
ISSN 2309-4001 e-ISSN 3083-7545 https://bmj.chnu.edu.ua

Bukovinian Math. Journal 2026, 14 (2) , 55–69 Буковинський матем. журнал 2026, Т.14, №2, 55–69
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ESTIMATION OF RELIABILITY AND ACCURACY OF MODELS OF

φ-SUB-GAUSSIAN PROCESS IN Lp(T ) USING GENERATING FUNCTIONS OF

POLYNOMIAL EXPANSIONS

Stochastic processes are often represented through orthonormal series expansions, a
framework originating in the classical works of Loève and Karhunen and widely used for
simulation and numerical approximation. While truncation error in such expansions has been
extensively studied, practical models frequently involve an additional source of error arising
from the approximation of coefficient functions when closed-form expressions are unavailable.
The combined effect of these two errors remains insufficiently addressed in the literature.
Building on the author’s earlier work on reliability and accuracy estimates for φ-sub-Gaussian
processes, this paper extends the methodology to orthonormal polynomial systems that do not
possess normalized generating functions in analytical form, including the Legendre, generalized
Laguerre, and Gegenbauer families. New bounds are derived for models in Lp(T ) space that
simultaneously account for truncation and coefficient approximation. The resulting criteria
provide practical guidance for selecting the number of series terms required to achieve prescribed
levels of reliability and accuracy across a broader class of polynomial-based stochastic process
models.
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Introduction

Stochastic processes arise in a wide range of applications in applied probability, statistical
modeling, signal processing, and quantitative finance. In many of these settings, one requires a
tractable model that allows simulation or numerical approximation of a given process. A standard
and powerful approach is to represent the process through an expansion over an orthonormal
functional system, X(t) =

∑∞
k=0 ak(t) ξk, as established in the foundational works of Loève and

Karhunen [4, 5]. Truncated versions of such expansions form the basis of numerous simulation and
approximation techniques; see, for example, [1,3]. Classical decomposition theorems, including those
in [8], justify these representations and describe how the covariance structure of a process determines
the coefficient functions ak(t).

Truncating the expansion naturally introduces error, and quantifying this truncation error has
been addressed in many papers, for example, in [9]. However, in many applications the coefficients
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ak(t) cannot be computed analytically and must instead be replaced by approximations âk(t). This
second source of error - arising from coefficient approximation - is generally not treated in the
existing literature and requires a separate analysis. In practical modeling scenarios, both effects
occur together and must be incorporated into a unified reliability and accuracy analysis.

In the author’s previous publications, a general method was developed for obtaining reliability
and accuracy estimates for models of φ-sub-Gaussian processes in Lp(T ) (see [6,10–12]) and in C(T )
(see [10, 13]) under the assumption that the underlying orthonormal system admits a generating
function. This framework enabled the analysis of tail behavior for truncated orthonormal expansions
and the derivation of explicit upper bounds for modeling errors. Classical systems such as Hermite
and Chebyshev polynomials served as illustrative examples; however, many important orthogonal
polynomial families do not possess normalized generating functions in closed analytical form.

The present paper extends this methodology to a broader class of polynomial systems. In
particular, we establish reliability and accuracy estimates in Lp(T ) for models based on Legendre,
generalized Laguerre, and Gegenbauer orthonormal polynomial families, while remaining within the
general framework of [6, 10–12]. These results yield practical criteria for selecting the number of
series terms required to achieve prescribed levels of reliability and accuracy.

The structure of the paper is as follows. Section 2 introduces the basic notation and recalls
the decomposition theorem from [8]. Section 3 reviews key properties of φ-sub-Gaussian random
variables and summarizes earlier results for models in Lp(T ). Section 4 derives new bounds for above
three orthonormal polynomial families. The paper concludes with a discussion of applicability and
future directions.

1 Basic notations

Consider a second-order stochastic process X = {X(t), t ∈ T}. As proved in [8], the next
statement holds true.

Theorem 1.1. (On decomposition of the stochastic process using an orthonormal basis.) Assume
X(t), t ∈ T is a centered second order stochastic process, EX(t) = 0, E|X(t)|2 < ∞, t ∈ T. Let
B(t, s) = EX(t)X(s) be the correlation function of the process X(t). Assume f(t, λ) is a function
from the space L2(Λ, µ) for all t ∈ T, and {gk(λ), k = 0, 1, . . . } is an orthonormal basis in this
space.

The correlation function B(t, s) can be represented as

B(t, s) =

∫
Λ
f(t, λ)f(s, λ)dµ(λ)

if and only if the following representation holds true

X(t) =
∞∑
k=0

ak(t)ξk, (1)

where
ak(t) =

∫
Λ
f(t, λ)gk(λ)dλ.

Here, ξk are centered uncorrelated random variables: Eξk = 0, Eξkξl = δkl, E|ξk|2 = 1.

In [9], [10], the model of stochastic process is considered as the sum of the first N elements
of the decomposition (1). However, for a significant number of processes, except for a very limited
class, it is difficult or impossible to find ak(t) explicitly. Therefore, in this paper we will assume
that it is possible to find some approximations âk(t) of the functions ak(t). Since approximation
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of ak(t) will contribute to the overall modeling error, it is important to include this effect in the
overall reliability and accuracy estimate of the model. Thus, in this paper we will use the following
notation.

Definition 1.1. For a stochastic process X(t), t ∈ T, that allows representation (1), we call the
process

XN (t) =
N∑
k=0

ξkâk(t), t ∈ T, (2)

a model of the process X(t), t ∈ T. Here, âk(t) are approximations of functions ak(t) in
representation (1), random variables ξk satisfy conditions of Theorem 1.1: Eξk = 0, Eξkξl = δkl,
E|ξk|2 = 1.

It will be useful to introduce the following notation:

∆N (t) = X(t)−XN (t).

Following the statement of the Theorem 1.1, we may consider a system of orthonormal functions
{gk(λ)} as an orthonormal basis that can be used to represent a stochastic process using (1). A
good candidate for this role may be an orthonormal polynomial system, since these possess some
useful properties that can be used for estimations of reliability and accuracy of models of stochastic
processes.

One useful property of systems of orthogonal polynomials is the existence of a generating
function.

Definition 1.2. For a system of orthogonal polynomials gk(t), a generating function is a sum of a
formal series

GF (t, w) =
∞∑
k=0

gk(t)w
k.

It is assumed that w is chosen so that the series converges.

For a lot of classic orthogonal polynomial systems, such as Cauchy, Hermite, Legendre, and
many more, generating functions are well known. However, for use as a decomposition basis for
the process, we require not just an orthogonal system, but an orthonormal one. The derivation of
the generation function for an orthonormal version of classic orthogonal polynomials may not be
straightforward, and additional conditions may be required to be introduced to the final results.

2 Model estimations in Lp[0, T ]

Let (Ω,F , P ) be a standard probability space, let L2(Ω) be the space of centered random
variables with bounded second moments, Eξ2 < ∞. Assume that {Λ,U , µ} is a measurable space
with a σ-finite measure µ. Let Lp(Λ, µ) be a Banach space of integrable functions in the power p
with measure µ.

Definition 2.1. [2,9] A random variable ξ is called sub-Gaussian if there exist a ≥ 0 such that for
all λ ∈ R the inequality

E exp{λξ} ≤ exp

{
a2λ2

2

}
holds true.
The function

τ(ξ) = inf

{
a ≥ 0 : E exp{λξ} ≤ exp

{
a2λ2

2

}
, λ ∈ R

}
is a sub-Gaussian norm of a random variable ξ.
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Definition 2.2. A continuous even convex function φ = {φ(x), x ∈ R} is called an Orlicz N -
function, if φ(0) = 0 and φ(x) > 0 for x ̸= 0 and

lim
x→0

φ(x)

x
= 0 and lim

x→∞

φ(x)

x
= ∞.

Definition 2.3. Let φ = {φ(x), x ∈ R} be an Orlicz N -function, and let

lim
x→0

inf
x

φ(x)

x2
= c > 0.

A random variable ξ belongs to the space Subφ(Ω), if Eξ = 0, E exp{λξ} exists for every λ ∈ R,
and there exists a constant a > 0 such that for all λ ∈ R the inequality

E exp{λξ} ≤ exp{φ(λa)}

holds true.

In [7] it is proved that the space Subφ(Ω) is a Banach space with respect to the norm

τφ(ξ) = sup
λ>0

φ(−1)(ln E exp{λξ})
λ

Definition 2.4. A stochastic process X = {X(t), t ∈ T} is called φ-sub-Gaussian, if random
variables X(t) for each t ∈ T are φ-sub-Gaussian.

Definition 2.5. Let X = {X(t), t ∈ [0, T ]} be a stochastic process belonging to the space Subφ(Ω).
We will call stochastic process XN = {XN (t), t ∈ [0, T ]} from Subφ(Ω) a model that approximates
X with giver reliability 1− α and accuracy δ in the space Lp[0, T ] if

P

{(∫ T

0
(X(t)−XN (t))pdt

)1/p

> δ

}
≤ α.

The following two theorems were proved in [10].

Theorem 2.1. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) and
let

φ(t) =
tγ

γ
, 1 < γ ≤ 2.

Assume that

CN =

∫ T

0
(τφ(X(t)−XN (t)))pdµ(t) < ∞.

The model XN (t) approximates the stochastic process X(t) with given reliability 1−α and accuracy
δ in the space Lp[0, T ], if {

CN ≤ δ/(β ln 2
α)

p/β,

CN < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

Theorem 2.2. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space S u bφ(Ω) and
let

φ(t) =

{
t2

γ , t < 1,
tγ

γ , t ≥ 1,
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where γ > 2. Assume that

CN =

∫ T

0
(τφ(X(t)−XN (t)))pdµ(t) < ∞.

The model XN (t) approximates the stochastic process X(t) with given reliability 1−α and accuracy
δ in the space Lp[0, T ], if {

CN ≤ δ/(β ln 2
α)

p/β,

CN < δ/pp(1−1/γ),

where 1
β + 1

γ = 1.

It follows from Theorem 2.1 and Theorem 2.2, that in order to find the required number of series
elements N we have to estimate the constant

CN =

∫ T

0
(τφ (X(t)−XN (t)))p dµ(t)

that depends on the difference between the model of the process and the process itself.
The key element of this expression is τφ (X(t)−XN (t)), which can be estimated as following:

τφ(∆N (t)) = τφ(X(t)−XN (t)) = τφ

( ∞∑
k=0

ξkak(t)−
N∑
k=0

ξkâk(t)

)
=

= τφ

(
N∑
k=0

ξkδk(t) +

∞∑
k=N+1

ξkak(t)

)
≤

N∑
k=0

τφ(ξk)δk(t) +

∞∑
k=N+1

τφ(ξk)ak(t) =

=

∞∑
k=0

τφ(ξk)ak(t)−
N∑
k=0

τφ(ξk)âk(t).

This inequality can be used in the results that follow.
In the next subsections we will consider several orthonormal polynomial systems that can serve

as a basis for the process decomposition, namely, Legendre, generalized Laguerre, and Gegenbauer
polynomials.

2.1 Legendre polynomials
The Legendre polynomials Pk(t) are defined for t ∈ [−1; 1] as solutions to the Legendre differential
equation

(1− t2)y′′ − 2yy′ + k(k + 1)y = 0, y = y(t).

The Rodriguez formula for Legendre polynomials if the following:

Pk(t) =
1

2kk!

dk

dtk
(t2 − 1)k.

The generation function for the Legendre polynomials is the following:

GFLegendre(t, w) =
∞∑
k=0

Pk(t)w
k =

1√
1− 2tw + w2

.

These polynomials form the orthogonal system:
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∫ 1

−1
Pn(t)Pm(t)dt =

2

2n+ 1
δnm,

where δnm is the Kronecker delta.
Therefore, this polynomial system can generate the orthonormal basis {P̂k(t), t ∈ [−1; 1]}, where

P̂k(t) =

√
2k + 1

2
Pk(t). (3)

Unlike the polynomial systems considered in [10], the generating function of the system {P̂k(t)}
is hard to derive. It may even not be possible to express this generating function in elementary
functions. Therefore, to compensate for elements that obstruct calculation of this function, we will
introduce the upper bound on the sub-Gaussian norm in the following form:

τφ(ξk) ≤ τLegendre(w, k) =

√
2

2k + 1
τwk, (4)

τ is a constant. From this moment and further in the paper, we will also assume that τφ(ak(u)) ≤
τφ(âk(u)), ∀u ∈ [−1, 1].

To estimate CN , we will apply the following estimates:

τφ(∆N (t)) ≤
∞∑
k=0

τφ(ξk)ak(t)−
N∑
k=0

τφ(ξk)âk(t)

=
∞∑
k=0

τφ(ξk)

∫ 1

−1
f(t, λ)P̂k(λ)dλ−

N∑
k=0

τφ(ξk)âk(t)

=

∫ 1

−1

( ∞∑
k=0

τφ(ξk)f(t, λ)P̂k(λ)

)
dλ−

N∑
k=0

τφ(ξk)âk(t)

≤
∫ 1

−1

( ∞∑
k=0

τφ(ξk)f(t, λ)P̂k(λ)

)
dλ−

N∑
k=0

τφ(ξk)âk(t)

≤
(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

τφ(ξk)P̂k(λ)

)2

dλ

1/2

−
N∑
k=0

τφ(ξk)âk(t).

Applying inequality (4), we will have

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

τφ(ξk)P̂k(λ)

)2

dλ

1/2

−
N∑
k=0

τφ(ξk)âk(t)

≤
(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

√
2

2k + 1
τwkP̂k(λ)

)2

dλ

1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)

=

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

√
2

2k + 1
τwk

√
2k + 1

2
Pk(λ)

)2

dλ

1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)
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Canceling the square roots and substituting the first series with the corresponding generating
function, we obtain

τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

wkPk(λ)

)2

dλ

1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)

= τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
(∫ 1

−1

(
1√

1− 2λw + w2

)2

dλ

)1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)

= τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2(∫ 1

−1

1

1− 2λw + w2
dλ

)1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)

= τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
(

ln(1− 2λw + w2)

2w

∣∣∣∣1
−1

)1/2

−
N∑
k=0

√
2

2k + 1
τwkâk(t)

= τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
1√
w

√
ln

(
w + 1

w − 1

)
−

N∑
k=0

√
2

2k + 1
τwkâk(t).

Therefore, we have the following estimate for the CN :

CN ≤
∫ T

0

(
τ

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
1√
w

√
ln

(
w + 1

w − 1

)
−

N∑
k=0

√
2

2k + 1
τwkâk(t)

)p

dµ(t).

Let us denote the right side of the last inequality by CN,Legendre.
It follows from Theorem 2.1 and Theorem 2.2, that the following statements are true.

Theorem 2.3. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =
tγ

γ
, 1 < γ ≤ 2,

and let the process X(t) admits the orthogonal decomposition (1) based on Legendre orthonormal
polynomial families (3). Assume that CN,Legendre < ∞, τφ(ak(u)) ≤ τφ(âk(u)), ∀u ∈ [0,∞) and
condition (4) holds true. The model (2) XN (t) =

∑N
k=0 ξkâk(t) approximates the stochastic process

X(t) with given reliability 1− α and accuracy δ in the space Lp[0, T ], if{
CN,Legendre ≤ δ/(β ln 2

α)
p/β,

CN,Legendre < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

Theorem 2.4. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =

{
t2

γ , t < 1,
tγ

γ , t ≥ 1,
,

where γ > 2, and let the process X(t) admits the orthogonal decomposition (1) based on Legendre
orthonormal polynomial families (3). Assume that CN,Legendre < ∞, τφ(ak(u)) ≤ τφ(âk(u)),
∀u ∈ [−1, 1] and condition (4) holds true. The model (2) XN (t) =

∑N
k=0 ξkâk(t) approximates

the stochastic process X(t) with given reliability 1− α and accuracy δ in the space Lp[0, T ], if{
CN,Legendre ≤ δ/(β ln 2

α)
p/β,

CN,Legendre < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.
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2.2 Generalized Laguerre polynomials
The Laguerre polynomials Lk(t) are defined for t ∈ [0;∞] as solutions of the Laguerre differential
equation

ty′′ + (1− t)y′ + ky = 0, y = y(t),

where k is a non-negative integer. The generalized Laguerre polynomials are solutions of the following
equation:

ty′′ + (α+ 1− t)y′ + ky = 0, y = y(t).

Here, an arbitrary real α is introduced in the equation. Hence, the generalized Laguerre polynomials
are denoted as L

(α)
k (t).

The Rodriguez formula for generalized Laguerre polynomials has the form:

L
(α)
k (t) =

t−α

k!

dk

dtk
(e−xxn+α)

The generation function for generalized Laguerre polynomials is the following:

GFLaguerre(t, w) =
∞∑
k=0

L
(α)
k (t)wk =

1

(1− w)α+1
e−wt/(1−w)

The generalized Laguerre polynomials are orthogonal over [0,∞] with respect to the measure with
weighting function tαe−t :∫ ∞

0
xαe−xL(α)

n (t)L(α)
m (t)dt =

Γ(n+ α+ 1)

n!
δnm,

therefore, the orthonormal version of the generalized Laguerre polynomials will take the form

L̂
(α)
k (t) =

√
k!

Γ(k + α+ 1)
xα/2e−x/2L

(α)
k (t). (5)

The upper bound for the sub-Gaussian norm of generalized Laguerre polynomials will take the form

τφ(ξk) ≤ τLaguerre(w, k) =

√
Γ(k + α+ 1)

k!
τwk (6)

Let us estimate the value of CN in this case. Following the same procedure as provided above for
Legendre polynomials, with inequality (6) in mind,

τφ(∆N (t)) ≤
∞∑
k=0

τφ(ξk)ak(t)−
N∑
k=0

τφ(ξk)âk(t)

=
∞∑
k=0

τφ(ξk)

∫ ∞

0
f(t, λ)L̂

(α)
k (λ)dλ−

N∑
k=0

τφ(ξk)âk(t)

=

∫ ∞

0

( ∞∑
k=0

τφ(ξk)f(t, λ)L̂
(α)
k (λ)

)
dλ−

N∑
k=0

τφ(ξk)âk(t)

≤
(∫ ∞

0
|f(t, λ)|2dλ

)1/2
∫ ∞

0

( ∞∑
k=0

τφ(ξk)L̂
(α)
k (λ)

)2

dλ

1/2

−
N∑
k=0

τφ(ξk)âk(t)
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≤
(∫ ∞

0
|f(t, λ)|2dλ

)1/2

×

∫ ∞

0

( ∞∑
k=0

√
Γ(k + α+ 1)

k!
τwk

√
k!

Γ(k + α+ 1)
λα/2e−λ/2L

(α)
k (λ)

)2

dλ

1/2

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t)

= τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2
∫ ∞

0
λαe−λ

( ∞∑
k=0

wkL
(α)
k (λ)

)2

dλ

1/2

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t)

= τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2(∫ ∞

0
λαe−λ 1

(1− w)2α+2
e−2wλ/(1−w)dλ

)1/2

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t)

= τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2
(
−λα+1

(
1− w

λ(1 + w)

)α+1

Γ

(
α+ 1,

λ(1 + w)

1− w

)∣∣∣∣∣
∞

0

)1/2

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t),

where Γ(s, x) is the upper incomplete gamma function. Applying the integration boundaries, we
obtain

τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2
(
−λα+1

(
1− w

λ(1 + w)

)α+1

Γ

(
α+ 1,

λ(1 + w)

1− w

)∣∣∣∣∣
∞

0

)1/2

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t)

= τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2(1− w

1 + w

)α+1

Γ(α+ 1)−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t),

and this expression is defined for α > −1.
As a result, we have

CN ≤
∫ T

0

(
τ

(∫ ∞

0
|f(t, λ)|2dλ

)1/2(1− w

1 + w

)α+1

Γ(α+ 1)

−
N∑
k=0

√
Γ(k + α+ 1)

k!
τwkâk(t)

)p

dµ(t).

Let us denote the right side of the last inequality by CN,Laguerre.
It follows from Theorem 2.1 and Theorem 2.2, that the following statements are true.
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Theorem 2.5. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =
tγ

γ
, 1 < γ ≤ 2,

and let the process X(t) admits the orthogonal decomposition (1) based on Laguerre orthonormal
polynomial families (5). Assume that CN,Laguerre < ∞, τφ(ak(u)) ≤ τφ(âk(u)), ∀u ∈ [−1, 1] and
condition (6) holds true.
The model (2) XN (t) =

∑N
k=0 ξkâk(t) approximates the stochastic process X(t) with given reliability

1− α and accuracy δ in the space Lp[0, T ], if{
CN,Laguerre ≤ δ/(β ln 2

α)
p/β,

CN,Laguerre < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

Theorem 2.6. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =

{
t2

γ , t < 1,
tγ

γ , t ≥ 1,
,

where γ > 2, and let the process X(t) admits the orthogonal decomposition (1) based on Laguerre
orthonormal polynomial families (5). Assume that CN,Laguerre < ∞, τφ(ak(u)) ≤ τφ(âk(u)),
∀u ∈ [0;∞) and condition (6) holds true. The model (2) XN (t) =

∑N
k=0 ξkâk(t) approximates

the stochastic process X(t) with given reliability 1− α and accuracy δ in the space Lp[0, T ], if{
CN,Laguerre ≤ δ/(β ln 2

α)
p/β,

CN,Laguerre < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

2.3 Gegenbauer polynomials

The Gegenbauer polynomials C
(α)
k (t) are defined for t ∈ [−1; 1] as solutions of the Gegenbauer

differential equation:

(1− t2)y′′ − (2α+ 1)ty′ + k(k + 2α)y = 0.

When α = 1/2, this equation reduces to the Legendre equation. Therefore, for the mentioned
α = 1/2, the Gegenbauer polynomials are reduced to the Legendre polynomials.
The Gegenbauer polynomials can be represented as Gaussian hypergeometric series when this series
is finite:

C
(α)
k (t) =

(2α)k
k!

2F1

(
−k, 2α+ k;α+

1

2
;
1− t

2

)
,

where 2F1(a, b; c; z) is a special function which is a solution of the Euler hypergeometric differential
equation:

t(1− t)
d2y

dt2
+ (c− (a+ b+ 1)t)

dy

dt
− aby = 0.

This function can also be represented in the form of a series
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2F1(a, b; c; z) =
Γ(c)

Γ(a)Γ(b)

∞∑
n=0

Γ(a+ n)Γ(b+ n)

Γ(c+ n)

zn

n!
.

The Rodrigues formula for the Gegenbauer polynomials is the following:

C
(α)
k (t) =

(−1)k

2kk!

Γ(α+ 1
2)Γ(k + 2α)

Γ(2α)Γ(α+ k + 1
2)
(1− t2)1/2−α dk

dtk
(1− t2)k+α−1/2.

The generating function is given as

∞∑
k=0

C
(α)
k (t)wk =

1

(1− 2tw + w2)α
.

The Gegenbauer polynomials are orthogonal:∫ 1

−1
(1− t2)α−1/2C(α)

n (t)C(α)
m (t)dt =

π21−2αΓ(k + 2α)

k!(k + α)Γ2(α)
δnm.

Therefore, the orthonormal version of the generalized Gegenbauer polynomials is

Ĉ
(α)
k (t) =

Γ(α)
√
k!(k + α)√

π21−2α
√
Γ(k + 2α)

√
(1− t2)α−1/2C

(α)
k (t). (7)

We can assume that

τφ(ξk) ≤ τGegenbauer(w, k) =

√
k!(k + α)

Γ(k + 2α)
τwk (8)

Let us estimate the value of CN . We have

τφ(∆N (t)) ≤
∞∑
k=0

τφ(ξk)ak(t)−
N∑
k=0

τφ(ξk)âk(t)

=
∞∑
k=0

τφ(ξk)

∫ 1

−1
f(t, λ)Ĉ

(α)
k (λ)dλ−

N∑
k=0

τφ(ξk)âk(t)

=

∫ 1

−1

( ∞∑
k=0

τφ(ξk)f(t, λ)Ĉ
(α)
k (λ)

)
dλ−

N∑
k=0

τφ(ξk)âk(t)

≤
(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

τφ(ξk)Ĉ
(α)
k (λ)

)2

dλ

1/2

−
N∑
k=0

τφ(ξk)âk(t)

≤
(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1

( ∞∑
k=0

Γ(α)√
π21−2α

τwk
√

(1− λ2)α−1/2C
(α)
k (λ)

)2

dλ

1/2

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

=
τΓ(α)√
π21−2α

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
∫ 1

−1
(1− λ2)α−1/2

(
N∑
k=0

wkC
(α)
k (λ)

)2

dλ

1/2



66 Mokliachuk Oleksandr

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

=
τΓ(α)√
π21−2α

(∫ 1

−1
|f(t, λ)|2dλ

)1/2
(∫ 1

−1

(1− λ2)α−1/2

(1− 2λw + w2)2α
dλ

)1/2

−

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

=
τΓ(α)√
π21−2α

(
1

(2α− 1)w
4−α

(
1− λ2

)α−1/2
(
(λ− 1)(λ+ 1)w2

(w + 1)2(w − 1)2

)1/2−α (
w2 − 2λw + 1

)1−2α

× F1

(
1− 2α;

1

2
− α,

1

2
− α; 2− 2α;

w2 − 2λw + 1

(w + 1)2
,
w2 − 2λw + 1

(w − 1)2

)∣∣∣∣1
−1

)1/2

×
(∫ 1

−1
|f(t, λ)|2dλ

)1/2

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

=
τΓ(α)√
π21−2α

(√
πΓ

(
α+

1

2

)(
w2 + 1

)−2α
2F̃1

(
α, α+

1

2
;α+ 1;

4w2

(w2 + 1)2

))1/2

×
(∫ 1

−1
|f(t, λ)|2dλ

)1/2

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

=
τΓ(α)

(w2 + 1)α

√
Γ
(
α+ 1

2

)
√
π21−2α 2F̃

1/2
1

(
α, α+

1

2
;α+ 1;

4w2

(w2 + 1)2

)(∫ 1

−1
|f(t, λ)|2dλ

)1/2

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t),

where 2F̃1(a, b; c; z) is the regularized hypergeometric function 2F1(a, b; c; z)

As a result, we have

CN ≤
∫ T

0

 τΓ(α)

(w2 + 1)α

√
Γ
(
α+ 1

2

)
√
π21−2α 2F̃

1/2
1

(
α, α+

1

2
;α+ 1;

4w2

(w2 + 1)2

)

×
(∫ 1

−1
|f(t, λ)|2dλ

)1/2

−
N∑
k=0

√
k!(k + α)

Γ(k + 2α)
τwkâk(t)

)p

dµ(t).

Let us denote the right side of the last inequality by CN,Gegenbauer.
It follows from Theorem 2.1 and Theorem 2.2, that the following statements are true.

Theorem 2.7. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =
tγ

γ
, 1 < γ ≤ 2,

and let the process X(t) admits the orthogonal decomposition (1) based on Gegenbauer orthonormal
polynomial families (7). Assume that CN,Gegenbauer < ∞, τφ(ak(u)) ≤ τφ(âk(u)), ∀u ∈ [−1, 1] and
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condition (8) holds true. The model (2) XN (t) =
∑N

k=0 ξkâk(t) approximates the stochastic process
X(t) with given reliability 1− α and accuracy δ in the space Lp[0, T ], if{

CN,Gegenbauer ≤ δ/(β ln 2
α)

p/β,

CN,Gegenbauere < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

Theorem 2.8. Let a stochastic process X = {X(t), t ∈ [0, T ]} belong to the space Subφ(Ω) with
the Orlicz N -function

φ(t) =

{
t2

γ , t < 1,
tγ

γ , t ≥ 1,
,

where γ > 2, and let the process X(t) admits the orthogonal decomposition (1) based on Gegenbauer
orthonormal polynomial families (7). Assume that CN,Gegenbauer < ∞, τφ(ak(u)) ≤ τφ(âk(u)),
∀u ∈ [−1, 1] and condition (8) holds true. The model (2) XN (t) =

∑N
k=0 ξkâk(t) approximates the

stochastic process X(t) with given reliability 1− α and accuracy δ in the space Lp[0, T ], if{
CN,Gegenbauer ≤ δ/(β ln 2

α)
p/β,

CN,Gegenbauer < δ/pp(1−1/γ),

where β if a number that fits the condition 1
β + 1

γ = 1.

3 Discussion and Conclusions

The results obtained in this paper substantially expand the applicability of the method
introduced in [6, 10–13] by enabling the use of three major families of classical orthonormal
polynomials – Legendre, generalized Laguerre, and Gegenbauer – in the construction and analysis of
φ-sub-Gaussian stochastic process models. Unlike Hermite and Chebyshev systems, these families
typically lack closed-form normalized generating functions, which had limited their use in earlier
frameworks. By introducing polynomial-specific upper bounds for the φ-sub-Gaussian norm τφ(ξk),
we circumvent this difficulty and derive explicit reliability and accuracy estimates for models in
Lp([0, T ]).

Expanding the polynomial family available for the proposed method increases applicability and
supports more scenarios here this modeling approach may be introduced. The weight function
associated with each polynomial family can be matched to the statistical properties of the process
(e.g., its marginal distribution or covariance structure). This matching improves approximation
quality and convergence rates.

Each polynomial family brings distinct structural advantages. Legendre polynomials, with
uniform weight on a bounded interval, are especially suited for processes defined on finite domains
with relatively homogeneous behavior. Generalized Laguerre polynomials, supported on [0,∞) and
associated with exponential weights, naturally align with processes exhibiting decaying trajectories,
such as those found in queueing systems, reliability engineering, or finance. Gegenbauer polynomials
introduce a shape parameter, enabling flexible adaptation to processes with different smoothness or
symmetry properties. This tunability makes the Gegenbauer basis particularly powerful for modeling
processes whose covariance structure changes across the domain.

The general technique used here - replacing exact normalized generating functions with
polynomial-specific upper bounds - opens a path toward extending the reliability and accuracy
theory to even broader classes of orthonormal systems. In particular, Jacobi polynomials present
a natural next step. However, their two-parameter structure and more complex weight function
introduce additional analytic challenges. Future work will focus on developing appropriate bounds
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that accommodate these challenges, enabling an analogous extension of the method to the full
Jacobi family.

Overall, the framework developed in this paper provides practical, computable bounds that
allow practitioners to determine the number of series terms required to achieve prescribed
reliability and accuracy targets. This enhances the utility of orthonormal polynomial expansions in
stochastic modeling, especially in applications where analytical tractability of coefficients is limited
and numerical approximation is unavoidable. The next stage of research will involve numerical
implementations and case studies, further validating the theoretical results and demonstrating the
method’s effectiveness in realistic modeling scenarios.
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Моклячук Олександр Оцiнка надiйностi та точностi моделей φ-субгауссового процесу у
Lp(T ) з використанням генеруючих функцiй полiномiальних розкладiв // Буковинський
матем. журнал — 2026. — Т.14, №2. — C. 55–69.

Стохастичнi процеси часто представляють за допомогою розкладiв у ряди з
використанням систем ортонормованих функцiй, що бере свiй початок у класичних
роботах Лоєва та Карунена та широко використовується для моделювання та числової
апроксимацiї процесiв. Хоча похибка усiчення в таких розкладах була широко дослiджена,
практичнi моделi часто мiстять додаткове джерело похибки, що виникає внаслiдок
апроксимацiї коефiцiєнтних функцiй, коли їх вирази у замкнутiй форми недоступнi.
Сукупний вплив цих двох похибок залишається недостатньо дослiдженим у лiтературi.
Спираючись на попередню роботу автора з оцiнок надiйностi та точностi для φ-
субгаусових процесiв, ця стаття розширює методологiю на ортонормованi полiномiальнi
системи, якi не мають нормалiзованих генеруючих функцiй в аналiтичнiй формi,
включаючи полiноми Лежандра, узагальненi полiноми Лагерра та полiноми Гегенбауера.
Виведено новi межi для моделей у просторi Lp(T ), якi одночасно враховують похибку
часткових сум та похибку апроксимацiї коефiцiєнтiв. Отриманi критерiї надають
практичнi рекомендацiї щодо вибору кiлькостi членiв ряду, необхiдної для досягнення
заданих рiвнiв надiйностi та точностi в ширшому класi моделей стохастичних процесiв на
основi полiномiальних систем.
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