Bukovinian Math. Journal. 2026, 14, 1, 70-89 BykoBuHcbkuii matem. xypHan 2026, T.14, Nel, 70-89

DOI: https://doi.org/10.31861/bmj2026.01.07

SAWADOGO B., OUARO S., KABORE A.

ISOTROPIC PROBLEM WITH NON HOMOGENEOUS DIRICHLET
BOUNDARY CONDITION AND L!-DATA

The purpose of this paper is to study an isotropic problem with non homogeneous Dirichlet
boundary condition and L' data in a variable-exponent Sobolev space. We start by showing
the existence and uniqueness of the weak solution when the source term is bounded. Finally,
we use a problem-based approach to prove the existence and uniqueness of entropy solution
when the source term is integrable.
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1 INTRODUCTION

The study of problems solving partial differential equations has undergone a great revolution in the
field of science, particularly those using Sobolev spares with variable exponents. These are used to
model several physical phenomena. Indeed, in chemistry, they are used to model fluids that change
their chemical properties under the influence of an electric field [12, 5, 9, 13], in biology, Leray-Lions
type operators with p(.) growth also appear. They are also used in image restoration [4].

The aim of this paper is to study the existence and uniqueness of weak and/or entropy solution
under several conditions on the data for the following isotropic problem with non homogeneous
Dirichlet boundary condition:

—div(a(x, Vu wlP®) =2y = finQ
{ (a(z, V) + [ul f "

u = constant on 01,

where  is a bounded open subset of RN (N > 1), 99 represents the boundary of Q and a(.,.) :
QO x RN — RY is a Carathéodory function.

In the literature, there are many works analogous to problem (1). For example in [3] the authors
studied the existence and uniqueness of weak solution of a perturbed problem on its right side,
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which depends on = and u. In [11] the authors studied the existence and uniqueness of the weak
solution when f € L® () and the entropy solution when f € L(Q) of the following problem:

—div(a(z,Vu)) = finQ
u=0 on oS

The authors in [10] solved the following problem:

b(u) —div(a(z,Vu)) = f inQ
a(z, Vu).n = —|ulP® =2y on dQ,

where 1 denote the outer unit normal vector on 02 by getting the uniqueness and existence of a
weak solution when f € L°°(f) and of an entropy solution when f € L'(£2). Based on results
already found for these authors, we study the problem (1). The novelty of this work is on the
boundary condition and the L!- condition on the datum f. Indeed, Boureanu (see [2, 3]) studied
the kind of problem that we study but with f which depends on x and uw where they proved the
existence and multiplicity of weak solutions. In this work, we are interested with the existence and
uniqueness of entropy solution. The remaining part of this paper is organized as follows: In Section
2, we introduce some useful preliminary results. In Section 3, we present the necessary assumptions
on the data in order to address problem (1). In Section 4, we prove the existence and uniqueness
of weak solution for f € L*°(Q2). Finally, in Section 5 we prove the existence and uniqueness of
entropy solution for f € L1(€).

2 PRELIMINARY RESULTS

We denote C(Q) = {p(w) € C(4R) : inf p(z) > 1}.

€

Vp € C+(2), we denote

p* =supp(z) and p~ = inf p(x).
er LBGQ

Let p(.) € C (). We set the variable exponent Lebesgue space denoted by LP()(Q) as follow:

P0(Q) = {u : u mesurable with real values such that / u(z)[P@dz < oo} .
Q

This space is equipped with the following Luxemburg norm:

p(z)
. zinf{u “o- [ & < 1}.

The space (Lp(')(Q), Il - HLP<.>(Q)> is a reflexive and separable Banach space if p € C,(Q) and

u()

p+ < 00.
We also define the convex modular as follows:

o) = [ P,

with u : © — R a measurable function.
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Proposition 1. [8] IfQ C RY is a bounded open subset and p1, p2 € C(Q) such as p; < py in Q,
then the following injection LP*()(Q) < LP10)(Q) is continuous.
1

/ 1
We denote by LP'()(Q) the conjugate space of LP()(Q) with — + —— =1,
Vreq p(z)  p'(x)
xr el

Theorem 1. [8] Yu € LPV)(Q) and Vv € LV ()(Q), the following Holder type inequality holds:

/ uvdx
Q

<2”uHLP() ”UHLp()()

1 1
< = +7 lull ooy (@ V1] o -

In particular,

/ uvdx
Q

Let’s set the variable exponent Sobolev space WhP()(Q) as follows:

wirO)(Q) = {ueLp (Q) : |[Vu| € LPC (Q)}.

We also define the associated norm and the convex modular to this space as follows:
If u € Whr)(Q),

[ullip() = lullzeo @) + [Vl oo o)

and

P1p()(u) = / [IW\”(“) - !u\p@)} dzx
Q

Proposition 2. [8] The space (Wl’p(')(ﬂ); H.||W1,p(,)(m) is a reflexive and separable Banach space
for all p(.) € C(R) and pt < oco.

Proposition 3. [14]V u € LP)(Q) we have the following relations:
(1) llullrir ) < 1(= 1> 1) = pyy(u) < 1= 1;>1);
(ii) [lunll Lo ) — O(respectively —s 00) < pp() (un) — O(respectively — 00).

Proposition 4. [14] YV u € W'P()(Q), we have the following relations:

(@) Nullipy > 1= lull s < prp () < Jullhh

(i) [Jullx

Loty < 1= [ull?* ) < prpoy(w) < Il

Proposition 5. [6] Let Q@ C RY(N > 2) be a bounded domain with a smooth boundary and
p € CL(Q). If s € C(Q,R) satisfies the condition 1 < s(z) < p*, Vo € Q, then the injection
Wle@)(Q) — L5#)(Q) is compact, where p* denotes, as usual, the critical exponent given by

* (g N—p(2) pr()
{0
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We denote by V the following space:

V= {u e wirt)(Q) ulyq = constant}
and V* its dual space.

Theorem 2. [3]
(i) The space V is a closed subspace of WP()(Q).

(i) The space V equipped with the norm |||,y is a reflexive and separable Banach space, V

p € C+(Q) with pT < .

3 ASSUMPTIONS ON THE DATA

We make the following assumptions on the data:
(Hy) p:Q — (1,00) with 1 < p~ < p* < oo and p verifies the log-Hélder continuity condition

C 1
Ip(z) — p(y)] < Va,y € Q,0 < [z —y| < 7 (2)

~ —loglz —y|’
For the vector fields af(.,.), we assume that a(z,€) : Q@ x RY — R¥ is the continuous derivative
with respect to ¢ of the mapping 4 : @ x RN — R, A = A(z,€), ie. a(z,£) = VeA(z,€) such that
(Hz)

A(z,0) =0, (3)

Vae
(H3) There exists a constant C such that

la(. &) < C1 (j(@) + g7 (4)

Vo € Q and V&€ € RY, with j a positive function in Lp/(')(Q).
(Hy) The following monotonicity condition holds:

[CL (‘Taél)_a(x7€2)]'(€1_§2) >0, (5)

Vo € Q and V&1, & € RY with & # &.
(Hs) The following inequalities holds:

[P < a(x,€).6 < p(z)A(=,€), (6)

Ve e QandV € e RV,
(Hg) The mapping a(.,.) is odd with respect to its second variable, that is,

a(z, =) = —a(z,§), (7)

for a.e. z € Q and all £ € RV,

As examples of models with respect to above assumptions, we can give the following:

(i) If a(z, &) = |¢[P72¢ then, one has A(z, §) = L

@ |£[P@®); which is p(.)-Laplacian operator.
p(x



74 SAWADOGO B., OUARO S., KABORE A.

(ii) Moreover, if one take a(z,&) = (1 + [¢| )(p( > §, one has A(x,§) = 1 [(1 + 1¢)? ) —1;
which is the generalized mean curvative operator. P
4 WEAK SOLUTION FOR BOUNDED DATA
In this part, we prove the existence and uniqueness of weak solution when f € L*(£2).
Definition 1. A function u € V' is a weak solution to the problem (1) if
/Qa(:z:, Vu).Vodzr + /Q |u|P@) =2 yde — /Qf(:z‘)vda: =0, (8)

Vo € Whrh)(Q).

Definition 2. The function I : V — R such that

/A:c Vu)dx+/| |P@) /f Judx (9)

is called the corresponding energy functional of problem (1).

Proposition 6. The function I is of class C*(V,R) and its Gateaux derivative is

<I’(u),v>—/Qa(:r,Vu).Vvdx—l—/Q]u\p(x)_qudx—/Qf(x)vd:r, (10)

Vo € WhrO(Q).

One therefore sees that, according to above proposition, the critical points of the functional I
are the nontrivial weak solutions of problem (1).
The main result of this part is the following:

Theorem 3. Let f € L*°(Q)). Under the assumptions (H1) — (Hg), the problem (1) has a unique
nontrivial weak solution.

Proof. A- Proof of the existence of nontrivial weak solutions
The proof of the existence of weak solutions is deduced from [3], Theorem 1.4.2 .
A- Proof of the uniqueness of a nontrivial weak solution

Let u; and ug be two weak solutions of problem (1).
Vo e Whrh(Q),

/a(:E,Vul).Vvd:E—{—/ |u1p(m)_2ulvda::/fvdx (11)
Q Q Q

and

/a(:c,VuQ).Vvdx—i—/ ]ug\p(x)_2u2vdx:/fvd:c. (12)
Q Q Q

Subtracting the two last equalities, one gets

/a(m,Vul).Vvdx—/a(m,Vug).Vvd:L‘+/ ]ul\p(x)_2u1vdx—/ g [P 2 ugvde = 0, (13)
Q Q Q Q
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which is equivalent to say
/ (a(z,Vuy) —a(z,Vug)).Vodz + / (]ul P@=2 4y — Jug P2 U2> vdx = 0.
Q Q
By setting v = u; — uo, one gets

/Q (a(xz,Vui) —a(x,Vug)).(Vu; — Vug) dzx + /Q (|ul|p(x)72 uy — |ug|P@ 2 u2> (u1 — ug) dx = 0.

Due to the monotonicity of a(.,.) and as & — |£[P®)=2¢ is monotone, it follows that
/ (a(x,Vui) —a(x,Vuz)).(Vuy — Vug)der =0 (14)
Q

and

/ (|ul|10<90>*2 ut — |ug P2 ug) (w1 — ug) da = 0. (15)
Q

Since p~ > 1, then, V &, n € R, £ # n (see [10]) one has <\§|p(x)*2§ — \n\p(z)*zn) (&—n) >0,V
x € Q. Then, from (15), one deduces that u; = us. O

5 ENTROPY SOLUTION FOR INTEGRABLE DATA

In this section, we study problem (1) when the right hand side f belongs in L'(£2). We first
recall some auxiliary results. The truncation function of level ¢ > 0 is defined by

Ti(s) := max{—t, min{¢, s} }.
For any u € W) (Q), we denote by T'7()(Q) the set defined by
TPO(Q) := {u: @ — R measurable | Tj(u) € W0 (Q), ¢ > 0}.

Proposition 7. [10] Let u € TP (Q). Then, there exists a unique measurable function v : Q —
RN such that VTi(u) = vX{ju<ty, Vt > 0. The function v is denoted by Vu. In addition, if
u e WPO(Q), then v e (LPO(Q))N and v = Vu in the usual sense.

We define ﬁi’p (')(Q) as the set of function u € 7'P()(Q) such that there exists a sequence u, C
WP (Q) satisfying the following conditions:

(C1) s up, —> uw ae. in Q.

(Co) : VTy(uy) — VTy(u) in LY(Q), V ¢ > 0.

(C3): u,, —> constant a.e. on 0S).

Definition 3. A measurable function w is an entropy solution of problem (1) if u € ﬁi’p(')(ﬁ) and
Vit>0,

a(x,Vu). u—v)dr ulP@ =2y Ty (0 — v)dz )T (u —v)dx
[ ate. V) V= oo+ [ et —vde < [ f@)Tiw—ode. 10

Yo € WhPO(Q) N L®(Q).
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Remark 1. If (Hs) is satisfied then,
/ a(z, Vu).VTi(u)de = / a(x, Vu).VTi(u)dzx
Q {lul<t}
= / a(x, VIi(u)).VTi(u)dx
{lul<t}
> / VT, ()PP dz > 0.
{lul<t}

Note also that

/]u\p(x)_QuTt(u)dw = / \u|p<x)_2u7}(u)dx+/ u[P® 2T (u) dae
Q {lul<t} {lul>t}

= / \u|p<x)_2u2da:+/ \u]p(x)_zut.idx
{lul<t} {lul>#} [ul

_ / uP@ g + t/ uP@1dz > 0, ¥t > 0,
ul<t) {ul>t)

Which means that

/ a(x, Vu).VTi(u)dz > 0 and / [uP®) 2Ty (w)dz > 0.
Q Q
We deduce from (16) by taking v = 0 that
/ a(x, Vu).VTi(u)dr < / f(z)T(u)dz
Q Q

and

w|PO 24Ty (u)dz < )T (u)dz.
/Q|| T,(u)d </Qf()T()d

(17)

(18)

Theorem 4. Let f € L'(Q)). Suppose that hypotheses (Hy) — (Hg) holds. Then, problem (1)

admits a unique entropy solution.

For the proof of the Theorem 4, we need the following results.

Proposition 8. Let f € L'(Q). Suppose that hypotheses (Hy) — (Hg) holds. If u is an entropy

solution of (1), then
[ 19T dr <t e, e >0
Q

and
P20 10y = a7 ) < 1F i o)-

Proof. Using (17) we have
/ a(x, Vu).VTi(u)dr < / f(x)Ti(u)dz
Q Q
<t fllzy )

Moreover, according to (Hs),

/ a(z, Vu).VTi(u)dz = / a(z, VTi(u)). VT, (u)dz > / VT (w) [P da.
Q {lul<t} {jul<t}

(19)

(20)

(21)

(22)
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From (21) and (22) we deduce that
[ VE@Pede < e Yt > 0
{lul<t}
which is equivalent to say
[ VTP do <t a0y, ¥t > 0.
Q
One has according to (18)
/Q P 20T (u) e < /Q F@)Ti(w)dz < £ 0.

From (23), one obtains

[ P T )de < e
QN{lul>t}
Which is equivalent to say

[t ude = [l ude < 4 e
Qn{u>t} QN{u<—t}

Therefore,
[ e < ey
QN{[ul>t}
Finally, as t — 0 in (24), it follows by using Fatou’s Lemma that

P2 ull 1y = Pl < 1F 1121

7

(23)

(24)

O]

Proposition 9. Let f € L'(Q). Suppose that hypotheses (Hy)— (Hg) holds and let u be an entropy

solution of (1). If there exists a positive constant M such that

/ 1@ gy < M,
{lul>t}

Vit > 0, then,

9D de < M+ || fll 11
/{’W(,)’N} £l

Vt > 0, where a(.) = L) and q(.) : Q@ — (0, 00) is measurable such that ¢— > 0.

(a(-)+1)
Proof.

/ @) gy / 19 g / (@) g
{\Vul“(<)>t} {|Vu\a(~)>t,|u|§t} {|Vu|a(-)>t,|u|>t}

p(z)
< / 9@ (L“l"“) O da + / 9 d;
{Jul<t} ! {ul>t}
< 1/ \Vu[P®) dz + M
t S {Jul<t}
1
< ;(tHfHLl(Q)) +M
< Nfllpro) + M.
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Proposition 10. Let u be an entropy solution to problem (1). Then, meas{|u| >t} and
meas{|Vu| >t} tend toward 0 as t — oo.

Proof. The proof is done in a similar way as in the proof of Proposition 4.7 in [10]. Indeed, as
u = constant on 0f, then one can uses T;(constant) instead of T;(u) on 02 which is a constant in
the proof. O

Proof of Theorem 4.

A- Proof of the uniqueness of the entropy solution
Let k > 0, u; and ug two entropy solutions of problem (1).
One has

/ 0 (2, V1) VT (ur — Ty(us)) da + / PO 2 Ty (ug — Th(up)) da <
{lur =Ty (u2)|<t} Q

(25)
/Qf(x)Tt (up — Ty (ug)) dx.
and
/ a(z,Vug) VT, (ug — Ty,(u1)) dz + / g P2 4Ty (ug — Thuy) da <
{luz =Tk (u1)|<t} Q (26)

/ f(@) Ty (ug — Ti(uy)) de.
Q
By adding (25) and (26), one obtains
/ a(x,Vuy) VTi (ug — Ti(u2)) de+
{lu1 =T (u2)|<t}
Jtus—i(un) <y @ (@, Vuz) VTi (uz — Ty (ur)) do + /Q ur P72 g T (g — Th(ug)) dat (27)
/ g [P "2 uo Ty (ug — Tio(uy)) da < / F(@) (Ti(uy — Tp(u2)) + Ti(uz — Tp(uq))) da.
Q Q

Let us define the following sets:
Ar = {Jur —ug| <1}, Ao = {|ua| <k}, Az = {Jug| <k}, A= {Jui| > k}, A5 == {[uo| > k}.
One has

/ a(z,Vuy) . VT; (ug — Ti(uz)) de > / a(x,Vuy) .V (u; —ug) de
{|U17Tk(u2)|§t} A1NA3NAg (28)
—/ a(xz,Vuy) .Vugdx
A1NA3NAy
Using (Hs) and Holder type inequality, it follows that
/ a(z,Vuy) .Vuadz| < Cl/ (j(a:) + |Vu1\p(z)71> |Vug| dz
A1NA3NAL A1NA3NAy (29)

. -1
< C1 (il aymasnan + ||V P 1702 o) (g4 -

Lp/(')(AlﬂA3ﬂA4)>

According to Proposition 10 (see[10]),

HVU? ”LP(-) (A1NA3NAy)

A p(z)—1
Cl <H]HLP (')(AIQA:SHAAL) + H‘VUI’ ‘ LP’(»>(A1OA3QA4))
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converges to 0 as k — 0o. Therefore,

/ a(x,Vuy) VT (ug — Ti(uz)) dz > e1(k) + / a(xz,Vuy) .V (u; — ug) de,
{|lur =Tk (u2)|<t} A1NA3NAg ( )
30

with lim e1(k) = 0.
k—00

By an analogous reasoning, one also deduces that

/ a(z,Vua) VT; (ug — Ti(ur)) de > ea(k) — / a(xz,Vuz) .V (u; —ug) de,
{lug =T (u1)|<t} A1NA3NA2 (31)
31

with klim ea(k) = 0.

—00
One also has |u1\p(x)*2u1(Tt(u1 — Ti(ug)) — |u1\p(x)*2u1Tt(u1 — u2) a.e. in Q as k — oo.
Moreover, “u1|p(x)_2u1(Tt(u1 — Ti(up))| < tlus [P®)~1 e LY(Q).

Then, by the Lebesgue dominated convergence Theorem one deduces that
lim / [ [P 20y (T (ur — Ty (uz))da = / | [P 20y Ty (ug, — ug)da. (32)
k—o0 J Q

By a similar reasoning, one deduces that
lim / lua|P®) "2y (T, (ug — Ti(uy))da = / lug |P® 20y Ty (ug — uy )da. (33)
k—s00 J Q

Thus by using (32) and (33), one obtains

lim (/ |u1\p(x)72u1Tt(u1 — Tk(u2)dw + / |U2‘p(m)72u2ﬂ(’u2 - Tk(ul)dm’)
Q Q

k—+o00

— / |u1]p(‘”)*2u1Tt(u1 — ug)dz +/ ’U2|p(x)72U2Tt(’LL2 — uy)dx.
Q Q

V t > 0, one has

J(@) (Tl = Ti(wa)) + To(uz = Te(wn))) —> f(@) (Tolur — wa) + Tiwa — 1)) =0

a.e. in {2 as k — oo. In addition,

[F(@) (T = Ti(ua) + Toluz — Te(wn))) | < 2011] € LX(Q).

Thus, by the Lebesgue dominated convergence Theorem, one has

1mlAf@WEWrJMmD+EWrJMmDM)=U (35)

k—> o0
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Therefore, by using (27), (30), (31) and (34), it follows that
/ a(x,Vuy) VT (ur — Ti(u2)) dz
{lur =T (u2)|<t}
+ / a(z,Vug) VT; (ug — Ti(u1)) do
{lug =T (u1)|<t}
+ / ug [P =20y Ty (uy — Tio(uz)) da
Q
+ / |u2‘p(:c)—2 UQTt (UQ — Tk(ul)) dx
Q
>

> / a(x,Vuy) .V (ug — ug) da:—/ a(z,Vua).V (u; —ug)de
A1NA3NAg A1NA3NAg

+ / <|u1\p(x)_2 up — |ug|Pt™) =2 U2) Ti (ug — ug) dx +e1(k) + e2(k).
Q

\
(36)
From (27), (35) and (36), one deduces, as k — oo, that

/ la(z, Vuy) — a(x, Vuz)] .V (uq —uQ)d:c—i—/ <\u1]p(x)_2 uy — |ug P2 UQ) T (u1 — ug) dz < 0.
A1NAsNAg Q

(37)
Therefore,
/ [a(x, Vu1) — a(z, Vuz)] .V(uy — uz)dz =0 (38)
A1NAsNA3
and
/ <|Ul|p(£)72 uy — JugP) 2 U2> Ti (w1 — up) dz =0, (39)
Q
since the two terms in (37) are positive. From (38) and (Hy), it follows that
up —uz =ca.einfd, (40)

where c¢ is real constant. By (39), we deduce that for all k£ > 1 there exists Cy C €2, meas(C) =0
such that for all z € Q\ Ck,

(|ul‘p(z)*2 uy — |u2‘p(x)*2 u2> T, (u1 — us) = 0.

Therefore,
<‘U1’p(x)_2 Uy — ‘uzlp(x)—Z UQ) (U1 — UQ) = 0, (41)

for all z € Q\ Uy Ck-
Since p~ > 1, then
<‘U1|p(:p)_2 Ul — ‘u2|p(:r)—2 ’LL2) (u1 — UQ) > 0,

one has, by using (41),
up —ug = 0 a.ein . (42)

Finally, (40) and (42) give

UL = ug a.ein .

B-Proof of the existence of entropy solution
Let (fn)peny C L°(Q) defined by f,, = T,(f). One has

[ fnlly < 1fll ¥V neN. (43)
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We consider the following approximate problem:

—div (a (z, Vuy,)) + ‘un|p($)_2 Up = fn in €, (44)
u, = constant on 0f2.

According to Theorem 3, for any n € N, problem (44) has a unique weak solution u,, € V.

Our objective is to prove that the sequence (uy), oy of weak solutions of problem (44) converges to
a measurable function u which is the entropy solution of problem (1).

We begin by proving that the sequence of weak solutions of problem (44) converges in measure to
a measurable function w.

Lemma 1. V¢ > 0, ||T;(un)|1,()(€2) <1+ C where C' is a positive constant.

Proof. One hasV n € N,
/ a(x, Vuy,).Vodr + / |t [P@) 200 0d = / fn(z)vde, (45)
Q Q Q

Vo e whrh(Q).
By choosing v = T;(u,,) in the equality above, one obtains

/a(w,Vun).VTt(un)d:r—i—/ |un\p($)_2unTt(un)dx:/fn(:c)Tt(un)dx.
Q Q Q

Then,
[ e V) FTiun)do < [ fu@Tiun)ds < il < Sl
Therefore,
| e 9Ti(0))-FTwn)ie < 11101
Thus,
[ 9T e < o (46)
[t @de = [ G Ode s [ TP (47)
Q {lun|<t} {lun|>t}
Moreover,

IN

/ P dg / ) d
{lun|>t,t>1} {lun|>t,t<1}
< / " dx + meas(2)

{Jun|>t,t>1}

meas(Q)tp+ + meas(Q2)
meas(Q)(tp+ +1).

| m)r
{lun|>t}

One deduces that
/ Ty () PP da < meas(Q) (P +1). (48)
{‘un|>t}
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Therefore

/ 1T () P@ g/ 905 g
{lun|<t} {lun|<t}

< / @ dy + / @) dy
{lun|<t,t>1} {lun|<t,t<1}

< / " dx + meas(§2)
{lun|<t,t>1}

meas(Q)t?" + meas()
771(3@.5*(9)(thr +1).

One deduces that
/ | T3 (up) P da < meas(Q)(tf”+ +1).
{lun|<t}

From (48) and (49), one obtains
/ Ty () [P® dz < 2meas(Q)(thr +1).
Q

From (46) and (50), one deduces that

P1p) @) (Te(un)) <t fllre) +2(1 + " Ymeas(Q) = const(t, f,p*, meas(12)).

For HE(UTZ)HZ;’;(')(Q) > 1, one has

||Tt(un)||§);(_)(g) < Pwi.r()(Q) (Ti(un)) < const(t, f, p+, meas(£2)).

Using (52), one obtains
1

I T (un) 11y 0) < [const(t, f,p", meas())] 7

Therefore,
1
T3 (un) 11 p(y () < 1+ [const(t, f,p", meas(Q))] 7~
Hence,

[T (un) 1, p @) < 1+ C.

(50)

(51)

O

Remark 2. One has V t > 0, [|Ti(un)|l1p() ) <1+ C. So, the sequence (Ti(un))nen is uniformly
bounded in WP (Q) and therefore in LP™ (Q). Consequently, there exists a subsequence still

denoted by (Ti(uy,))nen converging strongly to oy in LP (£2).

Proposition 11. Let u,, be a weak solution to problem (44). Then, meas{|u,| > t} and

meas{|Vuy,| >t} tend toward 0 as t — oo.

Proof. From (46), one has
[ 9T )P < o

By analogous raisonning as in the proof of the Proposition 10, one gets meas{|u,| > t} and

meas{|Vuy,| > t} tend toward 0 as t — oo.

O]
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Proposition 12. Let f € L'(). Suppose that hypotheses (Hy) — (Hg) holds. Let (up)nen C V
be the solutions sequence corresponding to (fn)nen then, (un), oy is a Cauchy sequence in measure.
Therefore, there exists a measurable function u and a subsequence still denoted (uy,)nen such that
Uy — U In measure.

Proof. The proof consists to show that
vV > 0,Ve > 0,3Ing € N/Vn > ng, Vm > ng, meas {|u, — up| > 0} <e.

Let’s put Ay |un| > t}, As = {|um| > t}, As = {|Tt (un) — Tt (um)| > 6}, Ag = {{un — um| > 0} .
We see that A4 C A1 U As U Az, therefore, one obtains

meas (A4) < meas (A1) + meas (Az) + meas (A3) . (53)
By Proposition 11, one deduces that
meas(Ay) < % (54)
and
meas(As) < % (55)

Acording to Remark 2, (T3(un))nen converges strongly in LP (£2), so it is a Cauchy sequence in
measure in LP (). Therefore,

_ 2
meas(Ag) S/ |Tt(un) %}(umﬂ dx <
Q P

; (56)

ol M

Y n, m > ng.
From (53), (54), (55) and (56), one deduces that

meas(Ay) < e.

The sequence (uy), oy is therefore a Cauchy sequence in measure. So there exists a measurable
function u such that u,, — w in measure, up to a subsequence, one can assume that w, — u a.e.
in €. O

Lemma 2. [14] Let (uy),cy be a sequence of measurable functions. If (u,)nen converges in measure
to u and is uniformly bounded in LP()(Q) for some 1 < p(.) € L>(SY), then u, — u strongly in
LY(9).

Lemma 3. [7] Let (X, M, 1) be a measure space such that (X) < oo. Consider a measurable
function vy : X — [0, 00) such that

u({z € X :y(z) = 0}) =0.

Then, for every € > 0, there exists 6 > 0 such that

w(A) <e, forall A € M with / ydp < 6.
A
Lemma 4. [10]

(a) For a.e. t € R, VT;(uy) converges in measure to VX{|u\<t}-

(b) For a.e. t € R, VTi(u) = vy <} -
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(C) VTt<’U,) = VX{\U|<t}7 VteR.

Let u, € V be a weak solution of problem (45). Then, taking T} (u,, — v) as test function in (8),

one obtains

/ a(xz, Vu).V (T; (up, —v)) dz + / PO 2wy, (T (t, — v)) da — / (@) (T (up, — v)) dz =0,
Q Q Q

(57)
for all v € W20 ().
one has the following results.

Proposition 13. Let f € L'(Q). Suppose that hypotheses (H;) — (Hg) holds. Let u, be a weak
solution of problem (44), then:
(1) (Vun)nen converges in measure to the weak gradient of .
(i) For all t > 0, VTi(uy,) converges to VTy(u) in (LY(Q))V.

, N
(iii) a(z, VT (uy)) converges to a(x, VIi(u)) strongly in (LI(Q))N and weakly in (Lp (')(Q)>

(iv) u, —> constant a.e on 5.

Proof.

e Proof of (i)

The proof consists to show that ¥V § > 0, Ve > 0, Ing € N / ¥n > ny,
Vm > ng meas {|Vu, — Vuy,| >0} <e.

Let’s put Ay = {|Vuy,| >k}, A2 = {|Vun| >k}, A3 = {Jun — um| > t},
Ay =A{|Vup, — Vup| > 6, |[Vu,| <k, |Vup| <k, |u, —un| < t}.

Then
{|Vup — Vup| > 6} C A1 U Ay U A3 U Ay.
Thus,
meas {|Vu, — Vuy,| > 0} < meas (A;) + meas (Az) + meas (A3) + meas (As) . (58)

By Proposition 11, one has

meas(Ay) < Z (59)
and

meas(Az) < Z (60)
According to Proposition 12, one has

meas(Asz) < Z (61)

Let’s now estimate meas (Ay4).
One has from (Hy),

la(z,&1) —a(x,&)]. (&1 —&) >0, if & — & #0.

Moreover, since a(zx,§) is continuous with respect to £ for a.e x € €, then there exists a real valued
function v :  — [0, 00) such that meas({z € 2 : v(x) = 0}) = 0 and

[a(2,&1) —a(z, )] (&1 = &2) > v(2), (62)
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for all &1, & € RY such that |[&1| < k, |&| < k,|& — &| > 6 for a.e z € Q.
Let 6 = 6(g) be given by Lemma 3, replacing € and A by £ and A4 respectively, one has, by taking
Ti(up — up,) as test function in (45), that

/ a(x, Vuy).VTi(uy — tpy)dx + / |un|p($)_2unTt(un — Uy )dz = / fuTi(upn — up,)dx
Q Q Q

(63)
<t fllLr(q)-
In an analogous way, taking T} (u,, — uy) as test function in (45), one has
/ a(x, Vup) VT (ty, — up)dx + / \um\p(z)ﬂumTt(um — up)dr = / T (U, — up)dx
Q Q Q (64)

<t fllzr -

By adding (63) and (64), it follows

/ [a(z, Vuy) — a(z, Vuy)] .(Vuy, — Vuy,)de  + /(]un|p(x)_2un — ]um]p(”)_gum)Tt(un — U )dx
{lun—um|}<t Q

< 2t fllzr -
Then,
/ ydr < / [a(x, Vuy) — a(x, Vup)].(Vuy, — Vuy,)dx
A4 A4

< 2t flir) <6,

0

201 fllLr ey
One obtains by using Lemma 3,

where t =

meas(As) < Z (65)
By combining (59), (60), (61) and (65), one deduces from (58) that meas {|Vu, — Vuy,| > 0} <e.

Therefore, the sequence (Vuy), oy is a Cauchy sequence in measure.

Thus, the sequence (Vuy), oy converges in measure to a measurable function v. From Lemma 4,
one can concludes that (Vuy,)nen converges in measure to the weak gradient of u. Hence (i) is
proved.

e Proof of (i7)

One first shows that V7 (uy,) is a Cauchy sequence in measure. The proof consists to show that
V6 > 0,Ve > 0,3Ing € N/Vn > ng, Vm > ng maes {|VTi(u,) — VT (up)| > 0} <e. Let’s put A; =
{IVup — Vup| > 6, [up| <t |um| < t}; As = {|Vup| > 6, |un| >, |Jum| < t};

Az = {|Vup| > 6, [um| > tlu,| <t} Ag = {Jun| > t, |um| > t}.

Note that
{IVTi(un) — VTi(up)| > 0} C A1 U Ay U A3 U Ay. (66)
By Proposition 11, one obtains
meas(Az) < Z, meas(As) < Z, and meas(As) < Z (67)
Using Proposition 13-(i), one has
meas(Ap) < Z (68)

Therefore, using (66), (67) and (68), one gets
meas {|VTi(up) — VTi(up)| > 6} <e. (69)
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Thus, VTi(uy,) is a Cauchy sequence in measure. Consequently, VT;(u,) converges in measure to

VTi(u). Then, using lemmas 1 and 2, (iz) follows.

e Proof of (i)

According to lemmas 2 and 4, we know that V¢ > 0, a(z, VT (u,)) converges strongly to a(z, VIi(u))

/ N

in (Ll(Q))N and converges weakly to X; € (Lp (')(Q)) , which means that

the sequence a(z, VTi(un))nen converges weakly in (Ll(Q))N and therefore in Xy = a(z, VT (u)).
, N

Thus, a(z, VTi(u)) € (Lp (')(Q))

e Proof of (iv).

One has

/ T3 ()P d / T3 ()P daz + / T3 ()P dz
Q (T () |<1} (T () 51

< meas(ﬂ)+/ T3 (un)|P™) da:
{IT: (un)[>1}

< meas(ﬂ)+/ Ty () [P diz.
Q

By using (50), one obtains

/ Ty (un) P~ dz < meas()(3 + 277) (70)
Q
and
/ VT, (up)|P dz = / VT (up) P dz +/ VT (un) P da
Q {IVT¢(un)|<1} {IVTi(un)|>1}
< meas(Q)—l—/ VT (up ) [P da
{IVT¢(un)|>1}
< meas(Q) —|—/ VT ()P dz.
Q
One obtains by using (47),
| VT do < meas() + 1o (71)
Q

For all 1 <p~ < o0,

T W (Q) — LP (09Q);u — 7(u) = ulon
is compact.
As Ty(un) — Ti(u) in WHP™ (), one deduces that Ty(u,) converges strongly to Tj(u) in LP~ (09).
Therefore, there exists a subsequence still denoted (7;(uy)) which converges to Ti(u) a.e. on 0.
In other words, there exists C' C 92 such that T}(u,) converges to Ti(u) on OQ\C with o(C) =0

where o refers to the surface measurement on 952.
By using (70), (71) and Holder’s inequality, one obtains

/ (T, (ua)ldar < (meas() 7 (meas(@)(3 +207)) 7" (72)
Q
and

/Q VT ()| dz < (meas(Q)) T+ (meas(Q) + ] fll 1) T (73)
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By using Fatou’s Lemma, one obtains from (72) and (73),
1 ==
/ [T (u)|dz < (meas(2)) »)* (meas(Q)(3 + 2tp+)) ) (74)
Q

and
/Q|VTt(u)dx < (meas(Q) 7 (meas(Q) + t ]l 1) T - (75)

Let’s put A := {z € 9Q : |T}(u)| < t} for all t > 0 and C" = 90 \ Us0A;. One has

€)=+ [ Ml < ;[ Tl

C
< TQHTt(u)HWM(Q)

C: C:
< JITwllzie) + T IVTw)llz ).

where Cs is a positive constant.

From (74) and (75), one obtains by letting ¢t — oo that o(C") = 0.
Let’s define the function v on 9 by v(z) := Ti(u(x)) if € A;.
Vaed\ (CUCl’), 3t >0 such that z € A; and one has

un (@) — v(x) = (un(2) = Te(un(2))) + (Ti(un) — Ti(u(2))) .

Since z € Ay, one has |Ti(u(x))| < t, so |Ti(un(x))| < t. This implies that |u,(x)| < t.

Thus, up(z) — v(z) = (Ti(up(x)) — Ti(u(z))) — 0 as n — co.

Therefore, u, converges to v a.e. on 9§2. As u, = constant on 02, one deduces that v = constant.
O

To complete the proof of existence of entropy solution it is necessary to show that the sequence
(|un\1’(”3)_2un)

(|u”|p(m)_2u”')n€N

taking +7}(u, — um) as test function in (45), one obtains

nen converges to lu[P(®) =2y, in L}(Q). To do that, let us show that the sequence

is a Cauchy sequence in L'(£2). As u, is a weak solution of problem (44) then,

1 1 1
/ (@, V). VT (= i) da + / yunyp@)*?un;:rt(un — Uy )dx = / 7 Ty — um)da. (76)
Q Q Q
In a similar way for w,, with %Tt(um — uy,) as test function, one obtains

1 1 1
/a(w,Vum).VTt(um—un)dw—i—/ |um|p($)_2umTt(um—un)dm:/ = fn T (U, — wp)dz. (77)
By adding (76) and (77), follows

/ % [a(z, Vuy,) — a(z, V)] (Vu, — Vg, )dz
{lup—um|<t} (78)

1
+/ <|un|p(x)—2un _ |um|p(x)—2um> =T (U — U )dx < / |fr — fml|dz.
Q 3 Q

Letting ¢ — 0 and as the first and the second terms in the left-hand side of inequality (78) are
nonnegative, one gets

/ )\un\p@—?un—\um\p@)—?um]dxs / | = fnlda. (79)
Q Q

Since (fn)nen converges in L1(Q), by (79), one deduces that (\un\p(z)*Qun)neN is a Cauchy sequence

in L'(Q). As L'(Q) is a Banach space and ¢ — [£[P(*)=2¢ is continuous and strictly monotone
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then,
(’un’p(ﬂc)—Qun) — ]u‘p(x)_Qu in LY(Q). (80)
neN

One are now ready to apply the limit in (57).
The integral / fn(@)Ti(uy — v)da converges to / f(@)Ti(u — v)dzx since (f,)nen converges to f in
Q Q

LY() and (T}(un — v))nen converges weakly to Ty (u — v) in L>(€).
For the second term of (57), one has

/ |t [P 20, Ty (up —v) da: :/ <|un|p(r)_2un - |v\p(x)_21)) Tt(un—v)dx+/ 0[P 20T (uy, —v) .
Q Q Q

The sequence ((|un|p(:‘)_2un - |v\p(”3)_2v) T (up, — v))
|€|P(®)=2 is continuous, so one gets
((|un|p(f"’)_2un - |U|p($)_2’l}) Ty (up, — v))neN — (]u|p(“*’)_2u - ]v|p(”")_20) Tiy(u — v) a.e. in Q. Then,

by Fatou’s lemma, it follows that

nen 1S monnegative and V § € RN, ¢ —s

/ (\un]p(x)_2un - \v|p($)_2v> Ty (up — v)dex < lim inf/ (|un|p(z)_2un - |v|p(z)_2v) T (up, — v)dx.
Q Q

n—aoQ
(81)
Since Ty(u,, — v) converges weakly to T;(u, — v) in L*(Q) and
|(JolP D 720)| = o] = PPt e LY(9),
it follows that
lim / [|P @ =2 Ty (uy, — v)da = / [|P®) 2Ty (u — v)da. (82)
Now, we write the first term in (57) as follow:
/a(az,Vun).VTt(un —v)dx —/ a(x, Vuy,).Vupdzx —/ a(x, Vuy,).Vodr. (83)
Q {lun—v|<t} {lun—vl<t}
Let’s put [ =t + ||v|[fee. Then,
/ a(x, Vuy,).Vudz :/ a(z, VTi(uy)).Vodz. (84)
{lun—v|<t} {lun—v|<t}

, N
Moreover, (a(z, VTi(un))),cy is uniformly bounded in (Lp (Q)) . From (Hs), relation (46) and

) N
Proposition 13, it converges weakly to a(x, VTi(u)) in (Lp (Q)) . Therefore,
lim a(x,VIi(uy)).Vodzx :/ a(x,VIi(u)).Vudz. (85)
0 M Jun—vl <t} {lu—v[<t}

The sequence (a(z, Vuy).Vuy), cy is nonnegative, then, according to Fatou’s Lemma, one gets

n—o0

/ a(z, Vu).Vudr < lim inf/ a(xz, Vuy,).Vuydz. (86)
{lu—v[}<t} {lun—v|<t}

From (81), (82), (85), (86), one gets

a(x,Vu). u—v)dr ulP@ 2y Ty (u — v)da )T (u — v)dz.
[ e 0.V = e + [ Pttt - o)ds < [ f@)Tiu—o)a

Thus, u is an entropy solution of problem (1).
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Mertoto 11i€1 pobOTH € JOCIIIZKEHHS 130TPOIHOI 3324l 3 HEOTHOPITHO IPAHMIHOI YMOBOIO
Iipixse Ta gammvu L' y mpocropi CoGoseBa 3i 3MiHHNM ITOKa3HHKOM. M# MOYHHAEMO 3 TI0-
Ka3y iCHyBaHHsS Ta €IUHOCTI CJIA0KOTO PO3B’SA3KY, KON BUXiAHUN wieH oomexkenuii. Haperri,
MM BUKOPHUCTOBYEMO MPOOJIEMHO-OPIEHTOBAHUIN IIJIXiJT JIJIsi JOBEJIEHHsI ICHYBaHHSI Ta €IMHOCTI
E€HTPOIINHOrO PO3B’ 3Ky, KOJU BAXITHUN UJI€H € IHTEIrPOBHUM.



