy, Dy}
IToxkmamemo
Sp(t,pe) = (t), nep={u,v} — po3s’sasok (1) (2)
B po6ori 6y:10 mokazao, 1o 3aja4a (1) € robaabHo po3B’si3Ho0 B H J1j1st aOCOIIOTHO Herle-
PEPBHUX T'PAHUYHUX 30ypeHb d Ta 0OMeKeHUX 30BHINIHIX 30ypenb Dy, Doy, TOOTO BijobOpazkeHHsd
(2) ms Takoro KJacy 30ypeHb O3HAYEHe KOPPEKTHO.

OcHoBHUM pe3yJIbTaTOM pOOOTHU € JIOBeJieHHsT pobacTHOl oninku Tumy [SS s po3s’sa3KiB

(1) BiHOCHO arpakTopa © B TepMiHaX abCOIOTHOI BEJIMIMHU 30yPEHb.

Teopema. /Jlaa 3asnauernozo waacy 36ypens ichwyromo v > 0 ma Ry > 0 maki, wo daa ecix

R > Ry iwcryromn pynxuii € KL, v € KK maxi, wo
Voo € Br(©), lgolle <R, VD, |D]e<r
BUKOHYEMBCA OUIHKA:
Vi=0  [ISp(t po)lle < B(lleolle, t) + ([ Dlls) - (3)
Tyr K, KL —crannaprai kiaacu GyHKIN nopiBHsHH [7],

IDlloc = max{ [|dill 2=z, Idillzep) [1Dillz=@)} -

Po6ora Bukonana 3a miarpuMku Harioraibaoro dhoH Ly jocizkensb Y Kpainu, mpoekt 2023.03 /0074

«HeckinueHHOBUMIPHI €BOJIIOIIHI PIBHSIHHSA 13 OaraTo3HaYHOIO Ta CTOXACTHYHOIO JIMHAMIKOIO»
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Kpurepiii kepoBaHOCTI JIHIITHIX IHTerpaJIbHUX PIBHAHDb 3

HEBUPOA2KECHUM AJAPOM Y I‘i.TIbGGpTOBI/IX IIPOCTOpPax

Bagepiit 2KYPABJIBOB
Honicoruti naurtonarvrul ynisepcumem, 2Kumomup, Yrpaina

vEiz2008Qukr .net

[urerpanbni piBugnnsg @perosibMa 3 HEBUPOIKEHUM SIPOM BUHUKAIOTDH y 33/1a4aX MaTeMaTUIHOT
dizuku, Teopil KepyBaHHs, €KOJOTIYHOTO Ta €KOHOMIYHOIO MOJICTIOBAHHS Ta iHIUX. Y 0ararhox
NPUKJIQIHIX MOJIEIAX IIpaBa YacTUHA PIBHSIHHS HE € JIOBIJIHBHOIO: BOHA MOYKE MICTUTHU 30BHINTHIN
BILTUB a00 KepyBaHHsd, 3a JOTOMOIOI0 AKOTO MOTPIOHO 3a0e3MeduT po3B’d3HIiCTh 3aadi. Tomy
AKTYaJILHOIO € 3aJlavda MOOYI0BH KPHUTEPII0 KEPOBAHOCTI TAKOTO PIBHAHHS Ta SIBHOI'O OIHCY BCiX
KEePyBaHb, 3a sIKUX PO3B’SI30K iCHYE.

Hexait H — niiicauit rinsbeprosuit ipoctip, Z = [a,b], a z(t), f(t),u(t) € Lo(Z,H). Pos-

IJITHEMO iHTerpaJjbie piBHAHHS DPperosbMa 3 KepyBaHHIM

(L2)(8) /Kts /Klts 5)ds, (1)

ne K(t,s) ta K;(t,s) — HeBUpO/zKeHi si/ipa, cyMoBHI 3 KBaapaTom Ha Z X Z. Hexait {¢;(t)}2, —

oproropmoBanuii 6asuc npocropy Ly(Z, H), a

D(t) = (p1(t), pa(t),...).

Tomi st dyukuiit z(t), f(t), u(t) Ta aunep K(t,s) ta Ki(t,s) yrBopumo ix koedirientu Pyp’e

P = / & (t)2(t)dt, f = / & (1) f(t)dt, @ = / &* (t)u(t)dt,

K= //@* \B(t)dsdt, Ky = //@* VK (1, $)B()dsdt.

Hexait D = I — K — nopMasbHO po3B’sizumii omeparop, a DT, Pu(py, Pn(p+y — BIANOBIIHO
CeBI00OEPHEHNUIT OIIepaTop Ta OpTONpPOEKTOpH Ha Hy/b-1ipocropu N (D) i N(D*).

s pisasiaas (1) 6e3 KepyBaHHs yMOBa PO3B’S3HOCTI Mae BUIJIs |1, 2]

Paon / & (s) f(s)ds = 0. 2)

Zkmo ymosa (2) He BUKOHYEThCs, To piBHsAHHSA (1) 6e3 kepyBanus (u(s) = 0) He Mae po3B’a3KiB
1 KepyBaHHsI Mae KOMIICHCYBaTH came JieeKTHY KOMIOHEHTY MpaBOi YaCTHHH, IO HAJEKUTh
upocropy N(D*).

[Ticas migcranoBKY MpaBol YacTuHU piBHAHHS (1) B yMOBY (2) 0/Iep»Ky€eMO piBHSIHHSI BiTHO-

CHO KepyBaHHA. IToznauuBM

b b
V(s):PN(D*)/ &* (1) K1 (T, s)dr, B:/ V(s)®(s)ds,
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MIPUXOJINMO JI0 OTIEPATOPHOTO PIBHAHHS

B = — Py / & () f(s)ds. 3)

Hexaii onepatop B Tako:k HOpMaabHO po3B’a3uuii. Toxi piBasaHHs (3) Mae po3B’30K TOJ] it TITBKN

TOi, KON
b
Pus Py, / () (s)ds = 0. 0

YmoBa (4) € KpuTepiem KepoBaHOCTI iHTerpasibHOro pisasians (1). Bona osnavae, mo medexrra
KOMITOHEHTa ITPaBOl YaCTUHH Ma€ HaJIeXKaTu 00JIacTi 3HaAYeHb OolepaTopa KepyBaHHs .
[Tpu BukonanHui ymoBu (4) MHOXKUHA BCIX KEPYBaHb, siKi 3a6€31€9yI0Th PO3B’SI3HICTH PIBHSI-

uas (1), mae BurJIS I

u(s) = @(s)Py(pyt — D(s) B* Pyp+) / &*(s) f(s)ds, (5)

e & € H — noslibamii eement, a BT — ncesnoobeprenuii oneparop 1o B. Binnosigna MHOKIHA

PO3B’4I3KIB 3aJIa€ThCsi POPMYJIOIO

2(t) =0(t) [Pyp) D' E1Pys)] <Z>
Y (6)
+@(t)D* []—K1B+PN(D*)}/ &*(s) f(s)ds,

a
ne 2 € H — nosinbauit enement. @opmyiu (4), (5), (6) maiors He Jmrie Kpurepiil icHyBaHHS
KepyBaHHsl, a i aHAJITUIHUI OIKC YCIX JIONYCTUMUX KEepyBaHb Ta BCIX PO3B’sI3KiB.
Y opronopmosanomy Gasuci ¢, (t) = sin 4, n = 1,2,... upocropy L([0,2],15) posrus-
HYTO HPUKJIA]T

2(t) —/0 K(t,s)z(s)ds = f(t) +/0 Ky (t, s)u(s)ds, t €10,2],

e

K(t,s) = $o(t) MoPj(s) + i@k(t)Mk@Z(s), Ki(t,s) = @o(t) NoDg(s) + i D (t) Ne P (),

ap 0 110 B 0 0
My=1Is, M= |0 0 ap|,x=55 No=]01 1|, Ne=]0 B Bl
0 0 O 1 21 0 Br B
_ 1 _ 1
=1 k=g k21
() = | puna(t) pmealt) puealt) |, k=012,
Y mpomy npukiajii oneparop D = [ — K mae JedeKTHICTb, 30CE€pPe/KEHy B IEPIIOMY

TPUBUMIpHOMY OJIOIIi, & YMOBa KEPOBAHOCTI 3BOJIUTHCS JI0 OJIHOTO JIHIAHOIO CITIBBIHOIIEHHS MizK

neprmmmu Tproma Koedinientamu Oyp’e mpaBoi vacTunu:

Af@wmﬁ+lfwwwﬁ—lfm%@ﬁza (7)
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[Ipu Bukonanui (7) MHOXKWHa BCIX KepyBaHb i MHOXKHMHA BCIX DO3B’SI3KIB sIBHO BHU3HAYAIOTHCS
dbopmynamu (5), (6).

Ot2ke, oTpuMaHuili Kpurepiii J103B0JIsI€ KiacudikyBaTu MpaBi 9acTUHU PIBHIHHS HA KEPO-
BaHi Ta HEKEPOBaHi, a TAKOXK BIJOKPEMUTH BUIAJIKU, KOJIU KEPYBAHHS He MOTPIOHE, KO BOHO
iCHye, KOJII BOHO HE €JIMHE 1 KOJIW 3a/IaHUil ollepaTop KepyBaHHS HE MOYKE YCYHYTH IMEPEINTKO/LY
posB’a3nocTi. [IpakTnyne 3HaYeHHS pPE3YILTATY IMOJIATAE€ B TOMY, IO BiH Ja€ KOHCTPYKTHUBHIUI
CrociO ImepeBipKH KEPOBAHOCTI Ta MOOYJIOBU KepPyBaHHS JiJIsd JIHIHHUX 1HTErpaJibHUX PIBHIHDL 3

HEBUPO/IZKEHUM $JIPOM Y TLIHOEPTOBUX MPOCTOPAX.

JlitTepaTypa

[1] 2Kypasasos B. II., ZKypasasos A. B., Cmocapenko 1. I1. Kpurepiii pos3s’si3Hocti siHiitHIX
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: TOB “Byk-apyk”, 2025. 546 c.



207

Cunryiisipao 30ypeHa MaTeMaTU4YHa MOJIeJThb

MEMS-naiadparmMu 3 poTaliiitHO IOJATJINBUM KPaeEM

Annpiit SABOPOTUHCBHKINN, Onexcanap MYPAY

Kuiscokuti nayionarvrut ywieepcumem iment Tapaca [lesvwenxa, Kuis, Yxpaina,

Inemumym mamemamuru HAH YVrpainu, Kuis, Vkpaina

zavorotynskyi@knu.ua, murach@imath.kiev.ua

Touxki npy»x)Hi JiadparMu € 4yTJIUBUMEH eJIeMEeHTaMU 0ararboxX MiKpPOEeJIeKTPOMEeXaHIIHUX
cucreM, 30kpeMa emuicaux MEMS-mikpodonis. Ixasg Mexanivuna moBeiHKa BUBHAYAETHCA CILThb-
HOIO JII€I0 3rUHHOI YKOPCTKOCTI Ta HATATY B ILIONIWHI Jiadparmu. Y JjiHIfiHOMY HAaOJIMKEHHI CTa-

TUYHA PiBHOBara IMonepeHbO HATATHYTOI IJIACTUHY ONMCYEThCS PIBHAHHIM
DA3w — NAxw = P,

e w = w(X) — nonepeunuii nporud, X — po3MipHi KoopauHATH B IUONWHI Jiacdparmu, P —
sajane nonepedne Hapantaxkenns, D = Eh®/[12(1 — v?)] — xoedinienT 3ruEHOI KOPCTKOCTI,
N = ogh — koedimient marary, £ — monynas FOnra, v, — xoedinient Ilyaccona, h — Topuiumaa
WIiBKH, a 0y > (0 — 3aJUIIKOBe pO3TsryBajbHe HApyxKenus |1, ¢. 221, 235-236].

Hexait L. — xapakrepuuii jiniiinuit posmip miadpparmu, W > 0 — xapakrepHuii mac-
mrab nporuny. [licas BBegenns 6esposmipanx Bemand @ = X/L, u(x) = w(X)/W ra f(z) =
L?P(X)/(NW) piBusuns nabyBae BULIsLLY

D h\° E
2A2 — 2 — _ o =
(EA=Au=[ & =Fp (L) 12(1 - 1v2)oy

[Ipu € = 0 nopsoK audepenIiagIbHOro PiBHAHHS 3HUMKYETHCS 3 Y€TBEPTOTO JIO JIPYTOro, IIo
BI/IIIOBIJIa€ IPAaHUYHOMY MEMOPAHHOMY PEKHUMY, KOJIU BHECOK 3TMHHOI YKOPCTKOCTI CTa€ MaJjuM
HOPIBHAHO 3 BHECKOM Hatary [1, ¢. 236, 258-259|. [lins mosikpeMHieBUX TUIIBOK XapaKTepHi 3Ha-
qennsa F ~ 155-165 GPa ta v, ~ 0.22 |2, c. 37, 44|, Toxl sK 3aJHUIIKOBE HAIPYZKEHHs iCTOTHO
3aJI€2KUTH BiJl TeXHOJIONIT (hOpMYBaHHS Ta MOAAJIBIIOl TepMo0OpoOKHy twiiBku (3, ¢. 1, 28, 38-39].
Hanpuknan, npu E = 160 GPa, v, = 0.22, 09 = 50MPa, h = 1pm ta L = 0.5mm maemo
e~ 0.0335 <« 1.

Hexait Q C R? — Gesposmipna obMezkena obsacTh giadparmu 3 Mexeio I € C®, v —
30BHiIHA HOpMaJh J10 [', a A, — omneparop Jlammaca—Benbrpami na I'. [lyis onucy porariitao
MOJTATJIMBOTO 3aKPIIJIEHHS BBOJIMTHCS JI0JIATKOBA HeBioMa yHKIlid o Ha Mexi ['. Tomy Bunnkae

TaKa KpaloBa 3a/1a49a
(E2A? — A= f, x€Q,
u=gqgy, vel,
ou+o=g¢gs z€T,

(02 + e )u+ e(koo + ko(—Ar)0) = g3, z €.
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TyT 6e3po3mipui napamerpu kg > 0 Ta Kk > 0 XapaKTepu3yOTh BiJIIIOBIIHO JIOKAJIBLHY POTAIIAHY
JKOPCTKICTH Kpalo Ta *KOPCTKICTh, ITOB’A3aHy 3 HEOTHOPITHICTIO pOTAIIil B3/I0BXK KOHTYPY; OCTaHHA
BpPaxoBYeTbCs WieHOM Ky(—A,;)o. MHOXKHEK € B ocTaHHiii KpailoBiil yMOBI Bi/lIOBiae CUHTYJISIP-
HOMY MacITadyBaHHIO KpaiioBol peakiii. [Ipu g, = 0 3 Apyroi KpailoBol yMOBU BUILIMBAE PiBHICTH
0 = —0,u; OTXKe, 3 TOTHICTIO JI0 3HaKa, ¢ — KpaiioBa poraris giadparmu. Tpers KpaitoBa yMoBa
OICY€E POTAIIHY PeaKINio MOIATINBOTO Kpalo.

Bajada (1) HATEXKUTH 70 KJacy JHHIHHAX KpafloBUX 3ajad 3 MaJiM [IapaMeTpoM i J107ia-

TKOBUMHE HeBioMumu dyHKiisyMu Ha Mexi [4]. Taki 3agadi Marorh BHIIIs

A(z,Dy;e)u=f, z€Q,
* (2)

Bj(z, Dy;e)u+ ZCj7k<x,DT;€)Qk =g, vl j=1...,m+
k=1

ne nudepenmnianphi oneparopu A i B; ta norumuni audepentianbai oneparopu C)j, HoTiHOMiaIb-
HO 3asiexkarhb Bix €. [Ipu € > 0 oneparop A(z, D,;e) Mae nopsiiok 2m, a upu € = (0 — MopsiJIoK
24, 1e p < m. SHUKEHHs TOPSJIKY eJIINTHIHOrO oneparopa npu € = () € XapaKTePHOI O3HAKOTO
KpafloBUX 3aJlad 3 MaJIIM [TapaMeTPOM, a IMOETHAHHSA TaKol CTPYKTYPHU 3 JIOJIATKOBUMHU HEBIJIO-
MuMHI DYHKIIAME Ha Mexki posrigaanocsa B [5]. 3amaua (1) 3am0BosbHsie MojudikoBani yMOBH
nonoBHoBarocTi Tuiry Illamipo—JlonaruncbKoro, To06TO € €MNTUYHOI 3 MaJuM IapaMeTpPoM Y
cenci [4].

Jlng Takmux 3a1a9 moOymoBaHO (OPMATBHUN ACUMITOTUIHUN PO3B’I30K. 3aIlporroHOBaHA
B [5] Meromuka JoC/iZKeHHS eJINTUIHUX KpaifioBUX 3aJad 3 MMM [apaMeTPOM JIA€ 3MOIyY
0JIep>KyBaTHU AlPiOpHi OIIHKHK y BaroBux mpocropax CoboJieBa Ta OIHKN HEB SI3KU HAOJIMXKEHUX

po3B’a3kiB 3a1a4i (1).
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AcCUMIITOTMYHI BJIACTUBOCTI PO3B’I3KIiB AndepeHIiaIbHIX
PIBHSIHDb BUIMUX MOPAJAKIB 3 HEJIHINHOCTAMU OJIM3bKUMM JI0

IIPAaBUJIBHO 3MIHHUX

Bosogumup SAXAPEHKO

Odecvruti naytonarvnuts yrisepcumem im. 1.1 Mewnuxosa, Odeca, Ykpaina

vladimir.s.zakharenko@gmail.com

Posriistaerbest piBHAHHS:

n—1
y™ = aop®) fy. v,y ") ] i(y), (1)
i=0
ne ag € {—1,1}, p : [a,w[—]0,+00] - HemepepsHa dyskuia, ¢ < w < 400, @; : Ay, —

10,400, i = 0,n — 1 - HenepepBHi Ta NpPaBUJILHO 3MiHHI (DYHKIIT TOPAIKY 0; TIPH y(i) — Y=
0,...,n—1,Y; € {0, +00}, 0; € R, npuuomy Z;:ol o; # 1, Ay, mae Bun abo [y, Y;[, a6o |Y;,4?],
f o [a,w[xAyy X Ay, X ... X Ay, | —]0, +00[ - HenepepsHO nudepentiiioBHa MyHKIIisI, TPHIOMY

st Beix g,k € {0,1,...,n — 1}, j # k, cupaBeyiuBo:

of
Uk 5, \V0, V1, -+, Un—-1
lim ‘%’“( n1) = ( piBHOMIipHO 110 v; € Ay . (2)
V=Y f('U(), Uy -e- J,UTL71> !
UkEAYk
3 ymosn (2) summsae, mo dynkmnia f(y,y,...,y" V) e 61u3bK010 10 TPABUILHO 3MIHHOT
dbyuxuit [1]. Ak npukiaau rakux GyHKIINH MOKHA po3TaaaaTh [yo| ™ . . . |y, | X X exp (In* |yoy1 - . . yn|),
[yo| ya [ o yn " 0¥ |yoys - - - yn| I Yoy - - . Yn| ToOmmo. Takwmm wmrOM, Kiac mudepeHmiagIbHUX

piBHsHb (1) OXOIIOE KJIAC ICTOTHO HEJIHIHHUX PIBHSIHb BHCOKOIO MODsIKY. acTuHHI BHIAI-
KN TaKNX DIBHAHb BUKOPUCTOBYIOTHCS [IJIsI JIOCJI/IKEHHS JUQepPEHIiaIbHIX PIBHAHb BUCOKOTO

IHOPAJIKY, AKi 3aCTOCOBYIOTHCA AJidd MOJEJIIOBaHHA CKJIA/IHUX (biBI/I‘{HI/IX HpOHeCiB.

Osnavenns. Poss’si30k y piBasiaHs (1) HasuBaernhest P, (Y, Y1, ..., Yy, Ag)-po3B’a3komM, j1e —oo0 <

Ao < +00, AKIINO BiH BU3HAUEHUIT HA IPOMIKKY [to, w[C [a,w] 1 3a/10BOJIbHsIE yMOBH:

[y ()]

(n) R k) (4) = —0n—_1 ; _
y"™(t) #0 npu t € [to,w]; ltlTIoIle =Y, (k=0,n-1), ltlTrg} S B[] Ao-
Y HeBuUpOzKeHNX Bumaakax npu Ag € R\{0,1,...,n—2,1} 6yno BcranosaeHo HeoOXiHi Ta
nocratHi ymosu icuayBanust P, (Yo, Yy, ..., Y, 1, Ag)-po3s’askis. Kpim Toro, 3 Bukopucranusam [2]

Oy/in OTpUMaHi aCUMIITOTUIHI 300parKeHHs TaKUX PO3B A3KiB Ta IXHIX MOXIIHUX 0 MOPSIKY 7 — 1
BKJIIOYHO 1Ipu ¢t T w, a TakKoXK PO3B’SI3aHO IMUTAHHS IIOJ0 KiJIBKOCTI PO3B’SI3KiB 3 0JIep:KAHIMU

ACUMIITOTUYHUMU 306pa}K€HH${MI/I.
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[TonepeiHbO TTO3HAYNMO:

t, AKULO W = 400, t L
ro(t) = 1) = / p(r)lma (1) dr,

t—w, akwo w < +00,

4 a, AKWO f p(7) |7 (7))} 79dT = +o0, 5 1 AKUWO w = +00,
w, AKWO f p(7) |7 (7)1 7dT < +o0, -1 axwo w < +o0,
Ao — 1) i—1
vi=signY;,, auy=Mm—-0)X—-—(n—-i-1), C= H Qo = D" ,(z:O,n—l)
H] 1,+1a0]
Teopema 1. Hexati Ay € R\ {O, 2,...,n—_1 i1 —o0 # 0. Todi das icnysanns P,(Yy,Yr, ...,

Y1, Ao)-po3s’asxie dupepernyiarvnozo pishanna (1) neobxiono, a Axwo anzebpaiune pieHsi-

HHA GLOHOCHO |1

i—1 n—1
Qo B 15} ok
Ao—l oi 1]€H1<5A0_1+u)—<M+AO_1)H(ﬁAO_1+M> (3)

HEMAE KOPEHIB 3 HYALOB0I0 JICHON “acmuHoto, mo 1 docmamnsbo, wob 8UKOHYSAAUCA YMOBU

viv; <0 axkwo Y1 =0, v, >0 akwo Y3 = Foo, (4)

aolp_1 <0 axwo Y,_1=0, aoUp—1 >0  axwo Y,_1 = Foo, (5)

l/j_la'ja,gj(Ao — 1)7Tw<t) >0 (] = 1, . ,n), O-/OVn—l()\O — 1)7Tw(t) > 0, (6)
o—1 . Ww(t>[,(t) - 1—0

agvp 1 1(t) >0 daat € [a,w], 1t1TrUrJ1 M =1 (7)

Biavw mozo, dasa 6ydv-a%x020 maxo2o po3s’a3ky cnpaseisust HACMYnHL aCUMNMOMUYHT 30-

opastcermna npu t T w:

) = e o), = 0m=) ©)

de y "V (1) susnanena acumMnmMOMUMHUM 306PAACEHHAM

A0] — b 100C(1 = ) I()[1 + o(1)]
Fy®, oy OIS 0:0w) |
y axomy O;(yW (1)) - nosisvno sminna ckaadosa dynwuii o; (i =0,...,n—1).

IHpunomy ichye m-napamempuuna CiM’a pPo36°A3KI6 3 JGHUMU 300PAACEHHAMU Y BUNAD-
KY, KOAU ceped KopeHis anzebpaiunozo pieHAnHA (3) ichye m Kopewis (3 yparysaHHaMm KPamHuT

KOpenie) maxux, wo irni JIicHs Yacmuny Mams NPOMUAEAHCHUL 610 % 3HAK.
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CaMOBIATBOPIOBAJIbHI CTEIeHI KpucTajJorpadidyHux rpyn

Hasuy SAITKOJIBHUIT

Kuiscorut naytonarvrud ynisepcumem iment Tapaca [llesuenka, Kuis, Yxpaina

davendiy@knu.ua

Kpucranorpadiaaumu rpynamMu Ha3uBaOThCA JUCKPETHI KOKOMIIAKTHI ITAIPYIU I'PYIHA i30-
MeTpiit eBkitiioBoro pocropy R™. Mu mociizkyemo kpucrasorpadivdni rpymu 3 TOYKH 30Py Ca-
MOIIO/Ii0HOT reomeTpii. KoxkHa CKiHUYEHHO IOPOJ/KEeHa BipTyasbHO abejieBa I'pylla Ma€ TOUHY Ca-
MOIIO/IIOHY JIif0 Ha IIPOCTOPI CJIB HaJl IMeBHUM asihaBiTOM, ajie TIIbKH Kpucrajgorpadiddi rpynu
B IIOMY KJIacCl JIOIyCKAIOTh CAMOBIITBOPIOBAJILHY /1if0. My posrisjiacMo MUTaHHA: dKi CTeneHi
(TobT0 po3mipu ajidaBiTy) MOXKYTH BUHUKATH JIJIsI CAMOBIITBOPIOBAJILHIX JIiil 3a/1aH0T KPUCTAJIO-
rpadivnol rpynu? s 1p0ro Mu BUKOPUCTOBYEMO iHCTpYMeHTapiii, po3suaennit Hekparresuaem
y monorpadii [1], a came — BipryasibHi engomMopdizmu.

Bipryamsuum engomopdizmom rpymu G HaszuBaeTbes romomopdism ¢ ¢ H — G, ne H —
miarpyna ckimdennoro iujiekcy B (. CeprieBHHOIO BipTyaJbHOrO eHIo0MOp(dizMa ¢ Ha3UBAETHCS
MaKcHMaJbHa ¢-iHBapianTHa HOpMasbHa mmiarpymna (. Tomi marypasshe unciao d > 2 € camo-
BiATBOpIOBasIbHUM cTerieneM rpynu (G, skmio icuaye miarpyna H < G ingekcy d = [G : H] i
ciop’ekTuBHU ToMoMOpdizm ¢ : H — (G 3 TpuBiaJbHOIO ceplieBUHOIO. MU BU3HAYAEMO 1 PO3IJIs-
JaeMo napadieabHo jiBi Muoxkuan: SC'D(G) K MHOXKUHY CTENeHiB caMOHAKPUTTs (TOOTO iHeKca-
ME MOKJIHBHX i30MOpdHEX marpym), i SRD(G) SK MHOXKHUHY CaMOBIITBOPIOBAJBLHUX CTEIICHIB
rpyru G BiIIOBITHO.

Koxken crop’ekTuBHUI BipTyaJbHU eHIOMOPdi3M, 3rigH0 TeopeM biebepbaxa, 3aaeThbest
ainauM crpsizkeHHsiM Ha ejieMenT (A, t). g nosinbaol Kpucrasorpadivaol rpynu G po3mipHO-
cri n Bukonyerbest SCD(G) = {|det(A)| : A € V,det(A) # 0}, ta SRD(G) = {|det(A)| : A€
Y, A lnpocra}. Tyr Y — e MHOXKHMHA MaTpullh A, MO HaJIeKaTh HOPMA/II3aTOPy TOYKOBOT IPYIIH
P rpymu G, a marpung A~! 3BeTbes IpOCTOIO, SKINO cepesl ii BIaCHUX 4nces HeMa ajrebpaidno
ILJINX.

Mu moxkazyemo, 1o omuc SC'D i SRD € aaropuTMidHO PO3B’SI3HUM JIJIsT PO3MIpHOCTER N =
2,3 1 3HAXOJUMO SBHHI BUTVISJ IUX MHOXKUH Jiisg 17 mmanapaux rpyir. [as posmiprocti n =
3 gaBHUU BUIVIA MHOXKUH ) JIO3BOJIAE€ CIHPOCTUTH 3aJady 1 3BeCTH 11 JI0 PO3MIpHOCTI n = 2.
Bokpema, 10BinbHA MaTpulld A € ) € abo 6JIOUHO-TPUKYTHOIO, 400 XapaKTePUCTUIHUN MHOTOYU/IEH
A~ vae Burnan x3 — m, SKUI He MaTuMe ajarebpaitno miaux xopenis ma | det(A)| > 1. B
[epIIOMY BUIAJKY 3HadeHHsa SRD 3amexkarThb BiJl TPhOX MHOIOWIEHIB p,q i ¢ (rosoBHI MiHOpH
i ciiy 3aranbpHOl MaTpuIi); B Japyromy Jmite Big f(x1,...xs) = det(A). Mu mopaxysasiu Bci
BU3HA4YaIbHI MHOrowienu i Bcix 230 mpocropoBux rpyn. Becs Python koa poswimienunii na
wiardopmi Github [2].
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Kuiscorut naytonarvrut ynisepcumem iment Tapaca [lleeuenka, Kuis, Yxpaina

kopchuk@gmail.com, lebedyevaiv@knu.ua

JoctippKeHHd aCUMITOTUYHOI MTOBEJIIHKU PO3B’A3KIB CHUCTEM CHHIYJISIPHO 30ypeHux jude-
peHIiaJIbHUX PIBHIHD 3 TOYKAMH 3BOPOTY € aKTyaJbHOIO MPOOJIEMOIO CyYacCHOI IKICHOT Teopil 1u-
depenniaabHux piBHsIHDb. OCOOIMBOCTI IMUX PO3B’I3KIiB CYyTTEBO 3a/i€KaTh BiJl aHAJITHIHUX BJIa-
CTUBOCTEN 1 YMC/IOBUX 3HAYEHD KOeMIII€eHTIB MATPUIL CUCTEMU IIpU MaJIOMy mapamerpi. [imboke
PO3YMIHHS TIUX MeXaHi3MiB Ma€ (yH/IaMeHTaJIbHe 3HaYeHHd JJIs PO3BUTKY K MATEMATUYHOI'O
armapaTy acCMMITOTUYHOTO 1HTeTPYBaHHSA, TaK 1 JJIs MOJETIOBaHHS CKJIQJIHUX ITPOTIECIB y TTPUKIa-
JIHIX HayKax.

Posryisinemo cucremy cuHrysisipao 30ypeHux jndepeHriaabHuX PiBHIHB Y BUTJIA
eY'(x,e) — A(x,e)Y (z,¢e) = 4x + 2, (1)

ne A(z,e) Mae Taky CTpYKTYpy
Az, e) = Ao(x) + €Ay,

a Ao(z) 1 Ay Marpuri BursiLy

0 0 0 010
Ao(l'): 0 0 1 y Alz 000 )
—(4z+4) 4z 0 00 0

nee — 0,z €[—1,0], Y(z,e) = Yi(z,e) = colomn(yi(x,€),y2(x, €),y3(z, €)) - mykana BeKTOp-
dyukuist, H(z) = colomn (0,0, h(x)) — 3amana BekTOp-QyHKILiA.
Toni nana cucrema BiIIOBiIa€ CHHTYISIPHO 30ypeHOMY TrpepEHITaIbLHOMY PIBHIHHIO Tpe-

THhOI'O HOpHILKy BUIJIALY:
ey (x,e) — dx -y (x,¢) + (4o +4) - y(x,e) = 4a + 2,

Hocainmvo cucremy (1) 3a ymoB:
1) a(z), b(z) € C*[-1;0],
2) a(z) = za(z), a(z) = —4, b(x) = 4z + 4, h(z) =4z + 2.
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DyHKIIO () BU3HAYIMO K PO3B’S30K 3a/ati
¥ (2)¢" (z) — 8wp(x) ¢ (2) + 162” = 0,

[Tpu rakomy Bu3HaUeHH] DYHKINT ¢(x) po3B’s130K oHOPiAHOT 3aa4i (1) 3anuierbes sk

Zio(x) = colomn (0, %@30(%), —V162Bi20(), 0, Bino (), @30@)) ;

ne Poix(x),i = 1;2,i = 1;3 — 10 neBHOro Yacy JOBiIbHI, JocUThb IIaKi dbynkuil npu x € [—1;0].

Tperiit dopMansbHUil PO3B’ A30K
p p p

4o + 4 4o + 4 4o + 4
= colomn (wgl-emp{/ x: da:},wgl- ;1:2— -ea:p{/ :1:2— dx},O),
—4x —4x —4x

YacTuHHnii po3B’A30K BU3HAYAETHCH depe3 ByHKIT ga(—9) (), g3(—2)(x) Ta wy(x) 3 piBHAHB

92(—2) (gj) = gg(_2) . x-b?(x)) (2)

e b2(z) = 2L 1a

g3(—2)(7) = 9;5,’(_2) L) (3)

e b3(x) = =21

2 .
ACHMIITOTHKA 3arabHOTO PO3B’A3KY CHCTeMH pH t = £ - v/4x (1) 3anmmerses y BUTIsA

pany

2 q
y 5.3 0 1 VeCiso 1 1 VeCi30
~ — —_— _
Y(z,e) = Y(w,e™ @WZ{[ZE Vaveys | T¢ | Vavevs (4)
i=1 r=0 _ —dx %20 _ —4x e%i20 +
V4 gz oo VA oo o1o

0
2 1 Ci30 1 _2 3
+e 71\/571\/5 + O™ Ui (e75 - Vdx)+
_ —da e%i20
% eZ.e%I
‘ 0 0 0
1 c; c; c;
+e3 Zso | ret | S+ S | 0| x
ez.e4” eZ.e4” ez.e4”
r=0 eCi30 eCi30 v eCi30
ver\/z ver\/z ver\/x

iz Wit T e

(,(}0 - Wi =T W19 = T
dU, ~2. g too 10 11 12
% (e73 \/_x))}+250 dz+4, 0 4ol | a0 pe? | o0 o |4
0 0 0
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Knacudikalliss BUCOKOeHEPIreTUIYHNX XaOTUIHUX Ta
eproAIHnX TpaeKTopiii cucremu I'enona—I'eittica 3

BUKOPUCTAHHSAM HEMPOHHUX Meperk

T'puropiii 3PAYKEBCHKII, Bipa 3PAYKEBCHKA

UI6CHEUL HautoHarbHutl ynieepcumem iment lapaca Illesuenkxa, Kuis, Yxpaina
K T 111 , Kuis, V' ,
Hauiornarvruti mexnivnuts ynisepcumem Yrpainu imeni leopsa Cikopcokozo “Kuiscorud

noatmexrniwnutl itnemumym”, Kuis, Yxpaina

greg.zrazhevsky@knu.ua

Cucrema Tenona—Teiiica [1] € Kacu4HOIO MOJEILTIO [T JIOC/IIZKEHHST TIEPEXOJLY BiJ| pery-
JIIPHOI JI0 XaOTHUYHOI JMHAMIKH B TaMiJIbTOHOBUX cucTeMmax. CIIOUaTKy 3alpPOIIOHOBAHA JJISI MO-
JICJTIOBAHHS PyXY 3ipPOK Y TaJIJaKTHIHOMY TIOTEHITIal, BOHA IIePEeTBOPUIACT Ha €TaJOHHUN 00’€KT

HeJTiHIHOT IuHaMiKi Ta Teopil xaocy. Oyukiiga Jlarpanka cucreMu Mae BUTJIA

- - . 1
5 5 Ty + 3 (1)

Y KOOpIMHATHOMY [TPOCTOPI ICHYIOTh YOTHUPU KPUTUYIHI TOUKHU: CTIHKWIA MOJIOC (JTOKAJIbHUIT Mi-

L =

HIMyM TOTEHI[aJbHOI eHepril) Ta Tpu CiJyioBl ToYKHU. Y TPUKYTHi# 0b6jacTi 3 BepiuimHaMu B Ci-
JIJIOBUX TOYKaX MOTEHIlaJlbHA €HepTris CTPOro MOHOTOHHA, a Ha CTOPOHAX TPUKYTHHWKA IPUIIMAE
crase 3HadeHHs 1/6.

[ToBeinka ¢a30BUX TPAEKTOPill CYTTEBO 3aJIEXKUTH BiJl 3HAYUEHHs ITOBHOI MEXaHiIHOI eHep-
rii E. Jlnsg mamux E TpaekTopil € peryisipHuMu (JeTepMiHOBAHUMMU), JJIsi CEPEHIX — JEMOH-
CTPYIOTH IEePEeXiJIHYy IMOBEIiHKY, JJIsi BEJIUKUX — CTal0Th XaoTUIHUMH. lle maTBep/KyeThbcs siK
KOOPJIMHATHUMU TPAEKTOPiAME, TakK 1 nepepizamu [lyankape: npu MaJmx eHEeprisgx CIIOCTepiraro-
ThCS 3B’ sI3HI KPUBI, IIPU CEPEJIHIX 3 IBJIAIOTHCA PO3MUTI 00JIaCTi, IIPU BEJIMKUX IIEPEPI3U ITOBHICTIO
po3muBatoThesd. Takuit BidyaabHU aHAJ3 € MIEBHOIO MipOIO0 Cy0 €KTUBHUM, TOMY Jjis 00’ €KTUBHOT
KJtacudikarii HeoOXiTHO BUKOPUCTOBYBATU KiJIBKICHI XapaKTEPUCTUKU.

HaiirormupeninmM KpurepieM XaOTUIHOCTI 3a/IMIIAETHCA HAMOLIBINI MOKa3HuK JIdmyHoBa
(Largest Lyapunov Exponent, LLE). Voro inest mossrae B OmiHI €KCIOHEHIIAIBHOTO PO3GiranHst
cyciiaixX TpaekTopiit. [j1s raMiJIbTOHOBOI CUCTEMU CyMa TOKA3HUKIB JIdmyHnoBa JOpiBHIOE HYJIO,
a caMi TIOKa3HUKU YTBOPIOIOTH Tapy 3 MPOTWIEKHUMU 3Hakamu, Tomy LLE ciyrye maiitaum
1HIMKATOPOM XaOTHIHOCTI [2].

Ha ocnosi 733 BUIIQIKOBHX ITOYATKOBUX TOYOK, OOPAHUX 3 PIBHOMIPHUM PO3IOJILIOM y (da-
30BOMY TIpOCTOPi (3 yMOBoI obmezkeHocTi pyxiB £ < 1/6), nobynosano 3asnexuicts LLE Big F.
Crocrepiraerbcsi MOHOTOHHA TeHIeHIs 3pocTtanasa LLE 3 enepriero, nmpore mpum BHCOKUX 3Ha-
JeHHsX F ICHYIOTH 9K XaOTWUYHI, Tak 1 eproamdni TpaekTopil. 3a KBaHTHIsIMEA po3noaity LLE
BuiiieHo Tpu Kiaacu: eproguuni Ky (LLE < Ap), ciabko xaoruuni Ko (A < LLE < \y) ra xaoru-
qui K3 (LLE > X\y), me A\ = 0,004, Ay = 0,119. T'icrorpama 3nauens LLE nokasye, mo mepeBazkua

YaCTUHA BUIAJIKOBO OOpAHUX TPAEKTOPIN € eproguaHUMU.
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AHasi3 npocTOpOBOrO pO3TAIlyBaHHS MMOYATKOBAX TOYOK Ha rimepruromuui p, = 0 (Ta Ha
inmux rinepruromunax p, = const, p, = const) cBiAIUTH, 110 06/1ACT] KJIACIB MAIOTH PErYIISIPHY Ta
JIOCTATHBO CUMETPUYIHY CTPYKTYpPy. Eprojgudni TpaekTopil criocTepiraloTbes SK Py MaJjnX, Tak i
[IpU I'PAHUYHUX 3HAYEHHSX €HEePril, TOl 9K XaOTH4HI — IepeBaxKHo 1pu Bucokux [. Ile Bkazye
Ha ITPOCTOPOBY HellepepBHicTh 3asiekHocTi LLE Bij movaTkoBUX yMOB 1 HiITBEP/IZKYE MOXK/TUBICTD
KJtacudikarii 3a o3HaKaMi II0YATKOBOI TOYKM.

st 06’€KTUBHOIO IATBEPI?KEHHST MOXKJIMBOCTI PO3IiIEHHS IIPOBEJIEHO CIIEKTPAJIbHY KJla-
crepusaiiito SCNNA (Spectral Clustering with Nearest Neighbors Affinity) y 6-Bumipaomy mpocro-
pi (%0, Yo, P20, Pyo, £, LLE) [3]. MeTozx dopmye marpuitio adinnocti Ha ocHOBi rpada k-Hailbrmkanx
CycijiiB, o04nCIIIoe Jiariacian i 3acTocoBye k-means /0 BJacHUX BeKTOpiB. Bisyastizariis 3a J10-
nomoroto bararosumiproro macmrrabysanns (MDS) mokasye diTke pos/iijieHHsT HA JiBa OCHOBHI
KJIacTepH, IO BiIIOBIAIOTH €PTOJIMIHIN Ta XaOTUIHIN MOBEJIIHIN, 3 HEBEJIUKOIO ITEPEXiTHOI0 30-
nor. OckibKN KjacTepusallis BUKopucToBye 3HadeHHs LLE, mrsa nmpaxkTuaHoro sacrocyBaHHS
HeOOXITHO IepeiiTu 10 3aja4i Kiaacudikaril 3a nesaae:xkaumu Big LLE osmakamn.

[To6ynoBano KifbKa Mojeseil Ha OCHOBI HeiipoHHuX Mepex mpsiMoro 38’s3Ky (FNN). Mo-
nestb 1 mpuitmae 5 o3HaK (1o9aTKoBi yMoBH Ta F), MictuTh aBa npuxosani mapu (16 i 8 meiiponis,
akruBaiis ReLU) ta Buximuwii map 3 softmax. HaBuanus npoBoguiocst onrumizaropom Adam
3 paHHBOWO 3ymnuHKOI0. Ha recrosiit Bubipui orpumano AUC = 0,965, precision/recall /F1 s
kiaciB 0 1 1 cranosssite Bigmosigao 0,86,/0,89/0,87 Ta 0,93/0,91/0,92. Mozens 2, HaBueHa mic/st
BijIcikaHHsI TIepexiHOl 30HU (38 KBAHTUJISIMEU BCEPEJINHI KOYKHOTO KJIACY ), MOKPAIIYE OKA3HUKH:
AUC = 0,982, Fl-mipu 0,91 ta 0,95. OxHak 3acToCyBaHHS MOJENI JI0 HMEPEeXiaHol 30HA J1ae Maii-
JKe PIBHOMIPHWI PO3MOJI WMOBIPHOCTEN, MO BKa3ye Ha MPUHIIAIOBY CKJIAIHICTH TPUKIACOBOL
kJacudikarii.

HaitedpexTupHimnoro BusgBUIACS JBOPIBHEBA MOJIE/b 3, TOOY/I0BaHa I YaCTKOBOI TPHUKY-
THOT 06s1acTi Ha rinepriomuni p, = 0 3 seprmmmanu (0,0), (0,/1/3), (1/1/6, —/1/12). V niit
iobsiacti eneprist 6sm3bKa 0 MakcuMasrbHol (1/6) 1 moBiabHO 3MIHIOETBCS, TOMY K/acubiKaIio
JIOIIBHO TIPOBOJIUTH JIAIIE 38 KOOPJMHATAME ITOYATKOBOI TOUKHU (Zg,Yo). Momens 3.1 (FNN 3
Tproma npuxoBarumu rapamu: 50, 30, 20 meiiponis) posaiise kiaacu K; ta Kz: AUC = 0,97,
Fl-mipu 0,98 Ta 0,86. Mogens 3.2 Tiel xx apxitektypu posmiisge Ko ta K3: AUC = 0,68. Tloci-
JIOBHE 3aCTOCYBAaHHS MOJIeJIei JI03BOJIsA€ KJIaCU(PIKYBATH TPAEKTOPIIO IK €PrOJNYHY, IEPEXiIHY TIH
XaoTHIHY ab0 BiZIMOBHUTHCS Bij Kytacudikallil B 30H HEBU3HAYEHOCTI.

Taxum 9rHOM, 3AITPOIIOHOBAHA METOJIOJIOTIS JIa€ 3MOTY IIIBUJIKO BU3HAYATHU KJIAC ITOBEIIHKT
TpaekTopil cucremn l'enona—Xeiigica 3a mouarkoBuMu ymoBamu 0e3 obumcienns LLE. TTinxix

MOzKke OyTH TIONIMPeHNii Ha THII TPaKTUIHO BayKJIMBl HeJliHiiHI quHaMivdHi cucTemu [4].
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3MiliaHe onTuMaJibHe KepyYBaHHA BUPOAZKEHUM

MapaboTiYHNM PiIBHIHHSIM
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Hexait N > 2, Q C RY — obmeskena sinmunesa obnacts, T > 0, Qr = (0,T) x Q. Hexai
p > 0 maiike ckpisb — dikcoBana Bara Makenraynra taka, 1mo p € Aiion, p € L'(Q) 1a

p N2 e LNQ). Hna f € L*(Qr) i yo € L*() posrisuemMo 3a1a4dy cTany

yr — div(pAVy) +y = f+u y Qr,

y=0 ma (0,T) x 9, (1)
y(0) = yo B 2.
Tyt A = [ay,...,ax] € L®(Q;SY) — cumerpuuna marpuns KoedinienTHoro Kepypanus, jge SV

MO3HAYAE MTPOCTIP CUMETPUIHUX MATpUIllb po3Mipy N X N, a u € U,q — He3aslesKHe PO3TO/IiIeHe

KepyBanHs. Jlomyctumi MaTpHIli 3a/10BOJILHAIOTH Jid Jedkux ¢ikcoBannx 0 < a <a Ta y; > 0
Q|€|2 S A([L’)gg §5|€|2, ||d1V(pa])||L2(Q) SVJ) ] = 1a>N7

a MHOJKHHA JIOIYCTUMUX DPO3IOJLICHUX KepyBalb Usq C L*(Qr) € HemopokHbOIO, OIMYKJIOI0, 3a-
MKHEHOIO Ta 00OMEKEHOIO.
Jna sagannx yq € L*(Qr), Ay € L*(;SY), ta cramux a, > 0, na > 0 minimizyemo

dyHuKIioHa
1 Uy nal
J(A ) = 5lly = vallZor) + 5 [ullzziop + 514 = Adllzzo) (2)
Ha MHOYKHHI JIOMyCTUMUX TPIiioK (A, u,y), 1yisi sKux y € caabkuM poss’s3kom (1).

Teopema 1. 3a nasedenuxr ymos 3adava 0ONMUMANDHO20 KEPYBAHHA MAE NPUHATMHL 0OHY ONMU-

manvhy mpitky (A" u*, y*).

HemnopoxkHicTh MHOXKUHU JOIYCTUMUX TPIIOK BCTAHOBJIIOETHCS Uepe3 PO3B A3HICTL 3a1adi
crany merojom Paeno-lanbopkina. /g raJbopKiHCHKUX HAOJMXKEHb OJIEP:KYIOTbCS PIBHOMIpHI
eHEePreTHYHI OIIHKKM CTaHIB Ta X 9aCOBUX IOXIJHUX; KOMIIAKTHICTH JIO3BOJISIE BUILIATH 301KHY
I IITOC/I TIOBHICTD 1 epeiiT 10 TPaHMIl, OTPUMABIIN CJAA0KNN PO3B’sI30K BUXIIHOI 3a/1adi.

OcHoBHOIO cKJtaaHicTIO pn jmoBegeHHi Teopemu 1 € 3aMKHEHICTH MHOXKUHK JIOITYCTAMUIX
TPifloK, Ko KoedillieHTHI Ta PO3MO/IJIEH] KepyBaHHsd 30iraloThCsd JIUIIE Y BiAMOBIIHUX C/IaOKIX
tonosiorigx. s igerTudikaliil rpaHIIHOTO ITOTOKY BHKOPUCTOBYETHCS MOIUMIKallisi BAroBoi Ia-
paboIiHOI JIEeMH PO KOMIIEHCOBaHY KOMITAKTHICTH, IIPUCTOCOBAHA JI0 BUIIAJAKY CJIAOKO 3MIiHHOT

npaBol JacTuHu. lle 7103BOJII€ KOPEKTHO NEPERTH 0 TPAHUIL B T'OJIOBHINM YACTHUHI PIBHAHHS Ta



222

JIOBECTH JIOIYCTUMICTB IrpaHu4nol Tpifiku. [licig 1mporo icHyBaHHs ONTHMAJIHLHOTO PO3B’A3KY BU-
IJIMBAE 3 IIPAMOI0 METO/Iy BapialliifHOro Yuc/IeHHS Ta CJIa0KOl HMKHBOT HalliBHEIIEpEPBHOCTI Dy H-
KIIiIOHAJIA.

Orpumani anpiopHi OIHKHU # allpOKCUMAIiHA CXeMa CTBOPIOIOTH TAKOXK OCHOBY JIJIsI Y-
CEJIbHOTO EKCIIEPUMEHTY y BUIJIKY p = 2. Bin Moxke OyTH BUKOPUCTAHUNA JJIsd JIOCTIJIZKEHH A
MOBEJIIHKHM ONTHUMAJIBHOIO CTaHy, 000X KepyBaHb Ta CTadiIizallil onTUMAaJIbHOIO 3HAYCHHA (DYyH-

KIllOHaJIa IPA YTOYHEHH] allpOKCHUMAIIil.
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PiBusunsa piBHOBarm Jlame aJysa cepegoBuiia 3

b YyHKITIOHAJIBLHO-TPA/IIEHTHOTO MaTepiaay
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tarasklimchuk@knu.ua

Bukopucranus dyHKiionaabHo-rpaaienTHrX Marepianis (PI'M) y cydachiii aepokocMmivmiii
raJiysi, MarmmHoOy/IyBaHHI Ta TPUOOTEXHIIIl JIa€ 3MOI'y CYTTEBO 3MEHINUTH KOHIICHTPAIIIO HAIIPY-
JKeHb Ha MerKaX PO3/IULy PI3HUX MaTepiasiB Ta MJBUIIUTU 3HOCOCTIHKICTH KOHTAKTYIOUUX eJle-
MEHTIB. AHaJI3 MeXaHIiYHUX XapaKTEePUCTHK ejeMeHTiB KoHCTpyKiliil 3 ®I'M morpebye po3pobku
edeKTUBHIX MaTeMaTUIHUX MOJeseil KOHTaAKTHOI B3a€MO/IIl IITAMIIIB Ta HEOTHOPIIHIUX OCHOB Pi-
3HIX T'€OMETPIil.

Habyimxeni po3s’si3ku 3a/1at 118 JKOI0 KOHTAKTY 3 BiJIDUBOM JIJIsi TIPY2KHOI CMYTH, MOJLYJIh
3CYBY sIKOI 3MIHIOETBCS 3 TOBIIMHOIO 3a eKcroHeH iaapHnM 3akoroM (PI'M), orpumano B pobotax
El-Borgi S., Abdelmoula R. ta Keer L. [1], Comez I. [2], Yan J. Ta Li X. [3], Adiyaman G.,
Birinci A., Oner E. ta Yaylaci M. [4], Comez L., El-Borgi S., Kahya V. ta Erdol R. [5]. ¥ po6orax
Choi H. J. [6], Comez I. Ta Guler M. A. |7] orpumano HabsmzKeni po3B’a3Kn 3a/1a9 GPUKIIHHOTO
KOHTAKTY JIjIsI ILJIOCKOT'O Ta MapadO/IiIHOrO MITAaMIIIB BiJIIOBIIHO.

Metroro manol 3ajga4i € 1) mobymoBa MareMaTHIHO! MOJE/ TJIAJKOrO KOHTAKTY MiXK IpY-
ZKHOIO CMYTOI0 3 (PYHKITIOHAJIHLHO-IPAIIEHTHOIO MaTepiay, sika Ma€ »KOPCTKO 3aKPIIJIeHy HUKHIO
I'paHb, Ta MIBHECKIHYEHHUM IIITAMIIOM 13 MPSIMOJIHITHOIO OCHOBOIO, 2) BUBEJIEHHS DIBHSHb PIBHO-
Baru Jlame jyist cepeioBuina 3 byHKIIOHATIBHO-TPAIIEHTHOrO MaTepiay, 3) aHaiTHIHA TTO0yI0Ba
3arajJibHOIO PO3B’s3KYy PiBHAHBL piBHOBaru Jlame.

VY janiit 3a1a49i po3rIAIaeThes miocka JedopMariist IPYy?KHOT CMyTH TOBIIUHOK A (—o0 <
r < 00,0 < y < h). Marepian cmyru € QYHKIIOHAIBHO-IDAJIEHTHAM 13 €KCIHOHEHIaIbHUM

3aKOHOM 3MIiHU MO/IYJIsl 3CYBY 110 TOBIIIMHI:

G<y> - Goevy7

e Gy = G(0) — momysb 3cyBy Ha BepxHiit rpani emyru (y = 0), G, = G(h) — Mouysb 3cyBy

Ha HIDKHI rpani cMmyru (y = h), a 7 — mapameTp rpaJiieHTHOCTI MaTepiaJry, 110 BU3HAYAETHCS

—lln %
TTRM\G, )

KoedimienT [lyaccona v BBaXKaeThCdA CTAJIOI0 BEJIUINHOIO B3/IOBXK BCIi€l TOBIUHUA CMYTH.

CITiBBITHOIITEHHSIM

VY BepxHIO rpanb cmyru (y = 0) BIAaBIIOETHCs TiBHECKIHUeHHUH KopeTKuil mrami (0 < z <
00) 13 TOPHUBOHTATIBHOIO OCHOBOIO TIi/T JII€I0 PIBHOMIPHO PO3IIO/IIIIEHOI0 HOPMAJILHOTO HABaHTAKE-

HHsI IHTEHCUBHOCT] P, CIPUYUHSIIOYUN TPOCITAHASA CMYTH Ha BeJMInHYy 0. KOHTAKT MiXK ImITamMIoMm
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Ta, CMYTOI0 BBazKa€ThCsl TIaJKuM (cuin TepTs BiacyTHi). Huxkas rpanb emyru (y = h) € KOPCTKO
3aKPINJIEHOIO.

Cdopmyioemo Kpaiiosi ymMoBu KOHTaKTHOI 33/1a4i. Ha Bepxwiit rpani emyru (y = 0):

Uy(2,0) =0, Tpy(x,0) =0, 0<2z<oo0,

oy(2,0) =0, 74y(z,0)=0, —oo<z<0.
Ha mmxwuiit rpani emyrn (y = h):
uz(z, h) =0, uy(x,h) =0, —00 < & < 00. (2)

TYT Uy(T,Y), Uy(T,y) — KOMIOHEHTH BEKTOpa IepeMilleHb; o,(T,y), Toy(2,y) — HOpMasbHi Ta
JIOTUYHI HAITPY2KEHHS BiJIIIOBITHO.
Pisustaus piBnoBaru Jlame B nepeMireHHsX Jijis cepeIoBUIa 3 PyHKIIIOHAIbHO-TPa~ IIEHTHOTO

MaTepiaay OTPUMAHO Y HACTYITHOMY BUTJISJI:

0%u 0*u 0%u ou u
2(1 — ad 1-2 ad Y 1-2 T4 =
(1-v) Ox? * V) oy? * Oxdy * V)Y [ oy * 8:6] 0 3)
0%u 0*u 0*u ou ou
1-2 Y4 92(1— Y 49 ad 1—v)=—2| =0.
( V) 0x? +201-v) 0y? +8x8y+ V{Vax +(1-v) 83/} 0

Otxke, cchopMyIHOBAHO MATEMATHIHY [TOCTAHOBKY KOHTAKTHOI 3a/1ati PO B3a€MO/IIIO TTiBHe-
CKIHYEHHOT'0 2KOPCTKOTO MTamIa 3 npykuoio cmyroio 3 PI'M npu mtockiit medpopmarii. Busegeno
piBHAHHS piBHOBAru JlamMe B iepeMileHnsx JIJid Cepe/IOBHINA 3 €KCIIOHEHIIaJIbHO 3MIHHUM 38 TOB-
muHo MojyaeM 3cyBy G(y) = GoelV.

3a jonomoroio inrerpajabHoro mneperBopenns Pyp’e oTpuMaHO 3arajibHUII PO3B’SI30K PiB-
usub piBHoBaru Jlame. Orpumani pe3ysibTaTu € TEOPETUIHOIO OCHOBOIO JIjIst TIOOYIOBH aHAJITH-
YHUX 1 YUCEIbHUX aJTOPUTMIB OOUUC/IEHHA PO3IOJILITY KOHTAKTHUX HAIPYZKEHDb Ta JIOCTIIZKEeHH
BILUIMBY TTapaMeTpa I'PaIi€HTHOCTI Y Ha KOHIIEHTPAIIIO HAIPYKEHb MOOIN3Y KyTOBOI TOYKH IITaM-
na (z =0).
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IIpo po3B’a3HiCcTh HEJOKAJIbHOI 0araToTOYKOBOI 3a YacoM
3a/1a41 JIJIsI TAKOTO PIBHAHHS 3 II0YATKOBOIO y3araJbHEeHOIO

dyHKII€O, IKa € eJeMeHTOM mpoctopy tumy W'

Pycnana KOJIICHUK, Oabra MAPTHNHIOK
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JochiizKyerbesi piIBHSAHHS 3 YACTUHHUMHU TTOX1THUMA

aug{ 2 - w(i%)a(t,x) =0, (t,z)e(0,T)xR=Q, (1)

Jie ¢ — MYHKITIS, sKa 33I0BOJILHSIE TEBHI YMOBH.

Hocimkennst piBasiaast (1) 3/ificHiOeTbCs Y TpocTopax Tuity W, y sKuxX i XapaKTepu-
CTHKY TIOBEJIHKN (DYHKITIN HA HECKIHIEHHOCT1 BUKOPUCTOBYIOTHCS HE CTEIIEHEB], a JOBLIbHI OMyKJIi
dbyukuil. Busgsnagernes, mo saxmo GyHKIig ¢(x), © € R, — MyJbTHILTIKATOP Y TIEBHOMY TPOCTOPI
X Tunry W, To 3ByKeHHs oliepaTopa gp(z%> Ha mpoctip, gaxkuii € Oyp’e-oOpazoM 3HaIEHOTO

npocropy tury W 3biraerbes i3 1mcesojgudepeniiagbHuM orneparopoM y mnpocropi F[X]|, mis

AKOro (BYHKIIiA © € CUMBOJIOM, TOOTO

( c‘ic) ‘F[X = F, 2, [9(0) Fooso]

(ryr F, F~1 — npame ta obepuene nepersopenns ®@yp’e). Orxe, pibaanng (1) MozKHa Po3yMiTH
JdK eBOJIIOII{He TIceBaoudepeHIliaibae PIBHAHHS Y mpocTopax Tuiry W.
V3zaraapaenusam 3aga4qi Ko € HeokaabHa 6araToTOYKOBa 3a 9acoM 3a/iada, KOJIU I1oYa-

TKOBa yMoBa u(t, -)|=o = f 3amiHIOETBCA YMOBOIO

Zoéku |t =t, — 1 (2)

e to =0, {t1,...,tm} C (0,7, 0 < t; <ty < -+ <ty <T, {ag,1,...,,} TR, m €N,
— ikcosani uunciaa (sakmo oy = 1, oy = -+ = ay, = 0, T0 Maemo, oveBuHO, 3aja4uy Kori).
YmoBa (2) TpakTyeThes y 3BHUYAfHOMY PO3yMiHHI a0 B cabKoMy CeHci, gKino f — y3arajbHEHa

dyHKIIsg, TOOTO IK I'PAHUIHE CITiBBIHOIIEHHS

Zak lim {u(t, ), ) = {f, )

t—}tk

JUIs JIOBLIBHOT (DYHKIIT (0 3 OCHOBHOTO mpocTopy (TyT < f,- > mosHadae jio dyHKIionasa f Ha
ocHoBHY (DyHKIIiI0). HeslokaibHa 3a gacoM 3aja4a BiTHOCUTBCS JI0 HEJIOKAJIBHUX KPaiOBUX 3314
JJ1s1 PIBHAHB 3 YaCTUHHUMU TTOX1THAMU.

Beranosmoerhbest po3s’asznicTs 3aja4i (1), (2) 3 nogarkosoto dyHkiieo f B ymosi (2), ska
€ eJIEMEHTOM [IPOCTOpPY y3araiabuerux dyukiiit Tumy W (W' — npocrip, Tomosoriano crnpsizkenuii
3 mpocropoM W). BHaiijileHO aHAJITUYHWNA BUIJISA] PO3B’A3KY Y BUIJISII 3TOPTKHU y3arajbHEHOT

dbyukiil f 3 dyngamenTambEIM po3B’s3koM 3a1adi (1), (2).
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IIpo ckaeroBanHda audy3iiiHUX IIPOIECiB HA NPAMIii i3
33/IaHIMHA Y PYXOMHUX TOYKaX HEJOKAJbHUMU yYMOBaMM

cupsizkeHHst Tunrty @Pesiepa—BenTneis

Borgan KOIINMTKO, Poman IIIEBYYK

Axademis nayx suusoi wroau Yrpainu, Kuis, Yrpaina

Hawronarvruid ynisepcumem <«J/Iveiecoka nosimexnixas, JIveis, Ykpaina

bohdan.kopytko@gmail.com, roman.v.shevchuk@lpnu.ua

JomoBiib mpucBsYeHo mpobJieMi TTOOYI0OBU Ta JIOCIIKEHHsT BJIACTUBOCTEN JIBOTIApAMETPH-
YHOI HAIBIPYIIM OINEPATOpiB, SKiit BI/IIIOBIJIa€ HEOTHOPITHUM MApPKOBCHKUI IIPOIEC HA TPAMIA
TaKWil, M0 BCepeInHI iHTEePBAJIiB, PO3/IIIIEHUX MiXK CODOI0 TOUYKAMU, TIOJIOKEHHST SAKUX Ha TPAMIil
3aJIE2KUTh BiJl 9aCcOBOI 3MIHHOI, 30iraeThed i3 3aJlaHUMM TaM 3BUYaAiHUME Judy3iiiHUMEI TPOTIE-
caMd, a fOTo TOBEIHKA B MEXKOBUX TOYKAX WX IHTEPBaJiB BU3HAYAETHCI 33 JAHUMU YMOBAMUI
cupsizkenns tuny Pestepa—Bentiens [1, 2, 3|. YV posrisgiyBaHOMy BUIAJKY IIi yMOBU € HeEJIO-
kaJibHuMHU. KoyKHa 3 HUX MICTUTH JIMIIE YJIEHU, M0 Bi/IIIOBI/IAIOTH YACTKOBOMY BIJIONTTIO, & Ta-
KOYK MOYKJIMBUM CTPUOKAM ITPOIIECY 3 MeXKi y BHYTPIITHI TOUKH OOJacTeil, JJisd AKUX I Me¥Ka €
CITLTHHOIO.

HentpanbarM 00’€KTOM JIOC/TII2KEHHS € TapadoJlivHa 3ajlada CIPSKeHH, JI0 STKOI Pery-
KyeThecsd Buxigaa mpobsema. OcobsmBicTh 1iel 3ajadi mojisira€ B TOMY, 110 PiBHSAHHS, sIKi PO3-
IVIAAI0ThCs, € obepHeHnME piBHAHHAMEU KosMoroposa; o6JiacTi Ha TJIOMIWHI, B 9KUX 3a/IaHO IIi
PIBHSHHS, € KPUBOJIHITHUME; (DYHKITT 9acoBOI 3MIHHOI, SKi BU3HAYAIOTH MEXKi IUX obJacTeil, 3a-

1

JOBOJIbHAIOTH JIMIIIE YMOBY Feﬂbgepa 3 IIOKa3HHUKOM, OLIBIIIM 34 5, a YMOBU CHPA2KEHHA TUILY

Qestepa—BenTiena MicTaTh iHTerpasbHi YIeH! 1 € HEeJIOKAJIbHUMUA.
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Imitamiiine mogeaoBanlusa SIR mMoaeseii MmeTogoM KJIITHMHHUX

aBTOMATIB
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MopemoBanHd emifemil 3a3BUdail BUKOHYETHCS 3 JIOIMOMOIOI0 KOMIAPTMEHTHUX MOJIEJIEN,
ski gacro HasuBaioTh SIR mogesnsimu (Susceptible-Infected-Recovered ), posmouanocs 3 pobir
A. T. Makxkenjpika ta B. O. Kepmaka [1, 2| ta 6ararouncessHuME iX y3arajabHeHHsIME. B 0CHOBI
X MOoJiesieil € cucreMa JudepeHIiiiuX piBHAHb, gKa OIMUCY€E TOBEJIHKY JIMHAMIKY 3aXBOPIOBa-
HHsd Ha MAKpPOpPIBHI 30epiralovm BUCOKMII PiBeHb abcTparyBaHHS Biji peajbHocTi. [lpu mmbomy He
BPaXOBYIOThCS 1HIUBIIyaIbHI BJIACTUBOCTI 00’€KTIB, OCKIJIbKH IPOIIEC MOMUPEHHS 1H(EKIT quc-
KPETHUI Ta HEMOKJIUBO MEPeI0adnTH HACTIIKNA CUCTEMU OOMEXKYBAJIbLHUX 3aXOJIiB, sIKi aKTUBHO
BIIPOBAIZKYIOTHCH.

[Hmmit miaxis i Mo/ie/IFoBaHHSI IIPOIIECIB B ermiaeMiosiorii — e iMiTariiiiHe MoO/Ie/TIOBaHHS 3
BUKOPUCTAHHAM MYJIBTHAreHTHOTO MeTO/y. BiH 103BoJIg€, 3a/1aBIN MOYATKOBI TapaMeTpaMu JJIs
KOYKHOTI'O TUITy 00 €KTiB i CHCTEMOIO ITPABUJI IXHBOI B3a€MO/Ii1, BUSBUTU JIUHAMIYHI 3aKOHOMIPHOCTI
PO3BUTKY iH(EKIIT i HalOLIBII CYTTEBI BJIACTUBOCTI areHTiB, IO CIHPUAIOTH 3MiHI TEMIIIB ITOIIN-
pennsd. IlepeBaroio nporo mijxoay € Te, IO BPAXOBYIOTbCS 1HJIMBI/LyaJIbHI BJIACTUBOCTI KOYKHOI'O
00’€KTy CKJIaJIHOI CHCTEMU, MOXKJIMBICTH €KCIIEPUMEHTYBATH 3 ITapaMeTpaMy MOJIE Ta OTpUMa-
TH Pi3Hi crieHapil PO3BUTKY I0JIiii, PO3IMIUPIOIOYN HAII YsBJIEHHs PO Te, IO MOXKe Bi/IOYTHUCH B
MaiibyTHROMY |3, 4].

st mozestioBanust HeoOXiHO iHiniamizyBaTu napaverpu Moieni [5):

e 3arasibHa KijbKicTh arentis (N);

e BijcTaHb NpH sKiil € iMOBipHicTH 3apasurucs (d);
® TPHUBAJICTH MOJIETIOBaHHS (t);

e indikoBani arenTn Ha mepiii irepanii (n_inf);
e no3urlis arexTa (X, y);

e mBHJKicTh aredTa (v) Ta BekTop pyxy (k);

e pajiiyc 3apaykeHHts (I);

e indixosanicTs arenta (inf);

e BaKIMHOBaHAIls areHTa (vac);

® Ul HOCUTBH areHT MackKy (mask);

® YN areHT 3HAXOJIUTHCS Ha camoizosisiis (isol).

CuMyJisIiss TpuBa€e JI0 MOMEHTY, TIOKN BCl iH(IKOBaHI areHTH He BUIKYIOTHCS abO He TO-
MPYTb.

KocTi. Pe3yibraru Mojie/lfoBaHHS 1TOKA3YIOTh, 10 HAHKpaIUil pe3y/abTar JIOCATaeThCs 38 YMOBU
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Covid-19 Simulation
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Puc. 1: Piznui cumyssiii KiibKocTi iH(pIKOBAHUX areHTiB OCHOBOI MOJIeIi

3aCTOCYBaHHS KOMOIHAIll MAacKOBOI'O PEXKUMY, BaKIMHAIl Ta camoizosrdriil. e po3Bossie po3rs-
THYTHU eMmiJIeMidHAI Tporiec y Jaci, YHUKHYTA KPUTUYIHOTO HaBaHTayKEHHA Ha MEIUIHY CUCTEMY

Ta 3abe31eunTn ePpeKTUBHE CTPUMYBAHHS ITaHIEMIl.
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KOM6iHyBaHHﬂ aHcaM0JIeBuUX MeTO,HiB MaIlIMHHOI'O HaBYaHHA
3 aHaJII30M TE€KCTOBUIX AaHUX OJIA IIPOIrHO3YBaHHA

MeINYHUX CTAHIB
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[Hudposizariis chepn 0XOpoHU 37I0POB’d MPU3BOJUTDH JIO TIBUJKOIO 3POCTaHHS OOCSTIB K
CTPYKTYPOBAHUX KJIHIYHUX JIAHUX, TaK 1 HECTPYKTYPOBAHOI iH(OpMAIIl, IO MICTUTHCA B €Jie-
KTPOHHUX MeJnJHUX 3anncax. CTpyKTYpoBaHi MOKa3HUKHU, 30KPEMa BiK, CTaTh, YACTOTa CEPIIEBUX
CKOPOYeHb, TeMIlepaTypa Tijia, apTepiajbHuil THCK Ta PiBEHb HACUUEHHS KPOBI KUCHEM, 3a0e3Ire-
9yIOTh KiJIbKICHY XapaKTepUCTUKY CTaHy HallieHTa. BojiHovac BaXK/1MBa JliarHOCTUYIHA iHdOopMaIlist
MOK€ MICTHTHCS B TEKCTOBUX OICAX CUMIITOMIB Ta K/IIHIYHUX HOTaTKax. EekTuBHe MoeIHaH-
Hs IUX JIBOX THUINB iHMOpPMAaIll € aKTyaJbHOIO 3aJladei0 iHTEeJIeKTyaJbHOTO aHAJII3y MEeIUIHIX
narux |1, 4].

Metoio poboTu € JIOCTIIZKEHHST MYJIBTUMOJIATBLHOTIO TiJIXOTy 10 TPOTHO3YBaHHS TAYKKOCTI
MEeJUYHOTO CTaHy MIIAXOM TO€THAHHS CTPYKTYPOBAHUX KJIIHITHUX TMOKA3HWKIB 13 TEKCTOBUMU
ornmcamMu cuMITOMIB. J[J1g bOro po3ryIsHyTO aHcaMOJIeBl METOIM MAITUHHOTO HABYAHHS, CyYacHI
MeTO/ 1 OOPOOKY ITPUPOHOI MOBH Ta JIEKLJIbKA CTpaTeriit 00’ e THAHHS OTPUMAHIX O3HAK 1 IIPOrHO-
3iB.

Y jtociizKeHHI BUKOPUCTAHO MeUIHN Habip JIaHUX, Y AKOMY KOXKHOMY IAIlI€HTY BiJIITOBI -
al0Th YHCJIOBI Ta KaTeropiaJibHi XapaKTepPUCTUKHU, a TaKOXK TEKCTOBUIl omnuc cuMmiToMiB. [liiboBa
3MiHHA MICTUTH TPHU KJIACU TsKKOCTi crany: mild, moderate Ta severe. Ha eramni nomepe inboi
00pOOKM YHCJIOBI O3HAKM CTaHIapTH3yBaJMcs 3a gornoMororo StandardScaler, a kareropiajibHa
O3HaKa cTaTi KogyBaJiacs MeTooM one-hot encoding.

Jnsg poborm 3i cTpykTypoBaHuME JaHuMu Oyino Bukopucrano XGBoost, skuit mae 3mory
MOJIEJIIOBATH CKJIa IHI HEJIHIHI 3a/1e2KHOCTI MizK (hi3io/IOriaHIMEY TOKA3HIKAMU Ta, KJIACOM CTaHy
narienta. s migBumiennas edpekruBHOCTI MOJIeT 3acTocoBano Bayesian Hyperparameter Optimi-
zation. OnTuMmizyBasincs, 30KpeMa, napamerpu max_depth, min_samples_split Tan_estimators.
Haiikparoro koHdirypaliieo B eKCliepuMeHTi BusiBUIacst KoMmOiHatisg 3uadensb 10, 5 Ta 600 Bismo-
BIJIHO.

TekcToBi onucu CUMITOMIB ITEPETBOPIOBAJIMCS HA BEKTOPHI IIPEJICTABIEHHS 38 JIOTIOMOIOIO
tpancdopmeproi mozeni Sentence-BERT all-MinilM-L6-v2. Koxken Tekcr mojgaBaBcs y BU-
IJIsIJIl MTBHOTO BeKTopa po3MmipHocTi 384. Ha Binminy Bijg Tpamumiiinoro TF-IDF, cemanTmani
embedding-tipesicTaBiieHHs TA0Th 3MOI'Y BPAXOBYBATH OJIM3BKICTH 338 3MICTOM MiXK KJIIHIYHUME
olMcaMM HaBiTh 3a BiJICYTHOCTI OJHAKOBUX KJIIOUOBUX CJIiB. JlogaTkoBO s iaeHTudiKaIil Meim-

YHO 3HAYYIUX TOHSATH 3acTocoByBaBest Named Entity Recognition na ocHoBi SciSpacy [5].
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st 06’ e qnanns indopmaliii 3 JIBOX MOJIAIbHOCTEH JTOC/TIIZKEHO JIeKiIbKa miaxoaiB. ¥ stacking-
apxiTekTypi Hezasexkno HaBudasmcsd XGBoost mya crpykrypoBannx ganux ta Logistic Regression
Jutsd TekcroBux embedding-sekropis. Orpumani BeKTOpu iMOBipHOCTE 00’€HYBAIMC Ta TIepe-
JlaBaJucs 10 Mertakjacudikaropa. Takuil migaxia ga€ 3MOry KOXKHIM MOJIeJI CIelliaizyBaTucs Ha
BJIACHOMY THII iHdopMaliii, a MeTakjIacuMiKaTopy — BUKOPUCTOBYBATH 1XHI B3a€MOJIOITOBHIOIOY]
ITPOTHOCTUYIHI BJIACTHUBOCTI.

Oxkpemo nocrimxkeno fuzzy logic-based meta-learner, mpusnadenwnit Jijist i IBUIIEHHS iHTED-
MIPETOBAHOCTI NPUIHATTA pillleHb. Y ITbOMY BUIAJKY BIEBHEHICTH MOJIE/IEN TpPeJICTaB/IgIacsd JTiH-

YORNNA4

BICTUYHUMU 3MIHHUME, TakKuMU dK “low”, “medium” Ta “high”, a xinmese pimenns popmyBasocs
3a JIONOMOT'OI0 TTPABUJI HEYITKOTO BUBeIeHHs. Hanpukiia g, BUCOKa BIIEBHEHICTh YHUCJIOBOI Ta TEKC-

TOBOI MOJIeJiell MOXKe BIIIIOBIIATH TIPABUIY:

ITpukmaaza. IF numerical confidence is High AND textual confidence is High THEN severity is

Severe.

Kpim Toro, po3pobsieno ribpu/iny HeffpoHHY MepexKy 3 JIBOMa MapaJiebHumu rijgkamu. [lep-
ma rijika 06pobJisie 384-BuMmipni Tekcrosi embedding-BekTopu, Apyra — CTPYKTYpPOBaHI KJIHITHI
o3naku. [licig He3ase’KHOrO MEepeTBOPEHHS O3HAK IXHI JIATEHTHI IPEeJICTaBJIeHHS 00’ €IHYIOTHCS
Ta MEePeJIaloThed JI0 CIJIbHOrO Kjacudikaropa. Taka apxiTeKTypa Jia€ 3MOry MOJIe/i HaBYATU
HeJIHIH] B3a€MO3B I3KI Mi»K YHCJIOBOIO Ta CEMAaHTUIHOIO iH(OpMAaIIi€o.

Jlns oninoBanns Mojesieit BukopuctoByBasucs Precision, Recall ta Fl-score. PesynbraTu

MOPIBHSAHHS HAaBEJIEHO B TaOJINIII.

Tabanma 1
Model Precision Recall Fl-score
Random Forest 0.65 0.69 0.61
Combined model (XGBoost + NLP) 0.95 0.94 0.94
FL-based meta-learner 0.82 0.82 0.81
Hybrid Neural Network 0.97 0.97 0.97

ExcriepumenTabhi pe3yIbTaT JIEMOHCTPYIOTH CYTTEBY TIepeBary MyJIbTUMOJIAIbHIX MOJIe-
JIelt HaJI, MM IX0IaMHy, 110 BUKOPUCTOBYIOTD JIMIIIE CTPYKTYPOBaHI KJIiHIUHI XapakTepucTuku. Kowm-
6inyBanns nporuosdis XGBoost ta NLP-momesni 3abe3neunsnio Fl-score 0.94, tomi gk ribpuyna
HepOHHA MepezKa Jocsriia Hafikparoro pesyiabrary — Fl-score 0.97. Ile cBiguuTh 1po Te, 1o
TEKCTOBI OIUCU CUMIITOMIB MIiCTATD JIOJATKOBY iH(OpPMAIIiIO, dKa He MOBHICTIO IPEJICTAB/ICHa, TH-
cJIOBUMH (Di3I0JIONYHIMI TOKA3HUKAMI.

Heuitkuit MetakracudikaTop mpojgeMoHCTpyBaB HUKIY HporHoctudny edexrusHicts (F1-
score 0.81), osHaK #ioro mepeBaroio € OLJIbIa IHTEPIPETOBAHICTh IPOIECY IPUAHSITTS PIIIeHHS.
Takum arHOM, PE3YILTATH JEMOHCTPYIOTH TUIIOBHUII KOMITPOMIC Mi2K TOYHICTIO Ta TOSICHIOBAHICTIO

MOJIeJIi, IO Ma€ 0CcoD/IMBe 3HAUEHHS JIJIsi CUCTeM IiJTPUMKH HPUUHSATTS KIIHIYHUX PIllleHb.
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OcHOBHMM OOMEXKEHHSIM JIOC/IIKEHHST € HeoOXigHicTh poboTh 3 amcOaaHCcoOM KJIaciB Ta
obunc/oBaIbHa CKAQIHICTL TpanchopmepHux Mmojeneit. Kpim Ttoro, 3acrocyBanus mojeseil Ha
peaIbHIX MEJIUIHUX JAHUX MOTPedye J0JaTKOBOI 30BHINIHBOI BaJlijallil, aHAII3Y yIIepeIzKeHOCTI
Ta 3abe31eueHHsT KOHMIAEHIIIITHOCTI MaIli€HTIB.

OT2ke, TPOBEJIEHE JIOCTIIPKEHHS TIOKA3Ye€, IO 1HTerpallisi CTPYKTYPOBaHUX KJIHITHUX TTOKa-
3HUKIB 13 CEMaHTHUYIHOIO 1H(MOPMAINEIO 3 TEKCTOBUX MEINIHUX 3aIMCIB MOXKE iCTOTHO IiJIBUIITATH
AKICTh NPOTHO3YBaHHSA TXKKOCTI cTaHy marienTa. Hallkpammit pe3yibTraT oOTpuMaHo 3a JTOTOMO-
rofo ribpuIHOT HeifpOHHOT MepexKi, sika gocsiria Fl-score 0.97. 3anpomonoBanuii miixig MoxKe OyTh
BUKOPHUCTAHUI K OCHOBA JJTdl IHTEJIEKTYyaJIbHIX CUCTEM I ATPUMKHN TPUUHATTS KJIIHITHAX PIIlIeHb.
[TomautbI JoC/TiI2KeHHS JOMLIBHO CIIPAMYBATHA Ha, BUKOPUCTAHHS OLIBINMNX KIIHITHIX HAOOPIB J1a-
Hux, creniajigizoBanux biomedical language models, mexanizmin attention-based multimodal fusion

Ta MetoiB explainable artificial intelligence.
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O1inka BIUIMBY 3alli3HEHHS Ha CTIilKICTh PO3B’A3KiB
JIHITHTX AndepeHniaJabHO-PI3HUIIEBUX PiBHIHD

Onexcangp KPACHOKYTCBHKIUI, Irop YEPEBKO
Yepniseuvrut naytonasvhut yrisepcumem im. fOpia @edvrosuna, Yeprisui, Yrpaina

krasnokutskyi.oleksandr@chnu.edu.ua, i.cherevko@chnu.edu.ua

OpHiero i3 HalBaK/IMBIMUX 3a/1a9 B Teopil mudepeHIialbHIX PIBHIHD i3 3aIli3HEHHSIM €
JIOCJIIPKEHHS CTIMKOCTI 1X pO3B’sI3KiB. 3arajbHOBIIOMO, IO HABITH MaJje 3alli3HeHHs MOXKe IIpPH-
3BECTH JI0 BTPATU CTIMKOCTi. B iHKeHepHiit TpaKTHIll cuCTeMU i3 3ali3HEeHHAM 9acTO 3aMiHIOIOTH
cucreMaMu 0e3 3ali3HeHHsI. Y poboTi aHATIBYIOThCs CIIOCOOH 3HAXO/XKEHHSI BEPXHIX MeXK 3alli3He-
HHSI, JIJIs 9KAX CTIMKICTh CHCTEMU i3 3alli3HEHHAM € aHAJIOTIYHOIO CTIHKOCTI BIANOBITHUX CHUCTEM
0e3 3aIri3HeHHS.

Posriianemo miniitany cucremy i3 3ami3HEeHHIM

0 _ g2ty + Ek: Bua(t — 7)) (1)
dt — ’
e A, B; i =1,k — cram n x n marpuni, 0 < 7 < --- < T, = T, Ta Bianosigny it cucremy 6e3
3alli3HEHHS
dot) _ (44 Xk:Bi 2(t). (2)
dt —

Teopema. [1] SHrxwo nyavosutl poss’asok cucmemu (2) acumnmomuyno cmitkud, modi icnye
cmana A > 0, maxa, wo npu ymosi 0 < 7 < A Hysvosull pPo36’A30K cucmemu i3 3ani3HEHHAM

(1) maxooic acumnmomuuno cmitrudl.

[Tepii orinku Bequanaun A, BcraHoBJIeH] B poboTi [1], BusBrIMCh j1yzxke rpyoumMu.

Posrisinemo 3acTocyBaHHs cXeM allpoKCUMAaIlil JIHITHUX CUCTEM 13 3alli3HEeHHSIM JIJIsi 3HAXO-
JIZKEHHST OIHKU BeTuauHu A.

[TocraBumo y BianosigHicTh cucremi (1) anmpokcuMyoody cucTeMy 3BUYAiiHUX TrdepeHtii-

aJIbHUX DIBHSAHD [2]

dzo(t) S i
7~ A+ B, = el 3)

B pob6ori 2] BcranoBseHO, 10 iCHYE YHCIO Mo Take, IO OPU M > Mg CTIHKiCTh (HecTii-
KIiCTb) HyJILOBOIO PO3B’sA3KY cucreMu i3 3amiznentsam (1) ekBiBajeHTHA acCUMITOTUYHIH cTiifikocTi

(mecriiikocTi) HYJIBOBOIO PO3B’si3Ky amporcumyouol cucremu (3). Lle m03Bosisie 3ampornonyBsaTu
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AJITOPUTM JOCJIJIZKeHHsT Ha CTIMKICTh JIHIAHUX JudepeHIlialbHO-PI3HAIIEBUX PIBHAHD 13 3alli3He-
HHSIM Ta 3HAXO/?KEHHsI BEPXHBOI MexKi 3alli3HeHHsI I AKOr0 30epira€Thesl CTIKICTD.

1. Jlng piniftnux nudepeniiaibHO-PI3HUIEBUX PIBHIAHBL OY/LYEMO BiJIIIOBI/IHY AIIPOKCUMYIOTY
CUCTeMY JIHITHUX 3BUYAHUX TudepeHIliaJlbHuX PIBHIHD.

2. 3HaxX0/MMO XapaKTEePUCTUYIHE PIBHSIHHS AIPOKCUMYIOUOI CHCTeMM JIHIHHUX JnudepeH-
IMiaJbHUX PIBHAHD, dKe MPUBEJIEMO JI0 BUTJIALY, 3PYYHOIO I 3HAXOKEHHA HOTO KOpPEHIiB Ha
KOMIIT'T0TePi.

3. 3a JI0IOMOrOI0 CIEIai30BaHOIO IIPOIPAMHOrO 3abe3IedeHHsT 3HAXOAUMO KOPEeHi Xapa-
KTEPUCTUIHOTO PIBHAHHA aIPOKCUMYIOUOl CHUCTEMH, & 1X PO3TalllyBaHHs BU3HAYAE, UM € BOHA
CTIHKOIO.

4. Pobumo BUCHOBOK, IO BUXiIHE AudepeHIia bie PIBHIHHSA 13 3alli3HEHHSIM € CTifiKuM abo
HECTIIKIM.

Y poboti 3] po3pobiieHo TpUKIIAIHUIT 3aCTOCYHOK 3HAXO/KEHHST BEPXHBOI Mexki A Ta Tpo-
BEJIEHO YMCJIOBI €EKCIIEPUMEHTH JIJIsI MOJIE/IBHOI CUCTEMU 13 3aIli3HEHHSAM TPETHOIO TTOPSIJIKY.

POBI‘HHHGMO, HalIpUKJIad, CUCTEMY

dflit) — Ax(t) + B(t — 1), (4)
e
-1 135 -1 -59 7.1 -70.3
A=|-3 -1 =2, B=| 2 -1 5 |. (5)
-2 -1 -4 2 0 6

JL71s1 TpOBeIeH s YMCJIOBUX €KCIIEPUMEHTIB BUKOpHCcTaHo MoBy Python, 6ibmioreky NumPy.

BHaliIeHo JABa IHTePBAJIM JIJIsI 3aIli3HEHHS T, a CaMe
7 € [0; 0,16271) U (0,18545; 0,22295),

B MeKax sIKUX HYJILOBUII PO3B 30K CUCTEMU i3 3alli3HEHHAM € eKCIOHEHIaJbHO cTiikum. Pos-

MipHicTh anpokcumytodoi cucremu m = 1000.
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JIlmHaMivHa ABOKpHUTEPiaJbHA MOJEJIb OIITHIMI3allil BAPTOCTI

nmopTdesist aKTIUBIB

Bacuns KYHIHIPHYYK, Bomoguvmup KYIIHIPYYK
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opisa @edvkosuua, Yeprisui, VYrpaina

v.kushnirchuk@chnu.edu.ua, kushnirchuk.volodymyr@chnu.edu.ua

PosriisinyTo jguHaMmivHe y3araJbHEeHHA KJIACUIHOI JIBOKpHUTEpiabHOI Mojiesni Mapkogima, y
AKINM OJJTHOYACHO BPAXOBYIOTHCI MaKCHMIizallis OYiKyBaHOI JOXITHOCTI Ta MiHIMIizallis pU3uKy iH-
Becruriiinoro noprdensa. Ha Binqminy Bij cratuanol mocranoBku [1], 3amporonoBano onucysarTu
3MiHYy BapTOCTI MopTdesisd B daci 3a JOMOMOToI0 JudepeHIiajibuoro pisusgund. [lobymosano mo-
JieJIb JIMHAMIKY BAPTOCTI MOPTdeId 3a/Ie2KHO BiJI CTPYKTYPH IHBECTHUIIIH Ta JIOXiTHOCTEHl aKTUBIB.
s popMyBaHHSA KOMIPOMICHOT'O PO3B’sI3KY JIBOKPUTEPIAIbHOI 38 1a9i BUKOPUCTAHO METO/I 3Ba-
JKeHuX cyM. Taxuil mijaxij jgae 3MOry HepeidTH BiJi CTATUYHOI ONTHMIZAIN] 10 3a/1adi JJMHAMITHOL
ONTHUMIi3allil Ta CTBOPIOE OCHOBY /Il TIO/TAJIBITIOTO BUKOPUCTAHHS METO/IB ONTUMAJILHOTO KEPYBa-
HH.

Knacwana mozens Mapkosina rpyHTYETHCA Ha KOMIIPOMIiC Mi2K TBOMa OCHOBHUMY XapaKTe-
PUCTUKAMY 1HBECTUIIITHOTO TOPTdeIs: 0UiKYBAHOIO JOXiIHICTIO Ta pusukoM. [lepiri aBa kpurepil
i€l MojesTi MaloTh KJACUIHUUM 3MICT: MaKCHMI3allisd OYiKyBaHOl JOXiTHOCTI Ta MiHIMIi3aIlisd Juc-
nepcii oxigHocTi moprdestsa. ¥V jaHiit poOOTI TPONOHYETHCS IMEPEeHTH Bijl CTATHYIHOT MOJIE /10 11
JITHAMITHOTO TIPE/ICTABICHHS.

Hexaii n aktusis opmytors inBecTuriinmii moprdesnn, a w;(t) — yacTka BapTocTi moprde-

Jis, IHBeCTOBaHA B -l akTUB y MOMeHT 4acy t. Toji
n
dwilt) =1,  w(t) >0, (1)
i=1

ne t € [0,T] — iHBeCTUIIHHII TOPU3OHT.

Ha BijMiny Bij craTudasol Mojies1i, Baru noprdesist MoKy Th 3MiHIOBaTUC 3 yacoM. [ToszHaun-
Mo 4epe3 X (t) ouikyBaHy BapTicTh opTdesis B MOMEHT 4acy t, a uepes r;(t) — MUTTEBY JOXIIHICTD
i-ro aktuBy. Hexait u;(t) = E[r;(t)] — ouikyBana murreBa J0XimHICTH i-r0 akTuBy. OIepXKy€EMO

JnudepenIiiaabie piBHAHHA JIJId BAPTOCTI MOPTQEIs:

O _ x) > wu(n,  X(0) =X 2)

TakuMm anHOM, JTUHAMIKa BApTOCTI TOPTdEss 0e31mocepeIHO OMUCYETHC JTU(epeHIiaJIbHIM PiB-

HSAHHSIM TIEPIIOTO MOPsAKY. 3a 3ajanux w;(t) ta p;(t) Horo po3s’sa30K Mae BULJIS/L

X(t) = Xpexp /OZwi(s)m(s)ds
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36epezkeMo j1Ba KpuTepil Kiaacuanol mojesi Mapkosina:
ma (1) = 3 paltu(t),  win o3(0) = W (DS ()w(t)
i=1

Je X(t) — koBapiamiiiHa MaTpUIl JOXIJIHOCTEH AaKTUBIB. Y CTATHYHIA MOJET XapaKTepUCTUKU
w;i(t) ma X(t) BusnadarorTbes st hikcoBaHOro HaOOPY Bar. Y JMHAMIYHOMY BHUIIAJKY BOHHU CTAIOTh

byHKIIIMEI Jacy:

J71s1 omiHIOBaHHS PE3YJILTATY IHBECTYBaHHSI HPOTAroM ycboro mepiomy [0,7] MokHa BHKO-

pucTaTn iHTerpaJibHI KpuTepil

T T
Ji(w) = /0 (), dt — max, Jo(w) = /0 aﬁ(t),dt — min.

Takum ynnoMm, JIuHaMivHa JBOKpUTEPIaIbHa 3a/iada HAOYBA€ BUTJIALY

niw) = [ 3 ) de > ma.

i=1

Jo(w) = /0 w? ()2 (t)w(t) dt — min.

3a ymoB (1), (2).
3a HeoOXimHOCTI MOXKYTH GyTH BBEJIEHI J0JATKOBI 0OME:KEeHHsI HA YaCTKH aKTHBIB w;(t) >

min

w;

, @HAJIOTIYHO JI0 OOMEXKEHb, BUKOPUCTAHUX Y CTATHIHIN MOJE/l JJIst MiITPUMaHHs JIMBEPCHU-
dikaril moprdes.

st ojiepKaHHs KOHKPETHOIO KOMIIPOMICHOTO PO3B’si3Ky BHUKOPHUCTAEMO METOJ 3BaYKCHUX
CyM, Jie MAKCUMI3alliitHi KpUuTepil BXOAATDH /10 (PYHKINT MiHIMI3aIll 31 3HAKOM «MiHYyC».

Brejiemo dynkiional

) = [ ol + s dr

ne a > 0,8 > 0 — Barosi kKoedillieHTH, IO XapaKTEePU3yIOTh BiTHOCHY BarKJIUBICTh JOXIJTHOCTI Ta

pusuky. Toxi 3aga1ua HaOyBae BUIJIALY 3a/a9i JUHAMIUHOI ONTHMIBAIIL:

min /0 [ (w(t) + Bu” (S (t)w(t)] dt

w(t)
3a audepeHIiagabHOro piBHsAHHs (2) Ta obMmexenb (1).

Smina KoedirieHTiB o 1 § J103B0OJIsIE OTpUMYyBaTH Ppi3Hi KoMIpoMicHi noprdeiti. [Ipu 36i1b-
IIEeHH] (v TIepeBara HaJaeThCs OUIKYBaHiil JOXiIHOCTI, TO/Il K 30LIBINEHHS (3 MOCUIIOE 3HATYIIICTh
MiniMizaril pusuky. OTpumani po3s’s3ku (HOPMYIOTh MHOKUHY KOMIIPOMICHUX, & 38 BiJIITOBITHIX
yMoB — [TapeTo-onTnMaabHUX cTpaTeriii. 3alrpoOHOBaHa TOCTAHOBKA MTOEIHYE KJIACHIHY MOJIE/Th
Mapxosirna 3 audepeHIiaj bHIM PIBHIHHAM JUHaMiKi BapTocTi noprders. e mo3Bossie posriis-
JIaTH He JIUIIe ONTUMAJbHY CTPYKTYPY MOpTdeiid B OKpeMuil MOMEHT 4acy, a i TPA€KTOPiIo 3MiHH

1foro BapTOCTi Ha 3aJ]aHOMY 1HTEPBAJIi.
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AcumrToTuka B [.2.m. pO3B’A3KY CTOXaCTUIHOI'O
nandepeHITiaJTbHO-PI3HUIIEBOTO PiBHAHHSA 3 fBm ajs
e (31)

Bosioguvup KYHIHIPYYK

Yepriseuvruti nayionasvruts yrisepcumem iment FOpia Pedorosuya, Yepnisui, Yrpaina

kushnirchuk.volodymyr@chnu.edu.ua, i.malyk@chnu.edu.ua

Posrisinemo sunajkosuii nporec z(t),t € [T, 00], T > 0, 1m0 Bu3HAYEHUIT CTOXACTUIHIM

JpepeHItiaabHO-PI3HUTIEBUM PIBHAHHAM HEHTPAJIHLHOTO THUITY
dDzy = La,dt + Gz, dB™(t),t > 0 (1)
Ta MMOYaTKOBOIO YMOBOIO

To = @, <2)

ne z, = {x(t+s),s € [-T,0]} — Biapizok Tpaekropil Bunakosoro mporecy, D, L, G : C(—[T,0]) —

R! — niniitni dbynkiionan, BUsHaUeHi HACTYIHUME cliBBiaHomenusvu s ¢ € C([—=T,0]):
N N N
D¢ = Zdi¢(_7i)’ Lo = Z lip(—T:), G = Zgi¢(—Ti),
i=0 i=0 i=0

mpuaomy 0 =79 < 7y < ... < 7y = T; B (t),t > 0 — apoboBuii BiHEPIBCHKMIi MIPOIIEC, JJIsl TKOTO

B JIAHOMY JIOCJIJIZKeHHsT Oy1eMo IpuItycKaTu mnpejcrasienns Pivana — Jliysimrs [1]

1 t o
T(H + 0.5) /0 (b= u)""2dW(2),

e W (t),t > 0 — cranmaprauit BinepiBcbkuit mporec H € (0, 1) — nmokasuuk Xepcra.

BM(t) =

OcHoBHe TBep KeHHsT Oy/ie MPUCBSYIeHe eKCIIOHeHIaIbHili CcTIiKoCTi B [.4.m. TPUBIAJIBLHOTO
po3B’sa3Ky Judepeniiaabaoro piBasiaisg (1). Po3risgHeMo MOHATTS eKCIOHEHIaIbHOI CTIHKOCT B

[.i.m. TpuBiaabHOrO po3B’si3Ky JudepeHIiajibHoro piBHsHHS (1).

Osnauenns 1. TpusianbHuil po3B’si30K CTOXACTIMHOrO JudepeHiiajibHoro piBasiaust (1) Ha-

3UBAETHCST EKCIIOHEHIIATBHO CTIfKUM, SKINO JIs JOBLIbHOI modaTkoBoli ymoBu ¢ (2) 3 ||| =
sup |¢(t)| < oo, icayrors gomarai koncranTu M,y > 0 Taki, mo

te[-T,0]

Ex*(t) < M|p|?e ", t > 0.

Hanaui mis icayBansst Ta enuroCcTi po3s’sa3ky 3aaadi Ko (1), (2) 6yaemo npumyckaTu, Mo

N

dbyuknionan D 3a10B0/bHsIE HACTYIHY YMOBY » . |d;| < 1 ta dy = 1. Iloznaunmo vepes y(t),t > 0
i=0

— PO3B’I30K BiMOBIIHOTO JibepeHIiaabHOro piBHsIHHS 110 piBHsiHHS (1), wepes X (t),t > 0 —

dbysmaMenTaTBHIIT PO3B’A30K BIAMOBIIHOIO J€TEPMIHOBAHOTO PIBHSIHHHA [2].
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Jlema. Hexati G # 0 ma ¢pyndamenmanvruti po3e’a3ox excnonenyiasvho cmitxui. Todi daa H €
(%, 1) i3 excnonenyiaavhoi cmitikocmi 6 Lim. x(t),t > 0 sunausae excnonenyiasvrha cmitikocmi
6 l.im. li.m. Gxy, t > 0 1 nasnaxu.

I3 pmanol slemu Ha ocHOBI BiactuBocTeil dyukmionamis D ta G # (0 MoxKHA 3pOOUTH BU-

CHOBOK IIPO OJIHAKOBHI Xapakrtep acumiroruku x(t),t > 0, Dzt > 0 Gry,t > 0 3a ymoBu

eKCIIOHEHIIIaIbHOT CTifiKoCcTi TpuBiajibHOrO po3s’a3ky (1).

Teopema 1. Hezali suxonyromuvca nacmynmi yMosu:
o Pose’szor demepminosanozo pienanns y(t),t > 0 excnonenyianvro cmitxud ;
e He (%, 1);

o (Cnpasedausa nepieHicmb

o

1
B=—F"—7##+— GX,|%ds < 1. 3
1WH%)/| 2ds 3)
0

Todi mpusiarvruil pose’szor dudepenyianvrozo pishanns (1) excnonenyiasvro cmitkud.

BukopucroByioun neperBopenns @yp’e ta Teopemy [lapceBasisi, MOKHa MMOKa3aTH, IO iH-
TerpaJs B (3) MoxKHa mepernucaT Ha ocHoBi dyHKIionanis D, K, G ta nepersopenns Qyp’e Bix

X(t),t > 0, TobTO
1 s N217/—1(;.)|—2
B = m/|G1(l$)’ |V (ZS)| ds < 1,
0

e
N

N N
Gi(z) = Zgie—nz’ V(z) =z (Z die—nz> o Z Le T,
0 0

0
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IIpsame iaTerpyBaHHga AndepeHIliaJJbHIX PIBHAHb TEOpil
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Inemumym npuksadnux npobaem mexaniku i mamemamury im. . C. Ilidecmpueawa HAH
Vrpainu, Jlveis, Yrpaina

tokovyy@iapmm.lviv.ua

[MIupoke BUKOpHUCTAHHST KOMIIO3UTHUX MaTepiajiB 3 BUParXKEHOIO aHI30TPOIIEI0 Ter1odi3u-
YHAX Ta MEXaHIYHUX BJIACTHUBOCTEN y CyYACHUX 1HKEHEPHUX KOHCTPYKIISIX BUMAra€ PO3BUTKY
aJICKBATHUX Ta TOYHUX METOMIB aHaJ3y IXHBLOI'O HaIpyKeHo-JIedopMmoBanoro crany. Kiracuami
AHAJIITUIHI T1JIXO/IM TeOopil MPYKHOCTI, PO3POOJICH] TIePEeBayKHO JIjI 130TPOIHUX TiJI, CTUKAIOTHCS
31 3HAYHUMH MAaTEMaTUIHUMEI TPYJIHOIIAMU IIPH y3arajbHEeHH] HA HEOJIHOPIJIHI aHI30TPOITHI MaTe-
piasm. Bukopucranus TpauiiitHux GyHKIHH HAIIPYKEHb 9acTO MPU3BOIUTDH JI0 PIBHIHb BUCOKUX
MOPSAJIKIB 31 3MIHHUMU KOedilieHTaMu, PO3B d3aHHA IKUX OB sd3aHe 13 BTPATOIO (PI3UYIHOI HAOYHO-
cti. BosiHouac 3acTocyBaHHA CyTO YHMCJIOBHX IIiJIXOJIIB, 30KpEMa, METOJY CKiHYEHHHUX €JIEMEHTIB,
Mag€ CyTTEBI OOMEXKEHHsI IIPU aHaJII31 JIOKaJILHUX KpaitoBux edexTiB. Binmosiano, misa Bepudikariil
YUCJIOBUX AJTOPUTMIB Ta TOYHOI OIIHKKA CAMO3PIBHOBAXKEHUX HAIPYKEHb KPUTUIHO HEOOXiTHOTO
€ HAsIBHICTH €TAJIOHHUX aHAJITUIHUX PO3B’A3KiB.

Y 1mpoMy KOHTEKCTi eDeKTUBHUM € 3aCTOCYBAHHS METOJIy MPSMOrO iHTErPYBaHHS DiBHIHDb
piBHOBar#, IMo Ja€ 3MOI'Yy YHUKHYTHU JIEPEHIIOBAHHS MOJIB IepeMileHb. BBeeHHs KITI0U0BUX
dyHKIIil, 1110 MaTh (Bi3udHMT 3MICT, Ja€ 3MOTY AIPIiOpi 3a/I0BOJILHUTH PIBHSHHS PIBHOBArU Ta
3BECTH 33/1a9y JI0 CUCTEMU IHTErpo-audepeHIiaj bHuX PIBHAHDb, 3PYIHUX JJIsT TOYHOTO 33/I0BOJIE-
HHS TPAHMIHUX YMOB Ha BCIX TTOBEPXHAX TiJa.

Y poborax |1, 2, 3| 3anpoBajzKeHO BU3HAYAJbHI (DYHKINT, 3aCTOCYBAaHHs FKUX 3a0e3medye
3aJI0BOJICHHs He JIUIe PIBHAHBb piBHOBaru, aje it 3aganux kpaiiopux ymoB. Li dyukmii, nazsani
dyukiigmu Biraka, Oynun nmobymoBaHi /it OKPEMUX BUIIAJIKIB JBO- Ta TPUBUMIPHUX 3a/1a9 TEOpil
MPYZKHOCTI Ta TEPMOIIPYZKHOCTI. ¥ IIiil JIOTOBi i HaBE/IEHO y3arajJbHEHHS BUKOPUCTAHHS (DYHKITII
Biraka mpu peasizariii MeToy TpaMOro iHTerpyBaHHH.

[Ipu 1boMy BUKOPHUCTAHO HACTYIHUN MiIXi/. 3a BiJICyTHOCTI MacOBUX CUJI IIPYKHA PIBHOBA-
ra JiehOpMIBHOTO TBEpJIOro Tijla B OPTOrOHA/IbHIN KpUBOJIiHiiiHiN cucTemi koopaunat (é',e%, é®)
OTUCYETHCA PIBHAHHAMUI

dive = 6, (1)

ae dive = e+ (V;(0,;¢" ® &) — nusepreniis Ten3opa HalpyKeHb & = 0;;€ @/, V; — KOMIOHeHTH
oneparopa laminbrona V = V;é&, i,j = 1,2, 3.

3 piBasiaHs (1) HECKJIAIHO OTPUMATH TaKe:

V; (dive - €') =0, i=1,2,3. (2)
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3 BUKOPUCTAHHIM TPbOX CKAJSIPHUX PIBHSIHB (2) MOXKHA BUSHAYUTH TPU CKAJSIPHI (DYHKIIIT,
SKi 33JI0BOJIBHSIIOTH Il PIBHSAHHS 1, sIK HACJJIOK, — piBHsAHHs (1), TOTOXKHO Ta BU3HAYAIOTHCS
JiudepenIiaTbHUME CIIBBLIHOIIEHHS Yepe3 OOKPEeMi KOMIIOHEHTH Te30pa HanpykeHb. i dyrkiil
HazuBaTuMeMo ByHKIssMEI Biraka.

Bokpema, y BHIAJKY JIEKApTOBOI cucreMu (x,y,z) piBHAHHS (2) 3a/10BOJBHSIIOTH (DYHKIT

Ve, & = {z,y, 2}, yBeneni y Taxuit crocio:

62sz azayy 820-32
o Vy+ Ve, B =V + Vs, 2 Ve +Vy, )
82(712/ 0%0,, a%yz

0xdy Ve 0xdz Vi Oy0z G

Y BUNAJIKY TIJIOCKOI 3a/1a4i, KOJIM 3HEXTYBAHO 3aJI€KHICTIO BiJl KOOP/JIMHATH 2, PO3B A30K PiBHIHDb

(2) MOXKHa 3anmUcaTH Y BULJISI:

%040 %0y, _820$Z _y ()

ox2  O0y2  Oxdy

Taxkum auHOM, piBHsIHHS piBHOBaru (1) 3a/I0BOJIBHAIOTHCS TOTOXKHO Y TPHUBUMIDHOMY BHU-

aJIKy, AKIIO HAIPY’KEeHHsI Ta Tpu HesasexkHi (yHKiil Biraka mos’si3ano criBeigHomenusivu (3).

Awnajioriuno y JBOBUMIDHOMY BHIAJKY 3aJI0BOJICHHS PiBHsIHBL (1) 3a6e3edyeThesi BUKOHAHHSIM
criBBiHOMEHD (4).

Jng mumisapuaHol cucteMu KOOpAUHAT (T, ¢, 2), HAIPUKJIAT, ¥ BUIAIKY OCBOBOI CHMETDIl

(To6TO MpH HEXTYBAHHI 3aJI€XKHICTIO Bijl OKPYKHOI KOODJIMHATH (), BU3HAYEHY i3 piBHsAHHS (2)

dyukmio Biraka mos’s3ano i3 HAIPYKEeHHIMI TAKUMU CITiBBIIHOIIIEHHAME

o (10 ,, 0 0

VY m10cKOoMy BUIIJIKY (HE BPAXOBYEMO 3aJI€2KHOCTI BiJl ) aHAJIOTIYHI CIIIBBIIHOIIIEHHST MAIOTh

BUTJIA T

0 (,0 [ Pon\\ 0 . OV o 0 ( ,00,,\
E(TW(Tasoz))_§(rV)+T0_s02’ o =V o \Tap )T ©

AHanoriyHo MOXKHa BUKOPUCTAHTH PiBHstHHs (2) jyist mojanHs dyHKIiii Biraka depes Ha-

NPY2KEeHHs JIJIS JOBLIHLHOI OPTOrOHAJIBHOI KPUBOJIHIWHOI crucTeMu KoopjuHAT. /Ij1s BU3HAYEHHS
HanpyzKeHb Yepe3 (yHKIil Biraka 3aificHIOeTbCs BiIIOBIIHE IHTErpYBaHHs CIIBBIIHOIIEHD (3) —
(6) i3 ypaxyBaHHsIM yMOB Ha MexKi jociiKyBanol obacri. Cami k dyskiil Biraka 3HaxomsTh
Ha OCHOBI PO3B’3yBaHHS PiBHAHB CYILJIBHOCTI.

OCKUIbKY CHIBBIIHOIIEHHS MizK KOMIIOHEHTaMH TEH30pa Hallpy:KeHb Ta (pyHKIisMu Biraka
OTPUMAHO JIMIIIE Ha OCHOBI iHTErpyBaHHs PiBHsIHb piBHOBaru (1), To BOHU € ClpABEJINBAMHU JIJIsI
JIOBLIBHOT (pizuaHOT MOJIesIl MeXaHiKh Jie(pOPMIBHOI'O TBEP/IOTO Tijla, 30KpeMa JIjid TPy KHOILIACTH-
9HOI. A 1e BIIKPUBAE B TOJAJIBIIIOMY MOXKJIMBOCTI PO3BUTKY I[HOIO METOJLY 1 MO0 PO3B’ A3y BaHHS
3319 MEXaHIK1 JI/Is CKJITHIIIX (DI3UIHUX CIIBBIIHOIIEHD MiXK JIeOpMAaIlisiMU 1 HAIIPY )KEHHSIMU,

HIXK JIIHIWHI.
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JlitepaTypa
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2l
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Kymuip P.M., Tokosuit FO.B., FO38’axk M.U., fAcincokuit A.B. 3Beienns 1B0OBUMIpHUX 3a/1a4
TEPMOIIPYKHOCTI JIjId TiJT 3 KyTOBUMHU TOYKAMH JI0 KJIIOYOBUX IHTErpo-/iuepeHIiaabHux

piBHAHB. YKp. MarT. )kypH. 2021. 73, Ne 10. C. 1355-1367.

Toxoruit FO., FO3p’sx. M. Temneparyphi HanpyKeHHs B IPAMOKYTHOMY Opyci. YKp. Mar.
Kypa. 2026. 78, Ne 3-4. C. 274-287.

FO3p’ sk M.U., Tokoswuii FO.B. Busnauenns: craTnaHIX TePMOHAIIPYZKEHD Y IPYZKHOMY IIPO-

cropi 3 BukopuctanuaMm ¢Gpyukiiit Biraka. [Ipuki. npobiemn mexaniku i marematuku. 2024.

22. C. 37-45.
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AcuMnToTUYHMI aHaJI3 HEJIHIHNX 3a KepyBaHHIM
iHTerpo-andepeHIiaJbHNX CUCTEM 31 IMBUAKIMN
OCIIMJIAIIIMU

Pokconana JIAXBA, Bikropis MOT'IJIBOBA, Bacuns KPABEID

Kuiscvrut naytonasvruti ynieepcumem iment Tapaca I[llesuenra, Kuis, Yxpaina,
Hauiornarvrut mexnivnutl ynisepcumem Yxpainu "Kuis. nosimezxn. in-m
im. 1. Cixopcorozo Kuis, Ykpaina, Taepiticokuti depocasHutl a2pomerHoso2ivhul yHisepcumenm

iment JImumpa Momopnozo, Ykpaina

roksolanalakhva@knu.ua, mogylova.viktoria@gmail.com, vasyl.kravets@tsatu.edu.ua

Y poboTi TOCTiIZKY€EThCsT 3a/1aa ONTUMAJIBHOTO KePYBAaHHS JJIsI CHCTEM 1HTerpo / indepeHIiaabHIX
piBHAHB THIY Bosbreppu, 1mo MicTsaTh Maauil napamerp € > 0 Ta MBUIKOOCIMIIO0YI Koedirri-
entu. MeToro JIOC/Ti2KEeHHS € CTpore MaTeMaTuyuHe OOIPYHTYBaHHS 3aCTOCYBaHHS METO/Iy ycepe-
JTHEHHSI JJTd BUXITHOI 33124l JI0 iICTOTHO MPOCTIIIOl 3a/1a9i ONTUMAJBHOTO KePYBaHHS CUCTEMOIO

3BUYAlHUX [TudepeHIiajlbHIX PIBHAHD.

Posrnsimaerses cucrema 3 mMammMm napameTpoMm € > (), HesliHINiHA BIJHOCHO KepyBaHHS Ha

irnrepsadi [0, T

t

b= X (L), [ ot s (s)ds.u(®)) . 2.(0) = 0. )
(Lno )

i3 KpUTepieM gKOCTI

T
Lu) = [ Lt (0), u(®)dt + @ (7))  inf, )
0
gexr € RY T >0, u(t) € W C R™, a nomycrumi xepysanas u(-) € U, qe U — KOMIAKT y TPOCTOPi
L*((0,7)).

IIpumnymmenns:

(1) Oyuxmis X (¢, x,y,u) HemepepBHa B 061aCTI BU3HAYECHHS, 3a/[0BOJIbHIE YMOBY JIHIHHOIO

pocty | X (t,z,y,u)| < M(1+ |x| + |y|) Ta ymoBy Jlinmuna 3i cramon A > 0:

|X(t,x,y,u) _X(t7x17y17u1)| < )\('l’ _‘Tll + ‘y_y1| + |U—U1|>

(2) ¢(t, s, z) € HenepepBHOIO Ta JinmuIEBOIO 3a T: (T, 5, 2)—p(t, s, 21)| < Ly|lr—x1], |p(t, s, x)] <
L1+ [x]).
(3) dns ¢1(t, x) fo (t, s, x)ds piBHomipHo BinHocHo z € RY Ta u € W ichye rpanus:
t

lim [X (g,x, o1(T, ), u) — Xo(x, u)} dr = 0. (3)

e—0 0



244

(4) Dyukris L(t,z,u) piBHOMIpHO HellepepBHa 3a x piBHOMIpHO BigHocHo t € [0,T] Ta u € W,

e sinmmesoro 3a u, a ® : R? — R — menepepsHa byHKILiA.

Cucremi (1)—(2) sicrasisernbest 3amaua st 3/1P:

§(t) = Xo(&(t), u(t)), &(0) = o, (4)
3 KpUTEPiEM AKOCTI .
Jolu] = /0 L{t, €(8), u(t))dt + B(E(T)) — in . (5)

KirouoBum amapaToM i1 aHaJIi3y € OlliHKa OJIM3bKOCTI TPAEKTOPil, dKa € piBHOMIpHOIO Ha

BCiif MHOXKWHI JIOITyCTUMUX KepyBaHb U.

Jlema 1. 3a sukonanms ymos (1)-(3) daa 6ydo-awozo n > 0 icnye g9 = €o(n) maxe, wo das ecix

0 < e < gy pose’asku 3adaw (1) ma (4) 3adosoavralomov nepienicmo

sup |z(t,u) —&(t,u)| <n  daa eciz u € U.
t€[0,T

OcHoBHUIl pe3y/IbTaT € TeOpeMa, 0 BCTAHOBJIIOE 3B’30K MiXK ONTUMAJILHIUME KEePYBaHHIM
Ta KPUTEPIEM SKOCTI TOYHOI 3aJ1a4i 1 BIITOBITHOI 1 ycepeHeHO1 3a/1ai.
Teopema 1. Hexati sukonano ymosu (1)-(4). Todi zadaui (1)—(2) ma (4)—(5) maromov onmu-
manvri pose’asku (xf,ul) ma (£, u*) sidnosidno, i:
(1) im,_,o J* = Jg, de J* = inf,cp Jo|u|, J§ = inf,cp Jolul;
(i1) dasn 6ydv-saxoeo n > 0 icuye €9 make, wo npu € < £y GUKOHYEMBCA Hepienicmy |JF —

J-(u*)| < n (onmumarvne xepysanms ycepednenoi 3adaui € matioce ONMUMGALHUM OAA

6UTION0T);
(111) icnye nocaidosricms €, — 0 maka, wo npu n — 00:

xl (t) = &5 (t)  pienomipro na (0,77, ul (1) = u*(-) 6 L*((0,7)).

1

Hxwo poss’azor ycepednenoi sadaui (4) edunud, mo 36iocnicmo y nywkmi (iii) mae micue 0aa

bydo-axo20 npamysarns € — 0.

JlitTepaTypa

[1] V. Mogylova, R. Lakhva, V. Kravets, Optimal control problem for systems of integrodi-
fferential equations, J. Math. Sci., 282(6), 2024, 983-1007.

[2] R. Lakhva, R. Uteshova, O. Stanzhytskyi, V. Mogylova, The averaging method in opti-
mal control problems for integro-differential equations, Open Mathematics, June 2024, DOI:
https://doi.org/10.1515/math-2025-0167.
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MopenoBaHHd (PI3UMIHUX IIPOIECIB METOA0M TiOpMIHIX
iHTerpaJbHIUX IeperBopenb Eitnepa-Pyp’e-Eitgepa Ha

CerMeHT1

Ouer Jlentox!, Onbra Hikitina?, Mukosna Innkapux®

L2 Yepniseupruti nayionarvruts ynicepcumem imeni FOpia @edvkosuua, Yepniocui, Vkpaina

3 Bazionoykpaincoruti nayionarvrud ynicepcumem, Teproniav, Ykpaina
0.Lenyuk@chnu.edu.ua

Ha cyuacnomy etari po3BUTKY HAyKOBO-TEXHIYHOTO IIPOrpecy, 0COOJMBO y 3B’A3KY 3 JI0-
CUTDH IMMUPOKUM BUKOPUCTAHHSIM KOMIIO3UTHUX MaTepia/liB, BUHUKAE HAra/JIbHA MOTpeda y BUBUEHH]
DI3UKO-TEXHIYHIX XapaKTEPUCTUK TAKUX MATEPiaIiB, MO 3HAXOIAATHCS B PIZHUX yMOBaX €KCILITY-
atarii. MaTeMaTuvIHO 1e MPU3BOIUTD JI0 3a/Ia9il PO3B A3yBAHHS CEIapaTHOl CUCTEMH JI(epeHTIii-
JIbHUX PIBHAHD 3 YaCTUHHUMU MOXITHUMU JIpDYTOTO HMOPAJIKY Ha KyCKOBO-OJTHOPITHOMY CErMeHTI
3 BIJIMOBTHUMHU MTOYATKOBUMHU Ta KPAOBUMU yMOBaMU.

OtauM i3 epeKTUBHUX METOIB MOOY/I0BU iHTErPAJbHIX 300pakeHb aHATITUIHUX PO3B 13-
KiB TAKUX 3aJ[ad MATEMATUIHOI (Pi3UKU € METO/I TIOPUIHUX IHTEerpaJIbHUX IT€PETBOPEHbD.

Posriisinemo 3ajtady 1mody10Bu 0OMeEKEHOT0 B 00J1aCTi
Dy = {(t,?“) t>0,r e ]2}, I, = (Ro; R1> U (Rl; Rg) U (RQ; R3)
PO3B’SI3KY CelapaTHOl CHCTEMU TPHOX JIMdePeHIaJIbHIX PIBHAHD 3 YACTUHHUMY [TOX1THUMU

Li[ui] + viw — aiB [w] = fi(t,r), r € (Ro; Ry),

82
Ly[us] + vaus — agw[ﬂa] = fa(t,7), 7 € (Ry; Ry), (1)

Lilus] + 73?“3 - a:gBZg[U:s] = f3(t,7), 7 € (Ry; Rs),

3 BUIOBIIHUMHI [TOYATKOBUMU yMOBaMHU, YMOBAMU CIIPsi?KEHHs Ta KpaiiopuMu ymoBamu [1-2].

[Ipu Ry = 0 B miit To4Ili BUKOHYEThCS yMOBa, 0OMexKeHHs, ipu g > 0 — ctanjgapTHa Kpaiio-
Ba ymoBa [1-2]. V koxkHOMY i3 HaBeJeHUX BUIIAJIKIB MOOYI0BaHe BiIIOBIIHE TIpsiMe Ta obepHeHe
ribpujne inrerpasibue neperBopennd Eitnepa-Dyp’e-Eitnepa, nmopojrkene Ha MHOXKWHI [5 Tibpu-
JIHUM JTuepeHITliaIbHIM OIIepaToOpOM, JIOBEJIEHI TEOPEMH ITPO OCHOBHY TOTOXKHICTH TiOpUIHOIO
mudepeniiaiabaoro oneparopa [1].

Ko Ly = 5, TO MM MaeMo 3aJ1ady TeIIONPOBiHOCTI abo mudysil, akmo K Ly = 75, TO

OJIEP>KYEMO 3aJ1a9y JUHAMIKH.

Vci orrepaTopu Ta mapamMeTpH, ki 0epyTh y4acTb Y MOCTaHOBII KPAOBUX 3a/1a4 JIJIsd CUCTEe-

mu (1), onucani y Bignosianux nparsix|1-2].
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[Ipsime inTerpasibie reperBopenns Eitiepa-@yp’e-Eitjiepa Ha 1moJisgpHiil oci 3 JiBOMa TOYKa-
MU CIIPSAXKEHHS 3allUCYE€TbCs Y BUIVIAJ OllepaTOpHOI MaTpHUIli-psjiKa. BuxigHa cucreMa Ta 1moda-
TKOBI YMOBH 3aIlUCYIOThCA B MAaTPUUIHii popmi, i MU 3aCTOCOBYEMO OIIEPATOPHY MaTPHIIO-PSI0K
JIO 3a/1aHOI 3a/1a4l 38 IIPABUJIOM MHOYKEHHS MATPUIIh.

B pesynbraTi orpumyemo 3agady Kot 111 3BUdaitnoro audepeHIiajbsHoro PiBHAHHS Tep-
IOro abo JIPYTroro MopsjKy B 3aJIeXKHOCTI Bij orepaTopa L.

Ob6epmuene neperBopenns Eitnepa-Pyp’e-Eittepa 3anmcyerbes y BUTIIsII OlepaTOPHOT MATPHIT-
CTOBIIIA, 1 MA 3aCTOCOBYEMO MOI'0 JI0 OOy I0BAHOTO Po3B’si3Ky 3ajadi Komri. [licas 3ilicHenHs
JIEAKUX MIEPETBOPEHb MU OTPUMYEMO €JIMHUN PO3B’A30K BUXIIHOI 3a/1ai.

[TobynoBani po3B’si3kM KpaoBUX 3aJiad MaloTh aJTOPUTMIUHUNI XapakTep, IO JI03BOJISIE

BUKOPHUCTOBYBaTHU IX 9K Yy TEOPETUIHUX ,HOCJILZL}KGHHHX, TakK 1 B YNCJIOBUX PO3paxyHKax.

Jliteparypa

[1] Hixiriza O. M. InTerpasnbhe neperBoperHs, mopojzkeHe Ha cermenti [0; R3] ribpumHuM ju-
depenrianpaum oneparopom Eitnepa-@yp’e-Eitepa. Kpaitosi 3aa4i 1y qudepeHiiaabHIX

piBHsIHB: 30. Hayk. np. Yepnismi: [IpyT. 2012. No. 21. C. 233-239.

[2] Jlemrok O. M., Hixiriza O. M., lluakapuk M. I. MogemoBanHst JUHAMIYHEX [TPOTIECIB Me-
TOZOM TiOpMIHOTO iHTerpajbLHOTO neperBopentst Tumy Eitnepa-Oyp’e-Eitnepa Ha cermenTi.

[Ipuknagai muTaHHs MaTeMaTuIHOro MojeaoBanns. 2022. 5, No. 2. C. 27-32.
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KaHTOpiBCbKa ABOOCHOBHa CHUCTEMa YMNUCJICHHYAd B 3aJda4aX

Teopil JJOKAJIbHO CKJIaAHNX PYHKIII

Ipuna JINCEHKO, Bikrop IINTAKWNIA, Onexcanap [TPAIIBOBUTUIT

VIV iment Muxatina /Ipazomanosa, Kuis

i.m.lysenko@npu.edu.ua, plakydal@gmail.com, alexandr.pratsiovytyi@gmail.com

Harazmaemo, mo kaHTOpiBChbKa crcTeMa JucieHHs (abo cucTema KOJyBaHHs UUCes BiIpi3ka
[0; 1]) BU3HAYAETHCS MOC/IIOBHICTIO (S,) HATYPAJIBLHAX OCHOB, Oibimx 1, i mociigosricTio anda-
BiTiB (A,), e A, ={0,1,...;s, — 1}, a came

01]2r=204 2 ¢ 4 % 4= Al g € Ay, (1)
S1 5152 5159...5p

CumBoJtiaauii 3amnmc r = A(ofl"ozg,_,an,,, poskiaay (1) Mu Ha3UBAEMO AGR)_306pastcennam au-
ca X, Qy, — N-0I0 TUMPOIO MHOI0 300parKEHHH.

dkmo s, = s, 70 APn)-306parkenHs qmces1 € KIACHTIHAM 5-KOBHM 300DasKeHHIM.

IcHYIOTh YnCIa, 1Mo MaioTh jiBa Ar)-306paskenns:

Al NCY

a1...Gm—1am[Sm+1—1][Sm+2—1]... ai1...am—1lam+1](0)°

Bomn nasusatorbea ALCn)-Ginaprumu i yTBOPIOIOTE 3/1iUeHHY BCIOIH IIIBHY B [0; 1] mHOXKUHY. Pe-
IIITa, YHCesI MAIOTh €/uHe 300pazkenns. Bonu nasusaoThes A -ynaprumu. OTxe, nana cucrenma
KOJIyBaHHs YUCE/I Ma€ HYJIbOBY HA I IUITKOBICTD.

V3araabHEeHHAM 300pazkeHHs Yicesl Y KAaHTOPIBCHKil CHCTEMI YUCJICHHS € MOJIIOCHOBHE Q—
300payKeHHsI YhCell, BU3HAYEHE HECKIHYeHHOW “‘MaTpuieio” ||¢,|| 3 momaTHumu esementaMu g,
TaKUMU, IO Gon, + Gin + - + s,—1]n = 1 VN € N:

ak—l

o0 k—1
0;1] 5 2 = Bay1 + Z[ﬁakk anjj] - Aglag...an..n Bayk = Z Qij-
=0

k=2 j=1

Posrisinaersbes dikcosane uucio ¢ € [0;1] i fioro knacuane asiiikose 306paxkents ¢ = A2
1€2...Cn ...

1 KAaHTOPIBChKa CHUCTEMa YUCJIEHHs, BU3HAUYEHA MOCJIJOBHICTIO OCHOB

2, sakmpo ¢, = 0,
sp=71(c) =
3, {KIIo ¢, = 1.
Hexait r = (ro,71), $ = (81,892,83), 0 <rg <1, ri =1—15,0<¢g; <1, 1+ g2+ g3 = 1.
Posrisgaerbes (Q-300parkeHHst 9ucesI, BU3HAYCHe MATPUIICIO (jy,, KOJKCH CTOIYUK SKOI 30iraeThes
3 7 abo g.

OcHoBHEMHU 00’€KTaMU PO3TJIALY € JIBI PYHKIIIT:

as(x) — an(x)

9 92 on + ... = Aa1(z)a2(x)...an(x).‘.7
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— _A@
z=fle,x) =A% o

z)az(x)...an(x)...?

—_ A2 _ _ Alsn)
He € = Aclcg...cn...v Sp = T(C)7 T = Aalnaz...an...-

an—1

i, AKIIO ¢, = 0, .Z% rj, AKIO Cp = 0,
_ _ i=

Qin = ﬁan(z)n — an—1
i, AKIIO ¢ = 1, > gi, AKIO ¢, = 1.

i=0

O6wBi dyHKIIT BU3HAYEH] Ha OJMHIIHOMY KBaJIpaTi i Mal0Th MHOKUHOIO 3HAYEHD BIJIPI3OK
[0;1]. Jpyra dyHKIig € KOPEKTHO 03HAYEHOIO IPpU Oy/ib-gKOMY ¢, a mepiia — Juiie npu ¢ = 0 i
¢ = 1, ajle crae Takolo, IicJs JOMOBJIEHOCTI BUKOPUCTOBYBATHU JIAIIIE OJHE 3 JIBOX ICHYIOUUX

300pazkenb OinapHol Toukn (Hexail 3 mepiogom (0)).

Teopema 1. fxwo ¢ — ¢ixcosane wucro, mo GyHKULa © € AMHITHOMW, AKUWO 00HOYACHO BUKO-
_ 1 S ~ . o

HYIOMLCA YMOBU Tog = 3, Jo = 5 = g1, & CUHRYAAPHOIO (nenepeperoto Pynryier, 610MIHHOW

610 KOHCMAHMU, NOTIONG AKOL PIBHA HYAI0 MaUdCE CKPI3b Y po3yminmui mipu Jlebeea) 6 pewumi

6UNGIKIG.

Teopema 2. [lpu gikcosanomy ¢ pynxyisa f e nenepepsnoro 6 koorchit (sp)-ynapit mouyi i

PO3puBHOI0 (Sy,)-0iHaAPHIt MOYY.

Teopema 3. IIpu gircosaromy , 300parcerHs AK020 MAE HECKIHUYEHHY KIALKICTb HYAE Ma 00U~
HUYD, GYHKYLA [ MAE KOWMUHYANLHT MHOHCUHY PIBHIB, AKL 60A00110Mb GPAKMANOHUMU BAACTIU-

6OCMAMU.
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IIpo copsizkeny 3amavdy Konri g piHSIHb 3 ANCHUIATUBHOIO
napaboJIigHICTIO, 3MIHHIMHU KoeiIliEHTaMn Ta Bl €MHIM
POJIOM
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Yeprisui, Yrpaina
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Badikcyemo J0BiIbHO T > () 1 po3ryIgsHeMO PiBHAHHS

dv(t;€) = —{Ap(t;i0¢) + AL(t, & 10:) yu(t:6),  (1€) € Hpoyry, (1)

B KoMy v — HeBizoma dyukuis, g = {(t;z) : t € Q, v € R"}, a

Aj(ti0e)- = agr(t)iMof-, Aj(t,&i0e) = Y 0F(iMay i (t;€)-)

|kl<p k| <p1

(TyT 3BepXy PHCKOIO (-) MO3HAYEHO KOMILIEKCHY CIIPSIZKEHICTD). BBazkarumemo, mo judepenti-
anpHuil Bupas Aj(t;10:) na Iljo,; € obepueno {p; h}-nmapabomniunum 3 pogom f < 0, a HOPAIOK P

Bupasdy Aj menmmmii 3a h. st piBHsHHS (2) 38/1aMO [IOYATKOBY YMOBY

U(t; ')\t:r = . <2)

Bamada Ko (2), (3) € cupsizkenoro 3a Jlarpanzkem 10 OCHOBHOI 3a/1a4i, ¢hOpMyIBOBAHOI B

[1].

Teopema. Hezati na mroorcuni o, woedivienmu pieranma (2) neckinuenno dugeperyitiosni aa
3MIHH010 &, Henepepeti 3a t PIBHOMIPHO CMOCO8HO &, 0OMEIHCEHT PA3OM 3 YCIMA CEOIMU NOTIOHUMU

KOMNACKCHO 3Hanmt Pynkyis, a ¢ € Si_,p. Todi pyrwuyin

o) = [ ZEaela)ds, (56 € Mo,

€ KAaCUMHUM PO36 A3KoM piensmns (2), npu yvomy v(t;-) € Si_un, t € [0;7). V eunadry, xoru

1/h
pe S ks GUKOHYETMDCA, 2PUHUHE CNIBBIOHOULEHH.A

v(t;r) = e()

t—7—0

y cenci s6ioicnocmi 6 npocmopi Si—pn. Tym Z* — dynwyia I'pina sadawi Kowi (2), (3), a Sa, S?

— 610n06i0Ni npocmopu ocnosrur Pynryit Lesvganda i Hlunrosa [1].
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MaremaTndHe MOAeJIIOBaHHs IIPOIIECIiB IepeHocy 3a0py/IHEHb
B arMocdepi 3a J0MOMOTOI0 CyYaCHUX CTATUCTUIHUX METO/IiB

TA a.TII‘OpI/ITMiB MaIIIMHHOI'O HaBYaHHA

It MATIKO, Haraniz KIBIJIOBA

Xapriscokull nayionarvnult ynisepcumem imens B. H. Kapasina, Xapxis, Yxkpaina

illia.maiko@karazin.ua, kizilova@karazin.ua

Y poboTi MOPIBHIOIOTHCA MOYKJIMBOCTI PIZHUX AJTOPUTMIB aHAJII3Y <«BEJUKUX JTAHUX» JIJIs
aHAJI3y YaCOBUX PAJIB KOHIICHTPAIIIi {Cj}?zl 3abpyaHioBadiB (3asucsi pedosunn, NO, NO, C,
CO, SOy, NHj (amiak), C¢HsOH (denon), CHyO (bopmasbierin), j = 1 —9) Ha Tepuropil
Ykpainu. g Tema € akTyaJIbHOIO JIJIsT MATEMATUYHOTO MOJIEJTIOBAHHS 1 ITPOTHO3YBAHHS MEPEHO-
Cy 1 HAKONMYIEHHST BUKWJIIB ITPOMUCJIOBOCTI, CIJTbCKOT'O T'OCIIOJIapCTBa, EHEPreTHIeOoT0 CEKTOPY Ta,
Tpancropty. /lani 3HaxXomndaThes y BIAKPUTOMY JOCTYII Ha caiiTi MiHicTepcTBa 3aXUCTy JTOBKILISA
Ta MPUPOJHUX pecypciB YKpalHu (mepr.gov.ua) i MicTATh 9acoBi PsiM CepeHbOI0OOBUX 3HAa-
yenb C; Ha TepuTOpil KOXKHOI 3 objacTeit Ykpainu. 3MiHa y Jaci 3HaueHb () BiIOyBaeThbcd 3a
PaxyHOK BUKUJIB Ha ypOaHI30BaHUX 1 CJIBCHKUX MICIIEBOCTSX, TYPOYJIEHTHOI'O IIEPEHOCY B aTMO-
cdepi Ta IpUrPAHUIHOMY TYPOYIEHTHOMY Iapi B 3ajexKHOCTi Bij mpodimto miciesocti (mope-
TKOCTI iHTepdeiicy moBITpsi-TBEp/ia MOBEPXHS), CEeAMMEHTAIlil Ta HAKOIMYEHHIO y MOBEPXHEBUX
BoJax i rpyHTax. st po3pobKu BiAIMOBIIHUX MaTeMaTUIHUX MOJEell y BUIVISIA cucTteM aude-
PEHIJIBHUX PIBHSHL BUKOPUCTOBYEThCA data-driven rmiaxis, KoJm 3a/e2KHOCTI MizK KOHIIEHTpaIli-
SIMHI Y 9aci OTPUMYIOThCS 3a JOMOMOIOI0 CTATHCTHIHUX METOJB (MyJIBTUKOMIIOHEHTHA Perpecis
(MJIP), perpecusre nepeso (P/1)) Ta asropurmu mamunrnoro Hasdanns (random forest (RF) [1],
XGBoost [2], meiiponni mepexi (HM) [3]), siki BukopucToBytoThest y saniit poboti. [Ipukiia ya-

COBUX PsiJIiB IIiCJIs 3TJIa I2KEeHHsT KOB3HUM CepeJiHiM HaBejeHuit na Puc. 1.

Puc. 1: KonuBanus KoHIeHTpaliii odpannx 3abpyaHioBadiB B aTMocdepi M. XapKiB MPOTATOM

20232025 pp.

B mporieci TpenyBanHs aTaceTu 1CEBIOBUIIAKOBUM YMHOM PO30MBAJIUCH Ha TPEHYBAJbHI

it TectoBi y criBsijaomeni 80:20. Vci ajaropurmu napdasucd Ha 1000 TpeHyBabHO-TECTOBUX Ha-



252

bopax, 3 TIOMiXK gKuUX obupaBcs Haifikparuii pe3yabrar. EdekTuBHicTb aaropuTMy BU3HATAIACH
3a BIJAXUJICHHSM Iepeidadents Bijl IMIJIbOBOTO MMOKA3HUKA HA TECTOBUX rpyrax. Takwmii mimaxi j1o-
3BOJIsI€ MiHIMIZyBaTU eeKT NnepeHaBYaHHs, KOJIM OTPUMaHI MOJIE 3HAXOJAATH B TPEHYBAJILHUX
JIAHUX 3aKOHOMIDHICTb, dKa HE OIHUCYE YCi criocTepexkenns. TaKnuM 9MHOM MiHIMI3yBaBCsd BILIUB
MMOYATKOBUX JIAHUX Ta PO30I2KHOCTI JTMHAMIKN KOHIIEHTPAI{l 3a0py/IHIOBAYIB Y Jaci.

B pesynbraTi MmeTomom HafiMmenmux KBajpatTis 3uaiiaena MJIP mix ingekcom 3a0pyTHeHHS
noBiTps [ AP, sikuii € y 6a3ax JaHux, 3 KOHIEHTpalisiMu 3a0py/aaioBadiB y surisyii [AP = [y +
> i1 BiCj, ne B — xoedinientn perpecii.

Metonom PJI 6yB orpumManmii Iporuno3 KOXKHOTO HACTYITHOTO 3a dacoM 3HadeHnsd C y BH-
Il mmaTkoBo-moctifinol dynkmii F(C)) = 25:1 A (R)IC; € Ry], ne R, — q-it mucTox y
IpoCTOpi 3HaYeHDb, () — KiAbKICTL JHCTKIB, A, — IPOrHO3HE 3HAYeHH: (CepeHE 33 HaBYaIbLHIM
JaTaceToM) st JIucTKa Ry, I — ingnTkaropha QyHKIf.

HM ckiaznanucs 3 m mapis 3 uncsom Heitponis {k;};" | B i-My 1mapi, je BEXL{HUII HapameTp
ki

KOXKHOTO Hefipona Mae surisy Fiq(C)) = f <Zi:1(wi0ji) + b), ne f(z) — dysakuig akrusarii,
w; — Barosi Koedinienrn, b — moxudKa (bias).

[lix wac TpeHyBaHHs BUKOpUCTOBYBasmcs K craji crpykrypu (CC), Tak i BUIIAIKOBO 3re-
ueposani crpykrypu (B3C) HM m, k;, w;, f(2), npudomy posrasaanocs 100 pisHuX 3HAUEHDb w;
JUI KOYKHOI iTepariil ajaroputMmy. s craaux mepexk Oyiao obpano m = 12 mapis i Vi, k; = 40
HEHPOHIB B KOXKHOMY, & JIjId BUIaAKoBO crernepoBannx HM —m = {11,12,13} i Vi, k; < 600.

B pesynbraTi MaTEMATHYIHOIO MOJIE/IIOBAIHS IPOrHo3y aunamiku kpusux C(t) cepens To-
qHicTh aropuTMmiB ckiaasa: 0.712 g MJIP, 0.896 ans P, 0.941 nna RF, 0.936 mia XGBoost,
0.891 miig HM 3i crasoro crpykryporo, i 0.925 pst HM 3 (B3C). Ilpu npomy Haiikparmm st 6 3
9 nocaimpkyBannx 3abpyauioBadis BusasuBcs ajgroputMm HM 3 B3C, aste it BiH, a TaKOXK ajaropurm
3 CC, me sHajinmum 3akoHOMipHOCTI B pernti (3 3 9) 3abpyamioBadis. Cepes iHIIUX aJropuTMiB
HaliKparuMm BusBuBcsa aiaroputMm RF, sakuil mpogeMoHCTpYBaB BUCOKY €(hEKTUBHICTH IPU 3HA-
YHO MeHIIoMy d4aci TpenyBanus (< 5 xBuiamH) y nopiBuanui 3 HM (~ 2 roxmnn). B Toit xe
yac HM jieMoHCTPYIOTH OibIly aJalTUBHICTH 1 MOYKJIUBICTH 3MIiHU CTPYKTYDPH IiJ Pi3Hi THIIH
munaMiky kpuBux C;(t). Takum TuHOM, [ MIBHJIKOIO MATEMATHYHO OOIDYHTOBAHOIO IIPOTHO3Y
KOHIICHTpAIIiil 3a0py/IHeHDb TOBITPA Y KOXKHIN 0b/1acTi Kpainu j1oope nparroe ajaroput™m RFE| a s
611101 TOUYHOCTI Kparie BukopuctoByBaru HM, sKi, ogHak, moTpedyoTh 3HAUHO OiIBIIOro Yacy

HaB4YaHHI.
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IIpo cramioHapHi po3MHOIiaN i€EpapXidHUX NPUXOBAHUX
HaIIIBMapPKOBCHKIX Mo/eJieii

Irop MAJINK, Poman IBACHOK

Yepniseuvrut nHaytonasvhut yrisepcumem iment Opia @edvrosuna, Yrpaina

i.malyk@chnu.edu.ua, ivasiuk.roman@chnu.edu.ua

[epapxiuni nmpuxoBaHi MapKOBCHKI MOJIEN € y3araJbHEHHAM KJIACHIHUX ITPUXOBAHUX Map-
KOBCBKUX MOJIeJIeHl, y SKUX ITPUXOBAHUI TIPOIEC CKJIAIAETHCS 3 JEKITbKOX B3a€MOIIOB I3aHUX PiB-
uiB [1, 2, 3|. PosmmupennsimM 1poro miaxomy € iepapxivHi IpuxoBaHi HAIBMApPKOBCHKI MOJIEJI, IO
JIO3BOJISIIOTH BPaxXOBYBATH JIOBLILHUN PO3MO/ILI Yacy IepedyBaHHs ITPUXOBAHOTO IIPOIIECY y CTaHax
[4].

Hexait Mofens micrurs K npuxosaxnx pisais. Ilozaaunmo gepes z(F) (t),k=1,..., K, upn-
xoBami mporecr 3i cramavu X a wepes y(t) € Y — mpomec crocrepeskenn. J1a KOXKHOTO piBHA

o k k
BB€JIE€MO BKJIQJCHUM JIQHIIOD MapKOBa Iq(ql) Ta 9acC Hepe6YBaHHH 97(1 ) MowmenTn IIEPEKJIIOICHHA:

Ték) =0, 7'75]—?1 = ék) + 97(1’217 nz0.

Ha mepriomy piBHI niepexo/i BUSHAYAIOTHCS MaTPUIIEIO

AN = (), ) =P (2l = 1ol =), i j} < {1,m).

B3aeMo03B’430K cyciiHiX piBHIB 3a/1a€ThCA MATPUIISAME

)

B _ (bgq)) 7 p*=D _ p (1}({{) =7l xflk:ll) — 2) i, 7 c{1,...,n}.

[Tapamerpu py € [0, 1] xapakTepu3yoTh CTYIIHD 3a/1€3KHOCTI k-T0 PIBHS BiJl HOIEPEIHBOTO.
[Ipu pr = 1 dpopMyeThCs MOBHICTIO 3aJI€2KHA CTPYKTYPA, a Mpu pr = 0 He3aIeKHA.

OcCHOBHOIO 3a/a9€er0 € 3HAXO/KEHHsI CTAIIIOHAPHOTO PO3IOJIIY TY MPOIECY CIIOCTEPEXKEHbD.

x(k) . . (k’)

[TosHaunmo depe3 m* BEKTOD cepejiHixX yaciB mepebyBanus y cranax '™ (t),
mY — BIIOBIJIHAI BEKTOP JIJIsI IIPOTIECY CIIOCTEPEXKEHDb, () TTO3HAYEMO K MOeJIeMEeHTHE MHOXKEHHS,
a Jepe3 v — cTallioHApPHUI PO3IOILT BKJajAeHOro JaHioora Mapkoa x,,n > 0. I[Ipumyckaemo,
IO BCl Il MaTEeMaTHUYIHI CIIOIBAHHY € CKIHICHHIMMU.

JLnist epIoro piBHsA CTAIiOHAPHUA PO3IOJILT M€ BUTJISIT

zM 21

vt Om
Hexait r, = 0 Bianosijae He3aeKHOMY PEKUMY MEPEKJIIOUEHHA, & Iy = 1 — pexkKuMy, 3a

SIKOTO BPaXOBYETBHCS JIOIATKOBE MEPEKTIOUYEHH, 3yMOBJIEHE TTONIEPETHIM PiBHEM.

y . 1 . .
Teopema 1. Hexati exaadenuti sanuroe Maprosa x%), n > 0, € nezsidnum ma aneproduyHuM,

MAMEMAMUYHT CNOJIBAHHA UACY NEPEOYBAMHA Y CMAHAT NPUTOBAHUL & UIUMO20 NPOUECLE CKiH-

wenni, a pp € [0,1], k=1,..., K — 1.
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Todi cmauionapri po3nodint NPUTOBAHUT NPOUECIE BUSHAYMAIOMBCA pexypenmmo. ia k =
2,...,K:

0 B 1 ((B )T (k= 1)) ® mx(k)
T = Dk {rr=0} ‘ (B(k 1) ) 2 (k—1) ) o mx(k) }l
1

o BETE ) 6 et e
O BED ) 6 e ],
(k) (k)
VT O m”
+ (1 pk)‘ =) o) mI(k)}l

Cmauionaprut po3nodia Npouecy cnocmepetcens USHAMAEMBCSA 34 OCMAHHIM NPUT0EAHUM

PIEHEM:
-1 (BY)'7*™) © me
BT o,

(BU)T7™") © (m + ex)
BEY w0 © (mo + ea)],

+ 1= 1}‘

Taxkum 9HOM, OTPUMAHO PEKYPEHTHHUl CIIOCiO BU3HAYEHHS CTAIlOHAPHUX PO3IOMIIIIB yCixX
NPUXOBAHUX PIBHIB Ta IMPOIECy criocTepexkenb. [lapamerpu py J103BOJIAIOTH PETYJIIOBATU 3aJie-
JKHICTBh MiXK cycigaiMu piBHaME iepapxii. OTpuMaHni CIiBBiIHOIIEHHST MOXKYTh OyTH BUKOPHUCTaHI

JIJISI TI0JIAJIBIIIOTO JIOCIIXKeHHsT MOJIEIi Ta PO3POOKHM METO/IIB OIHIOBAaHHS 11 IapamMeTrpis.
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YuidikoBaHe cepeOBUIIE /i BIATBOPIOBAHOI'O IMOPIBHAHHSI
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IlocranoBka 3aja4i. Meroan guHaMigHOI ajanTallil HEHPOHHUX MepexK IepeadaialoThb
3MiHY KLJIBKOCTI HEfPOHiB, IapiB, KaHaJjiB ab0 3B’g3KiB y X0Ji HABYAHHS, a TAKOXK BUOIP ILIAXY
0OUNC/IeHHST 3aJ1€2KHO BiJl BXiauX jJanux [1]. CrpykrypHi 3MiHE MOXKYTh BUKOPUCTOBYBATUCS JIJIsI
HapPOIyBaHHdA a00 CTUCHEHHA apXiTeKTypH, a TaKOXK JJIsi 3MEHIIeHHT OOYMC/IIOBAILHIX BUTPAT
[2, 3]. OckinbKku KOXKEH MeTOJ peasii3ye aJalTalliio 3a BJACHOK IPOIELYPOI0, KOPEKTHE MOPiB-
HJAHHA TaKUX METOJIB IOTPeOy€e €IMHOIO CIOCODY OIHUCY YMOB IX 3aCTOCYBaHHS, IOCJIIOBHOCTI
CTPYKTYPHUX IIEPETBOPEHD 1 IXHHOTO BILJIUBY Ha PECYPCOEMHICTH MOJIEJII.

Meta poboTu — po3pobuTtn yHidikoBaHe cepegoBUIIe /sl BiJITBOPIOBAHOIO ITOPIBHAHHS JIH-
HaMI9HIX HEUPOHHUX MepeXkK, Y AKOMY CTPYKTYPHI 3MiHI MTOJAIOTHCS 9K THII30BaHI TePETBOPEHHST
rpada, a Jijisd KoxKHOT 1o/1i1 piKCyeThCs mepexia MizK cTaHaMu MOJEJ, MPUAATHUN I TepeBipKu
i BiITBOpEHHS.

MaremaTudna Moesib. ApxiTeKTypy MepexKi Ha KPOIli ¢ MogaMO TUII30BAHUM OPi€HTO-
BaHUM I'padom

Gt = (‘/ta Et7 Spt)7

Jie Vi — MHOXKUHA 00YMC/TIOBAJIbHUX BY3JIB, )y — MHOXKWHA 3B’63KiB, a oy 3aJa€ TUII 1 TapaMeTpu
KO>KHOI'0 OOYMCJIIOBAJIBHOIO By3Ja Ta, 3a morpebu, arpubytn 3B’s3KiB. [losHadummo depes Gaam
MHOXKHUHY JIOIYCTUMUX T'PadiB i3 y3roJZKEHUMHU PO3MIPHOCTIAMHU TEH30PIB, (DIKCOBAHUMU MPOCTO-
paM# BXO/IIB 1 BUXOJIB Ta KOPEKTHOIO TOIIOJIOTIEI0 00IHCIIOBAILHOTO I'pada.

[Moxio aganTarnii BUSHAYMMO KOpTex)eM e = (K, T, T, i), Je K — Tl mojil, 7 — imentudi-
KaTop abo OIWC IIJILOBOTO By3Jia, pebpa um migrpada, m — mapaMeTpu HePeTBOPEHHS, a fi —

MeTadaHi. KoxkHii moil BiIoBiIae 9acTKOBUI omlepaTop
Te: dOl’Il(Te) - gadm — gadrm Gt+1 = Te(Gt>~

O6ustacts BusHavenHs dom(7,) oXOIUIOe Ti cTaHd MOJe, it AKUX TLIBOBHUI (DparMeHT icHye,
PO3MIPHOCTI y3rojI?KeHi, a 3a/iaHe epeTBOPeHHs MoyKe OyTu KOpeKTHO BukoHane. [lepes 3acrocy-
BaHHAM 110111 eKCIIepUMeHTaIbHE cepeJIOBUIIIE ITepeBipse, YU € BIIIIOBITHE TI€PETBOPEHHS JIOITyCTU-
MUM JIJIsI TIOTOYHOTO cTany Mojesi. [licisg mepeBipKu 1mojiist a0 3aCTOCOBYEThCH, a00 BIIXUIAETHC
i3 3a3HaYeHHSIM IPUYNHM.

SMiHU, CIPUYUHEH] MTOIEI0, OIICYE BEKTOD

Ale,Gy) = (AN, AF, AS) ,
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e AN — 3mina KibKocTi mapaMerpis, AF — 3MiHa HAOIMAKEHOT OIMIHKYA O0YUC/TIOBATBHIX BUTPAT,
a AS — 3MiHa 9acTKM 3aMaCKOBaHUX ab0 HYJIBOBHX Bar. ZIKINO movarkoBuil rpad i mapamerpu

oJIiit 3adikcoBaHO, MOCIIOBHICTD
H = (Go, €o, Gl, €1,...,€61_1, GT)

Jla€ 3MOI'y BIITBOPUTH IOCJILJIOBHICTh CTPYKTYPHUX CTaHIB MepexKi.

ITonieBe mo/iaHHs Ta eKCIEPUMEHTAJIbHA TIepeBipKa. Y 3aIpOIOHOBAHOMY IO/IIEBOMY
MOJIAHHI OKPEMO 30epiraloTbesd ONUC oIl Ta pe3ysbTaT i1 3acTocyBaHHs. Pe3yibrar MiCTUTH MO-
MEHT BUKOHaHHS B TepMiHax ernoxu abo KPOKYy HaBYaHHS, MeTa/IaHi PO CTAHU apXiTEKTypPH JI0
i micsist IepeTBOpeHHs, O3HAKY YCIINTHOTO BUKOHAHHSI, IPUYNHY BiaxuieHHs Ta BekTop Al(e, Gy).
Y cepeJioBHIIl peaslizoBaHO MOl POMIMPEHHS MepeXKi, 3JIUTT MapiB, MACKyBaHHS Bar 1 mpopi-
JIPKyBaHHS KaHAaJIiB.

[TomieBe OIaHHS BUKOPHUCTAHO B YHI(IKOBAHIX €KCIIEPUMEHTAJIHHUX ITPOTOKOJIAX JJIsi CUH-
rerumanol 3ama4di kiacudikamil, MNIST Ta CIFAR-10. /Ijs K0:KHOro MeTO/y IPOBEIEHO II'SITh
3aITyCKIB 13 PI3HUMU IMOYATKOBUMHU 3HAYEHHAMU IeHepaTopa BUIAIKOBUX umcest. J[1s KoKHOTO
3aITyCKy 30epiraerbcd KOHpIrypariis, onucu rpadis apxiTeKTypH, icTOpisd MO, TOKA3HUKU TKO-
CT1 Ta pecypcHi XapaKTEePUCTUKH.

Y OBHOMY JIOCJI/I?KEHH] TOJIi€BE MOIaHHS MIPOLTIOCTPOBAHO Ha MPUKJIAJ KAHAJIBHOTO IIPO-
pizkyBanHs 3roprkoBoi Heiiponnoi mepexi (CNN) mma MNIST. Ha apyriit emoci ojna mogist
sMinmIa KoHdiryparioo kKanamis 3 (24,48) wma (21,48), yHACAIOK YO0 KUIBKICTH HapaMeTpis
smentacd Ha 1332, a mabymmkena ominka FLOPs — na 558 012.

Cepe/ioBulIle TAKOXK IITPUMY€E YMOBHI obuucienns. s Moiesteit 3 JUHAMIYHOIO MapIIpy-
TU3AIEI0 30epIiraloThCd MAPIIPYTH OOUYUC/IEHD JIJIsi OKPEMUX 3Pa3KiB, YacTKa PAHHIX BUXOJIB, ce-
pe/iHsd aKTUBHA MIUPUHA MEPEXKi Ta BiIHOMIEHHS O0YNC/TIOBAILHUX BUTPAT BUOPAHOIO MapIIPyTY
JIO BUTPAT TOBHOT'O IPOXOLy Mepexi. e mae 3mory B MexKax CIIbHOTO (popMaTy 3BITHOCTI aHa-
JIIByBaTH K MOCTIHI CTPYKTYPHI 3MiHM, TaK 1 JUHAMITHUN BHOIp MapPIIPYTy O0UNC/IEHb 3AJIEXKHO
BiJ BXiJTHUX JaHUX.

BucuoBku. Po3pobiieno yricdikoBane cepeoBuIIe /i BiITBOPIOBAHOIO TOPIBHAHHS JTUHA-
MIYHAX HEPOHHUX MepexK, (POpMaTbHOIO OCHOBOIO SKOT'O € IOJIi€Be MTOIaHHs CTPYKTYPHOI a/1anTa-
il y BUIVISJI MTOCJIIOBHOCTI JIOIYCTUMUX IIEPETBOPEHb THUIlizoBaHoro rpada. Bono noegaye dop-
MaJIbHUI OIUC TTOIT, IEPEBIPKY MOYKJINBOCTI 11 3acTOCYBaHHs, (DIKCAIIIO CTPYKTYPHUX 1 PECYPCHUX
XapaKTePUCTHUK, & TAKOK MOPIBHSIbLHE OIIHIOBAHHS METO/IiB JIMHAMITHOI a/1anTariii. 3arpornoHoBa-
He MOJaHHS JIO3BOJIIJIO YHI(IKYBaTu (hikcaliio CTpyKTYPHUX 3MiH i peCypCHUX XapaKTEPUCTUK, &

TaKOXK ITPpUYINH Bi,ILXI/IJIeHHH HEJOIIYCTUMUX IIEPETBOPEHDb JIA piBHI/IX KJIaciB rZLI/IHELMi‘{HI/IX MO,ILGJIeﬁ.
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IIpo ymoBu crpsi>keHHSI AJi HAIIOPiB B MaTeMaTU4dHIiA Mogei
HeJIIHITHOI (PLIbTpaIfiiiHol KOHCOJI Al TP HASIBHOCTI
KOMIIO3UTHOI'O reobap’epa

[Terpo MAPTHNHIOK, Osnbra MI9YVTA| Okcana YJIAHBYYK-MAPTUHIOK

Hautonanvrut ynisepcumem sodnozo 2ocnodapecmea ma npupodoxopucmysannsa, Piene, Yrpaina

p.m.martyniuk@nuwm.edu.ua, o.r.michuta@nuwm.edu.ua,

o.v.ulianchukmartyniuk@nuwm.edu.ua

[eobap’epu — 1ie iHXKEHEPH] PillleHHs Y BUTISIL IMITYYHUX BKJIIOYEHb, OCHOBHUM 3aBIaHHIM
SIKAX € MiHIMi3allisd MO PEHHs IIKiI/IMBUX PEYOBUH Y JOBKIJIA 3 (DYHKITIOHYIOUHX ITOJIINOHIB Bijl-
XO/IiB, B TOMY 4HC/I - moOyToBuX |3, 5|. OCKiNbKU B cxoBHUIIA Oe31€PEPBHO HAJIXOJSThH BIAXOIU, TO
€ aKTyaJbHOIO 3ajada MPoruosy ix ymiibHenus |1, 2|. IcropudaHo, mounHaoYn 3 BUKOPUCTAHHS
reobap’epiB y 1960-x pokax, ryimau Oyyiu IXHIMEU TepruMu OyJtiBebHUMU MaTepiasiamu. [li3mi-
me, 3 80-x 1 90-X poKiB MHUHYJIOIO CTOJITTS, Teodap’epu CTaau KOMIIO3UTHUMHU 1 B HUX TOYa/IN
BUKOPHUCTOBYBAaTHU T'€OTEKCTUIbHI MaTepiaJin.

Y BHITAJKY OJHOIIAPOBOIO Teobap’epa TOBIIMHOI 0 YMOBHU CIIPSI?KEHHST JIJI HAIIHIITKOBUX

HAIopiB h B MOPOBIii piauHi MaoTh BUIs 1, 2]

A )
u ‘ng__ 0 dx <1)
0 ku(h)
ne u—mBuKicTs dbiabrparil, [h] = h™ —h~ — crpubok Hanopis Ha TOHKOMY BKJIOYeHH] © = &, K,

— KoedirienT dgiaprpallil MaTepiajly TOHKOIO BKJIOYEHHsI, AKUil HEJIHINHO 3a/1eKUTh BiJl caMuX
naropis [2]. Axkmo k, (h) = ko = const, To 3 ymoBu (1) MU OTPUMYEMO KJIACUYIHY YMOBY CIIPsi-
JKeHHsl HeljieasibHoro Kourtakry |7, 4]. Moaudikosani ymoBu crpsizkernst tuiy (1) Bukopucrani B
poborax [1, 2, 6].

Posrisinemo kommosuTHUit reobap’ep (auB. puc. 1), SKuii CKIIa€ThCs 3 IBOX TOHKHX IAPiB,
W1 Ta woy, 3 TOBIMUHAME 0q Ta 09 BijmosinHo. Hexait h* — cepejiHe 3HaUeHHs HATIOPY HA KOHTAKTHIi

MeKi BKJIIOUeHb w) Ta we (bakrtudno npu z = & + 7). Toxai, ananoriuno ymosi (1), orpumyemo:

h* —h~ ht — h*
- _ ot —
U= U = — e —. (2)
0 kwi(h) 0 kwa(h)

Tyr k1 ta k, — xoedinientn ¢inbrpaliil mopucToro Marepiaay BKJIIOYEHb BiJIIIOBIIHO; U —
MIBUIKICTH (iabTpalil, sKa BUSHAYAETHCS 3r1IHO 13 3aKoHOM (labTparil; u~ Ta u — 3HaueHHS
mBuAKocTel dinbrpamil npu x =& — 0 ta x = £ + 61 + 02 + 0 BiamosigHo.

Haui, nogaroun jemo nmepeTBopeHi yMoBH (2), MaeMo:

M dr 4 2y
L mm ) e = ®)
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X
[
Q,
X x=&+6, + 6,
w2 o)
. x:€+61
(wq 61 ;
X =
Q
0

Puc. 1: /IBomapoBuii KoMIIo3uTHUIT reobap’ep.

T —wu =0, 3 (3) orpumyemo

S n
0 k‘wl )+f sz(h)

BpaxoByioun yMOBY HelepepBHOCTI MOTOKY [u] = u

Busesneni ymoBu crpsizkeHHsSI BUKOPUCTAHO Ipu (hOpMyBaHHI KpailoBOl 3aJ1adi HeJHIHHOT
diaprpaliitHol KOHCOJI Al CXOBHINA BiIXOIiB Ha BUIIAJ0K KOMIIO3UTHOCTI reobap’epa. SHaIEHO
YHUCJI0BI PO3B’SI3KM BIIIOBIIHOI KpailoBol 3a/adi MeTo/I0M CKiHYeHHUX eJIeMEHTIB, JIeBeJIEHO TeO-
peMmu 1po iX iCHyBaHHsI, €JIMHICTH Ta TOYHICTB, aHagoriuuo jno [2]. Ilpoeneno cepito uncioBux

€KCIIEPUMEHTIB Ta 3/1fiCHeHO 1X aHaJIi3.
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Koopamnaiiia poio aposiB y 3agadi truck-and-multi-UAV
JMOCTABKH 3 THYYKHMHU TOYKAMM 3aIllyCKy Ta IIOBEpPHEHHS

Cepriit MAPTWHIOK, Muxaitno CUJIOPA

Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opia @edvrosuua, Yeprisui, Yrpaina

s.martyniuk@chnu.edu.ua; sydora.mykhailo@chnu.edu.ua

VY truck-and-multi-UAV cucremi morpibHO y3roKyBaT He JIAIIE MapIIpyT i MpU3HATeHH
KJIi€eHTiB, a i micii kimbkox BILJTA, MomenTn 3amycky/npuiiManis, OYiKyBaHHs Ta MPOIYCKHY
3JIATHICTD CIIBHOI 1aTdopMmu. [IpocTopoBy rHyUIKICTb J0JATKOBO CTBOPIOIOTH KOPOTKI 3YITMHKH
BAHTaXKIBKHU y HEKJIIEHTCHKUX JIOPOKHIX TOYKAX.

Metoio poboTu € KOMIaKTHEe (DOPMYJIIOBAHHS TAKOl CHCTEMHU Ta BUJILICHHS 11 MaTeMaTH-
qaux BiaacruBocreil. Ockinbku flexible /non-customer launch and recovery sites yxxe mocsimxKyio-
ThCsl, aBTOPCHbKMIT aKIEHT IIEPEHOCUTHCS Ha 1X IHTErpariiio 3 MOJI€BUM PO3KJIAJIOM POIO Ta post-
optimality ama/izoM pocTOPOBOI THYYKOCTI.

Bimomi mozeni Bxke oxommooTh Kibka BILJTA, scheduling launch /recovery-onepariiii i riy-
uki Toukd 3ycrpivi [2, 3, 4]. Tomy BHECOK Tiel po6GOoTH DOPMYIIOETHCS Yepe3 3a1eKHICTh ONTU-
MaJjbHOTO makespan Bij muoxkunu candidate sites, Map:kuHaIbHI XapaKTEPUCTUKNA TOYOK 1 KDUTUTHO-

IIJIIXOBY OINIHKY KOOPJAWHAIIIHOTO HaBaHTaXKEHHI.

Osnaka FSTSP / BysmoBa mo- Bimomi multi-UAV / Akuenr uiel po6oru
J1eJib flexible-site momeJri
Launch/recovery ~ MapripyTHi BepumHn flexible / non-customer sites candidate sites S +

swarm schedule

Koopaunarrist omua BILJTA multi-UAV scheduling, wai- cepiasizaris mrardop-
ting/queueing Mz

Teopernunmii routing / makespan routing / scheduling T%(9), As, Aa, VUgex

map

Hexait GT = (VT, AT), ne VT = {0,n+ 1} UCUS; C — kiienTn, S — KaHauIaTHi HeK/Ii-
enrceki 3ymuakn, H = {1,...,m} — muoxuuna BILJIA. Micia f = (i, k, j, h) o3Havae 3amyck y i,
oOcTyroByBaHHs k 1 npuiiMaHHsd y 7; MHOXKUHA [’ 1OIIepe/IHbO BiJICiKae €eHepreTuIHO, BAHTAXKHO
abo IMPOCTOPOBO HE3IIMCHEHHI Micil.

3MmiHHI ;; OIHMCYIOTH MapIIPyT BaHTa KiBKM, Yy — aKTHBHI Micil, a dacoBi 3MiHHI 3aja-
I0Th PO3KJIaJI PyXy BaHTaKiBKHU, 3ammyckiB i npuitmanb BILJIA. IlepBurnoO MeTOMO € MiHiMIzaIisa
makespan, a Ipo0ir i eHeproBUTpaTu € Jimiie BTopuHHuME Kpurepigmu. [11o06 yHUKHYTH 3a/1€7KHO-

CTi BiJ JIOBIIBHUX «MAaJIMX» Bar, KPUTEPiil 3aa€ThCs JIEKCHKOrpadidHO:

lexmin | 7, Z dixy;, ZE(f)yf . (1)

(i,j)eAT fer
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Axmo S; C Sy, F(S1) C F(S,), HOBI TOUKH € ONIIHHUMIE, a cTapi OOMeKeHHsT He 3MiHIOK0-
Thes, T0 T*(S2) < T*(S1). 3Biacu g s ¢ S:

A (S) =T*(S) —T*(SU{s}) >0, s¢&S§, 2)

Au(S)=T*(S)—T*(SUA) >0, ACS™ ANS=0. (3)

MonoTonHicTb He rapanTye cyOMoayasspHocTi: launch- i recovery-Touku MOXKyTh OyTH KOM-
IJIEMEHTapHUMU, TOMY a IaIITUBHA JTUCKPETU3allisd Ma€ OIIHIOBATHA HE JIUIINE OJWHUIHI TOUKH, & i
napu abo Ipynu KaHIiIaTiB.

Waex € post-optimality xapakrepucrukoro fixed- ta flexible-pimens. I[Ilo6 ne paxysaTu ma-

(S)
paJiesibHI onepariil, KoopJinHaIlifiHe HaBaHTaKeHHS Ccoord(as) BU3HAYAEThCH JIUIIE Yepe3 KOOPIu-
HAIHI JIyr'u KPUTHYIHOTO TLJIAXY MOJIEBOr0 rpada:
C"(z) = max E Ce- (4)

PeP*(x
( )eepmAcoord(x)

AOcoord — max {07 Ccoord (xﬂex) . C«coord (l‘ﬁx)} ' (5)

Jaa ontuManbaux o0 ra 21 pesmunna AC®'d ¢ iHKpeMeHTaJIbHEM KOODMHAITHIM

HaBaHTazkKeHHAM rnepexony fixed—flexible. [ozmaumpmm AT = T — Tlex > () 3a ACd > (

Ma€eMO:

B Gﬂex B AT
o (inc o AC’coord )

ACrd > (. (6)

AT i AC® MaoTh OTHAKOBY 9acOBY PO3MIpHICTL, TOMY Wpe, € 6€3pO3MIpHEM i He 3a-
JIEZKATDH BiJI OJIMHUIL Yacy 3a Y3IOJIZKEHOro MaciitabyBaHHA BCiX dacoBux mnapamerpis. [lopir
Waex = 1 € oneparniiinum: npu Wge, > 1 ckopoueHHs makespan mepeBHIIye 10/IaTKOBE KPUTHIHO-
HIJISIXOBE KOOD/IMHAIIIIHEe HaBaHTaXKEHHs; 1ie He rpoinoBuii break-even point.

OV fex 1 OV fex AT

= _— = < ().
OAT — Acwt " GACeed — T (Agweay = (7)

[neke 3pocTae 3 4acoOBUM BUTpAIeM i clajla€ 3 KOOPJAMHAIINHUM HaBaHTaxkKeHHsM. [Ipu

ACd = 0, AT > 0 flexible-pimenns onepamiiino gominye; npu AC®Y = AT = 0 BuHEKae
nepusnavenictb 0/0. [Ipakruuna 3parHicrs Ve, paHzKyBaTH ClieHapil oTpedye oKpeMol 00uu-
CJIIOBaJILHOI BaJIigall.

OHoBJIeHa TTOCTAHOBKA He MPETEeH/Iye Ha IepInicTb y non-customer launch/recovery locati-
ons. Ii MaTemaTudHMit BHECOK TosisATae y 38’ a3ysanni candidate-site selection 3 GaraToapoHoBIM
HOJIIEBUM PO3KJIAJIOM Ta y JociijzkenHi (yukiii 7*(S): BCTaAHOBIIOETHCS MOHOTOHHICTH, BBO-
aarbest Ag(S) 1 Ax(S), a KOMIUIEMEHTAPHICTH TOYOK MHOSICHIOE BiACYTHICTH 3arasibHol greedy-
rapasril.

Yrounenuit Wqe, MOPIBHIOE YaCOBUIl BUTDAI 3 IHKPEMEHTAJIHLHUM KOOD/IMHAIINHAM HaBAH-
TaXKEHHSIM KPUTUIHOTO Muisxy. Hacrynnuii eran — BiTBOpIOBaHA OOYMC/IIOBAJIBHA IIEPEBipKa

fixed /flexible baselines, sensitivity analysis ingekcy Ta single-site mpotu group-site refinement.
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Cxemu ammpokcmMalil IOYaTKOBUX 33149 JJIs
AndepeHIfajbHO-PI3HAIEBUX PIBHAHDb Ta 1X YHCJIOBE
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HudepenitiaabHO-PI3HUIIEB] PIBHIHHS € MaTEMaTUIHUMU MOJIE/IAMU OaraTboX MPUKJIATHUX
33189 Y TEeXHIYHUX, XIMIYHUX, OIOJIOTIYHUX, €KOHOMIYHUX Ta IHIIUX IPOIecax, €BOJIOIIA AKIX
3aJIe2KUTh BijI niepejticTopii. JIist Hab/IimKeHOoro JOC/IiIPKeHHS MaTeMaTHIHUX MOJIesIelt, 0 OIucy-
I0Th MPOIECU 3 MICsIi€10, e(DEKTUBHIM BUSIBUBCS METOJ] allpPOKCUMAIIil PIBHAHD i3 3ali3HEHHIM
HOC/ITOBHICTIO cCTeM 3BHYAiHUX andepeHIiajbHuX piBHSIHD [1].

Posriisinemo mo4aTkoBy 3aja4y s IudepeHIlia bHO-PI3HUIIEBOTO PIBHIHHSA 13 3alli3HEH-

HAM:

()= f(t,z(t),z(t — 7)), tel0,T], (1)
z(t) = po(t), te[-T,0]. (2)

e z(t) € R, 7 > 0, f(t,u,v) — Henepepsra dyukiis, pusnadena s t € [0,7], u,v € R, mo
3aJ10B0JIbHsAE yMOBY Jlimmuist 3a w i v, @o(t) — HemepepBHA MOYATKOBA (DYHKITIS.

Cxemu arpokcuMariil JudepeHIiaabHO-PI3HUIEBUX PIBHAHD KJIACHIHOI 1 iIBUIIIEHOT TOTHO-
CTi Ta X YUCJIOBE MOJICTIOBAHHS JIJII TECTOBUX MOJEJIBHUX CHUCTEM 13 3alli3HEHHAM HaBEIEHO B
poborax (2, 3.

iT

m), 1 = 0,m. Obmexyounch B

Bynemo posrisimatu gonomixkui dbyskiii y;(f) = x (t —

po3kaa i B paj Teityiopa JiBoMa dieHamMu

T

yia(8) = 9a(t) + —yi(t) + ...

HOYATKOBII 3a/1a4i /71 piBHAHHA i3 3aniznenuam (1)—(2) mocraBumo y BiamosigaicTs 3aaty Ko

JTsT CHCTeMU 3BUYaiiHuX JidepeHIiaabHuX PiBHAHD (KJIACHIHY CXeMy armpokcuMartii) [2]:

Yo(t) = f(t, Yos Ym),
Dyialy) —wlt), i=T,m, (3)

yi(t) = -

w) =¢ (- 7). i=0m (@)

fxmmo poss’asok 3agaqi (1)—(2) 3amoBoabusie ymosy Jlinmmna wa [t — 7, 7] abo nudepen-

Ii#iOBHUIT, TOJI MAIOTh Miciie CriBBigHOIIEHHS [2]:

o(1-2) —yz»<t>\ <o U telnT] 5)
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ObOMexkyoIrCch TPHOMA YJIeHAMU PO3KJIAILY B P
dyl<t) T i del(t> T2 1
dt m dt2 m?22

nouarkoBiii 3agadi (1)—(2) mocraBumo y BianosigxicTs 3amauy Ko g cucremu spudaiiHux

Yi1(t) = yi(t) +

JuepeHIiaabHIX PIBHIHB (CXeMY alpPOKCUMAINT iIBUIIEHOT TOYHOCT):
y6 = f(t7y07ym)7
Yi = Ymi (6)
! 2 . — m
Ymei = 20 (it = Y1) = 2yt = Lom, = —
JjT JTy
(0) = 900,350 = (<27 ) 50 =/ (-2 = 1coom. )

[Ipu 1o1aTKOBEX YMOBaX Ha OYATKOBY 3a/1a4y (1)—(2) BCTaHOB/IEHO TOYHICTH AIIPOKCUMAIIT

CXeMH IiBUIIeHol TouHocTi [3]:
A
dmax [2(s) —yo(s)| < ., A>0. (8)

JList MoJie/TIOBaHHS IIPOIECy pO3B’d3aHHs OYaTKOBUAX 3a/1a4 /I JTudepPeHIliaTbHO-PI3HUIIEBIX
PIBHSHB 3a JIOTIOMOT'OI0 HaBEJIEHUX CXEM AallpOKCUMallil, CTBOPEHO MPUKJIJHUNI TTPOrpaMHUI J10-
JIATOK, 1o 3abe3ledye aBTOMAaTU3AINI0 JIOCIIXKeHHsST — BiJl ajredpaiqHOro 3BeJIeHHS BXIiJIHOTO
MaTeMaTUIHOTO BUPa3y JI0 Oro MpOrpamMHOl TPAHCIAINl y PO3PaXyHKOBY pizHureBy cxemy. TexwHi-
YHO I aBTOMaTHU3allisi peaslizoBaHa dyepe3 KOHBEEPHY apxXiTeKTypy camorucHoro C+-+ sgjpa, sika
aproMaTndHo neperBopioe LaTeX-3amnuc y gunamiuny cTpykrypy «OO0UnC/IIOBAIBHOIO JE€PEBay.
BaBsKN Takiil CUMBOJIBHIN pelpe3eHTallil cucTeMa 3/aTHa CaMOCTIHO aHaIi3yBaTH 3alli3HEeHH
B apryMeHTax, NreHepyBaTH CXeMU allPOKCUMAII]l Ta THYYKO HAJIAIITOBYBATU HApPAMETPU CITKH K
JUI caMUX OOYMC/IeHb, TaK 1 JijId 3pYyYHOl BUOIpKM pe3ysbTaTiB. Hampukiiaji, KpoKOM aBTOMATH-
3alIlil € mepexiji 10 HesdBHOI pisHuIeBol cxemu l'ipa 1-ro mopsgjiky: CTpyKTypa JepeBa JI03BOJIAE
AJITOPUTMIYHO BUKOHYBATU TOYHE aHAJITUYHE JU(BEPEHIIIOBAHHS, IT'eHepyodn MaTpuiio fkooi,
10 € HeoOXiJHuUM J1j1s1 MeTo1iB HbioToHa 1pu po3B’sa3aHH] KOPCTKUX HEJTIHIAHUX CUCTEM.

ApxitekTypa obuncioBaabaoro C++ sjapa modyaoBaHa Ha TPUHIUNIAX JEKOMITO3UINI Ta
MOJLY/JILHOCTI, 1110 POOUTH fOr0 JIETKUM YHIiBEpCAJIbHUM OEKEHIOM, TOTOBUM JI0 iHTerparii B Oy/ib-
fAKI TTPOTPaAMHi €KOCUCTEMU. YCIIITHUM MPUKJIAJIOM TaKOl IHTerpalil € po3podsenuii 6araroruia-
tchopmennit nomarok Ha React Native, je B3aeMostist i30/IbOBAHOIO PYyIIlid PO3KPUBAETHCS Uepe3
rpadiunnii iHTepdeiic iIHTEPAKTUBHOIO «HECKIHYEHHOIO POOOYOro MOJIOTHAY.

Ha ocmnosi anasisy 4mcaoBUX pe3y/bTaTiB JJId TECTOBUX 3aJa49 OJEPKYEMO, IO CXeMa, ITijI-
BUIIEHOI TOYHOCTI JIEMOHCTPY€E Kpalli pe3yabTaru. Harmpukia, TOYHICTb KJIACHYHOI CXeMU TIpU

m = 100 mocsAraeThbcs cXeMoIo IiABUINEeHOI TouHocTi mpu m = 10.
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Y Hararbox O6I0JIONYHUX BU/IIB ITOC/IIIOBHI TTOKOJIIHHS HE IEPEKPUBAIOTHC 1 PiCT IX YnCEeIb-
HOCTI BiJIOYBA€ThCs B JIMCKPETHI MOMEHTHU Hacy. Bak/imBUM cTae MuTaHHs JOC/IIKeHHS TUHAMIKN
YUCETBHOCTI TaKUX HOIMYIAIi [1]. YV 1poMy BHIAJIKY MATEeMATHIHI MOJEJ TTOB’S3yI0Th THCE/Ih-
HicTh momysdamnii Ny y MOMeHT dacy t + 1 3 4dncenbHICTIO B momepenHi MoMeHTH dacy. Lle B
IPOCTINIOMY BUITQJIKY HPU MOCTIHHOCTI OCHOBHUX (paKTOPIB CepeIOBHUINA PU3BOIUTD JI0 PO3IJIs-

Ay AJUCKPETHUX MO,ZLGJ'IGIL/'I BUTJIALY
Nt+1:‘F(Nt)at:07172a"'7 (1)

ne Ny — qucesbHIiCTD Tomysisiii B MoMeHT dacy t. Oynkuis F(-) 3a10BobHs€ Taki ymosu: F(N) >
0 upu N > 0, F(0) = 0, upu mamux N F(N) spocrae, a npu N — oo F(N) — 0, ockinbKu

peanbHuil pecypc nomynsiil oomexkenuit. Oyukuis F (N;) wacro Geperbes y dopmi F (Ny) =

. . Ni . .
f (Ny) - Ny. Toni dyukmis f(Ny) = 5y, lie i HOKASHIK, IO BUPaskae XapaKTep Iporecis
t
BIDKUBAHHS 1 HAPOJPKYBAHHS B INCKPETHUX MOJE/IAX. 1T Ha3uBaOTh KOEMIIIEHTOM PO3MHOKEHHS

abo MIPUPOJIHOTO BIITBOPEHHsI. Y IOMY BHIAIKY Mojesb (1) HabyBae BUIIIsILY
Niwr = f(Ne) - Ny (2)

Jo rakumx momyssIiii MOXKHa BigHecTH Oararo BHJIIB KOMaX 3 OJHOpidHOMO reneparieto. Cepe
TaKUX MOJIeJIell B €KOJIOTiI, 10 ONMUCYIOThCA PIZHUIIEBUMU PIBHAHHAMHU IIEPIIOTO MOPAJIKY, Hali-

OLIBIN BIIOMUMHU € JIONICTUYHA JIMCKPETHA MOJIeJIb (piBHsHHS Depxro/ibeTa 3 JUCKPETHUM YacoM )

Niyy = rNy (1 — Ny) ma mozens Pikepa Nyyqp = N, exp (7“ (1 — %))

i motesti, KpiM MOHOTOHHOT CTad1Ii3aI]l YNCETBHOCTI HOIYJISINT JI0 JIeIKOr0 CTAIliOHaAPHOTO
PIBHAHHS, MAIOTh HEPIOJAUYHI pOo3B’a3KHU 3 1epiogoM 1 = 3, a 3HAYUTDL 1 HePioAUIHI PO3B’A3KH
Oy/1b-SIKOTO TIepiofly Ta PO3B’SI3KH 3 XaOTHIHOIO MOBEIIHKOI [1].

Y 1951 poky Ckesramom B poborti [2| 6yra samporionoBana MoJesib, B siKiit KoedillieHT

t+1 . . e . . ..
poamuozkennst f (Ny) = N Ha BiJIMiHY BiJI CIIaIHOI JIHIHTHOT Ta CI1a IHO1 €KCIOHEHIaIbHOT (hyH-
t
KIIiT, 10 Ma€ MicIie B JIOTICTUYHIN Moje i Ta Mojesi Pikepa, € ciaaHoo rinepbositHon QyHKINE
BUTJISATY

a
f(Nt>—b—|——N’ Cl,b>0.

t
TyT napamerp a 3ajia€ HaiibiIbIe 3HAUEHHST PO3MHOXKEHHsT OCOOWMH, a TapaMeTp b Olucye BILIUB

caMoperyaovnx (hakTopiB HA JIUHAMIKY JIMCKPETHOI IOIYJISIII.
Binomo |2, 3|, mo mozens Ckestama JOIyCKae iCHYBaHHs TITBKH CTAIIOHAPHOTO CTaHy 3

MOHOTOHHOIO cTablmi3aliero.
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Bunukae nuranns um icHyiorTh y3arasbHenns mojeni CkesiaMa 3 MEPIOAMIHUMEA Ta Xa0-
TUYHUMH PEXKUMAMU, OCKIJIbKHM TaKi PEXKUMHU B IIPUPO/II 9aCTO 3YCTPIdalOThCs. 3’ sICyBajIocs, 1o
Taki y3arajbHeHHs iCHYIOTh. OnuiiemMo ix.

Y mparii 3] BuB4daerhes yzaranbaerns Moeai Ckesuiama Jyist (DYHKIH POSMHOKEHHS BHJLY

ta f(N,) = alVy

f(Ny) = YA

a
b+ N?
[Tokazano, mo Ajs UX ABOX (DYHKINN IPU [IEBHUX CIIBBIIHOIIEHHSX MiXK IIapaMeTpaMu
a Ta b B Mojesi (2) crocrepira€Thest JmIne MOHOTOHHA CTaOLI3aIlsd YUCEIbHOCTI TOIMYIISIi /10
CTaIllOHAPHOTO CTAaHY.
IcnyBanHs TIepioIMIHUX PEXKUMIB PI3HUX TEPIOJIIB Ta 1X JOCTIKEHHS MPOBEJIEHO Y Tpa-

1gx [4, 5] st MOHOTOHHOT PYHKITT PO3MHOXKEHHST BUTJISILY

a
N) = —.
Ta HEMOHOTOHHOI —
(th
N = ————.
(N b+ N?
aNt CLN2
To6ro yzaragabaenns moneai Ckemmama Bursaay Nyoq = ——— 1a Nyjyy = —-— MaloTh SK
N 1 AY V41 b—i—Nf’ t+1 b—l—Nt‘l

cTaIlioOHapHI Tak 1 MepioardHi PO3B’d3KM PI3HUX HEPIOJiB, a TAKOXK PEKUMHU 3 XaOTHIHOIO IIOBE-
JIHKOIO.

TyT 3Haiijieno Taki po3B’d3KHU, a TAKOXK JOCJIJPKEHO NuTaHH«d ix crifikocrti. [Tokazano, 1o
[pu 3MiHi mapamMeTpiB a Ta b icHyI04i CTilKi pe;KuMU cTaloTh HecTifikumu. HaroMicTh BUHHKAOTH
CTifKi PO3B’SI3KMU IHIIUX MTEPIOIiB.

Y npangx |3, 6] mposeneno anasis yzaraiabaenb Mosesai Ckrestama 3i 36o0pom ypoxkaro. [Toka-
3aHO, IO TIPU BiJIOBI/IHIM 3MiHI TapamMeTpiB 300py BPOKAIO CTAIIOHAPHI Ta MEPIOJIMIHI PO3B’A3KU
BTPAYaioTh CBOIO CTIMKICTh 1 HABITHh MOXKYTb IIOBHICTIO MI€3aTH, IIPU ITbOMY TIOIYJISIIS CTA€ IIPUPE-
YeHOIO Ha BUMHPaHHdA. ToMy BaKJIMBO IIPU €KCILIyaTallil IOy Al 3HATH T1 KPUTUYHI 3HAYEHH

rapaMeTpiB 300py BpOKalo, siKi CIIPUYUHSIOTH 3MiHY HOBEIHKNA IHCEJIbHOCTI OIS,
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kyrylo.mykhaltsov@knu.ua, krenevych@knu.ua

Meton rparkoBux piBusab Bosnbnmana (Lattice Boltzmann Method, LBM) e me3ocko-
MiYHOIO aJIbTEPHATUBOIO HpsMiil quckperusarii piBasgab Hap’e-(CTokca 3 MOBHICTIO JIOKAJBHUM
oHOBJIeHHSIM BYyHKIIIT posnominy f;(x,t) — snuine depes BiciM Haiibimkaux cycinis. Taka JoKaIb-
HicTb pobuTh LBM mpupoannm KaHIu aToM Il MaCUBHO-TIapaJieIbHuX obuunciienb. JocimKeHo
’satb Python-peasnizaniit (NumPy, CuPy, JAX, Numba, Taichi) na rereporenniii miardgopmi
CPU + GPU.

Posrasinyro crannapray Mogesnb D2Q9 3 omeparopom sitkHensr BGK [1]:

ikt e ALt AL = fi(x,t) — ——[fi(x, 1) — £5(x,1)], (1)

Teff

nornopreny 3amukanasam Large Eddy Simulation 3a momemo Cmaropuncskoro (Cy = 0,15), y
AKIH TeH30p Qnp OOUUCIIOETHCS JIOKAJIBHO Uepe3 HepiBHOBaxKHy wacTuhy [, Ta rpaHudHIME
ymoBamu [oy—Xe [2] #a Bxozxi i bounce-back na crinkax. TecroBa 3amada — o0TiKaHHS IUITIHIPA
upu Re = u;, D /v = 320. Excriepumentn Bukonano #a miardopmi Intel Core 19-13900K + NVI-
DIA RTX 3080 Ti nma citmi 800 x 400 mpotsirom 50 000 iTeparriit; MpoyKTUBHICTH BUMipPIOBaJIACDH
y MLUPS (Million Lattice Updates Per Second).

Criocrepexkeraasi 1. LBM e memory-bound ajropurmom: rnpu HU3BKiHl apudmMerndHiii
IHTEHCUBHOCTI BU3HAYAJIHHUM (DAKTOPOM MTPOJYKTHBHOCTI € MPOIYCKHA 31aTHICTE mam sa1i. CuPy
MaTepiaiisye OJM3bKO BiICBMOX MPOMIXKHUX MacuBiB y riobanbHiii VRAM Ha Kpok cumysisiil,
mo noBuicTio HiBesioe mepesary 10240 snep CUDA: 65,34 MLUPS nporu 327,91 MLUPS y
6ararosiiepuoro CPU-pymrist Numba.

Crnocrepexkennsi 2. O6’enHanHs ycix eraniB Kpoky y emmue Mera-siipo (kernel fusion)
y Taichi [3] 3aBanTaxkye jeB’sTh 3HaYEHb f; y PericTpu CTPIMIHIOBOTO MYJIBTHUIIPOIECOPA PIBHO
onuH pas i gocsrae 403,58 MLUPS — npuckopenns ~ 107 x BignocHo 6azoBoi NumPy-peasizarii,
o Bignosinae npoaykrusnocti pisast C+-+/CUDA.

Orxe, myrg memory-bound 3amad CED cygacuuit Python-crek mo3B0si€ mocsiratu piBHSI Ha-
THUBHOI'O KOJ1y 6€3 BTpaTH MpoyKTUBHOCTI po3poOku: Taichi € onrtumaabHIM BHOOPOM JIjII CHCTEM
3 nuckpernuM GPU, Toni sk Numba 3abesreuye nHaiikpalily npo/lyKTUBHICTD Ha riaTdopMax 6e3

GPU. Kop ycix n’aru peadsizariit: github.com/m-kyrylo/LBM_PythonProject.
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Y npukiagHux 3ajadax Kiaacudikalll po3MiueHnX JaHUX MaJio, Hello3HauYeHuX — Oarato,
a KOXKHa HOBa MiTKa KOlITye poboTu ekcnepra. Axrtusae nauanusi (AL) obupae, aki 3pasku
Bi/yiaTi Ha MapKyBaHHsI, & HalliBKepoBaHe HaBuaHHs (SSL) BHKOPHCTOBYE DEIITY JIAHUX 4Yepes3
ncesgomiTku. [loemuanns mux migxois (ASSL) 103BojIsi€ 3MEHIIUTH BapTICTh MapKyBaHHS, aJie
MOPOKYE HOBY TIpobsiemy: i dac SSL-TpeHyBaHHS TPOTHO3M MOJIEJ /ISl OJTHOTO it TOTO CaMoro
3pas3Ka 3MIHIOIOTHCS Bijl KPOKY JI0 KPOKY, ToMy KjacudHi AL-kpurepil, 3acHOBaHI Ha HEBU3HAYE-
HOCTi, CTal0Th HEHAIIIIHIMU.

Hexait p(z) — BekTop #MOBipHOCTEll KiIaciB st 3paska x, a § = argmaxp(z) — ioro
[CEBJIOMITKA, sIKYy HOPUIMalOTh, sKimo maxp(x) > 7. HeBusHauenicrb BU3HAYAEMO sIK BijCTaHb

MizK IIPOrHO30M 1 one-hot MmojgaHHSIM ICEBIOMITKU:

u(z) = [Ip(z) = 1gl2-

[MIo6 npubpaTu BILIUB TEMIIOpPaJIbHOI HECTaOIIbHOCTI, 3HAUEHHS U 3IVIAJXKYEMO €KCIIOHEHIIIHHIM

koB3HuM cepeariM (EMA) i momaemo 70 Hboro BepxHio foBipuay mexy (UCB):
u = au(x’) + (1 — a)uyq, ul B =y + ey /0Y, (1)

ez — ciaabko ayrmeHToBanuil 3pasok, vy — EMA-oninka mgucnepcii, o i ¢, — napamerpn
sriaKyBanas Ta UCB.
Jpyruit TOKa3HUK — HEY3TOKEHICTh MiXK cJIa0KOI0 £ Ta CUIBHOIO 2° ayrMeHTaIli M,
1

i(z) = 5 [KL(p(=")llp(z")) + KL(p(=")[p(="))]

JI0 SIKOTO 3aCTOCOBYEMO Te caMe 3rviajizKyBaHHs. [TincymMKoBuit Kpurepiit Biabopy — 100yToK
Score(x) = uV“B(z) - VB (), (2)

IPUYIOMY OOMJIBA MHOXKHHUKH OOYUCTIOITLCA T dac SSL-TpeHyBaHHsS, TOMY OKpeMHUil mpoxis
[0 Hemo3HadeHoMy Iyay He morpiden. ¥y Bapianti ASSL-Piz kpurepiit 101aTKOBO 3BaXKye€ThCsA
O3HAKOIO pizHOMaHiTHOCTI (K/Iacrepusanis embeuaris K-means++).

Mero nepesipeno wa CIFAR-10, CIFAR-100, SVHN rta MinilmageNet (ResNet-18, 10 pa-
yuais AL, koudiryparis SSL — FixMatch, « = 0,8, 7 = 0,95), pe3y/ibraTu ycepeaHeHo 3a TphoMa
samyckamu (Tabs. 1).

BampornoHoBaHuil KpUTepiil jgae HaWKpally CepeIHI0 TOYHICTH cepell nmopiBHIOBaHUX Al-

MeToiB (IpUPICT BIJIHOCHO KJIACHMYHUX IJIXOIB Y PEXKUMI BHUIAJIKOBOI iHiIlasi3aril — 6I1M3bKO0
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Tabsuis 1: Cepesias TecToBa TOYHICTH 3a BeiMa payHaamu it Habopamu ganux (%) ta gac Bigbopy
ia CIFAR-100 (c)

Metos, Bumnagkosa imimiamizamis = YcmagkyBanasa Bar  dac Biabopy
Entropy 30,73 + 1,68 38,38 £ 1,40 25,4
CoreSet 36,55 + 1,73 42,62 + 1,27 126,1
ALFA-Mix 37,57 +1,44 42,43 £ 0,92 4957
ASSL 37,07 +£1,44 42,83 £ 0,80 0,03
ASSL-Piz 37,68 +1,49 42,64 + 1,02 124,2

8 %), a gac Binoopy mist ASSL npaktuano mynsoBuit. Orxe, rnapkysanas EMA /UCB i Bpaxy-
BaHH$ HEY3TOJ[ZKEHOCTI ayrMeHTaIliil pod/iaTh aKTUBHUN BiIOIp CTIIKUM 10 HECTAOIIBHOCTI IICEeB-
JIOMITOK Ta 3MEHIIYIOTh BapTiCTh MapKyBaHHS; HACTYIHUN KPOK — IIepEHECeHHs KPUTEpPiio Ha

JETEKITIo 1 cerMeHTalilo.

Jliteparypa

[1] X. Yang, Z. Song, 1. King, Z. Xu. A survey on deep semi-supervised learning. IEEE Trans.
Knowl. Data Eng. 2023. 35, No. 9. P. 8934-8954. https://doi.org/10.1109/TKDE.2022.
3220219

[2] K. Sohn, D. Berthelot, C.-L. Li et al. FixMatch: Simplifying semi-supervised learning with
consistency and confidence. Adv. Neural Inf. Process. Syst. 2020. 33. P. 596—-608.

[3] M. Gao, Z. Zhang, G. Yu et al. Consistency-based semi-supervised active learning: Towards
minimizing labeling cost. arXiv. 2020. https://doi.org/10.48550/arXiv.1910.07153


https://doi.org/10.1109/TKDE.2022.3220219
https://doi.org/10.1109/TKDE.2022.3220219
https://doi.org/10.48550/arXiv.1910.07153

275

3agada audpakiil yaapHOl XBIJIl Ha >KOPCTKOMY
HaIliBchepuIHOMY BKJIIOYUEHHI

Ogser HASBAPEHKO, Anxena CTEXYH, Onexkcannp BACUJIBEB

Odecwvra deporcasrna arademis bydisnuumea i aprimexmypu, Odeca, Yrpaina

Odecvruti naytonaronuts yrisepcumem imeni 1.1 Mewnurxosa, Odeca, Yrpaina

gelo.fabric@gmail.com, angela.stehun@gmail.com, av5111955@gmail.com

CydJacHi TOHKOCTIHHI eJleMeHTH KOHCTPYKIIiii 1 CIOPY/T i/ Yac eKCILIyaTallil 9acTo 3a3HAI0Th
IHTEHCUBHHUX Ta JIMTHAMIYHUX HaBaHTaKeHb, IO 3arPOXKYIOTh IXHINl MIITHOCTI. Y IIbOMY KOHTEKCTI
0CODJIMBY aKTYaJIbHICTh Ma€ JOC/IIZKEHHS B3a€MO/IiT He1e(hbOpMOBAHIX 0O0JIOHOK Pi3HOI reoMeTpil
3 HABKOJIAIITHIM IIPYKHUM CEPEJIOBUIIEM.

Metoro nanoi poboTH € IepeHeceHHsT METO/Iy PO3PUBHUX PillleHb, SKWiT 0a3yeThCd Ha METO/I1
y3araJibHeHUX 1IHTerpaJbHUX HepeTBopenb |1| Ha nuaamivni 3aga4i qudpakiiii yIapHuX XBUIb Ha
cdepuunnx medekrax. st mporo mobymoBaHO pO3PUBHUIT PO3B’S30K XBUIBOBOIO DiBHsHHS [1]
JIHIHOT Teopil mpyKHOCTI B cepudHiil cucTemi KOOPJUMHAT, a MOTIM 3BEJEHO 3ajady udpa-
KIIil IJIOCKOI yJapHOI XBHUJII HAa TOHKOMY HEPYXOMOMY HalliBcEepUIHOMY, abCOIOTHO TBEPIOMY
BKJIOUeHH] (J1ebeKTi) 3aBTOBHIKK h, YKOPCTKO 3YEIIEHOMY 3 JIOHHHM YTBOPEHHSIM JI0 IHTErpo-
JiepeHItiaabHOro piBHAHH. KpiM TOro, oTpuMaHo aCHMIITOTHYHI BUpPa3u Ta OOIpyHTOBaHa 30i-
JKHICTBH OTpuMaHOro po3s’s3Ky. [lin medexrom citi po3yMiTH YacTHHY MOBEPXHi, (CepejInHHa Mo~
BEPXHs KOl 3 HEero 36ira€Thest), IpU MepeTHHAHHI K0T XBUJIbOBI (DYHKIIIT, 3MIIEHHS Ta HAIIPYKe-
HHSI 3a3HAIOTh PO3PUBIB mepInoro poay. Meroau mnociizkerts 6a3yi0ThCs HA y3arajbHeHil cxemi
MEeTO/ly IHTErpaJibHUX IePeTBOPEHDb. [[JId BUKJIIOYEHHS 3MIHHUX 3aCTOCOBAHO ITOC/IIJIOBHO iHTE-
rpasbHi neperBopenns [1, 2, 3] Jlamnaca (3minna t), mepersopernst Pyp’e (KyT ¢), HepeTBOpeHHsT
Jleskanapa (KyT ), a TakoXK neperBopeHHsl XaHKejisi (pajiajbHa 3MiHHA 7). 30yPEHHS MOJIEIIO-
€TbCsl OJMHUYHOIO (PyHKIED XeBicaiijia, M0 J03BOJISIE OMUCYBATH CXiIYACTUH ITPOIEC PUXOITY
XBUJIBOBOTO (PPOHTY 31 38IaHOIO IMBUJIKICTIO C.

Y cdepuuniii cuctemi KOOpJIMHAT PO3IJIAHYTO TPUBUMIPHE XBUJILOBE PIBHAHHA

1 0*°0 oV
O = AV — 2or 0 1pu HOYATKOBUX \If‘tzo =0, E‘tzo =0
. oV oV
Ta TPAHUYHUX yMOBaX Ha HOBEPXHI —| r>r, =0, —| ,—=r, =0,
8@ p=—m,T or p=—m,m

ne [ — Tamiseronian, A — Jlamnacian, r, 0, ¢ — pajianbaa ta KyToBi cdepudni koopaunaru, 0 <
0 < . [loBHuit moTeHIia TOIaH0 Y BUNIA cynepriosuril [4, 5| mamatodaol W, Bigouroi ¥, Ta mu-
dpaxmiitnol ¥, cknanosux. [lodynoBano anamiTHIHII PO3PUBHUIT O3B’ A30K PIBHSHHSA B TePMiHAX
TpaHchOPMAHT iHTerpaJbHUX TepeTBOpeHb. Ha erarmi 3acTrocyBanHs nepeTBopeHH: ['aHKesns 3a
3MIHHOIO 7 (DOPMYIOTHCS CTPUOKU (PYHKIIIN Ta X HOpMaJIbHUX MOXITHUX IIPY ITEPEeTUHI MeXKi Jiede-

K1y 7 = RE0: (@ (R)) = Dy R—0) — @y (R+0), (), (R)) = (], (R—0)) — (&), (R+0)).

pnk pnk pnk
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[licast 3acTocyBaHHSI 3BOPOTHOTO TiepeTBopeHHs [ankess [5] pospuBHUiT PO3B'A30K OIXHOBHMIp-
HOT TPaHUYHOI 3a/1a4l BupazkeHo depe3 moaudikosani dyukiii Beccens I, (Rq) Ta Makionasibia
K,(rq) (v=k+1/2):

8 \I/k(T R)

OR /rR

Mg abeomoTHo TBeporo BKodeHHs (r — R + 0) oTpuMaHo BUpa3 Jijisi BUSHAYEHHSI He-

) 2K, (Rq)—2RqK, +1(Rq)
Bisomoro crpubka: U,k (R + 0) = fouk ZVil)KV (q])%q) QQRq IgilgRq B cBoro uepry, dyuknis fp =

I fo(r,0,) - sinf - P]lnl(COS 0) exp (—inp)dpdl € BijoMoIo 1 11 30BHINIHIN BUIJISL 3a1€KUThH

Cpni(r) = B (¥, — (Ppnk(R)) 57

BUKJIFOYHO BiJl TUITy 0OpaHOl MaIai0vu0l XBUJIi.
Bukonasiu 3BopoTHi 1eperBopenHts Jlexkanapa ta @yp’e, mody10BaHO OCTATOYHUN BUPa3

JUI TPaHCOPMAHTU MOTEHIHATY TU(PPAKIIITHOTO TTOJIs:

U,(r,0,9) = \/>//fp1/119 sin? - Q(R+0,0,9,p,1) dy dv,

Je iHTerpaJibHe sSJIpO Ma€ BUTJISI:

o0

QR+0,0,9,p,1) = Z i oen P (cos ) P™ (cos ) cos(nap) cos(ng) - A, (r, R, q),
n=—c0 kfn|
K, (rq)
[(2v — 1)K, (Rq) — 2RqK,+1(Rq)]’

B pob6ori 6ys10 npoBejieHo aHAMITUYIHI JOCTKEeHHsT 3012KHOCT] MoBiiiHNX psi/iB (y CKiaji

ta A, (r, R, q) =

inTerpasis), a TakoxK acumnroruku sapa A, (r, R, q) upu k — oo Ta (dhikcoBaHOMY apryMeHTi:

K, (2) sT(w)(z/2)7 _ 1. I

[(2v—1)K, (2)—22Ky41(2)] [(V—1/2)F(V)(z2/2) V=2l (1) (2/2) =] T Ty TATPH 2 — OO 1 dbixcosanomy

: Ky (2) Ve Caflrist . 1 : :
k: @R -2 ™ (@1 2oy o (- {1+“ ey } — 5 [Torenia/r nagar0vY00 XBUJII
fp acomiroemo, gk dyHKIio XeBicaiia y BADIII:

8\1/ if f Sin9 _
fplr:R = a—ﬂrf n = \I/;)(R—FO,@,QD) = (exp;—expp) )
r=R, p=—n,m

e explf)IE = cos(p £ a)exp[—p (R —rsinfcos(p £ a))], a a — GpoHTATBHII KyT HAXUIY yap-
ol xBuI. OOrPYHTOBAHO MOXKJIMBICTH 3aCTOCYBaHHSI TOOYIOBAaHUX PO3PUBHUX PO3B SI3KIB IS
obuncienns norentiany U, (r, 6, ) y 6yap-skiit Touni cepegosuiia.

B poboti moBesieHo, M0 PO3B’sI30K XBUJILOBOI'O PiBHAHHS JI/Is JaHOI 3a/adi 3 TOYHICTIO JI0

cTayux 306iraeThbest 3 PO3B’sI3KaMU 3aJ1ati Teopil IPYZKHOCTI JJIst XBUJIb KpydeHHs [4, 5].
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Jlobpe Bimomo, 110 Bijobpaxkenns [ : X — Y mixk JBOMa TOMOJIOTTIHUMHI ITpocTOpamMu X Ta
Y € HeriepepBHUM TOJ 1 TIIBKU TOJI, KON f (Z) C f(A) mst 1OBLIBHOT TIIMHOKUHE A TIPOCTOPY
X, ne A osnavae 3amukanusg mMuoknnu A. B [1, 2| mocmimKyroBasmcs xapakTepusaliil pisHUX

ocJiab/ieHb HellepepBHOCTI B TepMiHAX 3aMUKaHHSI. 30KPeMa TaM BCTAHOBJIEHO, IO BiT0OpasKeHHS

f € B-xBasimenepepsruM Tozi i Tiabku Toxi, Komn f(A) C f(A) aaa gosimbHOT mepeasizkpuToi
muozkuan A, Takol, mo intA — 061acTD.

[TpuposHO BUHUK/IO TMTAHHS PO MEPEeHeCeHHsT pe3ybraris 3 |1, 2| Ha Buma 0K MHOTO3HA-
YHHUX BiJIoOpakeHb. BUsIBIsSIETHCS, 1110 BiAIIOBIIHI pe3y/IbTaTu MOXKHA OTPUMATHU JIMIIE JIJIsT OCJIa-
OJIeHb 3HM3Y MHOTIO3HAYHUX BiJI0OpazKeHb, a Jijisd Oocab/IeHb 3BEpXy MOXKHA JIENKO ITOOYLyBaTH
BiAIIOBITHI KOHTPHPUKJIAIN.

Hexait X 1Y — ronosoriuni npocropu. Muorozuatuune Bimodpaxkenus F : X — Y naszusae-

ThCA:

® nenepepsHuM 36epTy /3nu3dy,/ 6 mowui ry € X, SKINO JJIs JTOBUIBHOI BIIKPUTOI HEIIOPOYKHBOT
muoxkuan W B Y, takol, mo F(xg) C W /F(xo) N W # @&/ icaye okin U touku xy € X,
taxuit, mo F(x) CW /F(z)NW # @/ naa seix x € U,

o Matioice Henepeperum 36epxy /3Husy/ 6 mouyi ro € X, AKIIO Jisi JOBLIBHOI BiIKPUTOI
HernopoxkHbol Muokuaun W B Y, takoi, mo F(zg) C W /F(xo) N W # @&/ 1 nosinbnoro
okosty U Toukn zy € X icuye nemopoxus muoxkuna A B X, Taka, mo U C A i F (x) CW
JF(z)NW # @/ nna Beix x € A.

Muorozuaune Bifobpazkennst F' : X — Y Ha3uBa€ThCsl HEnepepsHum 36epry /3Husy,/ “u

Matigice HenepepeHuM 36epTy /3Hu3y/, SIKIO BOHO € TAKMM B KOXKHIH Touri 3 X.

Teopema 1. Hexati X 1Y — mononaoziuni npocmopu ma F': X —'Y — mnozosnaune eidobpasice-

nna. Bidobpaoicenns F nenepepene snusy modi i miavku modi, xkoau F(A) C F(A) daa dosinvrol

niommoocurnu A npocmopy X .

Teopema 2. Hexati X ©Y — mononoziuni npocmopu ma F : X — 'Y — mnozo3nayune 6idobpasice-

nHa. Bidobpasicenna F matioice nenepepene 3nudy modi i miavku modi, koau F(G) C F(G) daa

008146101 610KkpuMOoi niommoscuru G npocmopy X .
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MoaudikoBaHe JjaHIIOroBe As-300parKeHHs J1CeJl
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Hexait A = {eg,e1} — andasir (nabip aificaux wmcen 0 < ey < e€1), L = A X A X ... —
pOCTip mocioBHOCTEl ejieMenTiB ajidasity, 0 < b — cdikcoBane jiificie ducer.
. . . b
Posrisiiarorbest HeckindeHHi JlanIorosi apobu (Aj-apobu) Busy

b
b

(12+'

0+ Eb/a1+b/(l2—|—"', a, € A. (1)

CL1+

36ixkuicrs Ab-1pobis Buy (1) e Hacizkom Teopenn 3eiinens-1Trepra, ockimbku pax . a, [ 6D
=1 j=1

posbizkamit. SIkmo b = 1, To manmiorosi A}-1pobu € Ao-mpobamu, Ha OCHOBI AKMX po3pobireHa i
YCIIIHO BUKOPHUCTaHa y 3aj1a9aX (bpakTaJbHOrO aHali3y cucreMa 300pazkenns quced |1, 2, 3|. Mu
IIKAaBUMOCH CUCTEMOIO 300parKeHHsI UKCeJI, 10 I'PYHTYEThCA Ha PO3KJaJl YnUcjia B HECKIHUYCHHU

nanmorosuit A5-y1pi6.

b b

2ep) E] 1ICHYE NOCAID0BHICTND

Teopema 1. frxwpo ey - e; = g, mo oas 6ydv-sakoeo wucaa x € |
(an) € L maxa, wo
x=blay +blay+ - = A (2)

aijas..."*

Poskiaz unciia x B JaHmorosuit api6 (2) nasusaernes AS-poskaadom, a ckopodenuit sarmc
Aflgaz,__ — tioro AY-zo6pasiceniam.

ITidxionum dpobom JTAHIFOTOBOTO JPOOY AaAlgaQ,,,an,,, HA3WBAETHCs 3HAUEHHS CKIHIEHHOIO JIaH-
worogoro Apody [0;ai, asz, ..., an] =2, ne po =0, p1 = b, g0 = 1, 1 = a1, pat1 = nt1Pn +bpn_1,

In+1 = An+1Gn + bgn—1, n € N, mpudomy

pn(an) — = AAg

hm aiaz...an..."

n—oo qn(an)

. . Ab . o
st miaxigaux 1pobiB JTaHIIOroBoro apoby Ag,. a,... Ma€ Micie piBHICTB:

GmPm—1 = PmGm—-1 = (—1b)™, m € N.

Saysascenms 1. YmoBa ey - €1 = % IS eJIeMeHTIB ayiaBiTy €p 1 €1 € HeoOXiIHOIO 1 JT0CTaTHBOIO

YMOBOIO HY/THOBOI Ha JTHIIKOBOCTI cuctemn AS-306pazkents qmcest, ToOTO B IMHOMY BUNAJIKY iCHYE
i Ab-6i ' izni A%-306

3yivenHa MHOXKUHA ducest (A3-6inapni wucaa), Mo MaoTh aBa GopMaIbHO pisHi Aj-300parkeHHs

HUCEeJI:
b b
A3 _ Ag

a1a2...an,1€0(€061) alag...an,1€1(61€0)'

b b

Pemrra ancesn Bigpiska [5-;

b - b
2eri 30-] (A3-ymapni wucaa) MatoTh exune Aj-306pazkeHHs THCel.
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. Al
Hunindpom Acity. e, PAN2Y M 3 0CHOBONW CiCy ... Cp, J€ (C1,Coy... Cp) € A™, m € N,
Ab
HA3UBAETHCS MHOXKHUHA 9UCEN BUILY Ac%,y. cnaras..., (Gn) € L.

. Ab . .
Axio eg - ep = g, TO HHAP Ac%,. ¢, MAE TaKi BJIACTHBOCTI:

A3 A3 A3
1) chg...cm - Aclcg...cmeo @) chz...cmel,

o9 AZQ’ Ag
2) m Aclcg...cm == Aclcz.l.cm“.,
m=1

P

-pm—l + eﬂbpm—Q . Pm—1 + elbpm—Q-
_mel + eOme72 7 dm—1 + €1qu,2 1

, SKIIO m — HeIapHe,

Ab
3) Acl202...cm —

_pm—l + elbpm—Q Pm—1 + eObpm—Z-

(L @m—1 + €10Gm—2" Gm-1 + €obgm—2 |
2b™(e1 — eg)

(261Qm—1 + me—Q)(260qm—1 + me—Q) '

, SKIO M — HelapHe,

b
4) | A%, . |=

s 3a/1aHnX HeBL eMHUX JificHux gucen b, b., 1 mapamerpa b = b, - b.,, a TakoXK mapu

qmuces ey 1 e; TaKuX, IO € « €1 = %, posIIAIaeThesd (PYHKINS fp, O3HaUEHA PIBHICTIO

fle =2k . y=A" (3)

a1as...an... [a1baq )[a2bas]...[anbay,]...?

ne a, € {eg,e1}, € - €1 = %, i[anba,] = an - ba, .

Osnauenns GyHKIil f, piBHicTIO (3) € KOPEKTHUM, OCKITIBKHI JJIsT JTOBLIBHIX

As _ Az
aiaz...an—1eo(eper) ai1az...an—1€1(eieop)

OYEBUJIHO Ma€ MicIle piBHICTH

A3 Aj

[a1ba; J[azbay]..-[an—1ba,, _;][eobo]([eobo][e1b1]) [a1ba, J[a2bay).-[an—1ba,, 4 ][e1b1]([e1b1][e0bo])”

Teopema 2. Qynkuia fi, € Henepeperoto cmpozo 3pocmarywor0 GYHKUIEN, NPUYOMY, AKUWO bey =
Vb, mo fy(z) = Vbx, 6 pewmi eunadkis fy(z) € cuneyaiaproto (6idminnoo 6id Koncmanmu,

NOTIOHA AKUT PIHG HYA0 Matrce CKpidy Y po3yminmi mipu Jlebeza).

Y JI0NOBi/II PONMOHYIOTHCS PE3YJIHTATU JOCJIIIPKEHHS TOIOJIOIO-METPUYHAX BJIACTHBOCTEN
Ab-306pazkeHHs umces1, reoMeTpil IHOro 300paskKeHHs, a TaKO¥XK 3aCTOCYBaHHA HOro JI0 MOOYI0BH

KJIacy (pYHKIIIHN 31 CKJIaTHUMHI JIOKAJIbHUMHU BJIACTUBOCTSIMHU.

JlitepaTypa
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Tpetsa nmouyarkoBo-KpalioBa 3ajiava JiJisd I1apadoJIiaHOTO
rceBA0An(pEePEHITIATLHOTO PiBHSHHS MOPSAKY « € (1,2)

Muxaityio OCUITYYK

Kapnamcevkut navionarvhut ynisepcumem imeni Bacuas Cmegpanuxa, Isaro-Ppankiscok,

Vrpaina

mykhailo.osypchuk@cnu.edu.ua

Badikecyemo nmeski cram a € (1,2), f € (0,1) i ¢ > 0. Ha muoxuni dyHKIii 3amanux Ha
R? 3ajamo 1nceBmonudepeniiaibai oneparopu A, = —(—A)a/ 2 (npobosuit Jlamtacian mopsiaKy
) cumBosioM (—|A|*)yere Ta Vg (“niceBnorpagient” nopsaxy 3) cumsosnom (iIAA|P~1)\cra. dximo
a=2af=1maemo A, = A and Vz = V 3Bnyaiini oneparop Jlamnaca ra rpagient, BiamnosigHo.
Posrnsgremo niceBondepeniiiaabue piBHIHHS
au(t,x) =cAqu(t,)(z), t>0, v € R% (1)
Hexait S rinepriommna abo K oOMerkeHa 3aMKHEHa JIOCUTh TJajka moBepxHsi. [losHaunmo
dyepe3 v(x) OJMHUYHUIT BEKTOD 30BHINIHBOI HOpMaJsi 10 moBepxHi S B Touri x € S. dAkmo S
rinepIuionuHa, TO BBayKaTuMeMo 11 3a1an0t0 piBasHasaM (z, V) = 0. OueBumHo, 1mo tomi v(z) = v,
reS.
PosriissHeMo HaCTYIHY MOYATKOBO-KpailoBY 3ajady. SHAWTH TaKy IiHCHO3HAYHY (YHKIIIO

(u(t, 2))1>0.pcrd; AKa 6 3a/0B0MbHsIIA PiBHsARASA (1) pm Beix ¢ > 0, € R?\ S, nouarkosy ymoBy

u(0+, ) = o() (2)
3 JIeSIKOIO 3a1aH0I0 (DYHKIEI (¢(T)),crd TA KPAOBY YMOBY

1 —q(x)
2

1+ q(x)

5 Vi ult, )@t ~

Vi ult, Ya—) = r(z)ult,z), t>0,z€8,  (3)

i3 saganumu byukisyMu (¢(z))zes, (7(x))zes. Tyr Vg(x) = (Vg,v(z)).

[Ipumnycrunmo, mo dbyHkiisa ¢ HernepepsHa i obMeskena Ha R a (F Lo, N[N, cpa
abcomorHo inrerpona na RY (cumsosnom F~Yp, ] mosmaueno obepnene mepersopenns ®Pyp’e
byukuii ); dysknil ¢ i r obmexeni i nenepepsui (r(x) > 0, x € S).

CdopmynboBana 3agada poss’sizana B |1, 2| (qus. Takox [3]) mia sunagky o« € (1,2),

a—1

f=a—1ras 4,5 axkmo a € (1,2), “~ < B < a — 1. Hacrynni Teopemn Binobpax<aiors

APYruil BUIIJIOK.

Teopema 1 ([5]). Hexat S — zinepnaowuna (x,v) = 0.
Pose’azkom sadavi (1), (2), (3) € dynnuia (U(t,2,9))i=0rerd, AKQ € PO36°A3KOM iHme-

2PanvH020 PIGHANHA

Ult,z,0) = H(t,x,p) — 20/0 dT/SAaglg(t — 7, 2)(x)r(2)U(T, 2, p)do, (4)
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de ynwuia (H(t,x,9))i>0zerd 30$00€MbCA PiGHICTIO
H(ta Z, (10> = Aa*ﬁflu(tv ) AfaJr/D’Jrlgo) (IL’)—i—
t
2 [ dr [ Bucaiglt = 7 V0l A o) (2o
0 S

Pisnanns (4) mae edunuti po3e’sazox 6 xaaci gynruit, axi das koocnozo T > 0 36006046~
naromo oyinky (t € (0,T), z € RY) |U(t,z, )| < Crt % | 3 desmcumu cmanumu Cr > 0.

Ienye gpyndamenmanvrud posze’azox sadawi (1), (2), (3).

Teopema 2 ([4]). Hezati S — obmeoicena samrxnena noseprna xaacy H'V7 3y >a —1— f.

Pose’azox sadawi (1), (2), (3) U(t, &, ¢)is0zecrd 3a0aemuvcs pisricmio

Ulta9) = [ Glt.2.0)A arpriely) d,
R

6 axiti pynryia G(t,x,y) npu eciz t >0, x € RY, y € R? gusnanaemuves pisnanmam

G(t,z,y) = h(t,z,y) — 2c/ dT/ —1,2,2)r(2)G(T, z,y)do, (5)

de pynryia h sadaemocsa pienicmio h(t,x,y) = Aq_p_19(t, -, y)(x)+

t
20/ dT/Aa_g_lg(t—7',-,z)(x)q(z)v(r,z,y)d(jz,
0 S

3 pynxuiero (V(t,2,Y))1>0 zerd yerd, ARG 3A0060AVHAE PIGHANNHA

v(t,z,y) = Villg(t, - y)(z) + 2 / dr / Vgt =7 2)(@)a(2)o(r, 2, y)do.. (6)

Pisnanns (6) mae edunuti po3s’asox y kaaci Gynkyid, axi 3a0068040HAN0MS HEPIGHICTL

lo(t, z,y)| < C’T(tl/aﬂ%;‘)dm_l_v, t € (0,T], z €S, y € R daa xoorerozo T > 0 3 deaxumu

dodamnumu cmarumu Crp.

Pienanna (5) maxoorc mae edunuidl pozs’azox 6 kaact Pynkyit, 0aa AKUT SUKOHYEMBCA

nepienicmy |G(t,x,y)| < C'T(tl/aﬂx_;l)dw_l_ﬁ, t € (0,7], € R4 y € R das xooicrozo
T >0.

JlitTeparypa
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IIpo mocTaTHi yMOBH ONTHMMAaJIBLHOI CTadi/gi3allil ANCKPEeTHUX

cucteM 3 (pa30BIMU 0OME>KEeHHSIMU

Bosaogumup [NTUYKYP, €preniit TAI'YPIH

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca Ilesuenka, Kuis, Yxpaina

volodymyr.pichkur@knu.ua, zhenyahahurin@gmail.com

B momoBizi mocmimKyeThes 3aa1da ONTHMAIBLHOI cTabiIi3alil JuCKPEeTHUX CUCTEM KepyBaH-
Hsl 3 ypaxyBaHHsSM (a30Bux oOMekeHb. OCHOBHA MeTa TOJisirae y 1mo0Oy/10Bi KepyBaHHst y (opmi
3BOPOTHOI'O 3B’4A3KY, siKe MiHIMIi3ye 3aJlaHuil Kpurepiit gKocTi, 3abe3medye rjao0aJbHy aCUuMIITO-
THYHY CTIAKICTb HYJILOBOTO PO3B’SI3KYy Ta rapaHTye BUKOHAHHSA (DA30BUX OOMEXKEHb Ha KOXKHOMY
KPOTIi.

PosristreMo qucKpeTHY cucTteMy KepyBaHHS
w(t+1) = fla(t),ut),t), teT,="{toto+1,...}, (1)

ne x € R™ — Bekrop daszoBux koopjauuat, u € % C R™ — Bekrop kepyBannus, 0 € % . Bekrop-
dbyukmisa f(x,u,t) e HenepepsHOW 3a = 1 u, npudomy f(0,0,t) = 0. Hexait Go C R" ta ®(t) C R"
(t € Ty,) — KOMIAKTHI MHOYKUHH, 1[0 MICTATH [OYATOK KOOPIMHAT Y CBOI{l BHYTPIIIHBOCTI.

Ha cucremy Hak/ajeno oOMe;KeHHs Ha IIOYATKOBUiI CTaH
x(ty) = xo € Go,
Ta $Ha30Bi OOMEKEHHA Ha JIUCKPETHY TPAEKTOPIIO
x(t,u, xo, to) € ©(t), t€Ty,. (2)

Kitac jronycrumux kepyBanb ) CKJIaJIa€ThCsl 3 HENepepBHUX (DYHKIH 3BOPOTHOTO 3B’sI3KY
u = u(t,z) (u(t,0) = 0), gaxi 3ab6e311e4yIOTh ICHYBAHHS Ta €IUHICTH PO3B’SA3KY 1 33/0BOJIBHSIIOTH

obmezkennst (2). Kpurepiit sikocti 3aaeTbest y BUMIsii 3612KHOTO Pty

S () = fo(x(t), ult, z(t)),t) — inf, (3)

ue)
t=to

ne byskiis fo(x,u,t) € HemepepBHOIO 3a T Ta U.

Bsejiemo jomoMizkHY pisHHUIEBY (PYHKIIIIO, 1110 € JIUCKPETHUM aHAJI0roM PiBHAHHSA Besimana
BV u,t) =V (41, fa,u, ) =V (4 2) + folw,u1).

Teopema 1. Hexatl das cucmemu (1) icnyroms dodammo eusnauena, padianbHO HEOOMEHCEH
dynxuia Vi(t, ), wo donyckae HECKINUEHHO MAAY BUULY 2PAHULI0, Ma KePYBAHHA Uy (t, T), 0ad

AKUL BUKOHYIOMBCA YMOBU.

1) dynruyia fo(x,u.(t,x),t) € dodamno eusnaruenor;
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2) icnyromo cmani 0 < a < B maki, wo UKOHYIOMBCA BKAGOEHHA:
Go C{z e R" : ¥ (ty,z) < a},
{z e R": Yi(t,z) < B} C O(F), te€Ty;
3) B(Ve,x,u,(t,x),t) =0 dan scix v € P(t), t € Ty,;
4) BV, x,u(t,x),t) >0 dan scix x € ®(t), t € Ty, ma dosinvrozo u € ).

Todi kepysanms u(t, x) pose’azye sadauy onmumarvnoi cmabinizauii (1)—=(3), a minimasvre sna-

wenHa kpumepito axocmi dopienioe I (uy,) = Vi(to, o).

Ha ocnoBi Teopemu 1 ojiepzKaHO ONTUMAJIBLHUN PETYJISATOD JIHIAHOT JIUCKPETHOI CUCTEMU 3

KBaJApaTUIHUM (DYHKITIOHAJIOM Ta ONYKJIUME (pa30BUMU OOMEKEHHSIMIU.
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MeToa ABOOIYHNX HAOJIM>KEHb 3HAXOIKEHHS
JOAATHOTO aKCIlaJIbHO-CIMETPUYIHOI'O PO3B’I3KY
IepIIol KpaiioBol 3aaadvi JIJjIs
piBHIHHA ['e1bMroJibIia 3 TeTepOTOHHOIO HEJIIHIHICTIO

Buagucias [TAPXOMEHKO, Makcum CUJIOPOB

Xapriecokutll HauionarvHuls yrisepcumem padioesexmponiku, Xapkie, YKpaina

vladyslav.parkhomenkol@nure.ua, maxim.sidorov@nure.ua

[Ipu 106y 10BI MaTeMaTUIHUX MOJie/eil udy31iHIX, TEIJIOBUX Ta MOTEHIIAIbHAX IIPOIECiB
BUHUKAE HEOOXI/IHICTh y YMCE/IbHOMY aHaJIi31 HACTYITHOI TepIol KpailoBol 3a/iadi Jiid HAITIBJIiHI{i-

HOT'O eJHITHYIHOIO JudepPeHIialbHOI0 PIBHAHHS

—Au+ &' = f(u) y Q, (1)
u(x) >0, xe€, u}aﬂ =0, (2)
ne A — k? — oneparop lenbmronbia, X = (21, 22),  — ob1acTb B ]R%xl 22) 3 KYCKOBO-IIJIKOIO

Mmexkero, Gyukiig f(u) HenepepsHa i JogaTHa Jjist Beix u > 0.
VY BunaJiky, Kosum 06,1acTh {2 € Kpyrom pajiiyca R, cTaBUTHCS 3a/1a9a 3HAXO/IZKEHHST aKCiaTbHO-
. . _ 2 2 9 o . . 1 2 IlI
CHMETPUYIHOIO (3aJI€XKHOT0 TIMBKHU Bix p = \/x7 + 23) po3s’a3Ky kpaitool 3a1aqi (1),(2). Ilns-
XOM TIEepexXojLy JI0 MOJISAPHOI CHCTEMU KOOPJMHAT Kpaiioa 3amada (1),(2) misa audepenmiagibsHoro
PIBHSIHHSI Yy YaCTUHHUX ITOXITHUX 3BOIUTHCS 0 KPAWOBOI 3a/1a4i JIIs 3BUYaitHOTO JndepeHIiaib-

HOTO piBHAHHS BifHOCHO DYHKIUT © = u(p):

u(p) >0, 0<p<R, (4)
u(0)] < +o00, u(R) = 0. (5)

YmoBy obmexenocti |u(0)] < +o0o B Kpaiiosiit 3amadi (3)—(5) mocrasiaeHo depes Te, 10
noJitoc p = 0 MOJIIPHOI CUCTEME KOOD/IUHAT € OCOOJIMBOIO TOUYKOIO JIM(DEPEHIATBHOIO PIBHIHHS
(3).

Oyukiia ['pina kpaitool 3a1a4i (3)—(5) MaTuMe BHIVIST:

In(kp) (In(RK)Ko(ks) — lo(ks)Ko(REK))

, 0<p<s,
G-I =9 ws) (10(R >KIE(R>H>—1< ) Ko(RR) ©)
01%5) Vol Tt OIO'Z]’)%%) OBP)IROV)) s < p<R.

Buxopucrosyioun dyukiio ['pina (6), 3Begemo kpaiioBy 3asa1y (3)—(5) 10 eKBiBaJeHTHOTO

iHTerpaJibHOTO PiBHAHHA ['aMMeprTeiina

u(p) = / Qp,)f (uls)) ds. (7)
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ae Q(p,s) = sG(p, s).

3 piBusiaHsAM (7) 1IOB’si2KeMO IHTErpaJbHUN OllepaTop, SKuii JIi€ 38 HACTYIHUM [PABUIOM:

:4 Q(p. 5)1 (u(s)) ds. (8)

Piustansg (7) GyeMo po3risgiaT sik HesiHiiiHe ollepaTopHe piBHSAHHSI B GAHAXOBOMY IIPO-
cropi C|0, R], naniBynopsijikoBanomy kouycom K, Hein'emuux na [0, R] HemepepBHUX (DyHKIIiiT
[1]. Ba ysarampHeHnit po3B’s130K Kpaiiool 3a1ad4i (3)—(5) Oymemo BBaxkarn Henepepsauii zHa [0, R
i momaruuit Ha (0, R) po3s’s30k inTerpasbHoro pisastaas (7). [IpoBesemo mgociizKeHHsT BIacTu-
BocTeii oneparopa (8).

Hexaii qyist byukmii f(u) MoxkmBe JiaroHasibHe mojantst, To0To f(u) = f (u,w). [Ipu npomy
HeBi'eMHa (PYHKITISA f (v, w) MOHOTOHHO 3poCTa€ 3a v 1 MOHOTOHHO criajae 3a w. Tofl omeparTop
T — rereporonnuii, To6ro T'(u) = T(u, w), Jie cymyTHiil omeparop T(U, w) MOHOTOHHUIT 3a v i
AHTUMOHOTOHHUH 38 W.

Omueparop T( ) € nogaTHnM, T06TO 3 u € K Bummsae T'(u) € K.

Hexait uo(p fo s)ds = <1 — IIS((le%))) Toni, axmo g 6yab SKOr0 HEHYJILOBOIO
u€e K, iCHyIOTb Taki o = a( ) > 01 ﬁ = B(u) > 0, mo aug < T'(u) < Bug, oneparop T'(u) €
Uo-/IOJIATHIM.

Hexait f (tv, tw) > 7 f(v,w) s Gynb-sKHX JONATHEX 3HadeHb v,w € K, juia Beix T €
(0,1). B rakomy Bunayky onepatop T'(u) € 1ceBAOyBIrHYTUM 1 HABITH Uo-TICEBIOYBIPHY TUM, TOOTO
st Beix v,w € Ky i1 € (0,1) icaye n = n(v,w,7) > 0, mag gKoro Mae Miciie HepiBHICTbH
T(TU 1w) > 7T (v, w), T(TU, Lw) # T (v, w).

Omneparopu T' i T ninkom HellepepBHi.

Hexait orteparop 1" Mmae cujibHO iHBapiaHTHUIT KOHYCHUN BIJIPI3OK < Vg, Wy >, KIHII SIKOTO
BU3HAYAIOTHCS yMOBaMU T(vo,wo) > g i T(wo,vo) < wp 1 MOXKYTh OyTH 3HaiijieHi, 30KpemMa, y
BUIVISIIIL Vg = Qulg, Wy = [uyg.

Bassiinm 3a moyaTkoBi HAOJIUKEHHS Vg 1 Wp, MOOYLyEMO iTepaIiiiHuii mporec:

00) = [ Qo) FOWE)u6) b k=012 Q
W+ / Qlp,s) f(w®(s),v®(s)) ds, k=0,1,2,..., (10)
=w(p), w(p) = wo(p). (11)

ITocsitoBHICTD {v(”)} He cHaJiae 3a KOHycoM Ky, a IOCJIiJIOBHICTb {w(")} He 3pocTae 3a
konycom K. Yepe3 nopmasibHicTh KOHyca K| 1 HaBeJleHI BUIle BJIACTUBOCTI oreparopa 1, iTe-
paniitauii mporec (9)—(11) nBobivuno 36iraerTbes y Hopmi mpocropy C[0, R| 10 €uHOrO akciagabHO-
CHMETPHYHOrO Po3B’si3Ky Kpaitool 3amadi (3)—(5).

Sa HabIMKEHN PO3B’30K HA N-MY KPOIl 00MPaeMo (PyHKIIIIO

("™ (p) +w™(p)).

N —

ut™(p) =
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ArnocrepiopHa nmoxunbKa HaOJIUKEHHsI OIIHIOETHCST HEPIBHICTIO

o 1 . .
[u®™ =[] oy < 2 pelonR) (w™(p) = v (p)).

Irepariiinuit iporec 3yNnUHSIIETHCS, KOJIM OIIHKA ITOXUOKH 3a/I0BOJIbHSAE 3aJIaHy TOYHICTD.

JlitTepaTypa

[1] Cunopos M. B. Memod deobiwnux Habaustcens po3s’asanms nepwoi kpatiosoi 3adaui Of
HENHITHUT 36UMAGTHUT QUPEPEHULANOHUL PIBHAHD HA 0CHOBTE suKOpuCManna Gynkuii I'pina.

Pajyioeniekponika, indopmaruka, yrupasiiaas. 2019. Ne 1 (48). C. 57-66.
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AnpokcuMmaliss ONTUMAJbHOIO KeEpyBaHHH
dyHKITIOHAJIbHO-AN(pepeHITiaJIbHNX PIBHAHb HENTPaJIbLHOTO
TUIy ONTHUMAJbHUM KepPyBaHHAM PIBHAHDb 0e3 3alli3HeHHd y

OaHaxXoOBUX IpOCTOpax

Ouster [IEPET'YJIA | Ceitnana KYITHIPEHKO

Kuiscorut nayionasvrut ynieepcumem iment Tapaca [leswenra, Kuis, Yxpaina

perehudao@knu.ua, svilana_kusnirenko@knu.ua

Posriisgaerbea 3a/1ada onTUMaIbHOINO KepyBaHHs (DYHKIIOHAJIBLHO-TH(EepEeHIiaIbHIM PiB-

HAHHAM HeﬁTpaﬂbHOFO TUILY

i (@(t) = g(a(t), a(t = h))) = Az + fi(z(t), 2(t = h)) + fa(a(t), o(t = h))u(t),
z(t) = ¢(t), te[—h,0].

(1)

3 (byHKIIOHAJIOM AKOCTI

T
Jlu] = / F(t, (), u(t))dt — inf. @)
0
ne u(t) - mapamerp KepyBatHs, x(t) Hagexuts npocropy C' = C([—h,0], X) - HenepepBaux ¢byH-
KIiit 3 HopMmoo |[¢]|c = en[laic] le(0)|lx mas Beix t > 0, ne X - pedurekcusnuii 6anaxoBmii
€[-h0
IIPOCTIP.

Omnepatop A € iH(iHiTe3MMaILHIM T€HEPATOPOM aHAMITHIHOI 1pu ¢ > () HamiBrpymu orre-
paropip S(t) = e - obmexxenux B X 3 obmacrio D(A) ska € minbnoo B X. 3 [2] ats 6y/1b gKoro

«

a € [0, 1] moxemo BusHauuTH ApoboBy creminb (—A)* omeparopa (—A) i3 [1] Mmaemo HacTymHy

OITIHKY

I(=A)*S(B)]| < Cat™e™".

[Mpumycrumo, 1o S(t) € HANIBIPYIIO KOMIAKTHUX OlepaTropis mpu t > 0.

Crocosro 3a/1a4i (1)-(2) IpUIyCKAaeThCs BUKOHAHHS HACTYITHAX YMOB:

A1) Jonycrume kepysants € dyHkiieo u(t) € F m.c. t > 0, F' € onyKJI010, 3aMKHEHOIO MHOYK-
noo B X, u(t) € L*(0,7;X), p > 1.

A2) dxmo o(—A) — cuekrp oneparopa (—A), roai maemo Reo(—A) > 6 > 0.

A3) Hns Beix x,y, x1,y1 € X MaeMo H.fl(xay>_fl(x1>yl)“ < K1(H33—IE1H+H?J—Z/1H)7 ||f2($>?/)—
oz, y)l < Ki(llz — 2| + ly — wll), 2e K1 > 0.

A4) Icuye a € (%, 1) ra icuye M, rtaxi, mo C,M, < 273" i g Beix x,y, T1,y1 € X GyHKIA g

3a/I0BOJIbHSIE HEPIBHOCTI

1 1
lg(z,y) — g(@1, y1)lla < My([|lz — 21| + |y —21l]), me 5 + iy L.
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A5) Oyuxria G : [0,7] x X x F'— [0,00) € omykJ010 110 % Ipu (HiKCOBaHUX T, t.

A6) Iloxinna ®@perme G, HellepepBHa 3a CYKYITHICTIO 3MIHHUX 1 ICHYIOTH JI0/IaTHI KOHCTAHTH Ko, 7y

TaKi, 1o
I1Gu(t, 2, )l < Ko (1 [l2]” + [lulP~)

ae || - ||« — Hopma B crpsizkeHOMY TpocTopi X *.
AT) 3K3>0:G(t,x,u) > Ks||ul|/P.
A8) 3K, > 0,v > 0, Taxi, mo jyisa goBinbaux T, 11 € X, t € [0,T] maemo
|Gtz u) = Gt w1, u)| < Kallw — | (U4 (2] + [l ]” + lul”) -
Posp’az0k mouaTkoBoi 3aja4i (1) Gygzemo posymitu B M’sikomy cerci. 3azgadi (1)-(2) craBurbes

y BiAmoBijHicTh 3a/1a9a onTHMaIbHOrO KepyBaHHs (3)-(4) st creniaabHO OOYI0BAHOT CUCTEME

piBHsIHDb 0e3 3amizHenHs (3), siKa HA3MBAETHCsI APOKCUMAIIIHOIO.

% (20(t) = g(20(t), 2m(t))) = Azo(t) + f1(20(1), 2m (1)) + fa(20(t), zm(£))ult), ¢ € [0,T],
d m
%4(t) =5 () — (1), te0.T], (3)

h . T —

\

3 BIJIMTOBLTHUM (DYHKITIOHAJIOM STKOCTI

T
Im[u] = / G(t, z(t), u(t)) dt — inf. (4)
0
[Toznaunmo qepes J* = inf ey J[u|, JF = infyucp Jon[ul.

Teopema. Hexati suxonyromocea ymosu A1-A8. Todi 3adawi onmumanrvrozo xepysanmns (1)-(2)

i (3)-(4) maromo pose’asku (x*(t),u*(t)) i (25,,(t), u,(t)) eidnosiono. Ipu yvomy:
1. J, —J*, m — oo;
2. das bydo-saxoeo n > 0 icnye mo maxe, wo 0ai M > Mgy MGEMO

[T = Jug]l <, (5)

3. icnye nocatdosricms my, — 00, k — 00, maka, w0
Zomy, (1) = (1) (6)
pisnomipro na [0,T] i ul, — u*  caabro ¢ LP(0,T).

xwo npu yvomy 3adava (1)-(2) mae edunut poss’azox, mo 36iscnocmi (5) i (6) maromo micye

oas 8cix m — 00
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JlitepaTypa

[1] D. Henry Geometric theory of Semilinear Parabolic Equations, Berlin-New York: Springer-
Verlag, 1981 375p.

[2] Pazy A. Semigroups of Linear Operators and Applications to Partial Functional Differential
Equations, New York : Springer-Verlag, 1983— 288p.
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JocaigKeHHs1 AudepeHIiaJIbHO-aJIredpald¥HuX CUCTEM 3

iIMITYJILCHOIO JI€I0 Ta 0AraToTOYKOBUMH KpaiioBIMHI yMOBaMM

Mukona IIEPECTIOK, Irop KOPOJIb, FOpiit KOPOJIb

Votceopodcorutl nayionarvrutl ynisepcumem, Yowceopod, Yxpaina

mykola.perestiuk@uzhnu.edu.ua, ihor.korol@uzhnu.edu.ua, yuriy.korol@uzhnu.edu.ua

Y poboTi posriiAaeThed iudepeniiaabHo-aaredpaldHa CucTeMa piBHIHDb
Cfl—f =Alt)y+ f(t,z,y), t#m, z, feR" txclab,

0=g(t z,y), yg€eR™,
3 IMITYJIBCHOIO JII€I0 Y BU3HAYEHI MOMEHTH Jacy
Ax|i=r, = 2(1; +0) — 2(1;) = Bjz(1;) + b;, det(E, + B;) #0, b € R", (2)

i IITOPsIKOBaHa 6araToTOYKOBUM JIHIHUM KpafloBUM yMOBaM

> Agult) =d, (3)
=1

e A(t) = (aiy (t))Zj:1 — (n X n)-BuMipHa MaTpuIlg 3 HerepepBHUMHU Koedinienramu, f(t, z,y),
g(t,z,y) — BignosimHO n Ta m-uMipai BekTop-byHKIUL, f(t,x,y),9(t,z,y) € Cla,b] x Dy x Dy,
ne Dy, Dy — 3amknreni obmexkeni obmacti, Dy € R", Dy € R™; A, — (n x (n + m))-BuMipni crasi
marpuii, u = col(z,y) € R"™ a <7 <... <7, <b, d - n-BuMipHuil craimii BEKTOD.

Mot weminiitaux anrebpo-nudepennianbaux cucrem (1) 3 iMiysbcHOoO jiero BUrIAmy (2),
iIIOPSIKOBAHNX KpaffoBM yMoBaM (3) OOIDYHTOBAHO 3aCTOCYBAHHS UHCETHHO-aHAJITHIHOTO
METO/Ly JIOCJIJIZKEHHs ICHYBaHHS Ta HAaOJIMzKeHOT 1100y 10BH PO3B’a3KiB. BeTtanoBieHo HeoOXiiHI Ta

KOHCTPYKTHBHI JIOCTATHI YMOBH iCHYBaHHsI PO3B sI3KiB, 3HANIEHO OIIHKNA IOXUOKHU ITOOYI0BAHUX

HAOJIMYKEHNX PO3B’A3KiB.

JlitTepaTypa

[1] Samoilenko A.M., Perestyuk N.A. Impulsive differential equations. Singapore: World Scienti-
fic, 1995. 462 p.

[2] Camoitenko A.M., Ilkine M.I., xkoserp B.I1. Jliniiini cucremu gudepeniiaibHuX piBHIHD

3 BupomKerusmu. Kuis, Buia mkosa. 2000. 294 c.
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CriliKicTh pPO3B’43KiB CHUCTEM <«IIPSIMOIO» PeryJjlOBaHHSA 3

3alli3HIOBAHHAM Ta CTOXAaCTUYHOIO HEBU3HAYEHICTIO

Bagentun ITETPYJIA, Auapiit ITATHPKO

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca [lesuenka, Kuis, Yxpaina

valentinpetrulia@knu.ua, shatyrko.a@knu.ua

Pobory mpucBsieHo JMOC/TIIKEHHIO SKICHOI TOBEJIIHKNA HEJIHIHHUX CUCTEM aBTOMATHYIHO-
IO peryjIoBaHHs 3 YaCOBUM BIJIIXUJIEHHSIM apryMeHTy B yMoBax HepusHadeHocTi [1]. 3 meroro
JieMoHCTpaIlil 00paHol TeXHIKM Ta KOHCTPYKTHBHOCTI IiJIXO/Ty MOYATKOBO JETAJIBHO JIOCIIZKEHO
CKaJIIPHUI BUTIAJIOK.

PosrisinemMo cToXacTUYHY CHCTEMY <IIPSIMOI'O» PEry/IoBaHHSA, ONUCAHY JudepeHItiaIbHuM
piBHAHHAM [TO 31 cTajuM 3ami3HIOBAHHAM, y AKiil HEBU3HAYEHUI HEJIIHIHHUN oOepHeHUiT 3B 430K

3a/I0BOJIBHSIE JIIHIHY CEKTOPHY YMOBY Ta yMoBY Jlimmmuris:
da(t) = (aoa(t) + ara(t — 7) + b F(o(t)dt + (gor(t) + gralt — 7)) duw(t), (1)

o(t) = cx(t), (2)
0< f(o)o < ko?, f(0) =0, k = const. (3)

Tyt ao, ar, go, g, b,¢ € R — crami xoedimientu (¢ # 0), 7 > 0 — 3anizuoBanHs, w(t) — craH-
JTapTHUil BiHEpIBCHKUil mporiec, a o(t) — BUXITHUIT CHTHAJ, IO MOJAETHCs Ha HeJiHiitHy dyH-
Kiito kepyBanus f. Yepes M{-} nosnaueno mMaremMaTudHe CIOJIBAHHI; IOYATKOBUI CTAH 3a/1a€
HenepepBHa byHKIig z(s) = ¥(s), s € [ty — T,ty], a Mipy HmouaTKOBOro 30ypEeHHSI — HOPMAa

2 (to)[I7 = supy,—r<scs, ()%

Osnavenns 1. Tpusianbuuii poss’szok © = 0 cucremu (1), (2) i3 3amanor0 HemiwiiinicTio f
HA3UBAETHCA CMITUKUM Y CEPEIHLOMY KEAOPAMUNHOMY, AKIIO JJI JOBLIBHOTO ¢ > 0 icHye § =
§(g9) > 0 Taxe, mo 3 ||z(ty)||? < § Burmusae M{|z(t)|*} < eo upu Beix t > to; acumnmomumumo

cmitixum y cepednvomy xeadpamurmomy — aKmo, kpim toro, M{|z(t)|*} — 0 npu t — oo.

Oznauenns 2. Tpusianbuuit poss’szok = 0 cucremu (1), (2) i3 3azanoro HemiiitaicTIO f
HA3UBAETHCA eKCNOHEHULTHO CMITKUM Y CEPEOHDOMY KEAIPAMUYHOMY, TKIIO iICHYIOTH cTawm R > ()

i vo > 0 Taxi, mo M{|z(t)]?} < R||x(t)]|? e70t=%) npu Beix t > ty.

Oznauenns 3. Cucrema (1), (2) Ha3MBAETBHCA AOCOAIOMMHO GCUMNMOMUYHO CMITKOI0 Y cepe-
Invomy Keadpamuyromy, SKIIO JIs JOBLIbHOTO £9 > 0 icHye d = 0(gg) > 0, crmisibre Jyist Beix
HeJIHIHHOCTEl [, 1110 38/I0BOIBHAIOTE YMOBY (3) i3 3a/1aH0t0 cTaiown k, Take, Mo Jijis KOKHOT TaKol
I3 ||lz(te)||? < 6§ summusae M {|z(t)|*} < o npm Beix t > tg i, kpim Toro, M{|z(t)|*} — 0 npu
t — oo.

Ha 6a3i npamoro metosy JIsmynoa 3 jonnomoroto dpyukiiii JIamynosa tumy JIyp’e-IlocthikoBa

V(z)=ha® + /O T pe)de (4)
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3 BltbHIME napamerpamu b > 01 5 > 0, a rakoxk mijgxoy Pasywmixina [2] orpumano gocraTai ymo-
BU abCOJIFOTHOT aCHIMITOTUYHOI CTIfIKOCTI y cepe/IHbOMY KBaIPATUYHOMY. Y MOBU MAIOTh ajreopai-
YHUI XapakTep, 3a/1eKaTh JIUIIe Biji KoeillieHTiB cucTeMu Ta CTajIol po3Maxy JIHIHHOrO ceKTopa
1 He MICTATH BEJIMYUHY 3AI3HIOBAHHSA, TOXK CTIMKICTb TapaHTyETbCd IIPU OY/Ib-sIKOMY BiIXHUJICH-
Hi apryMeHTYy; KpPIiM TOT'O, B IIPOIIEC] JIOBEJEHHSA BCTAHOBJIEHO €KCIIOHEHITIHY OIIHKY TIBUIKOCTI
3racaHHs JIPYTUX MOMEHTIB PO3B’A3KY.

3 JIOBEJIEHHSAM PsiJIy MPOMIKHUX JIeM, OCHOBHUII pe3ysibTar chOpMYTIHLOBAHO Yy BUIVIS Ha-

CTYIIHOI'O TBEP/2KECHHA.

Teopema. Hexat icnyroms woncmanmu h > 0, ¢ > 0, f > 0, wo 3adosorvraoms pieHAHHA
2(ag + a;)h + (9o + g-)?h = —¢, a napamemp N nionopadxosanut oyinyi M{N} < u M{|z|*} ai

cmanoto pu > 0. Todi, axwo sukonyemvea Yymosa

e > pu+heB3+¢)(lar| + (90 + 9:)9:]) + 2k g2 (1 + @), (5)

mo cucmema «npamozos pezyaosanna (1), (2) abcoamrommno acumnmomuyuno cmitika y cepednvo-
MY Keadpamuuromy npu 6ydo-axomy 3anidnrosanni T > 0. Kpim mozo, daa dosiavhoi naneped

zadanoi mounocmi gy > 0 euxonyemvea M{|x(t)|*} < g9 npu ecix t > to, ax miavku

le(to)l12 < 8(z0,7) = [(1+ K7) "] e (6)
Tyr
N = 2hbaf(o) + Blao + ar) o (o) + Beb (o) + 18¢3(go + )2 f (o) 2,
) ) Bkc?
K= |a7|+|9097'|+g7—’ L:2|a0|+|a’r|+2|b|k|c|+go+|9097'|a @:14_ oW

CrifikicTh TapaHTYETHCST 0JIpa3y /I BChOTO CEKTOPHOTO KJacy (3): BeJIMIMHA ) BU3HAYAE-
ThCsI JIUIIE CTAJION K 1 He 3MIHIOETHCS TIPU IIepexo/ii Bij oxuiel HemiHiitHOCTI 110 im0l OTpuMaHuii
KpUTEPiil y3arajJbHIOE HA CTOXACTUYHUN BUITAJIOK BiJIOMi YMOBHU abCOJIOTHOI CTIMKOCTI JieTepMi-

HoBaHuX cucreM JIyp'e 3 micasmiero [3].

JlitepaTypa

[1] Pakshin P.V., Ugrinovskii V.A. Stochastic problems of absolute stability. Automation and
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[3] Marupko A.B., Xycainos JI.1. CrijikicTb HeTIHIHUX CHCTEM PEryJIOBAHHSA 3 HiC/IAIEIO:
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IcaryBaHHsST 0OMe>KeHOro Ha BCiii IpsAMiii PO3B’I3KY
CTOXaCTUIHOTO AndepeHNiaJbHOro PIBHAHHA HEHTPaJIbHOIO

TUMNY B riJib0EepTOBUX IIPOCTOPaX

Ostexcanap TIPABJIUBUI, Bog XAJIEIIBKA

Kuiscorut naytonasvrud ynisepcumem iment Tapaca [llesuenka, Kuis, Yxpaina
Lenmparvhoykpaincorut deporcasruti ynisepcumem imeni Boarodumupa Burnruuenka,

Kponusnuuyvrui, Yxpaina

oleksandrpravdyvyi@knu.ua, khaletskazoya@gmail.com

Hamwu moc/tipKyeThest TuTaHHs iCHYBaHHSA 0OMEXKEHOr0 Ha OCi PO3B’s3KY CTOXaCTUIHUX PiB-

HSHb HEHTPAJILHOTO TUILY 3 3alli3HEHHAM y T'JILOEPTOBOMY IIPOCTOPI BUTJISILY
d(u(t) — g(u(t — h))) = (Au(t) + f(u(t = h),u(t)))dt + o(u(t — h),u(t)dW(t),t € [0,T], (1)

u(t) = ¢(t),t € [=h,0]. (2)
Tyt A — HeoOMexKeHHii omepaTop, IO € IeHepaTOPOM CHUJILHO HelepepBHOI HaIllBIPYIIH
{S(t),t > 0} obmekeHux JHIHHUX OmepaTopiB y cemapabesbHOMY TiibbGeproBoMy mpocropi H.
Bunakosuii mym W (t) € Q-BiHEPIBCHKUM IIPOLECOM y cenapadebHOMY TiIbOGEePTOBOMY IIPOCTO-
pi K. g nesikoro h > 0 mozuaumnmo Cj = C([—h,0], H) — upoctip HenepepBHux H-3HaTHAX
dbyuxkiit ¢ : [—h,0] — H 3 HOpMOIO
olle, == sup [|o(0)]a-

0€[—h,0]

Hexait () — niniiinuit odmexkenuit orepaTop Kopapiariii Takuii, mo tr¢) < oo.
Mu npunyckaemo icHyBaHHs MOBHOI OpTOHOpMOBaHOI cucremu {ex} B K 1 mocsimoBrocti

HEBiI €éMHUX JIHCHUX YHCeT A\, Takux, mo Qe = \pep, bk =1,2,...,1

o
Z A < 00.
k=1

Hexait Uy = Q2(K) i LY = Ly(Uy, H) € npoctopom Beix onepatopis IinsGepra-ITuisra 3
Up B H 3i ckamapmmm 106yTtkom (, V)0 = tr[@QW*] i nopmoro ||P|[ 9, Bimmosimmo.

Hexait Takoxk S(t) € HamiBrpynomo KOMIAKTHHX OIEPATOPIB, a OTKe, HAIIBIpyIA € Hele-
PEPBHOIO ¥ PIBHOMIpHIi onlepaTopHiit Tonosorii npu ¢ > 0.

3 |2] rakoxk orpumyemo, mo st Beix « € (0,1) mpoboswuit creninb onepatopa —A icuye i
€ 3aMKHEHIM JIHIfiHIM omepaTopoM B obsiacti BusHadents D((—A)%).

TakoK 3a3HAYNMO HACTYITHE JIOMOMIZKHE TBEP/RKEHHS, Ke Oe30CePeIHbO BUILINBAE 3 TEO-
pemu 1.4.3y [4]:
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TBepmxkenns 1. Jlaa koorcrnozo a € (0, 1) icuyromv Cy, ¢ > 0 maxki, wo daa ecix t > 0
I(=A)*S@)]] < Cat™e™*",

ma icnye Cy > 0 maxke, wo

IS < Coe™,
[Mosnaunmo H® — rimsbepris mpocrip D((—A)%), ocHaleHnii HOpMOIO
[ulla == [[(=A)"ul].

OueBu/HO, 110 19 HOpMa eKBiBaJieHTHa HOpMi rpadika (—A)%.
Jl1s1 JoBeJIeHHs ICHYBaHHs PO3B 93Ky HaKJIaJIeMO HACTYIIHI yMOBH Ha onepaTop A Ta BimoGpazke-

uus f, 0, 9.
1. fkmo o(—A) — ne crektp oneparopa —A, Toni maemo Reo(—A) > § > 0.
2. g Beix w, v, uq,v1 € H maemo

|1 (u, 0) = f (u, v1) || < L(lJu = w]] + [Jv = v]]),

llo(u, v) = o(ur, v1)[ry < L(lJu — u|[ + [Jo = wvi]]),
3. Jlnsa Bcix u, v, uy, vy € H 1 71 KOXKHOTO (v € (%, 1) dyHKist g 3a/10BOJIbHSIE

llg(u, v) = g(ur, 01)llo < L[| = wa [ + [[o = oa]]).

4. Jlnga cramnoi L > 0 BuKonyeTbcsa HacTylHa ymoBa. Hexait

2

ci,
Cro = 531_2QF(3 - 2a),

se I' — ramma dynkiia Oitrepa. Tosmi

cz  C3
T

CF,a

AL*(1 + +—5) <L (3)

Hecknano mobauuTu, 1mo 3 yMOBH 2. BUILIUBAE JiHiitHuit pict jais f, 0 B H, a3 yMOBU 3. BUILINBAE
JiHitHUR pict B H,,.

Teopema 1 (IcuyBanus obmexkenoro va R poss’sasky). 3a sukonanms ymos 1.-4. na xoediuienmu

pisnAnHA © npu sukonanni (3), icnye poss’asok u*(t) pienanna (1), obmescenut na R 6 cenci

sup E||u*(t)])* < oo.
teR
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HeckinyeHHOCUMBOJIBbHI CCTEMHU 300pakeHHA YnCcesI Y

3aJa49ax Teopil pyHKIIN 3 dpaKTaJbHIMH BJIACTUBOCTIMMU
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Kodysarmam aucen npomikka I =< a;b > 3acobamu HeckindenHnoro ajdasity A nasuBae-
ThCd CIOpP’€KTHUBHE Bimobpaskenus g : L — I, ne L = A X A X A X ... — IpocTip MOCJIiIOBHOCTE
efeMeHTiB ajiaBiTy. Ko moTyKHICTh ajdaBiTy 3/ideHHa, TO KOMAYBAHHS UHCE] Ha3UBAaIOTh
HECKIHYEHHOCUMBONLHUM.

OnauM 3 HafimpocTimux KogyBaHb quces npomizkka (0; 1] 3acobamu andasity N e 306pa-
JKEHHSI 91CcesT eJIeMeHTapHUMU JIAHIFOTOBUMHE JIPOOAMI.

HeckingeHHOCMMBOJIbHI 300pazkKeHHs 9HCe] MOKHA, OTPUMATH 3 JBOCUMBOJIBHIX 300parKeHb

IIJITXOM TlepeKotyBanHst. Hampukia, mMatoun kiacudaHe niifikoBe 300pazkenns unciaa z € (0; 1]

2 o . 900
AD...010..01..0..01.. =% =A% ayap.r an €N
— N N —

ay ag an,

Amnajioriune Mae Micrie I y3arajJbHeHb Ta aHAJIOTIB JIBOCUBMOJIBHUX 300paskeHb.

Teopema 1. [7| Hexati qo € (0;1), ¢ = 1 — qo. Jaa 6ydv-axozo wucaa x € (0;1] icnye nocaidos-

niemo (ay,), a, € N, maka, wo

o)
o a a1t+ag+...+an+1—n n _ Aq°
T =gy + E :qo q, = Aa(iag...an...‘
n=1

[caytoTh HECKIHYEHHOCUMBOJIHHI 300paskeHHsT YUces], dAKi He € NMePeKOyBaHHIMM CKiHYeH-
HOCHUMBOJIBHUX 300pazkeHb. J[o 1mporo Kjiaacy BiJIHOCATHCA 300parkKeHHs duces psjgamu Jliopora,
Enrens, Cepmincskoro, Ocrporpajcekoro, CimbBecrepa, Octporpajcskoro-Ceprircskoro-Ilipea.
Cepe/i HECKIHUEHHOCUMBOJIBHUX 300parkeHb iCHYIOTH IIOJIIOOCHOBHI, 30KpEMa CHCTEMH 3 JIBOMA
ocaoBamu. Hampukias, AH-300paskeHHsT quce.

Hexait (0;1) 3 p — dikcoBane ancio (mapamerp).

Teopema 2. [4] s 6ydv-akozo wucaa x € (0;1] icnye nocaidoswicmy (crinuenna abo Heckin-

H@HHG) HaMyparvHUT Yuces maxa, uo

xr = Z((l _ Iu)a1+...+a2n—1flua2+‘..+a2n—2 _ (1 _ M)a1+...+a2n—1flua2+...+a2n_2+a2n) = (1)

n=1

= A#

a1a2...an...

Posknaz uncia B paz (2) nasusaerbea AX-IpecTaBIeHHaM, a CKopodennit sammc Al -

— AMF-300paKeHHSIM.
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Jlana cucrema 300pazkKeHHs YUCeT € y3araJbHEeHHIM CUCTEMU 300ParKeHHS TUCET, TTOPOJIZKe-
HOT cuHryJsipHOIO dyHKIielo MiHkoBcbkoro [3|. 3 BUKOpHUCTAHHSAM JAHOT CUCTEME 300payKeHHs
qHCeI, TOIOJIOTO-METPUIHA TeOpis KOl po3BuHeHa y pobori [4], 6ysio mobymoBaHo i J0C/TiIKEHO
kiac ¢pakraabaux dyHKiii 31 N-camoadinanmu rpadikamu [5], a TakoXK IE€peTBOPEHHS, IO
36epiraiors xBoctn AH-300parkenis duce [6].

Mu mikaBEMOCH CHCTEMOIO 300parKeHHsT 9HCelI, M0 € y3raabHeHHaM AF-300parKeHHs Ince.

Hexaii 3a1ano moctiioBHicTh Jificaux auces (i), iy, € (0;1).

Teopema 3. /[laa dosiavrozo wucaa x € (0;1] ichye nocaidosnicms (ay,) (ckinwernna abo neckin-

"LI,@HHCL) HaMyparvHUL YUuces maxa, wo

7 = Z (H(l . Iui>a1+‘..+a2i,171M?2+-~-+a2i72 _ H(l _ Mi)a1+...+a2i1lu?2+-~~+a2i2+(12i) = (2)

n=1 \i=1 i=1

= AM
Aalag...an...

Y 1oTOBii TPOMOHYIOTHCSA 3aCTOCYBaHHSA HECKIHUEHHOCHMBOIBHUX CUCTEM 300DarKeHHs IH-

ceJ1 y Teopil HellepepBHUX JIOKAJIBHO CKJIaJIHUX (PYHKINN Ta iX dppakTaabHOMY aHaJIi3i.
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[2] Pratsiovytyi M.V., Lechinskii O.L. Properties of random variable defined by the distributions
of elements of their A-representation. Theory of Probability and Mathematical Statistics.
1998. 57. P. 143-148.
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HenokanpHa 3arajibHa KpaiioBa 3aJa4a AJs HEPIBHOMIPHO

2b-mmapaboJriYHIX PIBHIHBb 31 CTEIIeHEBUMU OCOOJJIMBOCTIMMU

Isan IIYKAJIBCBKUIL, Borman AINIAH
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opia @edvrosuua, Yeprisui, VYrpaina

i.pukalsky@chnu.edu.ua, b.yashan@chnu.edu.ua

Hexait 1, to, t1, ..., tn41 — dixcoani uncma, 0 <ty < t; < ... < tyt1, 1 € (to,tns1), N F 1,
j € {1,2,..,N}, Q — nesika obmexena obsactb dimf) < n — 1, D — obmexkena obiaacrb B R"
3 Mexeio 0D, dimD = n, Q C D, Q = [to,tn+1) X D, Qo = {(t,x)| | t € [to,tnt1),2 €
Qru{(t,x),|t=n2 € Q}.

Posrasinemo B obmacti QQ = [to, ty11) X D 3amady 3HaxozKenHs DYHKIGT u(t, ), sKa 3310~

BostbHsie IpH (t,z) € Q \ Qo, t # t; piBHAHHA

(Lu)(t, ) = At 2)dh = D At 2)d | ult,x) = folt, o), (1)

|k|=2b Ip|<2b—1
YMOBY 3a 3MIHHOIO
N
(Bu)(z) = ulto, ) + Y dy(@)ulty,x) = p(x) (2)
j=1

a ma Mexi obsacti I' [t;,T] x 0D kpaiiosi ymoBu

: (N) k >\ D, _ _
x_l)lzrgaD lklZ: BV (t,x)0;u + |<z: 1 )(t, 2)Pu — fi(t, z) 0, (3)
=Tx p|<rTx

O =0k O |kl =ki+hko+ ... +ky, Ae{l,..,0},0<r, <20 1.

Crenenesi ocobmmBocTi Koedinientis piBusanng (1) 1 KpaitoBux ymoB (3) y Tourg
P(t,x) € Q\Qo xapakTepu3yBaTUMyTh (DYHKIIT S </Bi(1), t) is9 (51‘(2)7 :17): S1 (61-(1),15) =|t—
wpun |t — | < 1,y (B0.0) = Tupu |t — 1] > 1555 (B 2) = o717 () upr pla) < 1, 0 (52,2 =
Lmpn ple) = 1, pla) = inf o — 2|, B € (-o0,00), v € {12}, B = (B,....8),
8= (50, 5.

) 5w )

Hosnaumvo wepes [, ¢, YY), up., 85 o 1E€{L, .}, u(()”), 0y — mificui gogarHi duca.

e

Kpaitosa samaga (1) —(3) mocmimxyernes y mpocropi CU(v; 85 ¢; Q) [1].

Moo 3amadi (1)—(3) BBaKAEMO BUKOHAHMME YMOBH:
n

a) koedinientu pisustang (1) Ay (¢, x) H 51 <klﬂi(1), t> S9 (k;iﬁi(z),m> € Cv; 5;0;Q),

=1

Ay(t0) L1 () 1) s2 (pinf2,2) € C2(13:0,Q), 1 < ol < 2= 1, Aglt,2)sy (ud,)
i=1
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X 8o (,u(()z),x> € Cv;8;0;Q), Ao(t,z) < K < oo 1 3a1aui

~ 3 Alt,a) H (kB 1) 52 (kB2 2) 05| w(t @) = f(t,), (4)

|k|=2b

uli=0 = (), ()

ngiZI&D Z B H 51 (kiﬂi(l),t) So (/{:iﬁf),x) u(t,x) — fi(t,x)| =0 (6)

|k|=rx i=1
3a/10BOJIbHsIE B 00/1acTi () piBHOMIpHY yMOBY napabosidnocti ta ymoBy f.B. Jlonatuucskoro;

6) KoedilieHTH KpaoBUX yMOB B,(CA)(t, x) H S1 (k:zﬂi(l), t) S9 (k’,ﬂi@), x) €

e cmei550:@), B () [Lon (p0)01) 52 (0 ) € 70200 3:0:)
=1
Bt w)st (60,1) 52 (08, 2) € C2rote(9:8,0,Q), 0 < ol < 7a— 15
B) bynxii fo(t,2) € C%(y; 8:26;Q), fat,z) € C*7 4 (y; Bima; Q), 9D € C*e, p(z) €
~ ~ N
C+ (3 3:0:D), B = (0,89), 7 = (0,99), 3 ld;(@)] [ [Golty, 7.t §)ldE < X < 1, dy(x) €
Jj=1 D

QN (t =t;)), Golt;, z,to, &) — bynkuis I'pina ogsopimmol kpaitosoi sagaui (4) —(6), fr =
) o) ) ) )
o) <’“‘p’ — b > ' (5%* — b ) ng” 55 }

(v) —
A il A /e i H v B TR

ve{l,2}.

[IpaBuibHa Taka Teopema.

Teopema 1. Hexat das 3adawi (1)—~(3) euxonani ymosu a)-6). Todi icnye edunui pose’sasox

sadavi (1)—(3) s npocmopy C*+(~; 8;0; Q) i cnpasdsicyemucs nepisHicmov

[4;7; 85 0; Qllgpy < C <Hf;v;ﬂ;2b;QHa + Hw;ﬁ;B;O;D ea T
b
+ ||f>\;'7;6;7n)\;Q||2b—m+a) : (7)
A=1

st moBejientst TeopeMu 1 BCTAHOBUMO CIIOYATKY PO3’A3HICTD JIOMOMIXKHUX KpafloBUX 3a/1a4
3 TIaJIKuMu KoedirienraMu. 3 MHOXKUHK OJEPXKAHUX PO3B’sI3KIB BUIIIUMO 301KHY ITiIIOCITI 0B~

HICTb, TPAHUYHE 3HAYEHHs AKOI OyJie po3B’si3koM 3asa4i (1)—(3).

JlitTepaTypa

[1] Pukal’s’kyi I.D., Yashan B.O. Problem with Impulsive Effect for 2b-Parabolic Equation with
Degeneracy. Journal of Mathematical Sciences. 2025. 291. P. 636-648.
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Kommr’rorepae MmogenoBanHg audy3iiiHIX IIOTOKIB JOMIIIKNI
B IIapi i3 CUCTEMOIO BUIIAAKOBUX TOYKOBUX BHYTPIMNIHIX

J2KepeJs Macu

Terpo ITYKAY, IOpiit YEPHYXA

Hauionanvnuii ynieepcumem “JIvsiscora nosimexnixa”, JIveis, Yrpaina

petro.y.pukach@lpnu.ua, yurii.a.chernukha@lpnu.ua

Bukopucranusg cToXacTUIHUX MOJIeJIe JTa€ 3MOTY BPaXOBYyBaTH HEBU3HAYEHOCTI Ta BUIIAJI-
KOBi 30ypeHHsI B IIPOIECax MacCOIePEHECEHHs IO € O0CODJIMBO aKTYAJbHUM JIJI CUCTEM, Y SAKHUX
MaJti KOHIeHTparlii abo Bapiamil BifirpaioTs cyTreBy posb [1].

Posriisinemo andysito JOMITITKOBOI pEIOBUHE B IIapi TOBIIIMHOO 27, JI€ JIi€ CUCTEMa TOUYKOBUX
JKepesl Mach 3 BUIMAJKOBUMHU KOODJIMHATAME Z = Z;, 2; € [Zq, 2] (mpuaomy 0 < Z, < Z, < z1)
PO3IOJILJIEHUMHU PIBHOMIPHO, 3 PIBHOIMOBIPDHUM BHECKOM KOXKHOTO JizKepesa. lle 3ymoBiioe cto-
XaCTUYIHICTh KOHIIEHTPAIll JOMIIIKY, Judy31iHOr0 MOTOKY Ta KiJIBKOCTI PEYOBUHU, IO MPOMIILIA
Kpi3b map.

PiBuanng nudysii JoMilKn B mapi, B AKOMY JIi€ CUCTEeMa TOYKOBUX MACOBUX JIZKEPEJ, JJIsd

OJIHOBUMIDHOMY BHITQJIKy MOXKHa 3aIllcaTH Ha OCHOBI 3akoHiB Dika:

oc(t,z) 0%t 2) -~ .
P = d 952 + Z}lezé(z — Zi), (1)

ne c(t, z) mo3Hauae KOHIEHTPAII0 PEUYOBUHU, p — T'YCTHHA CEPEJIOBUINA, d — KiHeTUIHHN Koedi-

II€HT mepenecends, K — KUIbKICTh TOYKOBHUX JIZKEpEeN, w; — MOTYKHICTh i-I0 jzKepena, 0(z) —
dyuxkiia Hipaka, t — dac, 2 — IPOCTOPOBa KOOP/IMHATA.

Konmnenrpariis 9acTUHOK JOMIIKA 3a/I0BOJIbHsIE€ KPaifloBl YMOBHU MEPIIIOTO POJIY, a CaMe:

c(t, z)’t:O =0,

c(t,z)|,_, = co=const, c(t,z)| = c;, = const. (2)

z=zJ,

z=0

Posp’s30k 3a1a4i (1),(2) orpuMaHo y BULJISI CyMU PO3B’sI3KY OJJHODIIHOT KpaitoBol 3a1adi
Ta 3rOPTKH (PYHKITIT fpiHa 13 CUCTEMOIO BUIIQJIKOBUX TOYKOBUX JIZKepeJl.
3a neprmm 3akonoM Dika HA OCHOBI 3HAlIEHOT yCepeTHEHOT KOHIIEHTPAIlil OTPUMAHO TOTIK

Kpi3b Tepepi3 z = 2z,

P oo
ELUL:Z*) =cy—cp—2 Zcos(ynz*)x
(3

1  yntl WynS12(yn) —dy2t/p
x(p [co+ (1) CL]+—dK(2a—Zb) [1+€ ] ;

e

_ _ K
cos(YnZy) — cos(YnZ T
512(%) = (y ) (y b)7 W = § Wiy, Yp = —.
=1

n
y,?; Zr,
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OrpumaHHs pO3PaxyHKOBOI (POPMY/IN I YCePeTHEHNX MTOTOKIB (3) JI03BOJIAE€ BUBHAUYUTH Killb-
KICTb PeYoBUHH (), IO HPOMIILIa KPi3h OJMHUINO ILIOINI MOBEPXHI 2z = zy, 3a 4ac i,.
JLnist IpoBeJIeHHS YHUCE/IbHUX €KCIIEPUMEHTIB Oy/10 po3po0/IeHO IMPOrpaMHUi KOMILIEKC Ha

OCHOBI oTpuMaHuX pospaxyHkoBux (opmys (Puc. 1).

Bximai mani
IMapaMEeHTPHU PIBHAHHS, TOYATKOBI

Ta TPAHUYHI YMOBH

L~ )

S~y g

Buxinmi nami

YUCJIOB] 3HAYMEHHs Ta rpadiku

Puc. 1: Cxema mporpaMHOT0O MOJTYJIS.

PozpaxyHKH TIPOBOJIINCE Yy Ge3po3MipHux sMinunx & = z/zp, T = dt/pz%. 3a 6a30Bi 3Ha-
YeHHd napaMeTpiB 3aadi npuitiarod =1, p=1, K =2, wy = wy = 3, & = 1, Ea =T /2 = 0.4,
& =17%/2,=0.6,co=1, c, =0.

Puc. 2 imocrpye posmopinm ycepeHeHnX MOTOKIB (J | e §*> 3a Ji1 CUCTEMHU BUIIAJIKOBUX TO-

YKOBUX JIzKepes Ta Judy3ifiHux moToKiB J, 3a BIJICYTHOCTI BHYTPINTHIX TOYKOBUX JI7KepeT

‘5=§*
gepes pizui nepepisu &, = 0.51,0.59, 1 (kpusi 1-3 Bignosiguo). Kpusi a (cyriibui jinii) Bigmosi-
atoTh rpadikam (J ‘ - ), a KpuBi b (yskrupHi jaiuii) - Ji,(7,€). Ha puc. a o64ucienss BUKOHAHO

nst inrepsaiy [Eq, &) = [0.4,0.6], a Ha puc. b - qa inreppany [€,, &) = [0.2,0.6].

é“('I(T!&)lE_E*)/d a é()("r(T: E)l,f_é,;}/d b

2.25

0.75+

0.75

0.4 T

Puc. 2: Ycepenneni qudysiitai moToKu 3a JIii CUCTEMH BHUIIAIKOBUX TOYKOBUX JIZKEPesI y Tili Ta 3a
iT BigcyrrHocTi pm [£,, &) = [0.4,0.6] (a) Ta [£,, &) = [0.2,0.6] (b).

3ayBakKuMo, 110 YaC BUXOJy Ha CTAIIOHAPHUI PEXKUM YCEPeTHEHOTo Judy3iiHOro moToKy
J5! 3MiHIOETBCS 3aJIeXKHO BiJ TOro, JIe pO3TalloBaHuil IIepepis, depe3 AKMil BU3HAYAIOTL IIOTIK

BisHOCHO iHTepBay il mkepen &, € [0,&,], &, € [£4, &), un &, € [&, &)
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with localized sources. Physical Review E. 2019. 99(4). P. 042111.
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3aJava ONTUMAJIbHOTO KEePYBaHHS JIJIsI
iHTerpo-andepeHIiaJIbHOTO PIBHIHHSI B DaHAXOBUX

ITpoCcTOpax

€preniit PAJIYMH*, Onpra KINMAPEHKO**

*Odecvruti nayionarvhut yrisepcumem imeni 1.1, Mewnuxosa, Odeca, Vrpaina, **Biticvkosa

axademin m. Odeca, Odeca, Vrpaina

xevgeniy.radchin@stud.onu.edu.ua, **olga.kichmarenko@gmail.com

B jtomnoBiji posriisiia€Tbes 3a/iava ONTUMAJIBHOTO KepyBaHHS JIjIs €BOJIIONIITHOTO 1IHTErpo-
JnepeHIiaabHOrO piBHAHHA B OaHAXOBUX IIPOCTOPAX JO MOMEHTY Yacy, KOJU PO3B I30K MOKWHE

3aJ1any 00s1acTh. CucTeMa ONUCYEThCS PIBHIHHSIM:

% = Aut fitw) + foltu)z +/0 Folt, 5, u(s))2(s)ds, u(0) = up. (1)

Oninka KepyBaHHs 3/IIICHIOETHCS 38 KPUTEPIEM:

Jl2] = /O LGt u(t), 2(0)dt = inf. @)

Tyr A: X — X e jiniitaum (HeoOMeKeHUM) oriepaTopoM y pedJIeKCUBHOMY GaHAXOBOMY
npocropi X, ne X Bignosinae Bcranositeniit HopMi ||-|| i, a obsacte BusHauenns D(A) € miabHOO
B X. Hexait D - Biakputa MHOXKuHA B X, a 0D - i Mexka y posyminmi [1, p. 8], i D = DUID,
T - Hepruii MOMEHT 4acy, Ko po3B’s30K u(t) Buxoauts Ha rpanuiio 0D, 0 < T < 7, T > 0 ¢
dikcosannm. Hexaii f : [0,T]xD — X, fo:[0,T]xD — L(X, X) - nupocrip siHiiiHIX 0OMeKeHnX
oreparopis 3 X y X 3 mopmoto |||, f3 : [0,7] x [0,T] x D — L(X, X), 2(t) € X - napamerp
KepyBaHHS.

Beesemo npumymiensst mo/o 3ajgaqi (1) - (2).

Mpunymennus 1. (H1). [punyckaemo, wo onepamop A € HECKIHYEHHO MAAUM NOPOOHCY-
sauem Co-nanisepynu {S(t),t > 0} obmeorcenux ainitnux onepamopie y npocmopi X . Ipunycra-
emo, wo nanieepyna S(t) e xomnaxmmoro daa t > 0.

Toni, 3a npunymienasim (H1), reopema 3.2 3 [2| o3nauae, mo namisrpyna S(t) € HerlepepBHOO

B PIBHOMIpHIilt ontlepaTopHiit Tomojoril juisd ¢ > 0:

Osnavenns 1. Byjemo nasusarn dynkiio u(t) € X M’ 9kuM po3s’si3KOM HOYATKOBOT 3a1a4i

i dun f (o), [ p(esa() ) u(0) = € . Q
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3) u(t) ma [0, T] 3am0BosIbHSIE iHTErPAIBLHE DIBHSIHHS

u(t) = S(t)uo + /OtS(t _ ) f (s,u(s),/osgp(s,T,u(T))dT) ds. (4)

Hexait qst 3a1a4i ontuMabHoro kepyBantst (1) - (2) BUKOHAHI HACTYITHI YMOBH.

IMpunymenns 2. (H2). lonycmumumu kepysannamu z(t) e dynwuii z(t), maxi wo z €
LP((0,7); X),p>1,iz(t) € F das matiorce scixt € (0,T), de F' € 3amrknenoto onykiot0 MHOHCU-
noto 6 X, a posze’azor (1) u(t) = u(t,z), wo 6idnosidae Kepysarnio z, iICHYE Ma € HENEPEPEHUM
do nepwozo momenmy wacy, Koau 6in docazae meoci obaacmi D, i J[z] < 00.

IMpunymenus 3. (H3). Hexad fi : [0,T] x D — X, fo : [0,T] x D — L(X,X), f3 :
0,7] x [0, T] x D — L(X,X), i daa 6ydv-axuz t € [0,T], s € [0,T] dynxuii’ f1(t,-), falt,-),
fs(t,s,+) € nenepepsnumu 3a v € D, a daa 6ydv-axozo dikcosanoeo u € D dynwuii fi(-,u),
fo(-yw), f3(+,+,u) € sumipnumu 3a t.

Ipunymenns 4. (Hj). Vmosa ainitinozo pocmy. Icnye dodamna cmana K maxa, wo
11wl + [ f208 )l + 1 fs(E s, u)ll, < K(1+ |ul) dan ecizt € [0,T],u € D.

Hpunymenns 5. (H5). Bidobpasicenns L(t,u, z) : [0,T] x D x F — R ¢ nenepepsnum 3a
BCIMA 3MIHHUMU.

IMpunymenns: 6. (H6). Ioxiona @pewe L, € nenepepéHoro 3a 6Cima ap2ymenmamu, i
icnyromo Cy > 0,a > 0 maxi, wo ||L.(t,u, 2)||, < CL(1+ |lul|*+ ||2]|”™), de |||, € nopmoro y
cnpasicernomy npocmopi X *.

Hpunymenns 7. (H7). Ienyromv cmani Cy > 0,C5 > 0 ma gynxuia w € L0, T;RT)
maxi, wo L(t,u,z) > w(t)+ Cq|lul| + Cs ||z||”, das scixt € [0,T],u € D,z € F.

IIpunymenus 8. (HS). L(t,u, z) € onyxaoio 3a z daa dikcosanux t € [0,T],u € D.

IIpunymenns 9. (H9). Iernyroms cmani Cy > 0,v > 0 maxi, wo das 6ydv-axux u,u; € X,
t €10,7T], z € F sukonyemocs |L(t,u, z) — L(t,u1,2)| < Co |lu—ur || (1 + [Jul|” + [Jud||” + [|2]]").

Toxi mae micie TeopeMa.

Teopema 1. Hexatl suronyromocea npunywenns (H1)-(H9). Todi sadawa onmumanvrozo xepy-
sanns (1) - (2) mae pose’asox (u*(t),z*(t)), de z*(t) e onmumarvrum Kepysarnam, a u*(t) —

810N0610H010 ONMUMAALHONO MPAEKMOPIEN.

JlitTepaTypa

[1] Kato T. Perturbation Theory for Linear Operators. Springer-Verlag. Berlin. 1995. https:
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[2] Pazy A. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Applied Mathematical Sciences. Springer-Verlag. New York. 1983. 279 p. https://doi.org/
10.1007/978-1-4612-5561-1.
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IHuainapuyani apodbu JaHmorosux Ag.-apobis

Codiz PATYIHIHAK

Inemumym mamemamuru HAH Vipainu, YV imeni Muzxadnra Jpazomanosa, Kuis, Yxpaina

ratush4040@gmail.com

Hexait Ay = {eq, €1, ..., €51} — andasir (BuopsiikoBanuii Habip (KOPTEK) JOJATHUX JIHICHUX

qucen), L = Ag X Ag X ... — IpocTip MOC/iI0BHOCTEl ejleMeHTIB ajidasiry.

Teopema 1. Srwo ;1) — e¢; = =272 daa eciz i € {0,1,...,s — 2}, mo das dosirvrozo wucaa

s—1 . s—17 , -

x € [ 5] ienye nocaidoswicme (ay) € L maka, wo
-— D | = Al 0
€T = 1 = [V;a1,0a2,...,0n, ... = aias...an..."
a + ——
CLQ—'_'

Poskina uncia x B jganmorosuii api6 (1) (As-apib) HasuBaerbes Ag-poskaadom, a cKOpo-

. A .
genuit sanmuc Ays, - — ioro A,-z06pasicenam.

[cHye 3iiveHHAa MHOXKHHA 9HCeI, fKi MaoTh jBa Ag-300paxkents (Ag-Oinapni aucna). Le

As J— As _ y

YHCJIa BUALY ACL“Qm%CQm(eSfleO) = ACL“CQM%[CM_ (cocs 1) Perrra uncen (Ag-ynaphi) MaroTh €1iuHe

A -300parKeHHsl.
Cucrema 300pazkeHHs YUCE]T HECKIHYEHHUMHM JIAHIIOTOBUME JIpOOaMU IpH § = 2 BIEpIIe
Oyma po3pobiieHa Ta eheKTHBHO BUKOPHCTaHA B 33/1a49 (GpaKTAIBLHOrO aHasi3y B poborax |1, 4, 5,

6).

Osnauvenns 1. Hexait (¢, ¢, ..., ¢p) — dikcoBanuil BnopsiikoBanuii Habip ejemMeHTiB aadani-

Ty. Lurindpom panzy m 3 0CHOGOIO C1Cj...Cp, HABUBAETbCA MHOKHMHa AZ< . 4ucell, O3HaYCHA
As

pibmicrio AZs, . ={r: x=[0jc1,¢2, ..., Cm, 1, Q2 ..], (@) € Ly}

As

Cc1C2...Cm 0

nosHavaerbes AZ° 1 HasuBae-

MinimMapHI BiIPi30K, AKUi MiCTUTH TUTHID A .

ThCA YUAIHOPUYHUM GLOPIZKOM PaH2Y M 3 0CHOBON0 C1Ca...Copy.

Teopema 2. [2| [[unindp Afﬁ € 0OMENHCEHON0, KOHMUHYAAOHONW 1 QOCKOHAAON MHONCUHON.

Jlas 6ydo-axozo nabopy (ci, ...,cp) € AT i c € Ag icnyromo cmani Cy 1 Cy maxi, wo 0 < Cy <
AL emel

AA
|AL em

..Cm

< Oy < 1.

Osnavenns 2. 3HauenHs ckinuenuoro apody [0;aq, as, ..., a,] = Z—", mepo=0,p =1, ¢ =1,

1 = a1, Pnil = Qpi1Pn+DPn-1s Gni1l = An1qn~+Gn_1, HABUBAETHCA NI0TIOHUM OPOOOM JIAHITIOTOBOTO

1pody [0;ay, as, ..., ], mpuaOMy nh_}rrolo% =z =[0;a1,a9,...,ay,,...].

[ligxigauit apib € BaxKJIMBUM IOHATTAM B 3a/[a9aX METPUIHOIO, TOIOJIOTTIHOr0, HMOBIpHI-

CHOT'O XapaKTepy, IIPOTe CYTTEBUM IXHIM “HEJIOIKOM~ € Te, IO IiJIXiTHUN JIpi0 ’;—” JIAHIIFOT'OBOT'O
n

As

apoby Al » B3araJi Kaxkyun [3|, ne HajexkuTh muninapy Afs,

aiaz...an.
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U _ . ;7 S — .
Osznavenns 3. Jpobu ¥ = 0; a1, a9y ...y Q1,0 + do] 1 o= 0; a1, a9, ..., an_1,an, + di], 1€
do = [0; (es—1,€0)] 1d1 = [0; (€0, €5—1)] HABUBAIOTBCS YUATHOIPUYHUMU OPOOAMU T-20 NOPAJKY TUCIIA
_AA
T = Aalsag...an...'
OdeBuHO, IO /IS JOBLILHOIO YUC/IA T = Af;a%anm Mag€ MiCIe PIBHICTb
n
Uk Sk
lim ﬂ ——| ==z
n—o00 V. T
by LUE Tk
Jlema 1. /Ias dosinvrozo x = A4s Mmae micue pienicems lim 2 = lim 22 = x.

ajaz...an... oo Un nsoo T

3rijHo 3 O3HAYMEHHSM MUHIPUIHUX JIpO0iB Mae Miciie PiBHICTH

Um . Sm _
Al [vm, Tm], AKITO 1M — HellapHe,
Cl...Cm s “
[ﬁ; ﬁ], AKITO 1M — TapHe.

JIema 2. 2] SHxwo As-306pasicenis wucen Mae HYAbO8Y HAOAUWKOBICND, MOOMO GUKOHYIOMBCA
ymosu meopemu 1, mo das dosiavnozo 6idpiska u C [dy; di] ichye ne Giavwe 2(s' + s — 1), de v
— Hatmenwul Hamypasorul pose’asor nepienocmi C3 < C, Ag-yunindpis, C1, Cy — KOHCMAH-
MU, ICHYSBAHHA AKUL KOHCMAMYE MEOPEMA 2, AKL NOKPUBAIOMDL U T MAOMB J08HCUHY, AKA HE

nepesuuLye J0BAHCUNY U.

Teopema 3. [1]| IIpu obuwucaenni gpaxmanvroi posmiprocmi Taycdopga-Besurosuna Gopenis-
coruT nidmmoocun 610piska [do; di| moorcna obmesrcumucy nokpummamu Ag-yuaindpamu, e [dy; di ]

— MHOACUHA BHAYEHD YCIT HECKINYEHHUX AAHUN02068UT Ipobie Ag-0pobis.

Y IOTOBi/Ii MPOMIOHYIOTHCS €JIEMEHTH TOIIOJIOTO-METPUYHOI Ta WMOBIPHICHOT TE€OPil JIAHITIOr0-
BOro A,-300pazkeHHsT Inces, a TAKOXK 3aCTOCYBaHHS IMUIIHIPUIHAX JIPOOIB JI0 38181 METPUIHOTO

XapakTepy Ta IX 3B’S30K 3 IIXiTHUMA JIPOOAMU.
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[1] Dmytrenko S. O., Kyurchev D. V., Pratsiovytyi M. V. As-continued fraction representati-
on of real numbers and its geometry. Ukrainian Math. J. 2009, 61 (4), 541-555.
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AcuMrToTndHNT aHAJI3 MaTeMAaTUYIHOIO CIIOAiBaAHHSA MOBHOI
eHeprili rapMOHIYHOTO OCIUJIATOPa 30ypPeHoro BUIIAIKOBIM
ITPOIIECOM

Aunron PUXJIIK

Kuiscorut naytonarvrud ynisepcumem iment Tapaca [llesuenka, Kuis, Yxpaina

POSFJ’IH,ZL&GTLCH MOIEJIb I‘apMOHi‘{HOI‘O OCHUJIATOPA oe3 TEepPT. MO,ZLG‘JH) pOSyMiGMO AK CHUCTEe-

MY, PYX AKOI OIUCYETHCs JUEPEHITIATbHIM PIBHAHHAM JIPYTOrO MOPIIKY
T+ wa = 07 33'(0) = Zo, m(()) = Vo, (1)

e T, Vg — HOYATKOBE IIOJIOKEHHS 1 IT0YaTKOBa MBUAKICTE ocruuigropa; x(t), #(t) — momokeHHs

1 MBUJKICTH OCIUISITOPA B MOMEHT Yacy t;

E(t) = = (2*(t) + w’2*(t))

N | —

— TIOBHA €Heprisd OCIUIATOPA.
HociiKyeThest HOBeIiHKA 3 9acoM (IIpH £ — 00) MATEeMATHYIHOTO CIIOJ[IBAHHSI IOBHOT €HepTil

BUTIAIKOBUX OCITMJIATOPIB JIBOX THIIIB:

1. BUIaIKOBO 30ypPIOETHCS JIMIIE APyra KOMIOHeHTa (ha30Bol MIBUIKOCTI, TOOTO PO3IJISIAETHCS
CuCTeMa BULJIAAY
X1 = T,

(Tum 1); (2)

Ty = —w?ry + £(2)

2. BunaJiKoBe 30ypeHHs Bi0OyBa€ThCS IIiJ IEBHUM KyTOM (v JIO0 BeKTOpa (ha30BOl MIBUIKOCTI,

TOOTO POBIJISAIAETHCA CUCTEMA,

Iy = @9+ &(t) cos a, (o 1), 3

By = —w?z1 + £(t) sina

y Bunajikax: 1) £(t) — cramjonapuuit npouec; 2) £(t) — ojHOMIpHUIT BIHEPIBCHKUI ITPOTIEC.

Teopema 1. Hexat (x1(t),x2(t)) — poss’asox pienanna (2), 6 axomy &(t) — cmavionaprud
8 WUPOKOMY PO3YMIHHT Henepepehull 3 tmosipnicmio 1 sunadkosuti npouec i3 E[E(t)] = 0 4

KOPEAAUITHOI0 PYHKUIEN
R(t) = Z 2 cosup(t).
n=1

(v1, v, ... — cnexmp npouecy &(t) ).



313

1. Arxwo w # v; dna ecixi=1,2,... 1

Z <V—i—w (1/—1w)2):l<oo7

mo E[E(t)] <1 daa ecizt >0, de l > 0 —cmasna.

2. Axwo npu nesnomy ng k = vy, 1

ZC(V+w (V—lw)2><oo’

n=1

2

mo tlggo SE[E(t)] = % (sunadox pezonancy).

Teopema 2. Hexati (x1(t), z2(t)) — pose’asox pisuanna (2), 6 axomy &(t) = W (t), de W(t) —
sinepiscvruti npouec. Todi .
lim —E[E( )= (4)

t—oo t w

Teopema 3. Hexat (x1(t),xo(t)) — pose’asox pisnanns (3), 6 axomy &(t) — menepepenud 3

amosipricmio 1 eunadrxosut npouec. Todi

E(t) = E(0) exp —2w sina/otf(s)ds

3 timosipricmio 1 daa ecix t > 0.

JlitTeparypa

[1] Tixman LI., Ckopoxon A.B. Croxactuuni sudepentianbhi piBusnus, Kuis, Haykosa mymka,
1968. 354 c.
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IToninomiajbHe KepyBaHHHA AJid OAHIE] HeJIIHIITHOL

HeKepoBaHOl CUCTeMH

Bikrop PYCAKOB, Csitnana I'HATOBIY

Xapxriscokuti Haytonarvrutl ynisepcumem iment B. H. Kapasdina, Xapkis, Yxpaina

viktor.rusakov@student.karazin.ua, s.ignatovich@karazin.ua

Posrnsgaemo HaCTyIIHY HeJiHIHY HEKEPOBAHY CHCTEMY:

Z.El =u,
jj? = T,
R (1)
$3 —$1,

z(0) =2° x(0) =0,
[ cucrema He € KepOBaHOIO depe3 Te, 1o d3 > 0, aje NP MHOMY BOHA € JIOCSIKHOIO.
MozkHa 1okazaTu [1], 1o MHOKIHA YCiX HEHYJIBOBUX TOYOK, 3 AKUX MOJKHA OTPAIIUTH Y ITOYATOK

KOOD/IMHAT 3a JIOBLIbHUI Yac, Mae BUTJISJL:
R={rcR®: x5 <0}

AJle BUHUKaE MUTaHHS: 9K /I J0BLIbHOI Touky 2¥ € R nobyLyBaTi KepyBaHHs, sKe Hepe-
Bejie 11 y MOYATOK KOOP/MHAT 3a dac 67
Y 1iit poboTi MU ITPE3EHTYEMO OJIUH i3 MOXK/IMBUX BapiaHTIB MOOYIOBH TAKOI'O KEPYBAHHS, &
caMe TIO/TIHOMIaJIbHOTO KepyBaHHdA. Bijgomo, 1o /i1 JIedKuX KJIaciB HeJTIHIHHIX CUCTEM TOTIHOMI-
aJibHe KepyBaHHs Moxke OyTu jryzke edexrusauM |2, 3|. Mu BukopucroByemo nosinomu Jlexkanapa
Ha Biapisky [0, 6]:
2

Po(t):]., Pl(t) :Et—l,

%41 /(2 i
Py (t) = 1) P - ——P (), i>1.
nlt) =57 (0 ) () = 5o Fia®),

[Tpunycrumo, 1o u(t) ne mominom crenenst n — 1. Togi x4 (¢) 1e mosiHoM cremens n, SKuit

MoOzKe OyTH 3alnucaHuii gK
n
ni(t) =Y a;iPi(t). (2)
i=0
CrpaBe/i/inBa HACTYIIHA TEOPEMA.

Teopema. Poszaanemo cucmemy (1) ma npunycmumo, wo 6 > 0 dikcosane.

0

1. Mnootcuna yciz mowox x°, AKL NONHOMIAALHE KEPYBAHHA cmenens He biavwe 3a n — 1,

de n > 3, mooice nepesecmu Y nowamor xoopdunam 3a wac 0, mae suzand

0)2 91‘0+2$0)2 (1.0)2
) =d20cRP: 20 < _(%) _ (04 2) )7
Rnl6) {I R 0 104, 4B, |
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de
A, = %;((—1)1‘ +1)(2i+1), B,= —% ;((—1)1' —1)(2i + 1).
Kepysanns mootce 6ymu 3HatideHo HACMYNHUM YUHOM:
(a) Aaxwo 6uKoOHYEMBCA PIBHICTYL
o G atradr @2,
0 40 A, 4B,
modi

de a; maromsv HacmynHul 6Uu2AR0:

09 2 0
u(% +1), xoau i naphe,
0 = 204, ()
i = 0
—;;n (20 4+ 1), KOAU 1 HenapHe.

B yvomy eunadky xepysanna € edurum.

(b) V sunadry, xoaru

o (a9 @ ran? (2
s 0 40A, 4B,
» _ 0, @) | (0x9+229)? | (x9)? - .
cnovamiky snatidemo R = x5+~ + 72—+ 10 ma 6usna umo (1, axe 3a006iAbHAE PIGHICTY
R = —%{ﬁ. Todi u(t) moorce 6ymu obparno y suzanadi (3), de yci a; 6usnaqaoOmMvea Gopmysamu

(4) okpim a1 ma az, KOMPi UHAUANOMBCA HACTYNHUM YUHOM:

3z9 729 N
— - as = — .
2B, ' T a9, H

ap =

0

2. Mnoostcuna ycix HEHYALOBULT MOYUOK T°, AKL NONHOMIGALHE KEPYSAHHA J06LAbHO20 cMme-

nexA Moxnce nepececmu Yy novamor noopdwmm 3a 1ac 9, Mae 6U2AA0

R(G)—{xOER3:xg<—@}.

Jlasa mozo, wob snatimu xepyeanna, cnovamxy mpeba snatimu n, oaa kompozo z° € R, (6),

i nomim OLAMU 3G ONUCAHUM GUWLE AN20PUMMOM.

JlitepaTypa

[1] Sklyar G.M., Ignatovich S.Yu. Approximation of time-optimal control problems via nonlinear
power moment problems. SIAM Journal on Control and Optimization. 2003. 42(4). P. 1325-
1346.

[2] Siciliano B., Villani L., Oriolo G., De Luca A. Foundations of Robotics. Advanced Textbooks
in Control and Signal Processing. Springer. Cham. 2025. 719 p.
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Metoa nBobIYHUX HaAOJJAMXKEHb B aHAJI31 3aJa4i IIpo
CTATUYHNII MPOTUH OaJIKN MIKPOEeJeKTPOMEXaHIYHOl CUCTEMN

13 cerMeHTOBaHUM €JICKTPOAOM

Aunron CABYHEHKO

Xapriscokutll naytonaronul yrisepcumem padioesexmponiku, Xaprie, Yrxpaina

anton.savchenko@nure.ua

[Tpu MareMaTHIHOMY MOJIEJIIOBAHHI CTATHYHOIO IIPOIHHY MPYZKHOT KOHCOJIBHOI Gaiku (J1i-
BUii KiHEIb YKOPCTKO 3aKpillJIeHUii, TpaBuil BUIbHNI) MiKpPOEIEKTPOMEXaHITHOI CHCTEMH, Y sIKiii
HEPYXOMUI eJIEKTPO/T, CKIaIa€ThCA 31 CKIHYEHHOI KIJTbKOCTI CeTMEHTIB, BUHUKAaE KpalioBa 3ajiada
NIl HamiB/iHIHOrO JudepeniiaibHoro piBHgHHs YerBeproro nopsiyiky [1]. IMicas mepexomy o

6e3pO3MIPHIX BEJIMYUH MPUXOIUMO IO TAKOT MOJIEI:
u'V(2) = f(u)(H(z — 1) = H(zr — 23) + H(x — x3)), 2 €(0,1), (1)

w(0) ='(0) =0, (1) =u"(1) =0, 2)

ne u(x) — 6espoamipuuit porun 6anku, H — dyuknig Xesicaiina, 0 < 1 < 9 < x3 < 1 — Mexi

CETMEHTIB eJIEKTPO/IA, a

o
(1)

jie A > 0 — koedimnienT, TporopIiitHuii KBaIpaTy IpuKaaaeHol 10 cucremu Haipyru. KombGinaris

fu) = (3)

dbyukmiit Xesicaiina y npasiit wactuni (1) Biamosizae Tomy, 1Mo eJeKTPOCTATHYHA, CHJIA [TI€ JIUIIe
Ha MHOXKUHI FE = [x1, 23] U [3, 1], TOpOKY0OUM PO3PUBHICTH MPABOI YACTHHU 34 .
®ynkuio ['pina miel Kpaitopol 3aa4di o6y 10BaHO y [2], /e Po3IisgIaBcst BUNAIOK CYILILHOTO

esekrpojia. Pyukiist ['pina Gz, s) HeBi'eMHA 1 Mae BUTJIST

s<ax<l1.

Y

I3
Gz, s) = S (4)
G

Toni 3amaga (1)—(2) exBiBasienTHa iHTErpaabHOMY piBHsHHIO ['ammepiireiina u = T'u 3 oneparo-

pom
(Tu)(x) = /EG(x,s) f(u(s)) ds. (5)

o poss’sizannst piBHsiHHS (5) 3aCTOCYEMO METOJI JIBOOIYHUX HAG/IMZKEHb, TEOPETUIHUM ITiJI-
IPYHTSIM sIKOT'O € Teopist HeJIHITHIX oIlepaTopiB y HAIIBYTIOPSIKOBAHIX GaHAXOBUX MpocTopax [3].
Pipnanns (5) posriggarumemo y 6anaxosomy mpocropi C[0, 1] 3 Hopmoio [|u|| = max,epj|u(z)],
y AKOMY BUiMMO Konyc HeBin'emunx dyukuiit Ky = {u € C[0,1] : u(xz) > 0}. Oyuxria f(u) ne-
nepepsHa i onatHa 1pu 0 < u < 1 Ta MOHOTOHHO 3pOCTAaE 3a U, & TOMY iHTerpajabHHil onepaTtop 1’

€ TJIKOM HeIlepEepBHUM, JIOJATHUM Ta 130TOHHUM, TOOTO 3aJIMIINAE iHBapiaHTHUM KOHyC K .
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Hns oneparopa T moby/yemo iBapianTHuit kKonycuuit Binpizok (0, 3), sxuii € anpiopHoro
oliHKo HesigoMoro poss’si3ky. Ockinibku f(0) = A > 0, ymosa inBapianraocti T7(0, 3) C (0, )

3BOJIUTHCA J10 HepisHocTi AM (1 — 8)72 < B, ne

M = max / G(z,s)ds. (6)
:EE[O,I] E
BBigcu uncio f € (0,1) icuye sax maiimenmuii momarnuit kopins pisusnug AM = (1 — 3)? 3a
YMOBH
A< 2 (7)
—2TM

Iteparifinuii mporec 1BOOIYHUX HAOIMXKEHb O3HATUMO CXEMOIO

v (z) = / G(z, s) f(v(k)(s)) ds,
; (8)
w(k+1)(x) = /EG(x, s) f(w(k)(s)) ds,

3 mouarkopnmu Habmkenmavu vV (x) = 0, w®(x) = 8. Ha sigpisky 0 < v < 8 dynkuia f
3a10B0/bHAE yMoBY Jlimmia 3i craoto L = 2A(1—3) 72, spiaxn ||[w* ) —p*+D || < g |lw® —o®)|]

3 Koedirmienrom ctucky q = L M. Ile 10BOIUTH HACTYITHE TBEP/IZKEHHS.

Teopema 1. Hexat euxonano ymosy (7) i
2AM
4= 77723
(1-p)°

Todi xpatiosa 3adavua (1)—(2) mae edunui dodamnuii poss’asox u* € (0, ), do axozo d606iuHO

< 1.

3bieaemuca imepayitnul npouec (8).
3a HabMzKeHnit po3B’a30K Ha k-if iTepariil ¢ B3ITH
k 1(, k
ul )(x) — i(v( )([E) + ! )(x)).
Topi cpaBmKyeTbCs anocTepiopHa OIMiHKA MOXUOKM

|

Besmanua M MOHOTOHHO 3a/1e:KUTh BiJ MHOKUHN E: ockinbku G(x,s) > 0, 3Byx)enns E

' = )| <} .

smentye M i, Bignosiguo jo (7), posmupioe jianason gomycrumux A. Tak, Jyisi CyliJIbHOrO BU-
nagky E = [0,1] maemo M = £, a s cermenrosanoro £ = [0,08; 0,26]U[0,76; 1] — M ~ 0,0684,
3BIIKH Apax ~ 2,166. [Tpu A &~ 0,598 maemo 5 = 0,0448, ¢ =~ 0,094 < 1, i irepariiinuii nporec (8)

36iraeTnbes i3 Tounictio 107* 3a Tpu iTeparii, rapaHTOBAHO JIOKAII3YIOUH TOUHUI PO3B A30K.

JlitepaTypa

[1] Ouakad H.M., Younis M.I., Alsaleem F. Dynamic response of an electrostatically actuated
microbeam to drop-table test. Journal of Micromechanics and Microengineering. 2012. 22.
Article 095003.
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Maremaruyane Ta komir torepae Mojesmosanis. Cepis: Pizuko-maremaruyani vayku. 2026. 30.
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[3] Krasnoselskii M.A. Positive Solutions of Operator Equations. Groningen: P. Noordhoff. 1964.
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AcuMmIiTorTndHe IHTErpyBaHHsI KpailoBUX 3a4a49 JIJIsI
CUHTYJIIPHO 30ypeHnX cJjIado HeIHINHIX

andepeHIfajabHO-aJredpaldHnX CICTEM

Terpo CAMYCEHKO
KIII im. Teops Cixopcorozo, Kuis, Yxpaina

psamusenko@ukr.net

HocnizKyeTbesd JIBOTOYKOBa KpaiioBa 3a1ada

&?A(t,a)c;—f = B(t,e)z +ef(x,t,e), t € [0;T], € € (0;e0), (1)

Mz(0,e) + Nx(T,¢e) = d(e), (2)
ne x(t, ) — mykanuit n-sumipauit Bektop, A(t,e), B(t,€), M ta N — KBajpaTHi MATPUIL MOPSIIKY
n, f(x,t,€) Ta d(e) — n-BUMIpHI BeKTOpH, € — MaJIHil TApAMETD.

Kpaitosa 3amaua (1), (2) po3riagiaerTbes 3a PI3HUX yMOB IHIOJI0 CTPYKTYPH KPOHEKEPOBOI
B’s13ku MaTpuis B(t,0) — ANA(t,0).

Dopmasbamil po3B’s130K KpaiioBol 3a1a4i (1), (2) mykaerbest y BUDIIsI

x(t,e) =T(t,e) + Ma(r,e) + Qu(&, ),

o0 [0.9]
ne T(t,e) = > ¥z (t) — perynapua wacruna acumnrornky, a Ilz(r,e) = Y eFIlz(r), 7 =L, 1a
k=0 k=0

(o ¢]
Qz(,e) = kz:oekaa:(f), &= %, — CHUHI'YJIAPHA YACTUHA ACUMITOTUKH.

HasiBHICTD IPUMEIKeBUX PAMIB MO3BOJAE TOGYIYBATH PIBHOMIDHY ACHMITOTHKY DO3B 3Ky
3a/1aHOT KpaitoBol 3aja4i Ha Biapisky [0; 7.

YjieHn pery/spHOl YaCTUHU ACUMITOTUKN BU3HAYAIOTHLCH 3 IIEBHUX aJIreOpaldHuX CUCTEM, a
YJICHU CHHTY/ISIPHOI YaCTUHHM aCUMITOTUKN — PO3B A3KH JIHIMHUX qudepeHiajlbHo-aaredpaldnux
cUCTeM 31 cTajauMu KoeilieHTaMu.

Y pobori mobymoBaHO aCHMIITOTHYHE PO3BHHEHHsT PO3B’A3Ky Kpaitosoi 3asadi (1), (2) Ta

JOBEIECHO Moro acUMOTOTUYIHUIMI XapaKTep.

JlitepaTypa
[1] Chang K.W., Howes F.A., Nonlinear singular perturbation phenomena: theory and appli-

cations, Springer Science & Business Media, 2012. 180 p.

[2] Vasileva A.B., Butuzov V.F., Kalachev L.V. The Boundary Function Method for Singular
Perturbation, Philadelphia: STAM, 1995. 221 p.

[3] Camycenko I1.D. AcumnrornuHe iHTErpyBaHHS CUHIYJISPHO 30ypeHux udepeHiiaabHo-

asrebpalaaux cucreMm, Kuis, [Tomitexnika, 2003. 202 c.
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BiiacTuBocTi cTaHiB piBHOBAru JUCKPETHUX JMHAMIYHIX

CUCTEM 13 IIPpUTATraJIbBHOIO B3&€MOZLi€IO THUILIYy CepedHbOro II0JIA

Oxkcana CATVYP

Inemumym mamemamuru HAH Vipainu, Kuis, Yxpaina

orlassat@gmail.com

Posrngmaerbesa MUCKpeTHa AUHAMIYHA CUCTEMa, Ka OIMCYE MePepO3IIOILIT 0OMEKEHOTO Pe-
Cypey MixK KOMIIOHEHTAMHU CKIHYEHHOro mpocTopy crauiB ) = {wy,...,w,}, n > 1. Hacrky pe-
cypey B crami w; y MOMEHT 4acy ¢ mosHadumo depes pt > 0, Y pt =1, rax mo p’ = (pi,....,p})

€ CTOXaCTUIHHUM BEKTOPOM. Koxna kommnonenra BSaGMO,ZLiG He 3 IHIIIMI KOMIIOHEHTaMH OKpeMO,

a 13 cepeHIM T10JIeM — CcTOXacTHIHUM BekTopoM 1! = (i, ... rl) 3 KoopauHaTamu
1—pt ,
’]"f: Z, 2217...7n, (1)
n—1

TO6TO 3 ycepeHeHnM posnojiiom pecypey mo muoxkuai 2\ {w;}. Juramvika cucremu 3amaeTbest

KOHMJIIKTHUM I1€PETBOPEHHSAM

(1 ot n
ot - 2L Eem) +) &= p(t+er). 2)
j=1

ne craa ¢; € (0,1] onucyors cupuaTIMBiCTE yMOB, HOB’#3aHuX 31 ctanoM w;. [lobymosa (2)
HOXO/IUTh BiJi TeOpeMU PO KOHMJIKT JIJIs Aph CTOXaCTUIHUX BEKTOPIB [1|; Ha BiaMiHy Bif «rpu
3a Baajy» [2] 3 BIAITOBXYBAJIbHOIO B3a€MOJIEI0, TYT B3a€MOJIisl IPUTATAIbHA. Bukmodaoun r!

3a jsornomoroio (1), picraemo 3py4qHinty Jyist aHamisy dbopmy

n

o LL=D> apl(1-ph). (3)

k=1

n—1+¢(1-p)
n—1+L,

t+1 ot
b, =D

J1st MOHOTOHHMX TpaeKTOpiil cucreMa (3) 30iraeThbes J10 €IUMHOI HepyXoMol Touku p™ [3].
[i Koop/MHATH BU3HAYAIOTHCS MHOXKUHOIO akTHBHUX iHmekciB M* = {k: py® > 0}, v(M™*) = |[M*|,

1 TOPOTOBMM 3HAYEHHIM

keM* a
a caMe A M*
1-— ( ), c; > A(M*),
P = ‘i
0, ¢ < A(M).

Cama maOXKHIHA M™ caMOy3rojzKeHa it 3HaXOAUTHCS CKIHIEHHOO MPOIIE Ly POO MOCJIIIOBHOTO BijI-
ciloBaHHSI 1HJEKCIB, JIJII SIKUX yMOBa BM2KUBaHHs MOPYIIyeThesd. OTKe, aCUMITOTUKA CHUCTEMU
MOBHICTIO BU3HAYAETHCSI HADOPOM CTAJIUX ¢;, a SKiCHA mepely/10Ba piBHOBArU BiJIOYBAETHCH TOJ,

KOJIM 3MIiHIOETHCS MOTYKHICTh MHOYKUHI M *.
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[e ciocrepexkennsd pobutsb OipypKaiiHII aHAI3 TPUPOTHOIO YACTUHOIO JIOCIIZKEHHS CH-

CTEMU: CTaJIl ¢; BUCTYIAIOTH ITapaMeTpaMu, a PIBHICTH

€ Oidypxkariitnoio ymosoio. OiHo4YacHe 3aHy/IeHHs BCIX 1 KOOPINHAT HEMOXKJINBE, OCKIJILKU YMOBa
Yo Pt = 1 s0epiraerbes upu Beix t; Haitbinbia MoxkiMBa HepeOynoBa — 3aHyleHHS 1 — 1
KOOPJIMHAT, KOJU aTPaKTOp MOTPAILIAE y BEPIIUHY CUMILIEKCA, P>° = ey, IO BiJIMOBIIa€ TTOBHIMA
arperariii pecypcy B OJIHifI KOMIIOHEHTI.

Y NpuKIaIHIX TepMiHaxX epeTuH KPUTHIHOTO 3HAYEHHS O3HAYaE IIOBHE BUYEPIIaHHS PeCyp-
Cy B i-My CTaHi Ta BUTICHEHHs BiJIOBiIHOI KOMIIOHEHTH i3 cuctemu. OCKIIBKU TIOPOTH BUPAaYKEH]
ABHO Yepe3 CTaJl ¢;, OCTaHHI BIAIrpalOTh POJIb KEPYBaHHS, IO IIEPEBOJUTH CUCTEMY B HaIepes,

3asaHy KoHdIryparito pisHoBaru. [1oBHI j0BeieHHsT Ta aHAI3 CTifiKOCTI HaBeeHo B [3).

Pobomy wacmxoso niompumano epanmom Simons Foundation SFI-PD-Ukraine-00014586

ma npoexmom «Mamemamuure MO0eNBAHHA CKAGOHUL CUCTEM | MPOUECIS, N0 A3GHUL 3 Oe3-

nexoros (N 01250000299).

Jliteparypa
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Hajiikpaii Habm>KeHHsT KJIACIB 3TOPTOK, IMOPOIXKYBaHIX
JIHITHIMI KOMOIHAITIAMI aHAJITUIHIX Sep 3

CUHXPOHI30BaHNMHN (PA30BUMH 3CyBaMH

Anaroniit CEPJIOK

Inemumym mamemamuruy HAH Yrpainu, Kuis, Yxpaina

serdyuk@imath.kiev.ua

Posristremo Taki mpocropu 27-niepiojguunux dyukiiii: € — nenepepsuux, L = L; — cy-
moBHEX Ha (0,27) 1 Ly — BUMIpHEX iCTOTHO OOMeKeHnX yHKIN ¢ 31 CTaHJAPTHUMU HOPMAaMI:
lellcs llelz = llels i @l Bimosinuo.

Yepes K x 9 noznaunmo kjaac QyHKINR [, dKi MOKHa HPEJCTABUTU Y BUIJIS 3TOPTKU

dikcoBanoro supa K € Ly i3 BcemoxkyimBumu QyHKIigMu ¢ 3 muoxkunu 9N C Ly, ToOTO

f(x):%—F(K*gp)(:c):——i——/K(t)gp(:U—t)dt, o €EeM, ag <R (1)

2
B skocti M BuctynaruMyTh MHOKIHE U, = {(p € Loo : [|plloe <1, [(t)dt = 0}, Uy = {(,0 € Ly: || <
0

a B poJii TBipHuX sgjep K — HerpusiajbHi JiHiiiHI KOMOiHAaIl

K(t) = ;, 4(t) = i aWs(t), a€eR, a;#0,i=1m, (2)
i=1
dbyuxniit V; 5(t) 3 ogqnakosuM (cuixponizoBamnM) HasoBHM 3CyBOM %” BUTJISALY
U, 5(t) = iwl(k) cos (kt — 52_77) . wi(k) >0, i=1,m, BeR, (3)
k=1
nocsiosHOCTI Koedinientis 1), (k) axux 3a10B0/bHIOTE rpanndni ymoBu lamambepa D, :
klggo% =q¢, ¢ €[0,1), i=1m,

3 pI3HHMH MOKA3HUKAME ¢; (B TAKOMY BHIAJKY 3alllICyBaTHMEMO KOPOTKO 1; € D).
Ba BKazaHUX YMOB KJiacu 3ropTok K x 9 ckjaajaioTbesd 3 aHajiTHIHUX (GYHKIIR f, 1110
JIOIYCKAIOTh PeryssipHe IpojoBxkeHHs y cMyry Imz < min{ln 1/¢;}/"; KOMIUIEKCHOT ITOIIAHI.
HocmipKyerbes 3a1a4da Ipo 3HAXOKEHHSA HaMKpamux HabJUMKEHb B CEPEIHBOMY SIICD

?w(t) BUrIsy (2), TOOTO BeJMInH

E, ( ?n,ﬁ)L = inf

tn—lEBn—l

, (4)

1

m
> U —ty
i=1

a TaKO2K 3a/a4va IIPO 00YHCJICHHS TOYHUX 3HAYECHD BEJIMYNH

E, (Wzﬁ * Ugo)c = sup inf ||f —tillo, (5)

fe\ljgn 6*(](())0 tn—1€T2n-1
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E, (\Iffnﬁ * U{))L = sup inf ||f = tolly, (6)

fG\Pa *UO tn— 167571—

Jie Top_1 — TIPOCTIP yCiX TPUTOHOMETPUIHKX TTOJIHOMIB HMOPSJIKY HE BUIIOTO 3a 1 — 1.

Teopema 1. Jlaa 6ydv—aruzr gixcosanur m € N, f € R, a; € R\ {0} adpo Vs, 5 cueaady (2) sa
suroranna ymos ¥; € Dy i = 1,m,0 < ¢ < @1 < ... < @2 < 1 < 1, 3adosoavrse ymosy
Hadsa N} (dus. osnavenns 2 i3 [1]) daa eciz snavens n € N, novunarouu 3 dearozo nomepa no, i,

AK HACALO0K, MANOMD MICUE PIGHOCTN]

E"( *UO c - ( g%ﬁ*UP)L:E”( gl,ﬁ)L:

%)=
_H\I/aﬂ*&gnsmn Hc_% ZO[/LZ 2l<;+1 ) n<(2k—|—1)¢9n7r—%r)

=1

(D

de 0, — edunuii na [0,1) Kopins pieHanna Z Q; Z Y((2k+1)n) cos ((2k+1)9n7r—%”) =0.
=1 k=0

Y dacTHHHOMY BHUITQJIKY, KOJH B pOJi gjep K BUCTYNAOTh HETPUBIaIbHI JIiHIHI KOMOIHA-
oo
il rapmoniunnx saep Ilyaccona W;5(t) = Py, 5(t) = > qF cos (kt — %) , i = 1,m, piBHocti
k=1
(7) Beranossieno y po6ori [1]. Teopema 1 7103B0JIsI€ PO3HOBCIOAUTU PE3YJILTATH 3a3HAYEHOI POOO-
tu [1| HA BUIAJOK HeTpuUBiaJbHUX JiHIHHUX KOMOiHariit syiep Heitmana, mosirapMoHITHIX sijiep
[Iyaccona Ta 6araTboX IHINMUX AHAJITUIHUX SJIED.
Hagesemo nacijiok 3 Teopemu 1 Jiid BUIAJIKY HETPUBIAJbHUX JHHIHHUX KOMOiHAIM Oirap-

moniuaux Anep [lyaccona (8 = 2v,v € Z) ta cupsizkernux jio vux (8 =2v + 1, v € Z):

Z:: Z( 5 (1= Q))qfcos(kt—%r>, BeZ o eR\{0},meN, (8)

3 pizanmu nokasHukamu ¢; € (0, 1).

Teopema 2. 3a suxonarns ymosu 0 < ¢ < @mo1 < ... < @2 < 1 < 1 dan 6ydv-axozo sadpa

m.5(t) suenady (8) snatidemvca momep ng, novwunarou 3 Ax020 npu € Z

B (Brs*U%) = En (B Ul), = En(Bys), =

4
— , B=2v e,
7r

- n(1-g?) _qf
121 o, (arctg g+ 1+;?”>

m
T 12:1 t\2 1—q} 2 14"

, f=2v+1veELZL.

Po6oma wacmxoso niompumana parmom @Pondy Catimonca (SFI-PD-Ukraine-00014586, AS).
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IHundpoBi TexHoJIOTI] B AISJIBHOCTI BUNTEJIA MaTeMaTUKNI
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CydacHa MaTeMaTHYIHA OCBiTa PO3BUBAETHCH B yMOBaxX IMudpoBoi TpancdopMariii Cycriib-
CTBa, IO 3yMOBJIFOE OHOBJIEHHSI 3MICTY, MeTO/IB 1 (popm opranizaril HaBuanag. OHUM i3 KO-
YOBUX 3aBJIaHb YUUTEJIsI MaTeMATHKN € CTBOPEHHS OCBITHBOI'O CEPEJIOBUINA, Yy SAKOMY IHUMPOBI
TEXHOJIOTI] He 3aMIHIOIOTh TPaJuIliiiHe HaBUaHHS, a IJICUIIOI0Th HOro JIMJIaKTUIHI MOYKJIUBOCTI.
Bukopucranus 1iudpoBux pecypciB cripusi€ pO3BUTKY MaTeMaTUIHOT, IIMPOBOIL Ta JTOCI THUIIBKOT
KOMIIETEHTHOCTEN YUHIB, 3a0e31e4ye Bizyasrizalliio abCTpaKTHUX MOHATD, 1HIMBI/Iya/i3aliio HaBIa-
HHsI i onepaTuBHUIT 3B0POTHUIT 3B’s130K |[1].

[Ipodeciitha AigIbHICTD CYy9IaCHOTO BUNTE/ MaTeMaTHKHU Iepedadae He JIUIIe BOJIOIHHS
1 poBUME 1HCTPpYMEHTaMM, a i yMiHHs IHTerpyBaTu X y HeJarorivhi crparerii BiOBiIHO J10
naBudasibHOl MeTn. O. KownomeBebkuil migkpecroe, mo mudpoBa KOMIETEHTHICTD I1€/1arora, 0Xo-
ILJTIO€ 3/IATHICTD JOOMpATH MaTeMaTHdIHe IporpaMue 3a0e3levYeH s, CTBOPIOBATH BJIACHI UM POBI
OCBITHI MaTepiajim Ta opranizoByBaTu ebeKTUBHY B3a€MOJIII0 YUIHIB y nUdPOBOMY cepeoBulii|2].
Came Tomy 1tudpOBi TEXHOJIOTIT CJIiT PO3IVISIATH SIK BAXKJIMBUN KOMIIOHEHT METOMTIHOI CUCTEMU
HaBYaHHs MaTEeMaTHKU, a He JIUIIe 9K TeXHIYHUl 3aci0 MPOBEeJIeHHS YPOKY.

BiamnosijiHo 10 cydacHUX ITiJIXOJIB JI0 HABYAHHSA MaTeMaTHKHU, MU(PPOBI TEXHOJIOTIT peaJtisy-
I0ThCs Yepe3 KiJIbKa B3a€MOIIOB s73aHnX cTpaTeriii. KoruitTusHi cTparerii cripsiMoBaHi Ha 3aCBOEHHS
HOBHUX MATEMATHYHHUX 3HAHB, (DOPMYBAHHS HOHATD 1 PO3BHTOK JIOMTHOIO MUCJICHHS. 1X OCHOBHOIO
METOIO € JIOTIOMOTa YYHSM Y PO3YMIHHI CKJIAJHUX TEeM IIIAXOM Bi3yaJizallil Ta MaTeMaTUIHOI'O
MojtesroBants. EdexktuBaum npukiaagom € BukopucranHs GeoGebra — iHTepaKTHBHOTO 0e3KO-
IIITOBHOI'O CEPEJIOBUINA JIJIsi BUBUEHHsI reoMeTpil, ajaredbpu, (DyHKIIIH, CTATUCTUKKA Ta €JIeMEHTIB
MaTEeMATUIHOTO aHAJIZY. 3aBIIKN JUHAMIYHUM TOOYI0BaM YYIHI MOXKYTh JIOC/II2KYBATH BJIACTU-
BOCTi reoMeTpuvHuX (piryp, crocrepiratu 3miny rpadikiB pyHKIH 1M1 9ac BapiloBaHHS Iapa-
MeTPiB, MEPEBIPATH MATEMATUIHI IPUITYIIIEHHs Ta BCTAHOBJIIOBATU IIPUINHHO-HAC/IIIKOBI 3B’ 13K1
mizk Besimauuamu [1]. Tloai6uuii migxin 3abesnedye nepexiji Bij| MaCUBHOrO cpuitHsTTa iHdopMa-
il 7O aKTUBHOI'O ITi3HAHHY.

He menmn BaXmmBUMU € opraHi3alliifHi cTparterii, siki OpieHTOBaHI Ha NMPAKTUYHE 3aCTOCY-
BaHHsd 3HAHDb, 1X CHCTEMATHU3AINIO Ta y3araJbHEHHsdA. Y JisdJIbHOCTI BUUTE/IA MATEMaTHUKU BOHU
peasi3yIoThCa Yepe3 BUKOPUCTAHHA IMUMPOBUX CEPBICIB /I CTBOPEHHs TabJIMIlh, CXEM, Jiarpam,
iHTepaKTUBHUX BIIPaB i TecTOBUX 3aB/anb. Taki incrpymentu, sik Canva, Desmos, Kahoot, Google
Forms abo LearningApps, /103Bo/ISI0TE ypisHOMaHITHIOBATH (hopMHU POOOTH, OPTaHi30BYyBaTH I'PY-
IIOBY B3a€MO/IiI0, 3/1ificHIOBATH (hOPMYBAJIbHE OIIHIOBAHHS Ta ONEPATUBHO aHAJI3YyBATH PE3y/IbTa-
TH HaBYaHHsA. BUKopucTants MoJiOHUX pecypciB CIPHUsi€ PO3BUTKY HABUYOK aHAJII3Y, HOPIBHIHHSI,
kjaacudikariii Ta y3araJbHEHHS MATEeMATUIHO! iH(MOpMAIlil, 0 € BayKJIUBUMU CKJIAIHUKAMEI Ma-

TEeMaTUIHOI KOMIIETEHTHOCT] yIHIB.
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OcobmmBe MicIie MOCiIal0Th METAKOTHITUBHI CTpaTerii, siki mepeadadaroTb PO3BUTOK yMi-
HHS CAMOCTIMHO IJIaHYBaTH, KOHTPOJIIOBATH I OIIHIOBATH BJIACHY HaBYaJbHY JIAIbHICTH. Taki
crpareril Halb1IbIN ePEKTUBHO Peasi3yIoThCs i Yac JIOC/IHUIILKOTO Ta POEKTHOIO HABYaHHS,
BukoHaHHss STEM-3aBmanb, MoaeMOBaHHSI MPAKTUIHUX CHATYAIl 1 CTBOpEHHS 1HIUBIIyaIbHIX
OCBITHIX TpaeKTopiii. Bukopucranns nudpoBux 1miaTdopM, eJIeKTPOHHUX OCBITHIX CEPEJIOBHIIL,
MaTeMaTUIHUX TPEHAXKEPIB Ta iHTEJEKTYaJIbHUX IU(MPOBUX MOMIYHUKIB Ja€ MOXKJIUBICTD yUUTE-
JIIO OpranizoByBaTu JndepeniiiioBane HaBYaHHS BiIIOBIHO /IO PiBHS MiJITOTOBKYM KOXKHOT'O yUHSI.
[Ipu bomy 1rppoBi TEXHOJIOTIT TTOEIHYIOTH KiJIbKA IeJarOTiIHUX CTPATEriil 0fHOYaCcHO, 3a0e311e-
YyIOYN HABYAHHS depes3 JIOCJizKeHHs, criBipairio Ta pediekcimo [1].

Baxknupoio cK1aa0BoI0 Ipodeciiiiol MisIbHOCTI BUUTEIsI € TaKOXK MOTHUBAIliHA cTpare-
risl, CIIpsIMOBaHa Ha CTBOPEHHS MO3UTUBHOTO IICHXOJIOTIYHOIO KJIIMaTy Ta MiJBUINEHHS iHTEpecy
JIO BUBYEHHA MaTEeMATUKW. [HTepaKTUBHI JIEMOHCTPAIIil, MATeMaTHIHI CUMYJIAI], refiMichikoBami
OCBITHI 3aCTOCYHKH, HaBYaJIbHI Bijieo Ta mudpoBi BizyaJsizallil poO/IaTh aOCTpaKTHUN MaTeMaTH-
YHUM MaTepiali OLIBI JOCTYITHUM 1 3po3yMiJinM i yuHiB. KpiMm Toro, cydacHi cucTeMu Ty YHOI'O
IHTEJIEKTY MOXKYTb BUKOPUCTOBYBATHUCH I JTOOOPY MPUKJIAJIIB, CTBOPEHHS BapiaTUBHUX 33144,
reHepariil TeCTOBUX 3aB/IaHb 1 MOACHEHHSI OKPEMHUX MaTeMaTHYHUX MOHATH PI3HUMU CIOCOOAMU.
Boanoyac Bupimaibia posib Y HaBYAJILHOMY MPOIEC] 3aIUIAETHC 38 BUATEIEM, KU 3/1HCHIOE
KPUTUYIHUHN BiIOIp MudpoBOro KOHTEHTY Ta 3a0e3Ieuye aKaJIeMidHy J00POIeCHICTD.

EdexTuBnicts BUKOpUCTaHHS ITUQMPOBUX TEXHOJIOTIH BUBHAYAECTHCA HE KLIBKICTIO 3aCTOCO-
BaHUX CEPBICiB, a IX MeJarorivHo0 JIOMIBHICTIO. Y YUTe/Jh MaTeMaTUKA TTOBUHEH BPaXxOBYBaTU
3MIiCT HAaBYAJBHOI TEMH, BIKOBI OCOOJIMBOCTI Y4HIB, piBeHb C(HOPMOBAHOCTI TXHIX KOMIIETEHTHO-
creil Ta ouikyBaHi pe3yiabraTu HaBdanns. Came MO€IHAHHS TPAJUIIAHUX METOJIB HABYAHHS 3
uPOBUME IHCTPYMEHTAMH CTBOPIOE YMOBHU i (DOPMYBAHHS CTIHKOI HaBYaJIbHOI MOTHUBAIIT,
PO3BUTKY KPUTUYHOI'O MUCJIEHHS Ta HiJIBUIEHHS TKOCT1 MaTeMaTUIHOI OCBITH.

Otxke, mndpoBi TEXHOJIOTIT € HEBII €MHOIO CKJIJI0BOIO MTPOMECIifHOT MisITBHOCTI Cy9IacHOTO
BUNTE TSI MATEMATHKI. 1X IHTerpanis B KOTHITHBHI, Oprami3aiiitii, MeTAKOTHITHBHI Ta MOTHBAIHHI
cTparerii HaBYaHHS 3a0e3Ievuye peasiizallilo KOMIIETEeHTHICHOTO TiJIXO0/Ly, aKTUBI3YE MM3HABAJILHY
JISJTBHICTD YYHIB 1 ciipusie (hopMyBaHHIO MATEMATUIHOI Ta MU(PoBOI KoMiiereHTHOCTEH. [lo1a/1b-
MUl PO3BUTOK MATEMATUYHOI OCBITH OB g3aHUil i3 YIOCKOHAJIEHHAM ITU(MPOBOI KOMIIETEHTHOCTI

[1eJIaroriB Ta METOJIUYHO OOTPYHTOBAHUM BHUKOPUCTAHHSM IHHOBAIIMHUX IMUMPOBUX 3aCODIB.
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Buus BumaikoBux (haKTOPiB € HEBIJIIIHLHOIO CKJIA/I0BOIO 0AraTboxX CydacHUX MPOIIECiB, TO-
My IXHE BpaxyBaHHS I 9ac MOJIEJIOBAHHS Ta PO3B’sd3aHHs 33/1a4 MaTeMaTHIHOl (hi3ukn HabyBae
Bce OLIBINOI akTyabHOCTI. KilacuvaHuM NpeicTaBHUKOM TilepOOJIivHUX PIBHAHb MaTeMaTUTHOL
dbisukn € piBHAHHS KOJIMBaHHs CTPYHH [1], siKe MMPOKO BUKOPHCTOBYETHCS JJIs OIKCY Pi3HOMaHi-
THUX KOJIMBAJILHUX IIPOIIECIB y CepPeIOBUINAX 13 BUMTAIKOBUMI XapaKTEePUCTUKAMU a00 30BHIITHIMI
30ypennamu. JlocitijzKeHHs TakKuX MojieJiell 03BOJIS€ TJIHOIe 3pO3yMITH MOBEJIHKY JIMHAMITHUX
CHCTEM IIiJI JTi€0 BUIIAIKOBUX (DAKTOPIB.

Y poboTi posrsgaaeThed 3aada Ko 11 HeoJHOPITHOTO pIBHSIHHS KOJIMBAHHSA CTPYHH Ha
IUTOIIMHI 3 cTajuMu Koedirientamu [2[:

Pu(z,y,t) 2 O*u(z,y,t) N O*u(z,y,t)
ot? N 0x? 0y?

)+€(aﬁ,y,t),

3a HyJIbOBUX MOYATKOBUX YMOB, Jie IipaBa dactuta &(xr,y,t) € BUGIpKOBO HellepepBHUM 3 IMOBIp-
HICTIO OJIMHUIA BUIAAKOBUM 1oJieM i3 mpoctopy Opuiva Ly (€2) [3].

OcHOBHY yBary 30cepezKeHo Ha, JIOCJIiIZKEHH]I yMOB iCHYBaHHsI 3 IMOBIPHICTIO OJUHUIIS KJIa-
CHUYHOTO Ta y3arajbHEHOrO PO3B A3KiB 3a/1a4i. 3a JIOMOMOr0I0 METO/LY IHTerpaJbHUX II€PEeTBOPEHD
Qyp’e 1MOOYIOBAHO MTOJAHHSA PO3B’I3KY Uepe3 iHTerpaJjn 3 BUKOPUCTAHHAM KOPEISIiitHOl (PyHKITIT
BUII&/IKOBOT'O TIOJIS.

JloBejieHo jieMu Ta TeOpeMu PO iICHYBAHHS 3 IMOBIPHICTIO OJIMHUIIA BIJITOBIIHUX 1HTErPAJIiB,
a TaKO»K BCTAHOBJIEHO YMOBH PiBHOMIpPHOI 30i2KHOCTI 3a IMOBIPHICTIO ITOCJIi/IOBHOCTEH IHTETIPAJIIB,
0 BU3HAYAIOTH PO3B’A30K Ta fOro MOXiIHI JI0 APYTOro MOPSIKY BKJIIOYHO.

Orpumano oriHku HOpM y npocTopi Ly (€)) mis pisHuib pos3s’s3Ky Ta HOro MOXiJHUX Y
napax TOYOK, IO JI03BOJISIE TaAPAHTYyBaTH BUKOHAHHS YMOB TJIAJIKOCTI i1 iCHYBaHHS KJIACUYHOI'O
po3B’sa3Ky 3asadi Komri st Bumaky, Koam (QyHKIlsT TeHepaTopa mpoctopy Opitida J0piBHIOE

U(x) = |z’ upu p > 3.
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IcaryBanus mukiiB nopaaky lllapkoBchbKoro i iMIyJIbCHOI

cuctemu Jlienapa

Bajentun COBYYK, €nuzasera PYJINK, Onexciit HECTEPEHKO

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca Ilesuenka, Kuis, Yxpaina

sobchuk@knu.ua, lizandra.rudyk@gmail.com, oleksii-nesterenko@knu.ua

3a HasIBHOCTI IMITyJIbCHOI il TOBEIHKA PO3B’I3KiB JndepeHIiabHIX PiBHIHb MOXKe Oy-
T CyTTEBO HEJIHINHOIO 1 3HAYHO BIJIPI3HATHUCS Bl MOBEIHKN TaKUX CACTEM 3a BIJICYTHOCTI iM-
nysibciB [4]. OcobimBe yekiaiHeHHs JUHAMIKI BUHUKAE Y BUMAJKY IMIYJILCHOI T y HedikcoBaHi
MOMEHTH Yacy, IO IPU3BOAUTH JI0 MOSIBU OAraToNepionIHUX Ta XaOTUIHUX PEKUMIB. Y IIbOMY
KOHTEKCTI KJIFOUOBE 3HaUeHHA Mae Mopsiok [IlapKoBCbKOro, AKuil BCTAHOB/IIOE i€epapXifo icHyBa-
HHsI TIEPIOJIMYHUX TOYOK JIJIs OJHOBUMIPHUX BimoOpazkensb (3.

Posrisnaerbes 3a/1a4a 1po icHyBaHHS [I€PIOIMIHUX PO3B sA3KiB piBHsAHHS JlieHapa 3 iMITyIb-

CHOIO JTi€10 Y HediKCOBaHI MOMEHTHU Yacy

¥+ f(z)d + g(x) =0, At =1I(x), (1)

r=x*
Jie IMITyJIbC BiJIOYBa€TbCsI Y MOMEHTH ITPOXO/2KEHHS PYXOMOIO TOYKOIO (hiKCOBAHOTO TTOJIOXKEHHS
r = x*, a HenepepBHa (QyHKIA [ BUBHAYAE IPUPICT KIJIBKOCTI PYyXY, IO 3aJI€KUTh BiJI IITBUJIKOCTI

TouKK B MOoMenT npoxomkenns. IToknagemo G(z) = [1 g(s)ds ta y* = \/2G(a*).

Osznadenns. Pisuanns (1), g axoro zg(x) > 0 upu x # 0 ta f(—2) = —f(x), g(—z) = —g(z),

3rigHo 3 Kiacudikamieo Omsiisg HaJeKUTh 10 Kjacy S.

Hanasi BBazkaemo, 1o pisasiaast (1) € piBHgHHAM Tuity S i 3a/0BOJIbHSIE YMOBHU iCHYBaHHS
Ta €JIMHOCTI PO3B’A3KY, MpsiMa £ = =™ TpaHCBepcabHa MMOTOKY BCIOJU, KPIM TPAEKTOPIl, J1d K0T
BoHa € goruvnoo (roxi I(0) = 0), a oneparTop iMITyJIbCHOT Jiil HellepepBHU 3a CBOIMU 3MIHHUML.

Binobpaxenns Ilyankape jist ipsmMol @ = x* 3BOJAUTH 3aJ1ady PO MEPIOJINYHI PO3B’A3KU
sagadi (1) mo 3amadi mpo mepioguyHi Ta HEPYXOMi TOYKHN BimobparkeHHs Bijnpiska B cebe p(y) =
—y+I(—y), y =z [1, 2]. Ina xyckoo-miniiiaol immyascaol mit I(y) = (A — 1)y + A\y* upu y < 0
ta I(y) = —(A+ 1)y + A\y* pu y > 0 BoHo HabyBa€e BUTJISALY

Ay* —
oly) = v~y y20 0 <A <supG(x). (2)

Ay +y), y<0,

Binobpazkennst (2) memepepsre #Ha R; pu 0 < A < 1 BOHO Ma€ €IMHY HEPYXOMY TOUKY, KA €

crifikoro, a pu 1 < A < sup G(x) — Hepyxomi ToukH 25y, H%y* Ta, TOYKY Iepiomy 2.
Teopema 1. /[aa dosinvrozo n € N ma das scix y € R
" (y) = Pa(N) y" £ A"y, Pi(A) = A, P(A) =AE£AP,1(A), n =2, (3)

de 3nax «t» eidnosidae mit 2iaui (2), Yy AKY NOMPANAAE MOYKE MG GIONOGIOHOMY KPOUL 1mepy-

GAHHA.
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TBepaxxkenns 1. Hexatd P, — MHOMCUNHA 6CIT MHO20MAEHIB, NOPOOAHCEHUT DEKYPERMHONO POp-
myaoto 3 (3) npu dixcosarnomy n > 2 i 6cemodicausur subopar 3nakis, a Pl — mmooicuna écix

MHO2OUACHIE 6UAAY A\ + + -+ + aa\? + N, a; = +1, i = 2,n. Todi P, = P;.

OCKiZbKE N-IepioJIHa TOYKA ( € HEPYXOMOIO TOYKoo ¢", 3 (3) micraemo (1 F A")y =
P,(\)y*.

Hacaimok 1. Ilpu 1 < A < supG(z) sadaua (1) mae T(n)-nepioduwni poss’asku, oas aAxux

Pazosa movwka 3a NEPIod 3a3HAE PIGHO N IMNYALCHUT 0ill, 4 MOYKY 0L LMNYALCHULT CUL MO0

Pa(N)
_ * *
6uU2AA0 Y = T Y de P, € Pr.
: : A2 _yn . o
[TocJtioBHE iTepyBaHHSI TOUKHU Y = %y* Jla€ SIBHUI BUTJISIJ] 9UCETBHUKIB YCIX TOTOK

IUKJTY Ta CHCTeMY HepiBHOCTed Ha \, 3 SKOI JOCTATHLOIO € OHA HepiBHICTb A4+ A2+ - - AP~ 1 - \" <

0. OrKke, 31 3pocTaHHSIM 7. TIPOMIXKOK JIOIYCTUMEX 3HAYEHD IapaMeTpa A\ 3BYKYEThCH.

Teopema 2. Touxu, wo eusnayaroms yuks nepiody n eidobpastcenns (2) na npomiocky (1, sup G(z)),

MaAOMb 6U2AA0

e e D G D o G\

1+ A" 1+ A"

npuromy A € (o, sup G(x)), de a,, — edunuti dodammudi Kopirw pieHanma r+r2+--+r" " t—pt =

0; s =1, oy, € (1,2) mpun >3 ma o, — 2 npu n — 0.

Ilpuknan. Hexait y* = 1, A = }—(7]. Tomi ag = %5 < A < ay, 1 3a TEOPEMOIO 2 TOYKHU MUKy
: 3 : _ 6103 _ 323 _ 9503
(Buma oK 3i sHaMEHHEKOM 1 + \°) ODIBHIOIOTD Y1 = — 2515, Y2 = — i3, Y3 = gq13- De3NOCepe/IHe

irepysanng jae ©(y1) = y2, ©(Y2) = Y3, ©(Y3) = y1, UPUIOMY Y1, Y2 # Y3, TOOTO Iie CIPAB/I UK
Hajimentioro nepiogy 3. 3a nopsiikom [Tlapkosebkoro (3] 3Bijcn BUILIMBaAE iCHYBaHHS IUKJIB yCixX

HaTypaJIbHUX TEPIOJIiB.

Jliteparypa

[1] Camoitrenko A.M., Camoiinenko B.I., Cobuyk B.B. Ilpo mepiogmuni po3s’si3sku piBHSHHS

HEJIIHITHOTO OCIIMIATOPA 3 IMITY/ILCHOIO JTi€f0. YKp. MaT. xKypH. 1999. 51, Ne 6. C. 827-834.

[2] Camoitnenko B.I'., Co6uyk B.B. Ilepiommuni poss’sisku piBasiHHs JlieHapa 3 iMITyIbCHORO
miero. Heminiitai komuBanns. 2000. 3, Ne 2. C. 256-265.

[3] Sharkovsky A.N., Kolyada S.F., Sivak A.G., Fedorenko V.V. Dynamics of One-Dimensional
Maps. Springer Science+Business Media, 1997. 262 p.

[4] Samoilenko A.M., Perestyuk N.A. Impulsive Differential Equations. Singapore: World Sci-
entific, 1995. 472 p.
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HabmmkeHHst KJ1aciB 3ropTOK HepioandHnX (pyHKIL 3a
JOIIOMOT'0OIO JIHIAHIX MOJIHOMIaJILHUX METOJIIB,

1modymoBaHX Ha ocHOBI KoedimnientiB Pyp’e-J/Iarpamka

Irop COKOJIEHKO

Inemumym mamemamuruy HAH Yrpainu, Kuis, Yxpaina
Havronanrvrutd mexniunud ynisepcumem Yrxpainu «Kuiscokuti noAtmexHivHutl tHemumym

imeni Teopa Cikopcvrozos, Kuis, Yxpaina

sokol@imath.kiev.ua

Hexait C'i L,, 1 < p < 00, — npocropu 2m-nepionnanux QyHKIii 31 craHIapTHIMKI HOPMar-
mu || - [|¢ Ta || - ||, Bixnosigno. Ilosnaunmo sepes Cg’p, 1 < p < 00, MHOXKHHY BCIiX 27-11€PioIaHIX
dyukIii f, gki 300paXKy0ThCs 3a JTOTIOMOTOI0 3TOPTKU

a 1 r
flx) = 50 + ;/gp(w — t)\I/B(t)dt, aeR, pe Bg ={hel,: |h], <1, ¢ L1}, (1)

—T

i3 cbikcopamnm TBipHEM fapoM Wz € Ly, 1/p+1/p' =1, pang Oyp’e axoro Mae BUIIISA]T

= BT

Ws(t) ~ > (k) cos <kt -5 )
k=1

e = (k)i B = B, k=1,2,..., — nosimpri nocmigosrocti miiicaux wncer. dkmo (k) #

0, k € N, To dbynxkiiio ¢ y 306paxkenti (1) nasusators (¢, 3)-oxinHoro byHKIil f i mo3HATaOTH

fg’ HonsTrsa (¢, B)-noxinmoi seegeno O. I. Crenamnmem. OcKinbKu ¢ € L,,a Vg€ Ly, T03r0pTKa

(1) € menepepBHOIO (QYHKINE, TOOTO C”f’p C C. 3posymMisio, 10 TIpU p = 2 yMOBa BKJIIOYEHHS

V5 € Ly eKBiBaJieHTHA BUKOHAHHIO YMOBH

> UR(k) < oo (2)
k=1
Hexait f(x) — noBinbHa 27-niepiogundna HenepepsHa dyHKitist, N i n — J10BUIbHI HATYpaIbHI
qncia Taki, mo N > 2n + 1. [Toknagemo xéN) = %T’T, k=0,£1,£2,....
Binomo, mo cepen Bcix TpuronomerpudHux mnosinomiB T, () HOpSIKY He BHIOTO HiXK N

HallMeHIIe 3HaUYeHHA cyMu

peaJtizye TPUTOHOMETPUIHUM TTOJIIHOM

(N) n
TN (f;2) = CLOT + Z(a,gN) cos kx + b,(CN) sin kx),
k=1
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e

N-1
2 2
a,gN) =N ; f(a:EN)) oS k’:cEN), b,(cN) =5 ; f(a:EN)) sin k;:z:z(»N), k=0,1,2,...,n. (3)

[Ipu N = 2n + 1 noninom TN (f;2) = T>"F(f;z) € inTeprnoadauifinuM TPUrOHOMETPHIHIM
nostiHoMoM n-to nopaiky gyukiii f(z). Tobro T2"F(f;z) imrepmomoe f(r) y 3 piBHOBiIIA-

N 2n+1
JIEHUX BY3J1aX 31:/,(€ ) = :U,(f ntl) 2?1’“_:1, k=0,1,...,2n:

T5n+1<f; x](€2n+1)> _ f(%(fnﬂ))’ k=0,1,...,2n.

Pozryisinemo siniiini nosinoMianbii MeTonn Habmkenns QyHKIin f 3 Kiaacis CY. | axi mo-

8,2’
6ynosani na ocnosi ix xoedimientis al™ i 6" Hexait A = [[A™(| 1 M = ||, n=0,1,...,
k=0,1,..., — HeCKiHYEHHI TPUKYTHI MaTPHUIl MHCHUX TUCET TaKi, M0
A =, ui =0, n=0,1,2...,
V=0, wy =0, =n+1,n+2,..., (4)
lim )\ 1, hm u(n) 0, k=1,2,...

n—o0
[Toznauammo gepes U, = U, (A; M) niniitauii oneparop, skuit kKoxkuiit dyukiii f € C' craButh y
BLJIIIOBIJIHICTh TPUTOHOMETPUYHUI ITOJIIHOM BUIVISITY

. _ (N) n
Un(f;2) =U,(f; ;M 2) = %T + Z ()\,(:)(a,gN) cos kx + b,(gN) sin kx)+
k=1

—i—,uk ( b(N cos kx + a,(fN) sin kx)) :
e ak, i b( ) — koediIlieHTH, MO0 BU3HAYAIOTHCS PIBHOCTSIMU (3).

TeopeMa 1. Hexad nocaidosricmo diticruz wucen (k) 3adososvnae ymosy (2), a A = H)\,En)H i

n)
= [l —
y KootcH1l mowyt x € R surxonyemovca pienicms

ymosu (4). Todi dns dosinvroi nocaidosnocmi 3 = P, Br € R, i dosiavrozo n € N

En(CYyi i Miw) = sup |f(2) = Un(fs)| = % (Z (= A2 4+ (a)2) w2 (k) +
feCZ{Q T

k=1
N-—n—1 mN-+n 9
+ Z 2 (k) Z ( Z ((cosme — /\|(1?sz\> +
k=n+1 k=mN—n

(m+1)N—n—1 1/2
+ (sin mNz + /”Ll(l?imm)?) V2 (k) + Z ¢2(lg)> .

k=mN-+n+1

[Tpu N = 2n + 1 teopemy 1 nosejseno B [1].
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JlitepaTypa

[1] Cepmiok A.C., Cokoserko 1.B. Anpokcumariist KiaciB 3ropToK mepiognaaux QyHKIH JiHifi-
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IIpo d-xapakTepmcTnkmu KpaiioBux 3aad4 JJId
andepeHIiajJbHIX CICTEM BUIMNX MOPAAKIB 13 HAMOIIBIMI

3araJilbHUMW KPalilOBUMMW yMOBaMu

Birasiit COJIJIATOB

Inemumym mamemamuru HAH Yrpainu, Kuis, Yxpaina

soldatov@imath.kiev.ua

Hexait nosisibHO BuOpano umncia a,b € R, a < b, HaTypaJsbHi duciia m,l,r Ta Iije 9ucjo
n > 0. Ha ckinuennomy inrepsari (a,b) C R posrisiHemo siHifiHY KpaiioBy 3ajady JJis CHCTEME

m ud. piBHAHb MOPSAAKY 1 > 1:

(Ly)(t) =y (1) + ZAr—j(t)y(r_j)(t) = f@t), tel(ab), (1)
By =c. (2)

Tyt nosinbho 3agano A, ; € (C™)™ ™ ne 1 < j<r, fe(CM)m ce Cli niniftamit nenepeps-
ruit oneparop B: (C))™ — CL

KpaiioBa ymoBa (2) 3ajia€ | cKajJgpHUX KPalOBUX YMOB Jist CHCTEMU M JudepeHIiaabHIX
PIBHAHB HOPSJKY 7. ¥ BUIAJAKY | > 7m g KpailoBa yMOBa € Nepesusnavenolo, a y BUIAJIKY
[ < rm BoHa € nedosusnauenoto moao audepeniiantbHol cucremu (1).

Banumemo kpaitoBy 3agady (1), (2) y suruam pisaanus (L, B)y = (f,¢) 3 gomomororo

JIHIAHOTO HEIIEPEPBHOI'O OLIEPaTOpPa
(L, B): (C"tym — (C™M)ym™ x C. (3)
Teopema 1. Onepamop (3) € ¢pedzorvmosum 3 indexcom rm — 1.

OszHa4venHs 1. Biiouny 4mciioBy MaTpuiio M(L,B) = ( [BY1], ..., [BY,] ) e Clxrm
pO3Mipy | X rm, yTBOpeHy i3 r npsMokyTHuX 6510KiB [BY;] € C™*! nazuaemo zapaxmepucmu4iorn

mampuyero Kpaitosoi 3amadi (1), (2).

Tyt [BY;| no3nadae KOMIUIEKCHY 9YUCJIOBY MATPHILO PO3MIDY [ X M, KOXKEH j-ii CTOBIEIb

SIKOI OTPHMYEThCs B pe3ysbraTi Jii omeparopa B Ha j-it croBrerp marpudnoi dyskiii Y;(:) €

(Clrtrym=m - gxa, nyist kKozHOro HOMepa, i € {1,..., 7}, € equnimM poss’asKom ciM’i 3a1au Komi
YO0+ Y A0V =0, te (), @
Y;(jil)(a) = 57;,]'[7”, j E {17"‘7r}7 (5)

ne Oy, i I, 103Ha9aI0Th HYIbOBY 1 OJMHUYHY MaTPHIIl PO3Mipy m X m, a d; ; — cuMmBosa KpoHekepa.
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Teopema 2. /J[aa d-zapaxmepucmuk @pedzosvmosozo onepamopa (3) npasusvhi Gopmysu
dimker(L, B) = dimker M (L, B), (6)
dim coker(L, B) = dim coker M (L, B). (7)
3BijicH BUILITMBAE Taka HEOOXijIHA 1 JIoCTaTHSI yMOBa 000pOTHOCTI omeparopa (3):

Hacuainok 1. Onepamop (3) € obopommum (mobmo monosoziunum izomopdhizmom) modi G auwe

modi, xKoau I = rm i keadpammna mampuuya M (L, B) € nesupodorceroro.

Iops i3 (1), (2), po3rysiHeMO MOCJIIOBHICTD 38184

L(k)y(t’ k) = y(r) (tv k) + ET:AT—j(ta k)y(r_j)(tv k) = f(t’ k)’ le (a7 b)v (8)

J=1

B(k)y(-, k) = c(k), (9)

Tyr k € N, A,_;(-, k) € (CWym=m_ f(.. k) € (C™)™ ¢(-, k) € C', a B(k) — niniitanit nere-
pepBHUit onepaTop Ha mapi npocropis (C )™ i CL 3 (8), (9) nos’axKeMo Taki mocioBHOCTI iX

OIIEPATOPIB i XapaKTePHCTHIHIX MATPHID
(L(k), B(k)): (CT)m — (CM)™ x C! (10)
M(L(k), B(k)) == ([B(k)Y1(K)].....[B(k)Y,(k)]) c C™"™.
Teopema 3. Axwo (L(k), B(k)) > (L, B), mo M(L(k), B(k)) — M(L, B).

Teopema 4. IIpunycmumo, u,o

(L(k), B(k)) = (L, B). (11)
Tooi

dimker(L(k), B(k)) <dimker(L,B) daa eciz k> 1,
dim coker(L(k), B(k)) < dim coker(L, B) dan scix k> 1.

s . . . . . e o . .
(*) = (#*) mosHauae 301KHICTH MOCIIIOBHOCT] OIEPATOPIB y CUJIBHIN ollepaTopHiii TomoJorii. Bel rpanumi posriis-
JAEMO TIpu k — 00.

Y HaCTYNHUX HAC/IJIKAX OCTAHHBOI TEOPEMHU MPUIYCTUMO, 10 BUKOHYEThCs ymoBa (11).

Hacaigok 2. Sxwo onepamop (3) e obopommuum, mo onepamopu (10) e obopomnumu das 6cix

k> 1.

Hacaigok 3. fxwo xpatiosa 3adava (1), (2) mae po3s’asok 0as KONCHUT 3043NAMEHUT NPAGUT

YACMUH, MO Ue NPABUALHO 1§ Oaa kpatiosur 3aday (8), (9) das eciz k> 1.

Hacaigok 4. dxwo xpatiosa 3adaua (1), (2) mae auwe mpusiaivruil po3e’azok y 6unadky Hy-

ABOBUT NPABUT HACTNUH, TO Ue NPABUALHO | Oas Kpatiosux 3aday (8), (9) das ecix k > 1.

[Ipescrapieni pesysabraru 6ys1o omybaikoBaso B pobori [1].
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IaBapiaHTHI MipH JIJIss HECKIHYE€HHOBUMIPHUX

CTOXaCTNIHNX piBHSIHI)

Onekcanap CTAHXKUIBKUI!, Ombsra MAPTUHIOK?, I0piit IEPECTIOK!

T Kuiscokuti nauionarvnuti ynisepcumem imeni Tapaca Illesuenxa, Kuis, Yxpaina
2 Yepriseuvruti nayionarvrut ynisepcumem imeni [Opis Pedvrosuya, Yepnisui, Ywpaina

stanzhytskyi@knu.ua, perestyuk.yuriy@knu.ua, o.martynyuk@chnu.edu.ua

Hexait E — nosnbebkuii ipocrip, By(FE) (Bianosinno Cy(F)) — MHOXKUHE JIHCHEX, 0OMeXkKe-
HEUX OOpeiBCcbKUX (DYHKIHN (BiAmOBiHO 0OMexKeHuX HerepepBHuX (yHKIii) wHa E, a M(FE) —
MHOYKWHA, BCIX HMOBIpHICHUX Mip, BU3HAUEHNX Ha BUMipHOMY mpocropi (E, ©).

Yepes Py(z,I'),t >0, x € E, I' € © no3naunMo MapKOBCbKY Tepexiany dyukiito va F. I3
nepexiHo (DYHKIIE OB a3aHi /1Bl ciM’T HAIIBrpy! JiHifiHUX onepaTopis P i P, oqHa 3 aKux

nie za ipoctopi By(FE) 3a dopmyioro

ammz/am@w@,

a iHnra — Ha HMOBIpHICHI Mipn

w<m=/a@mmm>

E

NmogipHicHa Mipa Ha3WBaEThCA IHBAPIAHTHOIO, AKIIO
* J—

Mu oO6roBOpIOEMO YMOBH iCHYBaHHS iHBapiaHTHUX Mip JIJIT MAPKOBCHKUX JIMHAMIUHUX CH-
cTeM, MPUBOAUMO abcTpakTHY TeopeMy KpuioBa—BorostoboBa Ta Hacijaku 3 Hel.
JIns AuHAMIYHAX CHCTEM, ITOPOJIZKEHNX CTOXACTUIHUMU JU(EpPEHIaJbHUMI PIBHAHHAMEA Y

rizibbeproBomy rpoctopi H
dx = (Ax + f(x))dt + g(x) dW (), (1)

ne A — samknyTuit B H jinifinuit oneparop, f: H — H, g : H — L — cuenianbnuii mpoctip ore-
paropiB ['inmebepra—IIIminra, W—-Q-anepuuit nporec Binepa, Mu ornmmcyeMo Iijixi/i KOMIAKTHOCTI
JUTSL JIOCJTJIZKeHHST iHBapiaHTHUX Mip, 10 6a3yeTbes Ha TeopeMi Kpuoa-Borosmobosa.

g croxacTUIHUX PIBHAHD Y YaCTUHHUX ITOXITHUX MPUBEJIEH] KOeMIIi€HTHI YMOBHU iCHYBa-

HHS 1HBapIaHTHUX MIip.

Hocmimzkennst O. Cranxkunbkoro Bukonani 3a mijarpuvku HOJTY, npoexr Ne23.03 /0074 «Heckin-

YEeHHOBUMIPHI €BOJIIOIIIHI PIBHAHHS i3 6araTo3HaYHOIO Ta CTOXACTUIHOIO JTUHAMIKOIO.



338

CriiiKicTh cTaHy 30pPOBOrO OpPraHi3My B MOjeJii iMyHHOI
BIIHOBIJI ITiJi BILTUBOM €KOJIOTITHOTr0o (paKTOPY

Oner YKPAIHELID

Yepniseuvkuti Hayionasvhutl yrieepcumem imeni FOpisa @edvrosuua,
Yepnicui, Ykpaina

o.ukrainets@chnu.edu.ua

Basosa moziens imynnol Bignosigi I'. I. Mapuyka [1] onucye nunamiky anrurena V', mia3mo-
kiaitua C, antutin F' Ta Mipu ypakeHHs opramy-mimreni m. fkicuuit anasi3 s J1aHol MOJesi
PO3BUHEHO, 30KpeMa, ¥ [2]. ¥V IHx 3amporoHoBaHO BpaxyBaTH €KOJOriaHIN GaKTOp, K 3BazZKeHY
cyMy 3a0pyJIHEHb JIOBKIJIA Ta COIMIAJIbHO-TICUXOJIOTIYHUX YUHHUKIB, fAKi MOCIa0IIOI0Th IMYHHY
BIITOBIIE.

Hexait E(t) € [0,1] — i 6 Et)=Y"_ a,B,(t),a, >0

exait £(t) € [0, 1] — ysarasibHenuit noKa3HuK 3abpynuenns, £(t) =) a,E,(t), a, > 0,
> a, = 1. Junamiky E(t) DponomnyeThest MOJIEIIOBATH y3arabHenuM piBasniam [ardaincona |3

BUTIJIALY

‘il_f _ ,,,(1 N (%)SE@), t>0, (1)

me r > 0, A > 0 — gac BijHOBJIeHHs eKoJiorigHol piBHOBarm, 0 < K < 1 — HOpMaTWBHUI
piBenb, n € N. [locaimxkeno, mo po3s’sizok F = 0 mecriiikuit npu r > 0; £ = K JiokajabHO
ACUMIITOTUYIHO CTIiKuil Toml it smme toxi, koaun 0 < rnA < 7/2. Ilpu rnA = /2 BunmKae
NePIoMYHUN PO3B’I30K 1 BIAIOBIIHI TIOMYy KOJIMBaHHA (haKTOPIiB.

Bruus E(t) BpaxoBaHo JiHiiiHO 1110710 iHIKX (HaKTOPIB: 3MEHIIEHHSIM MIBUIAKOCTI hOpMyBa-
HHsI IUTa3MOKJITHH (€. > () Ta 36iablIIeHHsIM MIBUAKOCTI ypazxKkeHHs oprany (g, > 0). Heitrpasri-

3ariito anTurena onucyemo jooyrkom VFF k€ N. Onepxyemo cucremy [4, 5

W~ 5 mv,

I eV (= T)F(t = 7) — ue(C() — C7) — 2. B(@),

% = pC(t) — g F(t) = mV () F (),
CZ—T = oV (t) = pmm(t) + enE(t),

ne koedirienTu HeBi emui, 7 > 0 — gac dopmyBanHg iMyHHOI Bianosim, {(m) = 1 upu 0 < m <
m* € (0,1) i niniiino cuagae mo wyas npu m* < m < 1; V(t) = 0 ma [—7,0), V(0) = Vi > 0,

pellTa II09aTKOBUX JTaHUX HeBiﬂ’eMHa.

Teopema 1. Hexat xoedivienmu (1), (2) i nowamkosi snavenns nesio’emmi, Co > C* ma e, <
1eC* . Todi ichye edunuti neeid emnuti nenepepsrut pods’aszokx nput > 0, dupepenyitosarut npu

t>rT.
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Axmo {(m) =11 F = K, cran 310poBOro opranismy Mae BUTJIST

e K C eml
‘/1:07 CIZC*_ ) F1:u7 my = . (3)
He 1223 Hm
Bin meBix’emunii i my < m*, gKimo
CC* m *
e <P, en< Pl (4)

Ha Bigminy Big mogesni npejcrasienoi B [1], Cp < C* i my > 0 HaBiTh 3a BiJICYyTHOCTI AHTHUIECHA.

3a momomororo Jineapusaril  (2) B okosi (3) mpum & = 1 OoTpUMyEMO XapaKTepPUCTHIHE
piBusnasa (8 — YEF — N (pe + N (g + X (m + A) = 0. Koperi —fie, —fi7, —fim Big'emui; A\; =
b — 7F1k < 0 Toxi i JjmmIIe TOJI, KON

B < AFY. (5)

Teopema 2. rxwo 0 < rnA < w/2 i suxonano (4), (5), mo pozé’asku E = K ma (3) aokanrvro

ACUMNMOMUYHO CMATKS.

Hacaimok. Ymosy (5) moorcha sanucamu y euzandi

k

p * ‘gCK k
B <y (C _ ) .
Ky He

3pocmarna €. 36Yatcye 064acmb CMITKOCMI: 3G6TE0PIOBAHHA HE PO3BUBAEMBCA NPU OCUMb MAAIT]
WeUdKOCmi po3ammodtcenns anmuzena [ abo npu docmamnil konuenmpayii C* (30kpema nicas

BAKUUHAUIT).

Teopema 3. Hexati suxonano (4), (5) ma 2e 7 < 1. Axuwpo 0 < Vo < V*, de

e Lo i BY L Bl mer
1% _775<p0 Mf\/;)+nﬁﬂc(2€ 1), (6)

MO 3aTE0PIGANHA HE POZBUBAEMBCA Y 20CMPIT WU TPOHiwnil dopmi 1 limy o V (t) = 0.

BiactuBocti po3s’sasky (6) BiioOpazKaroTh, 10 €KOJOTTYHIUI BIUIUB 3HUKYE IMYHOJIOT IHII
bap’ep V*. Uuciaose MozemoBaHHs B mporpaMaoMy cepegosunii Mathematica [6] mokasye: 3a
HagBHOCTI E(t) 3pocrae mik anturena, C' 1 F' npsMyIOTh /10 HIZKYUX 3Ha4YeHb (3), 36epiraeThes

my > 0; gaxio rnA > m/2, po3s’a3ku (2) OCIIIIIOTS.
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Ciabko HeiHIIHA KpalioBa 3aJiada JJd ABOYJIEHHOI'O
andpepeHIfiaJIbHOTO PIBHIHHS JIPOOOBOTO IMOPSIAKY 3

CEKBEHI[1aJIbHOIO I10X1/IHOIO

Biktop PEPYK

Inemumym mamemamuru HAH Yrpainu, Kuis, Yxpaina

feruk.viktor@imath.kiev.ua

JlocmiKyeTbest TUTaHHS ICHYBAHHS 1 TOOYI0BU PO3B’I3KiB
v=x(te): x(,e) € Ca,b], x(t,-) € Cl0,5)

cJIabKO HeJTHIHOI KpailoBol 3ajatdi JJjIs JIBOYJIEHHOIO JnepeHIliaaIbHOr0 PIBHAHHS JIPOOOBOIO

OPAJIKY
pe, (CDf+ + A(t)) x(t,e) = f(t) + eZ(a(t,€), 1, e), (1)
lCB(-,&‘) ZQ+5J(I('75)>€)’ (2)

el <a<1,0<p<1, Dy, CD§+ — aiBocroponni noxigai Kamyro, A(t) € Cla,b], f(t) €

Cla, b], 1 = col <ll, ly, ..., lp) : Cla,b] — R? — obmekennit minifinuit BeKTopHuUii byHKIIOHAT,

l,: Cla,b) = R,v=1,p, q = col <q1, 0, qp) € R, Z(x(t,€),t,€) — neniniiina 3a mepioo

ey

KOMIIOHEHTOIO (DYHKIIis Taka, IO
Z('7t75) € Cl[Hx - xO” < p],

Z(x(,e),-,¢) € Cla,b], Z(x(t,-),t,-) € C[0,e0],

J(x(-,€), ) — neniniitauii o6MekeHUil p-BUMIpHUI BeKTOP-(YHKIIOHAT, HEIIEPEPBHO JHDepeHTli-
itoBHMIT 3a x y po3yMminni Pperie i HellepepBHUIL 3a £ B OKOJII IMOPOJIZKYBAJIBLHOI'O PO3B’I3KY, [, £
— JIOCTATHBO MaJjli KOHCTAHTH, € — MaJIuil TapaMeTp.

Y pobori [1] moBemeno kpurepiit poss’sa3HoCTi siHifHOT KpaiioBol 3amadi (¢ = 0) i mobymo-
BAHO 3araJibHU BUIJIsA/] PO3B 3Ky Ii€l 3a/1a4i 38 IPUILYIIEHHS, 0 KIIbKICTh KpaitoBux ymMoB (2)
MOXKe He CIIBIAJATH 3 PO3MIpHICTIO cucremu apoboBux judepeniianibaux piBHaHb (1). Y [2]
oTpuMaHO HeoOXijHi i JocTaTHI yMOBH iCHYyBaHHs PO3B’a3KiB Kpaiiosoi 3azadi (1), (2) (e # 0) ra
3AIIPOIIOHOBAHO iTepaIiiHUl aJI'OPUTM 1X 1TOOY/IOBH.

LIro po6ory migrpumano rpaaTom Bix Simons Foundation (SFI-PD-Ukraine-00014586, B.®.).
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KOHTeKCTyaJIbHa MapKOBCbKa MO/€EJIb ,HI/ICerTHO.l.

KOoIlepaTUBHOI I'Ppu

Bauecnas IIYPKAH
Yepriseuvkuti Hayionasvhutl yrisepcumem imeni [Opia @edvkosuua, Yeprisui, Yrpaina

tsurkan.viacheslav.i@chnu.edu.ua

Posrasmaerbest mociriazKeHHsa Teopil irop B po3/iji JAMCKPETHUX AUHAMIYHIX KOOIIEPaTUB-
HuX irop. ['pymia rpaBIiB BUKOHYIOYH IIOCJIIJIOBHO il TPArHyTh JIOCATHYTH MAKCUMaJILHOTO De-
3yJIBTATy 38 00MeKeHY KiIbKIiCTh KPOKiB. B monepeHix Joc/ipkeHHIX, BUKOPUCTOBYIOYH 3i0paHi
CTATUCTUYHI JlaHi Ta cPOPMOBaHI 110 HUX MaTPHIL PE3YyJIbTATy, gK IHCTPYMEHT (DOpPMyBaHHs I10-
YATKOBUX CTOXaCTUIHUX JAHUX JJIs JIMHAMITHOI KOOIIEPATUBHOI I'ph, MOOYI0BaHO MapKiBCbKY
mozieb (MDP) nepexosiB Mik cramamu rpu Ta ¢hOpPMYJIBOBAHO AJTOPUTM BH3HAYEHHS OIITH-
MasibHOl crpareril [1].

B naniit poboti posrigiaaerbed posmupents icuyodol MDP mo konTekcryaabnoi Mapkos-
CBKOI MOJIeJI, JIe KOHTEKCTOM BHCTYIATHUME sIKiCTh BUKOHAHHS Jiiit. BiamosigHo, B oTpuManiii Mo-
Jiesii, TUHaMIKa cepeoBUINa Ta (DYHKI[S BUHATOPOJ/M 3MIHIOETHCS 3aJI€2KHO BiJl KOHTEKCTY.

[TobynoBa croxacTuanol Mosesti y Burisii MapKoBCHKOTro Mporiecy MpUHHATTS PillleHb s
JICKPETHO! IMHAMITHOT KOOIIEPATUBHOI IPH PO3TJISIIIAIACT ABTOPAMHE B [2], a i Ixis 10 o6uncienHst
IMOBIpHOCTEH BUTDAIILY Ta 3HAXOJZKEHHs ONTUMAJBLHUX CTPATETiil 3aponoHoBato B [3].

Konrekcryanpuuit Mapkosebkuit mporiec (¢cMDP) npuiinsarrst pimesb BUSHAIaEMO K KOP-

TeXK:

(C,S, A, M)

je: C - mpocTip KOHTEKCTiB, S - MHOXKHMHA CTaHiB, A — crniabHuii npoctip aiit, M( ¢ ) —

dyuKId, gKa Bigodbparkae kontekcT ¢ € 'y koukpetniit MDP.
M(c) = (5, A, P, Re,7)

. . ’ ’ .
Tyr fimoBipHOCTi TIepexoy P (s ‘s, a) Ta BUHaAropoju R (s, a, s ) SABHO 3aJ1eKaTh BiJl KOHTEKCTY
c:
’ /
P(s }s,a) = P(Siy1=5s | St =584 =a,C=c).
B nocranoBIi KoollepaTuBHOI AMHAMIYHOI JUCKPETHOI I'PHU irpOBa IOBEPXHsI JUCKPETU30BaHA
y BUTJIAA MaTpuIll po3mipHocTi m X n.KoxkHa KJiTHHA Ii€1 MaTpuUIll OJHO3HAYHO BiIIOBIIa€

KOHKPETHII ITPOCTOPOBIil MO3UTIIl.

Muoxuna kmitna: X ={z; i € 1,...,m,7 € 1,...,n}

Jlnst koxkuoro rpaBig k€ 1,..., N 3a/laH0 MaTPUIl Pe3y/IbTaTiB:

wtpu sspasny W = (] w9 = P 1)

Marpuis nporpaity LKF) = [ll(]k)} ,lg;-c) = z(ok;)s (w5, 1), upu doMy wg-g) + ll(f) < 1.

Takum grHOM, KOKHA KJIITUHA irPOBOI MMOBEPXHI Hece MOBHY 1HMOPMAIIIIO PO PE3yIbTATUB-

HICTb YCIX T'DaBIIiB.
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[ToTpibHO OOUMCIUTH IMOBIPHICTH BUTpAIy KOMAH/IA Ha OYIb-IKOMY €Talll IpU BUKOHAHHI
JIiT, 1110 Trepeidadae BpaxyBaHHs BCIX MOXKJIMBUX PillleHb I'PABIIB Ha MOIepe/iHiX eTantax. Bubparu
CTpaTerito Jijisi KOYKHOTO I'PABIl HA KOXKHOMY 3 €TalliB Ta MOOYYBATH ONTUMAJILHY HOJITUKY JJIs
OTPUMAaHHS MaKCHMAaJbHOI IMOBIPHOCTI BATpAITy KOMAaH]IH.

[Ipu BukopucTanHi MapKOBCHKOTO IPOIECY TPUHHATTS PIllIeHb B Pe3yIbTaTi MU OTPUMAJIN
ONITUMAJIbHY TOJITHUKY JIjIsI TPaBIIIB.

Tomy s cramy (k,t, x;;):

7 (st ) = act, Py (w55,) > maxiz, 2y, Plaiyleg)W(Lt + 1, ziy),

pass(l*), 1,

Je * = arg maxj-g Zzi/j’ P<xz”j’|xij)w<l7 t+ 1, Jii/j/).
Taxum ynHOM:
P(Burpam komanmu| k,t,x;; ) = W(k,t,x;;).

A #imoBipHiCTB TOrO, 10 came Ha erami t Oy/e BUTpAITHA JTist:

P(surpam komanmu Ha erami t) = >, P(s, = (k,x;;))el{n* (k,t,x;;) = aCt}‘Pl(UIZZZ (wij,1).
il 5

g konrekcryaabaol MDP ontumasibia cTpaTteris 3 ypaxyBaHHAM ITOTOYHOTO KOHTEKCTY
¢; IpuiiMae BUTJISIL:

win

. act, P™ (255, t,¢0) > maxyz Yy Pxyyley,c)W(Lt+ 1, zij,c41),
™ (k’,t,l'ij,Ct) = v
pass(l*), 1,

Jie [* BU3HAYA€EThC sIK Jlisl/TIepejiada HIIOMY areHTy [, [0 MaKCUMi3ye OUiKyBaHWii BUTPAIIL
3 ypaxyBaHHAM KOHTEKCTY:

I* = argmax Zmi/j/ P(zpj|zij, c) Wl t 4+ 1, xijr, ceiq).

A #iMoBipHiCTB TOrO, 110 caMe Ha erali t Oyle BUIDAIIHA Iist:

P(Burpam komanm na erami t) = > ~P(c;) Zk’xi/jl P(s; = ( k,xi5)|ce)ol{m* (k,t,xi;, )
act} e Pl(vle (wij, t,ct)

ne {n* (k,t, x;j,c:) = act} - inpukaropua dynxuis 1{7* (k,t,z;;, ¢;) = act}, aKa gopismHioe
1, 9KIO KOHTEKCTYyaJIbHO-aJalITUBHA ONTHUMAJIbHA CTpaTerig odupae BUKOHaHHA il act, 1 0 — B
IHIITOMY BUIIQJIKY.

OTxe, pO3IJIAHYTO BUKOPUCTAHHS JJAHOI I'PH /IS TOOY/I0BU CTOXACTHIHOT MATEMATUIHOT MO-
JieJIi Ha OCHOBI KOHTEKCTYyaIbHOTO0 MapKOBCHKOTIO MIPOIIECY, IO JIa€ 3MOT'Y PEryJIIoBaTH PE3yJIbTaT
B 3aJIe2KHOCTI BijT KonTekcTy. [Ipm ymoBi 110 itMoBipHicH J1ani hpopMyIOThHCsA 0a3yI0UnCh Ha aHAJIi-

31 J1iif IpaBIliB MPOTATOM TIONEPE/IHIX aHAJOTIYHUX irop, BOHU OY/yTh YiTKO 3aJlaBaTH OYaTKOBI

yMoBH Jiist rpu [5)].
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Odecvruti naytonaronuts yrisepcumem imeni 1.1 Mewnurxosa, Odeca, Yrpaina

shinkarenko.v.n@gmail.com, rusnat@gmail.com

Posriisiaerbes audepeniiiajibie piBHIHHSA

y" = aop(t)y|In|y[|”, (1)
e ag € {—1,1}, 0 € R, p: [a,w[—]0, +00] - HemepepBHa dyHKIist, —00 < a < w < +00.

Hudepentianbie pisasians (1) € 9acTKOBUM BUIIAJIKOM JUbDEPEHIIATBLHONO DIBHIHHS BY-
DJISI LY

/!

y" = agp(t) o(y), (2)

ne byHKIs p(y) HenepepBHA B JIEAKOMY OKOJII 0COBIMBOI TOUKH.

Komu dyukiist ¢(y) = y piBusiaas (2) HabyBae BULJISIILY

y" = aop(t) y, (3)
Ta € JIHITHIM audepeHIiaabHoro piBHAHHAM. [Ipobiaema oTpuMmaHHs I TaKUX KJaciB jmde-
PEHIIAJIbHUX PIBHSHBL TPETHOrO MOPSJIKY PO3B’d3KiB, IO BiJIIIOBIAIOTH IIEBHUM BJIACTUBOCTSIM,
HEOJ/IHOPAa3BO IiIHIMAIACh Y poOOTax JOC/IIIHUKIB Y Tasly3i IKiCHOI Teopil 3BUYaliHuX JudepeHtii-
aJIbHUX piBHAHBL. OCHOBHI pe3y/IbTaTh JOC/IiIZKEHD TTOHA ] TP JAECATUIITTS Ha3al C(DOPMYIHOBAHO
y monorpadii I. Kirypasze ta T. Hanrypia [1].

3BaxKar4y Ha PI3HOMAHITHICTH IJIXO/IIB JI0 TTPOOJIEME IOITYKY YMOB iCHYBaHHS PO3B’S3KiB
Ta YUCeJIbHI PAKTUIHI 3aCTOCYBaHHS, JIOC/IIPKEHHs 3BUYAHUX JnpepeHIliaJbHuX PiBHIHDb Tpe-
TBOT'O TIOPSJIKY HE BTPATHUJIO aKTYaJbHOCTI 1 B HAIIl Yac.

Posp’a30k piBusnus (1), axuii 3aganuii Ta BIAMIHHEN BiJ Hy/Is Ha IPOMIKKY [t,, w[C [a,w],

6yaemo nazusatu P, (\g)-pO3B’S3KOM, SIKIIO BiH 3a/I0BOJIBHSIE YMOBAM:

imy®) =4 0% w012, hm,(,%/”(—t),)2 = o
G abo =+ 0o tw y" )y (1)

B po6ori B. €sryxoBa [2] orpumano acumnrornyni Biacrusocti B, (Ag)-po3s’sa3kiB Ta j10-
BEJIEHO, 1[0 BOHU PO3MOJILIATHCS HA KJIACH B 3aJI€2KHOCTI BiJl 3HAYEHHS \g (MOYKJIMBO CKIHYEHHOT'O
ab0 HECKIHIEHHOIO).

B po6orax (3], [4] mis piBusmus (1) 6yso Beranosieno ymosu icnysamus P, (Ag)-po3B’sa3kis
y BHIQJKY, AKIIO Ao € R, a Takoxk \g = £o0o. By orpumMani acuMITOTHYHI 300parkeHHs J1JIsI
TAKUX PO3B’3KIB Ta X MOXI/IHUX /IO JIPYroro HOPsJKY BKJIIOYHO. TaKoXK y JEedKUX BHIIAIKAX

BCTAHOBJICHO TOYHY KIJbKICTbh PO3B’A3KiB 13 3HANIEHUM aCUMIITOTUIHIM 300PaKEHHAM.
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HacTynauM KpoKOM € yTOYHEeHHS aCUMITOTHYHHMX 300paskeHb Ta OTPUMAHHS HOBHX YMOB
. . . L
icuyBanus P, (\g)-po3s’si3kiB y pisasians (1). st dbopMmysoBaHHsT TeopeMu BBEJIEMO JIONOMIZKHI

dbyHKIIi
¢ ¢

Pi(t) = /p(T) dr, Py(t) = /Pl(r) dr,
Ay Az

t

Ta(t) = / ro(r)p(r) linfma(r) 7, I(t) = / Ja(r) dr,
A

a

a, skmo [ p(T)dr = +oo, a, axmo [|P(7)|dr = +o0,
w, gaxkmo [ p(r)dr < 400, w, gxkmo [ |Pi(7)]dr < +o0,

a, AKIIO f |70 (T) |p(T) |In|m, (T)]|7dT = 400,
A= @
w, akmo [ |m,(7)|p(7) |In|m,(7)||7dT < +o0,

Teopema 1. IIpunycmumo, uo icHye cKinwena abo HeCKIHeNa 2PaHULA

NERGEAD
tw JA<t)

Jlugpepenyianvre pishannsa (1) mae P,(0) —pose’sasku misvku y momy sunadxy, Koau UKOHYIO-

muvcsa Ymoeu

. _ OO - _

Ipu yvomy Kootcern 3 MakKUT Po3e6’3Ki6 Mae HACMYNHE ACUMNIMOMUMHL 300pascerna xoau t T w :

y(t)
y'(t)

3ay6ancumo, U0 BUKOHAHHA YMOE MEopemy 2apanmye, wo dugepenyiarvre pieuanns (1) mae

— @ +o)], Wy ()] = apl(t)[1+ o(1)]

080-NAPAMEMPUYHY CIM 10 PO3B A3KIB, AKG MAE 6KA3AHL BUWE ACUMNMOMUYHE POZBUHEHHA NPU

t 1T w AaKx y sunadky cKiMuerno20, Max i HeCKIHYEH020 3HAUEHHA W.
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IcnyBaHHSI MapTUHTAJIBHOIO PO3B’I3KYy JIPOOOBOIO

CTOXaCTU1IHOI'O piBHﬂHHﬂ TOHKUX ILJIIBOK

Tvurpo IITEDAH, Aunpiii CTAHKUTTHKU

Kuiscokuti nayionarvrut ynieepcumem iment Tapaca [lesverxa,

Inemumym mamemamuru HAH YVrpainu, Kuis, Ykpaina

dmitrijstefan396@gmail.com, a.stanzhytskyiGgmail.com

Y naniit poboTi JOC/IKYETHCS JIpOOOBE CTOXACTUYIHE PIBHAHHSA TOHKUX ILIIBOK 13 KOJILOPO-

BUM rayccisebkuM nrymom Crparonosuya. Esostionis Bucotu wiiBku u(t, ) 3a1a€ThCsd PIBHIHHSIIM
du+ 9, (W0, Z(u)) dt = O0y(uodW), (t,x)€[0,T)x Ty, (1)

neT, L € (0,00), Tp — ogroBuMipHuit Top jgoBxkubu L. Hemokanbuuii qudepeHiiagbHuii oreparop
7, o Jii€ HA U, BASHAYAETHCS K Bl eMHUIT 1pobosuil jarmiacian mopsiaky 2s: Z(u) = —(—A)%u,

m s € (1,1). Ipuiyckarnyemo HasiBHICTb IEPIOANTHIX KpailoBUX yMOB
Olu(t,L) = 0u(t,0), 0,Z(u(t,0)) =0, Z(u(t,L)) mnascixte (0,T),i€ {0,1,2}

PiBusinng (1) onmcye eBOJIIONIIO BUCOTH JBOBUMIPHOI B'sI3KOT TOHKOI IIJTIBKY IiJI BILTUBOM TeILIO-
BOIO IIIyMYy B IPHUIyIIeHHI ymMoBH KoB3anuga Hap’e na migkiammi. [llym W 3amaerbesa y Burisiai
W(t,z) ==Y ez Mt(x)BE(t), me (B%)kez — B3aeMuO Hesanexkui cragaprai AificHosHadHl BiHe-
piBCBKi mporiecH, a (¢ )gez — OPTOHOPMOBaHUiT 6a3uc BiIacHUX (QYHKIH MepiognIHOro Jaiaci-

ana. Ilpunyckaemo, mo xoedirmientu mymy (A;)gez € HEBII'€MHUME Ta 3aJI0BOJIHSIOTH YMOBY

Y ken An < 00.

Osnauvenns 1 (Maprunranbauii po3s’s3ok). Hexaii mouarkosa ymosa ug € H*(Ty) € nein’emuoro.
Habip 06’exTiB, 110 CKJIaIa€ThCs 3:

1) iimoBipHicHOro mpocTopy 3 (hilabTpaIleo (Q, F, (ﬁt)te[O,T), ]f”), e (ﬁt)te[O,T) € IIOBHOIO Ta
HeIlepepBHOIO clipaBa (iIbTPaIli€ro;

2) y3romkeHoro 3 (iabTpariero (]:"t) 00ME2KEHOI'0 HEeIepepBHOIO IMPOIECY U Ha ITPOMIXKKY
[0,7") 31 snauennsmu y npocropi H(Tp), Takoro, mo y3saraabHeHa apobosa moxigaa 0,Z(4) €
yaromenoo 3 (JF), mpuomy 9,Z(@) € L*({@ > r}) mnst Gymp-sixoro r > 0, a Takox 420,Z(1) €
L*({& > 0}), @ > 0 ta @(0) = ug, P-maiixke HanesHo;

3) MOCJIIOBHOCTI B3aE€MHO HE3aJIeXKHUX CTaHJIAPTHUX JiiicHuX (JF;)-BiHEPIBCHKUX TIPOIECiB

(B*)rez,

Ha3UBAETHCA MAPMUHLAALHUM PO3E A3KOM JIPOOOBOIO CTOXACTUIHOTO PIBHAHHS TOHKUX ILTi-

BoK (1), sIKMmO 17151 KOKHOT TecToBol dynkitii ¢ € C™(T ) Ta as seix t € [0, T), P-maitzxe mamesro
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BI/IKOHyeTBCH HaCTyHHa iHTeraﬂbHa TOTO}KHiCTBI
t
(i(t, ), 0)a — (0, )2 = / / 32(0,2(3)) (Oup) da dt
{a(t’,)>0}
-5 Z N / (ks (it ), Dutp) , dt’ (2)

kEZ

R / URii(t', ), ), dBH(t).

keZ

OcHOBHUM DPE3y/ILTATOM POOOTH € JIOBEJIEHHS ICHYBAHHA MapTUHTAJLHOIO PO3B’S3KY PiB-
ugauug (1). Qg nporo BukopuctoByeThest Meros posierierns (Trotter—Kato). Habimxkennit
PO3B’430K OyJIyEThCA NMIJIAXOM PO3OUTTA 3ajadi Ha JIeTePMIHOBAaHMI KPOK, sIKWil 30epirae macy
Ta 3aJI0BOJIbHSAE JIPOOOBY €HEPIeTUIHY HEPIBHICTH, 1 CTOXaCTHYHUN KPOK.

Ha ocHoBi oTpuMaHuX anpiOpHUX OIIHOK i HEJIOKAJIHLHUX €HEePreTUYHNX HepiBHOCTell BCTa-
HOBJIIOETHCS BiJIHOCHA KOMITAKTHICTH TOCJIIIOBHOCTI WMOBIpHICHUX Mip. 3a JOIOMOTOI0 abcTpa-
KTHOI Teopemu KyOOBCHKOTO JOBOJIUTHCs 301KHICTH Maiike HameBHO B ceHci Cropoxoja st

BIJINOBITHAX MiJIIOCTIIIOBHOCTEN.

Teopema 1. Hexai nowamxosa ymosa ug € H*(Ty) e nesid’emmoro. Todi ichye mapmunzaivrul
P036°A30K 0pob06020 CMOTACMUYH020 DieHANKA MmoHKkuT naisok (1), axul 3adososvhac caabke

popmyarosanna P-matiorce nanesro oas koocroi mecmosoi dynruii ¢ € C(Ty).

Orpumannii cjabKuil po3B’sI30K U € HEBiJI éeMHMM, 30epirae Macy Ta HAJIEXKUTH MPOCTOPY
HellepepBHUX OOMEKEHUX TPOIeciB 31 3HadeHHsAME y ciabkomy mpocropi Cobosea HE (Ty).

Hocnimkenasa A. CramKuibKoro BUKOHaHI 3a maTpuMku HarjonajibHOro oIy m0oCIi-
JoKeHb Ykpaiuu, npoekt 2023, 03/0074 «HeckinuenHoBUMIpHI €BOJIIONIHI piBHsIHHS 13 Gararo-

SHaYHOIO Ta CTOXaCTHUYHOIO ,Z[I/IHaMiKOIO».
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IIpo criiikicTh pO3B’I3KIB CTOXaCTUYHIX
andepeHIfiajabHO-(PYHKITIOHAJLHNX PIBHSIHDb i3 9aCTUHHUMU

MOXiTHAMM CIEIIaJIbHOI0 BUTJISIIY

Irop FOPUYEHKO, Bononumup ACUHCBKUIT

Yepriseyvruli nayionasvhul ynisepcumem imens FOpia @edvkosuua, Yepnisui, Yrpaina;
Edmornmon, Kanada
i.yurchenko@chnu.edu.ua, vkyasynskyyQukr.net
Hexait na itmoBipHiCHOMY TTPOCTOPi

(Qu~7:7{~rt7 tZO,]:tl CEQ? 2(:1 <t2}7P>

3a/1ana 3atada Kot jij1d cucreMu CTOXaCTUYHUX JiupepenIiaabHO-(PYHKITIOHAIbHUX PIBHAHD 13

gacruaanmu noxigauvu (CIAPPYIL) nudysiitHoro Tumy apyroro mopsijiky BiJIHOCHO
u(t,z,w): [0,T] x X x Q@ - R"
[1, 2|, a cawme:

du(t, z,w) = aq(t,w)a(t, uy, Byuy, Beyuy) dt + ao(t, w)b(t, uy, Byuy, Byguy) dw(t, w), (1)

dB,u(t, z,w) = as(t, w)ai(t, Byu) dt + ay(t, w)by (t, Byu) dws (t,w), (2)

dBu(t, v, w) = as(t, w)as(t, Byau) dt + ag(t, w)be(t, Byyu) dws(t, w) (3)

3a I[I09aTKOBUMU YMOBaMU:

Uli—o = u(t + 0, z,w) T uo(6), 0 € [—A,0], (4)
ou(t, r,w Pu(t, zr,w
Bzu’t:O = % = Ul(e), Bmu|t:0 = % = U2(9)~ (5)
t=0 t=0

TyT a/j(taw)ltzo = &0, j - m7
aj(t,w): [0,7] x @ - R" x R"

€ 33/IaHUMU JIlarOHAJIbHUMU MaTPHUIIAMU, K1 CKJIAJIAI0ThCA 3 HEIIePEPBHUX MONMAPHO HE3aJIEKHUX
BHII/IKOBUX TIPOTECIB 31 CBOIMM PYHKIIAME PO3NOILTY Fiy, (t,y), y € R, nupu npomy 1i mporecu

MTONIapPHO He3aJIeKHi BiJT BEKTOPHUX BIHEPOBUX ITPOIIECIB

wj(t,w): [0,T] x Q@ = R", j=0,6,



wo(t,w) = w(t,w).

Hexait

a;(t,; ) [0,T] x R" x R" x R" — R", 1=0,1,2,

ap = a, Ta

bi(t,+,+,-): [0,T] x R" x R" x R" — R" x R", 1=0,1,2,

by = b; a,b € HeniepepBHUMEU (DYHKIIOHATIAMU BiTHOCHO 2-T0-4-10 apryMeHTIB; a;, b;, i =

HellepepBHi PYHKIIIT CBOIX apryMeHTIB.
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1a27 T

B,u, B,,u BU3HAYAIOTHCA aHAJITUIHO 3a J0rmoMoroio 3aminn Ito. Ili po3s’sa3ku migcrasiis-

forbest B CIDOPYIL (1)—(5), sike Oy/ie piBHAHHAM 3 MCJISEI0 BITHOCHO
w =u(t+60,z,w): [0,T] x X x Q — C(R").
VBeiemMo Hata Il Taki MaIpoOCTOPH:
Sr={p € Cu([=A,0) [ el <, >0},
Iel = _sw {le@F},  A>0
S = {p € Cul[=A,00) | llells <7},
ol = e+ [ o) a0
59 ={p e " | E{|lpl3} <7, r >0},

e
G* ={p € C,([-A,0])},

©(s) € N5-Bumipnoro dynkiieo mst t > s > 0,

/ E{lp(O)}db <o

S = {p e G| E{sup|p(0)} < r’},

1e o(0) = u(f, x,w) a0 € [-A,0], A >0,z € X.

s poss’asky 3agadi Komi (1)—(5) yBememo mosnadeHms
u(t,s,x,w): [0,T] xRy x Ry x X x Q@ —» R"
gt > s > 0.

Jlema. Hexatll suxonyromovca maxt Ymosu:

1) na dmosipHicromy npocmopi
(Qafa {-Ea t Z O}a'/—-;fl C EQ’ tl < t27IP))

aadana cucmema CADOPYIT (1)—~(5);
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2) woediytenmu-gpynruionasu a(t,-, -, -), b(t,-,-,-) ma a;(t,-), bj(t,-), j = 1,2, nenepepsni
30 6CIMA AP2YMEHMAMAU;

3) sukxonana 2aobarvna ymosa Jlinwuys:

’CL(t? P, P1, (102) - &(t, ¢> ¢17 ¢2)|2
+ [[b(t, @, 1, 02) — b(t, 1, 1, 1)]?

<Li [ (1600) = GO +11(60) — 1O + [2(6) — val6)?) 5(a)

-A
gL[Jmm—w@me»

de B — Pynruyia obmesrcenoi sapiayii,

_ ~ Oug(f, x,w) _ QPup(f,z,w)
¢ = uo(0,z,w), ¥1 =T o %_T’
B Ouy (0, z,w) 0?uy (0, z,w)
w:ul(evl‘aw)a ,lvz)l :Ta ¢2:Ta

L>1,>0;
4) a(t,0,0,0) =0, b(£,0,0,0) =0;
5) aj(t,w) <1, j =1,6, 3a ymosu, wo a;(t,w) 3adani ceoimu Pynkyiamu posnodisy
Fo,(y) =P{w: a;(t,w) <y}, y € R.
Todi das dosinvruz p > 0, l; € R, j = 1,6, T > 0 icnye cmaaa K(L, T,p,l;), maxa, wo
oan scix s € Ry, t € [0,T] ma
{. o1, 02} C Cu([—A,0])

BUKOHYEMBCA HEPIGHICTD
E {Hut(sv ¥, P1, ¢2>Hp} S K”QOHP,

de
Hut(57 ©5 P15 902)”1) = ’US(S, ¥, P1, 902)|p
t+s
+ / |u$1(817907 @17@2)|pd81;
t+s—A
a

u(s, @, o1, 02) S ult +s+0,0,01,92).

Teopema. Hezxat suronano ymosu aemu oas CADPPYIT (1)—~(5). Todi daa dosiavrozo p > 0
nyavosul pods’azox u = 0 CAPPYUII e excnonenyiasvno p-cmitikum (p > 1) 6 yinomy modi i
MIALKU MOJT, KOAU:

1) icnye dynryionan Jlanynosa—Kpacoscvrozo—Llapvrosa [3]

veDLT);

2) snatdymoca ky > 0, ke > 0, k3 > 0, maki, wo daa dosiavnux s € Ry map € D,([—A,0])

BUKOHYIOMDBCA HEPLBHOCTIL
kllellP < (s, @) < kafle]l”,
(LT)(s,9) < —kslell”,

de D(LT) — obnacmv 3navensy caabkozo MHEINIME3UMAALHOZO ONEPATNOPA.
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3012KHICTh aTPaKTOPIB raJlbOPKIHCHKNX aIIPOKCHMAIIii

1mapaboidHOl IMIYJIHLCHOI CUCTEMU

Tapac FOCUTIIB, Aprem 3UCKO, Haranis JTEHICEHKO

Kuiscvrutl nayionasvrud ynisepcumem iment Tapaca [lesuenka, Kuis, Yxpaina
Hauiornarvrnuti mexnivrnui ynisepcumem Yrxpainu « Kuiscvkud nostmexnivnud imemumym

wiment Teopa Cixopcvkozos, Kuis, Yxpaina

taras.yusypiv@knu.ua, artem.zysko@knu.ua, denysenko.natalia@lll.kpi.ua

KitrouoBy poJib ipu 1oc/ti12KeHH] IKiCHOT TOBEIIHKY PO3B’I3KiB HECKIHU€HHOBUMIPHUX JIUCHU-
NATUBHUX JUHAMIYHAX CUCTEM BiJIrpa€ BUBUYEHHIA IJI00AJHLHOTO aTpPaKToOpa — KOMIIAKTHOI 1HBaPi-
AHTHOT T1JIMHOYKUATHU (PA30BOI0 IIPOCTOPY, IO IMPUTIATYE BCI TPAEKTOPIl PIBHOMIPHO IO OOMEZKEHUX
[OYATKOBUX JaHuX [1].

Cepe/1 xapaKTepUCTUK aTPaKTOPa BaKJIUBOIO € WOT0 HalliBHEIIEpEPBHA 3BEPXY 3aJIEKHICTD
BiJ pO3MIPHOCTI CKIHYeHHOBUMIPHHUX AIIPOKCUMAIIiil, TTOOY/IOBAaHUX 3a IMeBHUM 06a3ucoM B (ha30BO-

. N 3 . . . . . ‘o .
My npocropi. Tobro, akmo Vi (t, ug ) — e po3s’s30k BianosiqHoi N-BUMIPHOT allpOKCHMAIIHHOI
N

cucreMu ,ILI/ICbepeHHiaJH)HI/IX piBHHHb 3 HNOYIaTKOBUM JaHUM Uy , TO IPU JOCUTH 3araJIbHUX YMO-

Bax [2] msa arpakropa Oy HausBirpynu Vi cripasejmso:
N N
AKIO Uy — Ug, Vy(t,uy ) — V(£ ug) (1)

To dist(On,0) — 0, N — oo, (2)

e © — e rmobaabHMI aTpakTop HAIBrpymnu V, MOpozKeHOl PO3B’I3KaMM BHUXITHOI HECKIHYEH-
HOBUMIpHOI cuctemu, dist — HalliBMeTpuKa Xaycaopda.

Meroro manol poboru € ojiep:KaTh BUKOHAHHS (2) y BUNAJKY IMITYJIbCHUX HECKIHIYEHHOBU-
MIpHUX JIMTHAMIYHUX CHCTEM, TOOTO KOJIM TPAEKTOPIl €BOJIIOIINHOT CHCTEMU 3a3HAIOTH IMITYIbCHO-
ro 30ypeHHs 1Ipu JOCATHeHHI HuMu (ikcoBanol rimeproBepxui M B ¢dazoBomy mpoctopi. OcHOBH
SIKICHOT Teopil TAKMX PO3PUBHUX JTUHAMIUHUX CUTEM OyJIO 3aKJIaJ€eHO B POOOTAX BUJIATHUX MaTe-
marukis A.M. Camoiinenka i M.O. Ilepecrioka [3].

Baxk/mmBUM MOMEHTOM CTaJIO TIEPEHECEHHSI OCHOBHUX IOJIOYKEHDb TEOpil aTpakTOpiB Ha PO3-
puBHi cucremu. Ile crasmo MOXKJIMBUM 3aB/sIKA BBEJIEHHIO HOBOI KOHIIEIIIi1 pIBHOMIPHOI'O aTpaKTO-
pa, Jie BJaCTUBICTh IHBAPIAHTHOCTI 3aMIHIOETHCS HA BJIacTUBICTh MiniMasbHOCTI [4]. B momanbmmx
po6orax M.O. Ilepectioka i O.B. Kamycrana [5] 6ysi0 3anponoHOBaHO HU3KY yMOB Ha Hapame-
TPU IMITYJIBCHOI JIMHAMIYHOI cucTeMu V', gKi € aJIallTalli€l0 YMOBHU HEIIEPEPBHOCTI IO MTOYATKOBUM

JIAHUM 1 320e311e9y0Th JjIs PIBHOMIDHOTO aTpakTopa © piBHOCTI:
VE>0V(t, ©\M)=0\MiO\ M =6. (3)

B naniit po6oti Mu BUKOPHCTOBYEMO Tieil mijixist Jyisi BeTaHOBJIeHHsT 3012KHOCTI (2) 1115t aTpa-
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KTOPIB TaJIbOPKIHCHKUX allPOKCUMAIliil mapaboiaHol 3a1ad4i

wits) — Ay(t,x) — f(y(t,x)), (t,2) € (0,+00) x Q,
y(t, z)|zeo0 = 0, (4)

y(t, 7)]i=0 = yo(7)

3 MaJIoIo IJIaJIKoIo HesiniitHicTio f B hasosomy mpocropi X = L2(£2) 3 iMITy/IbCHOIO MHOKUHOWO

M={yeX| / y(2)b(x)dz = a}, e ¥ € X, a > 0 — cpixcopani (5)
Q
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CuHTe3 CTPYKTYPHOI MaTpPHUIll MiHIMaJbHOI BICOTH
apaJjieJIbHOTro aJiIropuTMy MHOXKeHHsi MaTpuilb IlITpaccena B

aJbTepHATHBHOMY Oa3uci

[nna SAKOBJIEBA, Bagum IIYPUK
Yepriseuvruti nayionasvruts yrisepcumem iment FOpia Pedorosuya, Yepnisui, Yrpaina

i.yakovleva@chnu.edu.ua, tsuryk.vadym@chnu.edu.ua

MHuoxkeHHs MATPUIL € OA30BUM aJTOPUTMOM, IO IMUPOKO BUKOPUCTOBYETHCS B YMCEIHHUX
MeTO/aX, MaTeMaTHIHOMY MOJETIOBaHHI, aHaJi3l JAHUX Ta BUCOKOIPOJIYKTUBHUX OOUMCIIEHHSIX
MAIUHHOTO HaBYaHHSA. AKTYAJIbHOIO 3a/a9ef0 3aJIMIIAEThC TOKPAIeHHsT eheKTUBHOCTI mapa-
JIEJIbHOTO BUKOHAHHSI IHOTO AJITOPUTMY, OCKLJIBKHU MPOAYKTUBHICTH 0AraThoxX MPUKJIAIHUX ITPO-
rpaM 0e31ocepeIHbO 3aJIEKUTh BiJ Or0 ITBUIKO/III.

BinbricTs BUCOKOONITUMIZ0BAHUX PeaJiizalliil I[bOT0 aJropuTMy BUKOPUCTOBYIOTH K/IACHIHE
MHOJKEHHSI MaTPHIIb, M0 Ma€ acCUMITOTUYHY cKaajauictb O(n?) [2]. Anropur™ MHOMNKeHHS Ma-
TPHIb, 10 Ma€ MEHITy acUMIITOTHYHY cKJaanicTs ©(n'°27), puepmre nokasanuii 8 podoti [ITpac-
cena |[3]. ¥V pobori [2|, mokazana mapasenbHa peasizarisi agroputmy IllTpaccena B asbrepHa-
THBHOMY 0a3uci, gKa MOJIAETbCA Ha JIEKIJIbKA IOC/IIIOBHUX €TalliB BUKOHAHHSA: ITEePETBOPEHHS

—1
opt

0a3uCy Popt NOYATKOBUX MaTpHIlb, OlliHiiiny dasy ajropuTmy Ta 3BOPOTHE IEepeTBOPEHHA U
pe3yJIbTaTy B IepeTBOpEeHOMY Oa3uci.

Ha Bigminy Bif icayrounx mocaizkens |1, 2|, e Z0CTIKY€ETbCS MOKIIUBICTD OITHMI3AITT
KOMYHIKAIIIITHIX BUTPAT, 00CATY HEOOXi/THOT TaM ' gaTi Ta apudMeTHIHOI CKJIaIHOCTI, Y JTaHiil poboTi
OCHOBHA yBara Mpu/ilJIeHa 3MEHIIeHHIO KiJIbKocTi spyciB crpyKTypHol Marpuni (CM) Bigmnosigaux
eTaliB BUKOHAHHS aJI'OPUTMY MHOKeHHs1 MaTpuilb [IITpaccena B ajibTepHaTUBHOMY OA3MCi.

B sarambHoMy Bunazky (ng,mo, ko;t) - OLIHIHHEA aJropuT™M MHOMKEHHS MATPUIlh, KUl
PeKyPCHUBHO BHKOHYeThcs Hal mMarpuiamu A € R™™ B € R™* posmipis n x m ta m x k
BiJINOBIIHO, BUKOPUCTOBYIOUN ¢ cKajigpHux Muoxkenb ¢t € N, e n = nh, m = ml, k = k! ana
JestKUX Mg, Mo, ko € N [2]. Asroputm 3acTOCOBY€ETHCS J10 Ny X Mg Ta Mg X ko GJIOKIB, po3Mipis
nﬂo mﬂo, mﬂo X % Bi/IIOBiHO Ta oTpuMyeThcs pesyibTyioda marpung C' € R™F. Posrismemo
anroput™ (2,2,2;7) omacanmit 8 [2], ne A, B,C € RV n = 2! | € N. Buxongun 3 1mporo
MOPSJIOK BUKOHAHHSA aJITOPUTMY HACTYITHHIA:

1) mouaTKOBe PEKYPCUBHE lepeTBOpenHs Oasucy A = goopt(ff) (1), (6), B = goopt(g) nova-
TkoBux Marpuib A ta B, ne A ra B Marpuii B nepersopenomy 6asuci, a ff, B , c BEKTOPU30BAHE
npeJicTaB/IeHHs OJIOKIB MaTPHIIb;

2) peKypCcHBHE BUKOHAHHSI OLIIHIHOT (hasu aJropuTMy MHOXKEHHSI MATPUIb B A IbT€PHATHB-
HOMY Oasmci;

L(C) (1), (), me C pesynbryioua MaTpuus B

3) sBoporHe nepersopenna 6azucy C' = vgy

aJIbTEPHATHBHOMY Oa3MCi.
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10 0 0 Aiq Cra
01 0 0 - A1 2 1,/ Cl 2= 02 2
opt — o = 7 Vo C)= 7 ’
Port 00 1 0 Port(A) Agy pt( ) —C1 + Cap (1)
01 -1 1 Ao —Agq + Az Cap
() (6) (5)

Ha xoxkHOMY 3 eTaliB BUKOHAHHS aJITOPUTMY MTOYATKOBI MaTPUILl PEKYPCUBHO MOIISIOTHCS
Ha 0JIOKM PO3MIpY 4 X § HaJ| AKMMH BUKOHYIOThCs onepariii. /lai HaBeg1eHo nops 0K BUKOHAHHSA
peKkypcuBHOI OiTiHIHOT da3u ayiropurmy, ae templ, Ta temp2 TuMIacoBi 3MiHHI, a oneparid - =

O3HAYa€ PEKYyPCHUBHE BUKOHAHHSA I1i€l O1IiHIHOT (pa3u Ha [ OJI0KaMU, sIKi € OllepaHIaMu OIlePallii:

1. temp, = —A;1 + Az 6. Bio= A1+ Ags 11. Ayp - = DBsa 16. Agp=—A19— Asp
2. temp, = —B; 1+ Bapy 7. A - = temp, 12. Ay - = Bso 17. Ago += By

3. Ay, -=DB1, 8. temp, = By + Ba2 13. temp, - = By 18. Az += temp,

4. By = —Bi2+ Bas 9. Big - =temp, 14. Ajq += A, 19. Ay = B2 — temp,;
5. temp; - = B 10. tempy, = —Aj2 + Aso 15. Ay += temp,

s aHa i3y MOXKJIMBOCTI ITapaJie;TbHONO BUKOHAHHS OIlepalliil aJlropuTMy, O0yJ10 ooy 10BaHO

norokosi rpadu (IIFA) nouarkosoro nepersopenns 6asucy A = popi(A), B = pope(B), Gininiiinoi

daszu ajropuTMy Ta 3BOPOTHOIO IeperBopeHHs basucy C' = vo_plt(C’) pesynbryiodol matpur C'.

Aq1|A12|A21|A22|B11|B12|B21|Bo2|T1|T2

1 0 0 1 0 0 0 0 1|0

0 0 0 0 2 0 0 2 0|2

3lololo|3|o|o]|]o]o]o A11|A12|A21|A22|B11|B12|B21|Ba22|T1|Ts
0 0 0 0 4 4 0 4 olo 1 0 0 1 2 0 0 2 1|2
0 0 0 0 0 5 0 0 5|0 3 0 0 0 3 0 0 0 0]0
0 0 6 6 0 6 0 0 olo 0 0 0 0 4 4 0 4 0]0
0 0 - 0 0 0 0 0 o0l 7 0 0 0 0 0 5 0 0 510
0 0 0 0 0 0 3 3 o ls 0 0 6 6 0 6 0 0 010
oo Foo o oo fofols) oo e o e ool
0 10 0 10 0 0 0 0 01|10 0 0 0 0 0 ) 0 0 019
0 1 0 0 0 0 11 0 010 0 10 0 10 0 0 0 0 0|10
0/]0/0]12]0/]0)0]12]0]0 ol11] o 12130 |11]12]0]13
0101010131010 ]0J013 Mygluaf15[0]*[0]o0]o0]o0]15
1414 o]ofofo]lo]olofo ol ol 10101l o0lolo
o|lof[15]o]o]o]o]o]ols o T o T o T I =T =1+ 1o0lo
0O |16 0 |16 * | O | * | *|]O|O o190 18] * [19]| * | * [19]18
0 0 0 17 * 17 * * 0|0

0 0 0 18 * 0 * * 0|18

0 19 0 0 * 19 * * 19| *

(a) (6)
Puc. 1: CM 6ininiitaol dasu amropurmy (a), CM minimanbHOT BucoTu 6iiniiiHol hasu agropurmy

(0)

st mopgasibIoro anastisy, 6ysio BUKopucTano Meros 3amnucy [II'A cTpyKTypHOIO MaTpHIIEio

[4]. B pesynbrati 6ys0 orpumano, mo CM modaTkoBoro nepeTBopeHHst 6a3ucy A= gpopt(/f), B =
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-1

opt (C) € ONTHMATLHIMH, TaK AK onepanii KOxKHOro

wopt(é) Ta 3BOPOTHOIO IIEPETBOPEHHS C=v
3 spyciB CM 3zajiekaTh Bij omepaliiii momepeHbOro sApycy, TOMYy IX BijloOpakaTu He OyJieMo.
Bacrocysasiiu metos cuarely CM minimasbaol Bucotn 10 CM 6iminiitaol dasu ajiroputMy puc.
1, (a), 6ysna orpumana onrumizosana CM puc. 1, (6).

CM wmiHIMaJIBHOI BUCOTH OTPUMYETHCS MTEPEHECEHHsIM OIepalliil Ha MOTepe/iHi SIpPYyCH, TKIIO
Ha/T OllepaH/IaMU OIepaliil, STKy MePeHOCITh He 3JIMCHIOI0THCS OTepallil Ha OJTHOMY YU JIEKIJIBKOX
nonepeHix sipycax. Taxumit meron omrumizarnii CM 6itiniitnol dasu amropurmy puc. 1, (a) mo-

3BOJINB 3MEHINNTH KiIbKicTh apycis 3 [ = 19 no | = 14, mo cranosurh npubiumsno 26.3% sixg

IIOYaTKOBOI KIJIBKOCT1 fAPYCIB.
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Jlocaia»KeHHsI IIPOCTOPOBUX TEPMOXIMIYHNX IPOIIECIB
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[Ipu mocsijizKenHi cTallioHapHUX MTPOCTOPOBUX TEPMOXIMIYHUX IIPOIECIB BUHUKAE HACTYITHA

nepliiia KpaiioBa 3ajada Jjid HAIIBJIIHIHOIO eJIITUYHOIO PIBHSAHHSA:
2
—Au+ ku = \f(x,u), x€Q, (1)

u‘a@ =0, (2)

ne u — 6e3po3MipHa TemIeparypa abo KoHneHTpamid, u(x) > 0, x € ; ) — ofMexkeHa MPOCTO-
poBa 00J1aCTh, Jie BiIOyBaeThCst TepMOXiMidHUI mporec; X = (z1, T2, 23); 02 — KYCKOBO-IVIQJIKA
HOBEpXHs, M0 € Mexkero obacti 2; k > 0, A > 0 — uncsosi mapamerpu; f(x,u) — dyHkiis, mo
BIJIMOBITa€ HEJIHIHHNUM JZKepesiaM.

SAKImo TepMOXiMiUHMIA TPOIEC ONMUCYEThCsT BIANOBIIHO 10 Kinetwku Appeniyca, To y (1)
BUKOPHUCTOBYIOTHCsSI MOHOTOHHI HesmiHifHOCTI f(X,u) = € abo f(x,u) = e T+ (8 > 0 — napamerp
nacuuennst). [lapamerp \ Bu3Ha4Yae CIHIBBIIHONIEHHsI MiXK IIBUJIKICTIO TeHEpaIlil Teria Ta Horo
BiJ[BEJIEHHAM Y CEPEJIOBUIIE Ta € y3araJbHEHOIO XapaKTEePUCTUKOIO IHTEHCUBHOCTI TETLIOBUII/IEHH S
BHACJIIIOK XiMiYHOI peaxIii, a wiIeH k2w OIHCye BTPATH TEILIA Uepe3 OXOJIOZKCHHH, pajlialliio,
TEIJIOOOMIH TOIIIO.

Hexait reomerpito obacti ) MoxkHa onucaru merojoMm R-dyukiiit [1], To6ro nobymysaru
TaKy ejeMeHTapHy (DyHKI0 w(xX), mo w(x) > 0y Q, w(x) =0 ma 0N i |Vw(x)| # 0 ua 0.

Brejiemo nactynui gpyHKIii:

1/ +dw(x)w(s)e " —re "V 2w (x)w(s)

Q(R) X,8)=—"-
() 4 r/1r? + dw(x)w(s)
— kBazidynkmia ['pina-Psadosa muga oneparopa Lembmronsna —Au + k2w y mpoctopi R?;
0? (x) 0? 0?

K®) - 4l _ 2 ) A G + K250
(6,8) = — 520" 06.5) = 520 068) — 558 (x,9) + 75 5),

1 e—n\/r2+4w(x)w(s)
ar Vr? + dw(x)w(s)
ne x = (r1,T2,13), S = (81,82,83), 7 =[x — 8| = \/(xl —51)2+ (w9 — $9)% + (3 — s3)2.

Toni BianosiaHo 110 MeToy KBasidyukiiii ['pina—PBadosa 2] kpaiiosa 3ajaqa (1), (2) exsi-

g (x8) =

BaJIEHTHA IHTEIPAJILHOMY PIBHAHHIO Y PUCOHA

u(x) = /Q K®(x, 8)u(s) ds + A /Q Q™) (x,8) (s, u(s)) ds. (3)
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Y3arajbHeHNM PO3B’a3KoM u* Kpaiiopol 3ajadi (1), (2) Hazsemo HeBix eMHY (DYHKILIO 3 TIPO-
cropy C(2), mo € po3s’si3koM iHTerpaabHoro piBHsaHHs (3). Jljisi 3HAXOKEHHS 11bOI0 PO3B’SI3KY

o0y IyeMo JIBOOIYHMIT iTepalifiHuii IpoIec 3a CXeMO0

(k+1 K k) K" w®(s)ds + \ (%) (k) d
v / (x,8)v / (x,8)w'™(s) ds + /QQ (x,8)f(s, v\ (s)) ds,

Wk /K x, s)h)( ds—/K x,8)0)( ds“/@ (x,5) (s, 0¥ (s)) ds,
k=0,1,2,...,

O (x) = vp(x), W (x) = wy(x),

e
K (x,5) = max{0, K™ (x,s)}, K" (x,s)=max{0, K" (x,s)}.

Sk 3a nouarkosi nabsmkents v(0) (x), w(© (x) obpaTu KiHIli KOHYCHOT'O BifpisKa < vy, Wy >,

10 € CUJIbHO 1HBapiaHTHUM /ISl T€TEPOTOHHOT'O OllepaTopa

:/QK_(:)(X,S)U(S) dS—/QK(_K)(X,S)u(S) ds+)\/QQ(”)(X,S)f(X,u(S))dS,

TO 3aIMCAHMI iTepaliiinmii mporec 3a MEeBHUX JTOJATKOBUX OOMEXKEHDL JBOOITHO 30iraTUMEeThCd Y
HopMi mipoctopy C(£2) 110 €MHOTO HAa KOHYCHOMY BLIPI3KY < g, Wy > PO3B’A3KY KpaitoBol 3aj1adi
(1), (2).

JIBobOivuHa 306i12KHICTH iTEpalliii pO3yMIEThCS Y CEHCI BUKOHAHHSI JIAHIIOra HEPIBHOCTEH

vo(x) = vV (x) <vW(x) <... <P (x) < ... <wu'(x) <

<. L<wP(x) < <o (x) wO(x) = wo(x) s Beix x € Q.
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