
!"#$!%I&

!"#$%&’() *. +. !"#$%"#&’($ %)*$+,-"((. /0&0)*(&’&1 /0)2$3i- #"
$4)()%i’(&1 3&3#$% /i* *i5, 6780$(9. – :-"+i;i4"2i<(" ("84)-" /0"2. ("
/0"-"1 084)/&38.

=&3$0#"2i. (" 6*)78##. ("84)-)>) 3#8/$(. *)4#)0" ;i+)3);i? 6"
3/$2i"+9(i3#, 113 – ”@0&4+"*(" %"#$%"#&4"”. – A$0(i-$294&< ("2i)("+9(&<
8(i-$03&#$# i%$(i B0i. C$*94)-&’", A$0(i-2i, 2026.

=&3$0#"2i<(" 0)7)#" /0&3-.’$(" /)78*)-i i *)3+i*D$((, %"#$%"#&’(&1
%)*$+$< /i* *i5, 7">"#)’"3#)#(&1 6780$(9 i6 6"/i6($((.%& "0>8%$(#8,
.4i 6"*",#93. (" -i*0i648 [0, L] +i(i<() /$0$#-)0$(&%& "0>8%$(#"%& ωωε ,
ωω < 1 i ϑωε, ϑω < 1; %"#$%"#&’()%8 %)*$+,-"((, i%8(()? -i*/)-i*i
)0>"(i6%8 +,*&(& /0& i(;$42i<(&1 6"1-)0,-"((.1 i %)*$+i $/i*$%i? i6
-0"18-"((.% -#0"#& i%8(i#$#8 /i* -/+&-)% $4)+)>i’()>) ;"4#)08 E(t).
@i* ;"4#)0)% E(t) 0)68%i5%) 6-"D$(8 38%8 0i6()>) 0)*8 6"708*($(9 .4
*)-4i++., #"4 i 3)2i"+9()-/3&1)+)>i’()>) 1"0"4#$08, .4i ($>"#&-() -/+&-",#9
(" /$0$7i> i(;$42i<()>) 6"1-)0,-"((. i 3/0&.,#9 /)E&0$((, $/i*$%i?.
=)3+i*D$() #"4)D %)*$+9 0i-()-"D()? $4)()%i4& F00)8–=$70$ – 4+"3&’(8
%i40)$4)()%i’(8 %)*$+9 6">"+9()? 0i-()-">&, - .4i< 3/)D&-"’i < -&0)7(&4&
-6"5%)*i,#9 (" 4)(480$(#(&1 0&(4"1, " 0i-()-">" )/&385#93. ’$0$6 i3(8-"((.
2i()-)>) -$4#)0", G) 6"7$6/$’85 86>)*D$(i3#9 /)/&#8 i /0)/)6&2i? *+.
-3i1 #)-"0i-. H *&3$0#"2i? 6"/0)/)()-"(i %)*&;i4"2i? %)*$+i F00)8–=$70$
6 80"18-"((.% 2i+)’&3$+9()3#i #)-"0(&1 6"/"3i- #" i6 -0"18-"((. -/+&-8
)/#)-&1 2i(, G) I08(#85#93. (" "/"0"#i -/)0.*4)-"(&1 -$4#)0(&1 /0)3#)0i-,
-$4#)0(&1 I0"#)4 #" 0i6(&1 86">"+9($(9 2i()-&1 ;8(42i)("+i-.

H 0)7)#i (" /i*3#"-i -i*)%&1 %"#$%"#&’(&1 %)*$+$< 6"/0)/)()-"(i
()-i %)*$+i, 3/i-"-#)0)% .4&1 5 "-#)0 *&3$0#"2i?. :)D(" i6 6"/0)/)()-"(&1
%)*$+$< )/&385 /$-(i /0)2$3& 8 /0&0)*(&’&1 ("84"1 < $4)()%i2i. @)78*)-"(i
8 0)6*i+"1 2 i 3 %"#$%"#&’(i %)*$+i 5 ()-&%& < "4#8"+9(&%& *+.
0)6-’.6"((. /0&4+"*(&1 6"*"’ - %$*&’(i< /0"4#&2i /0& *)3+i*D$((i
i(;$42i<(&1 6"1-)0,-"(9, - $/i*$%i)+)>i? /0& "("+i6i i /0)>()6i $/i*$%i<,

2



- 7i)+)>i?, $4)+)>i?, $4)()%i2i #" - i(E&1 >"+86.1, .4i 6("1)*.#93. /i*
*i5, 7">"#)’"3#)#(&1 6780$(9 "7) /i* -/+&-)% $4)+)>i’()>) ;"4#)08.
H6">"+9($((. %)*$+i F00)8-=$70$, .4$ 6"+$D&#9 -i* -/+&-8 3&3#$%& 2i(
i 0)6/)*i+8 #)-"0i-, %)D$ 6("<#& 3-)5 6"3#)38-"((. 8 38’"3(i< 0&(4)-i<
$4)()%i2i.

J3()-(&%& %$#)*"%& *)3+i*D$((. 8 0)7)#i 5 "("+i#&’(" #" .4i3("
#$)0i? *&;$0$(2i"+9(&1 0i-(.(9, 4)%/’,#$0($ %)*$+,-"((., %$#)*&
;8(42i)("+9()>) "("+i68. H 0)6*i+i 2 6"3#)3)-"(&< %$#)* 83$0$*($((.
6" ;"6)-&%& 6%i((&%& (" 487i /$0i)*i- 2&1 6%i((&1 #" /0&(2&/ 3#&34",’&1
-i*)70"D$(9 *+. *)-$*$((. i3(8-"((. i 5*&()3#i 0)6-’.648. H 0)6*i+i 2
i 3 *+. *)3+i*D$((. 3#i<4)3#i 6"3#)3)-"() 40&#$0i? 3#i<4)3#i 6" /$0E&%
("7+&D$((.%, " *+. *)-$*$((. i3(8-"((. 0)6-’.648 /)78*)-"(&1 %)*$+$<
– %$#)* %"D)0"(#(&1 0i-(.(9, 4)%/’,#$0($ %)*$+,-"((. 6*i<3(,-"+)39
8 3&3#$%i Mathematica. H 0)6*i+i 4 -&4)0&3#"(i %$#)*& ;8(42i)("+9()>)
"("+i68 #" #)/)+)>i?, -+"3#&-)3#i )0#)>)("+9() "*&#&-(&1 ;8(42i)("+i-.

=&3$0#"2i<(" 0)7)#" 34+"*"5#93. 6i 6%i3#8, 3/&348 8%)-(&1 /)6("’$(9,
-3#8/8, ’)#&09)1 0)6*i+i-, 6">"+9(&1 -&3()-4i-, 3/&348 /)3&+"(9 i *)*"#4i-.

H /$0E)%8 0)6*i+i 0)7)#& 60)7+$() )>+.* +i#$0"#80& 6" #$%),
*&3$0#"2i?, -&4+"*$() *)/)%iD(i /)(.##. i #-$0*D$((.. K"-$*$() )/&3
%)*$+$< - i%8()+)>i?, 6-$0(8#) 8-">8 (" 7"6)-8 %)*$+9 i%8(()? -i*/)-i*i
L.I. !"0’84", /0"29 H. C)0&E i !. M)*("0" G)*) %)*&;i4"2i? 7"6)-)?
%)*$+i (" -&/"*)4 3$6)((&1 -/+&-i-. N0)7+$() )>+.* %)*$+$< $/i*$%i’(&1
/0)2$3i-, 6)40$%" 4+"3&’()? SIR-%)*$+i, .4" 5 ("3+i*4)% %)*$+i :$0%"4"
i !"4:$(*0&4", %)*$+i :. :84" i6 -0"18-"((.% -#0"#& i%8(i#$#8. O"4"
#$%"#&4" 0)6-&-"+"3. - 7">"#9)1 ("/0.%4"1, "+$ ($ -i*)%), G)7 - 2&1
%)*$+.1 78- -4+,’$(&< $4)+)>i’(&< ;"4#)0. :0i% #)>), ("-$*$() )>+.*
/0"29, /0&3-.’$(&1 0)6-&#48 *)3+i*D$(9 %)*$+i F00)8-=$70$, i3(8-"((.
0i-()-"D()>) 3#"(8 #" <)>) -+"3#&-)3#$< 6 80"18-"((.% 0i6(&1 %)*&;i4"2i<
8%)- #" ;"4#)0i- %)*$+i.

P)6*i+ 2 /0&3-.’$(&< *)3+i*D$((, %$#)*)% 83$0$*($((. 6" ;"6)-&%&

3



6%i((&%& -/+&-8 7">"#)’"3#)#(&1 6780$(9 i6 6"/i6($((.% "0>8%$(#8 ("
*&("%i48 /0)2$38, .4&< )/&385#93. 3&3#$%), *&;$0$(2i"+9(&1 0i-(.(9 i6
+i(i<() /$0$#-)0$(&%& "0>8%$(#"%&. O"4i %)*$+i E&0)4) -&4)0&3#)-8,#93.
- $4)+)>i? < -i*)70"D$(i - %)()>0";i.1 Q. :8"(>", :. L)/"+3"%i, R. S%i#",
=D. R$<+", T. !&E4i3" i U. :)+%"()-394)>) #" 7">"#9)1 i(E&1 "-#)0i-. T+$ -
2&1 %)*$+.1 ($ 0)6>+.*"+&3. 7">"#)’"3#)#(i 6780$((.. @i* 7">"#)’"3#)#(&%&
6780$((.%& 0)68%i5%) 34+"*(&< 4)+&-(&< /0)2$3 i6 7">"#9)1 >"0%)(i4,
- /0)2$3i $-)+,2i? .4)>) %)D$ -&(&4(8#& 0$6)("(3 ’"3#)#. !$#)*&4"
*)3+i*D$(9, 6"/0)/)()-"(" T.!. S"%)<+$(4)%, 0)6-&(8#" *+. 6-&’"<(&1
*&;$0$(2i"+9(&1 0i-(.(9 - /0"2.1 P.I. @$#0&E&(". M">"#)’"3#)#(i 3&3#$%&
0i-(.(9 i6 6"/i6($((.% "0>8%$(#8 %$#)*)% 83$0$*($((. *)3+i*D8-"+&39
- /0"2.1 Q.V. Mi>8(". H *"(i< *&3$0#"2i<(i< 0)7)#i %$#)* 83$0$*($((.
6"3#)3)-"(&< *+. 6780$(9, "3&%/#)#&4" .4&1 %)D$ 78#& i *0)7)-),, )#0&%"()
$;$4#&-(8 )2i(48 %$#)*8 83$0$*($((., .4" .-() 6"+$D&#9 -i* /)4"6(&4i-
"3&%/#)#&4& 6780$(9 i 4i+94)3#i ;"6)-&1 6%i((&1 #" 6"/i6($(9 8 (&1.
K" %)*$+i 1&D"4-D$0#-" /0)i+,3#0)-"() *&("%i48 0)6-’.648 %)*$+i 8
6"+$D()3#i -i* -$+&’&(& 6780$((..

H 0)6*i+i 3 *&3$0#"2i? /)78*)-"() i *)3+i*D$() %)*$+9 i%8(()?
-i*/)-i*i #" $/i*$%i?, - .4&1 -0"1)-"() -/+&- $4)+)>i’()>) ;"4#)08 ("
/$0$7i> /0)2$3i-. =)-$*$() i3(8-"((. i 5*&(i3#9 0)6-’.648, -3#"()-+$()
8%)-& <)>) ($-i*’5%()3#i, G) -"D+&-) *+. "*$4-"#()3#i %)*$+$<. N("<*$()
3#"2i)("0(i 0)6-’.64& #" 8%)-& ?1 i3(8-"((. i *"() ?1 %$*&’(8 i(#$0/0$#"2i,.
U %)*$+i i%8(()? -i*/)-i*i -3#"()-+$() 4)$;i2i5(#(i 8%)-& +)4"+9()?
"3&%/#)#&’()? 3#i<4)3#i 3#"2i)("0()>) 0)6-’.648, .4&< -i*/)-i*"5 3#"(8
6*)0)-)>) )0>"(i6%8. N("<*$() )2i(48 -$+&’&(& i(;i48-"((., /0& .4i<
($ -i*78-"5#93. 0)6-&#48 i(;$42i<()>) 6"1-)0,-"((.. U %)*$+i $/i*$%i?
i6 -/+&-)% $4)+)>i’()>) ;"4#)08 )#0&%"() 7"6)-$ 0$/0)*84#&-($ ’&3+),
(" /i*3#"-i .4)>) 3;)0%8+9)-"() #-$0*D$((. /0) -i*38#(i3#9 $/i*$%i?.
@0)-$*$() 4)%/’,#$0($ %)*$+,-"((. /)78*)-"(&1 %)*$+$< *+. i+,3#0"2i?
-/+&-8 $4)+)>i’()>) ;"4#)08 (" /$0$7i> i(;$42i<()>) 6"1-)0,-"((. i

4



/)E&0$((. $/i*$%i?, .4$ %)D$ /0&6-$3#& *) .4i3()? 6%i(& *&("%i4& /0)2$38.
P)6*i+ 4 /0&3-.’$(&< %)*&;i4"2i.% %)*$+i 0i-()-"D()? $4)()%i4&

F00)8-=$70$ 6 80"18-"((.% *&340$#()? /0&0)*& #)-"0(&1 6"/"3i- #"
i3(8-"((. )/#)-&1 2i(. N"/0)/)()-"() /i*1i*, 8 .4)%8 0)+9 2i()-&1
-$4#)0i- -i*i>0",#9 6"0.*)-i ;8(42i)("+& (" -/)0.*4)-"(i< -$4#)0(i< I0"#2i
#)-"0(&1 -$4#)0i-, G) *"5 6%)>8 "*$4-"#() )/&38-"#& 0&(4& 6 *)-i+9(),
I0"#4)-), 3#084#80), ("7)08 #)-"0i-. @)78*)-"() 6">"+9(8 4)(3#0842i,
4)%/+$%$(#"0()>) /0)3#)08, (" .4)%8 -&6("’",#93. 6"0.*&, G) ;)0%8,#9
/)0.*4)-) /)-(8 -$4#)0(8 I0"#48 < %)D8#9 i(#$0/0$#8-"#&3. .4 86">"+9($(i
2i()-i -$4#)0&. =+. 6"/0)/)()-"(&1 %)*&;i4"2i< %)*$+i *)-$*$() i3(8-"((.
$4)()%i’()? 0i-()-">& #" *)3+i*D$() ?? )3()-(i -+"3#&-)3#i. J#0&%"(i
0$68+9#"#& 0)6E&0,,#9 "/"0"# #$)0i? 0i-()-">& *+. 0&(4i- 6 *&340$#(&%&
0$3803"%& #" -/+&-)% )/#)-&1 2i()8#-)0$(9 i %)D8#9 78#& -&4)0&3#"(i *+.
/)*"+9E)>) %"#$%"#&’()>) %)*$+,-"((. 38’"3(&1 0&(4)-&1 3&3#$%.

$’()’*+,-’ *. /).0*+,-’ 1-.,’--2 (*)+3.-+4 )’1567*.*i8.

!"#$%"#&’(i *)3+i*D$((. 8 *&3$0#"2i<(i< 0)7)#i %",#9 .4 #$)0$#&’(&<
1"0"4#$0, #"4 i %)D8#9 78#& 6"3#)3)-"(i /0& *)3+i*D$((i ($+i(i<(&1
%"#$%"#&’(&1 %)*$+$< /i* *i5, 7">"#)’"3#)#(&1 6780$(9 "7) $4)+)>i’(&1
-/+&-i-, 6"*"’ 0&(4)-)? $4)()%i4&, %",#9 /0"4#&’($ 6("’$((. 8 0i6(&1
/0&4+"*(&1 6"*"’"1. P$68+9#"#& %)*$+,-"((. i%8(()? -i*/)-i*i %)D8#9 78#&
6"3#)3)-"(i 8 %$*&’(i< /0"4#&2i *+. *)3+i*D$((. #" /0)>()68-"((. /$0$7i>8
i(;$42i<(&1 6"1-)0,-"(9 i - $/i*$%i)+)>i? *+. "("+i68 < /0)>()68-"((.
$/i*$%i? 6" (".-()3#i -/+&-8 $4)+)>i’()>) ;"4#)08. K)-i %)*&;i4"2i? %)*$+i
F00)8-=$70$, .4i -0"1)-8,#9 2i+)’&3$+9(i3#9 #)-"0(&1 6"/"3i- i )/#)-i
2i(&, %)D8#9 6("<#& 3-)5 6"3#)38-"((. 8 %)*$+,-"((i 38’"3()? 0&(4)-)?
$4)()%i4& /i* -/+&-)% 0i6(&1 ;"4#)0i- 6)-(iE(9)>) i -(8#0iE(9)>) -/+&-8.
N"3#)38-"((. 4)%/’,#$0()>) %)*$+,-"((. i+,3#085 )#0&%"(i #$)0$#&’(i
0$68+9#"#& i 3/0&.5 ?1 /0"4#&’()%8 6"3#)38-"((,. J*$0D"(i 0$68+9#"#&
-i*40&-",#9 E+.1 *+. 86">"+9($((. %"#$%"#&’(&1 %)*$+$< - /0&0)*(&’&1
)7+"3#.1 #" $4)()%i2i.

5



96:,(8i ;6(8.: %"#$%"#&’(" %)*$+9, 3#"2i)("0(&< 0)6-’.6)4,
*&340$#(" %)*$+9, 7i;804"2i., *&("%i’(" 3&3#$%", 3#i<4i3#9, 6"/i6($((.,
*&;$0$(2i"+9($ 0i-(.((., /)/8+.2i., 4)%/’,#$0($ %)*$+,-"((., i%8(("
-i*/)-i*9, -$4#)0(" I0"#4", +"#$0"+9(&< /)0.*)4, )0#)>)("+9() "*&#&-(&<
)/$0"#)0, -+"3#&-i3#9 /$0$#&(i-.

ABSTRACT

Ukrainets O. Mathematical Modeling of Natural Processes and Economic
Systems under the Influence of Perturbations. – Qualified scientific work on the
rights of the manuscript.

Thesis for the degree of Doctor of Philosophy (PhD) in specialty 113
– ”Applied Mathematics”. W Yuriy Fedkovych Chernivtsi National University,
Chernivtsi, 2026.

The dissertation is devoted to the construction and study of mathematical
models under multifrequency perturbations with delayed arguments, where the
delays are defined on the interval [0, L] by linearly transformed arguments ωωε ,
ωω < 1, and ϑωε , ϑω < 1; to the mathematical modelling of the human immune
response in infectious diseases and to an epidemic model that accounts for loss
of immunity under the influence of an environmental factor E(t). By the factor
E(t) we mean a weighted sum of various kinds of pollution, both of the physical
environment and of a socio-psychological nature, which adversely aXect the course
of infectious disease and favour the spread of the epidemic. The work also examines
the Arrow–Debreu general equilibrium modelWthe classical microeconomic model
of general equilibrium in which consumers and producers interact on competitive
markets, and equilibrium is characterised by the existence of a price vector that
equates demand and supply for all goods. The dissertation proposes modifications
of the Arrow–Debreu model that incorporate integer commodity stocks and the
influence of wholesale prices, using the theory of ordered vector spaces, vector
lattices, and various generalizations of price functionals.

In this work, on the basis of known mathematical models, new models
are proposed of which the author of the dissertation is a co-author. Each of
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the proposed models describes certain processes in the natural sciences and in
economics. The mathematical models constructed in Chapters 2 and 3 are new and
relevant for solving applied problems in medical practice in the study of infectious
diseases, in epidemiology for the analysis and forecasting of epidemics, and in
biology, ecology, economics and other fields that are subject to multifrequency
perturbations or to the influence of an environmental factor. The generalization
of the Arrow–Debreu model that depends on the influence of the price system and
the distribution of goods may find application in the modern market economy.

The main research methods used in the work are the analytic and qualitative
theory of diXerential equations, computer simulation, and methods of functional
analysis. In Chapter 2, the method of averaging over phase variables on the
cube of periods of these variables and the contraction mapping principle are
applied to prove the existence and uniqueness of solutions. In Chapters 2 and
3, first-approximation (linearization) stability criteria are used to study stability,
and the method of majorant equations is used to prove the existence of solutions
of the constructed models; computer simulation was carried out in Mathematica.
In Chapter 4, methods of functional analysis and topology are used, along with
the properties of orthogonally additive functionals.

The dissertation consists of a table of contents, a list of notation,
an introduction, four chapters, general conclusions, a list of references, and
appendices.

The first chapter provides a review of the literature on the topic of the
dissertation and presents auxiliary concepts and results. A description of models
in immunology is given, with attention to the basic model of immune response due
to G.I. Marchuk and to the works of W. Foryś and M. Bodnar on the modification
of this basic model for the case of seasonal eXects. A review of models of epidemic
processes is given, in particular the classical SIR model, which is a consequence
of the Kermack–McKendrick model, and the model of K. Cooke that accounts for
loss of immunity. This line of research has been developed in many directions, but
it is not known that an environmental factor has been incorporated in such models.
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In addition, the study includes a review of works devoted to the development of
research on the Arrow–Debreu model, the existence of an equilibrium state, and
its properties under various modifications of the conditions and factors of the
model.

Chapter 2 is devoted to the study, by the method of averaging over
phase variables, of the eXect of multifrequency perturbations with delayed
argument on the dynamics of a process described by a system of diXerential
equations with linearly transformed arguments. Such models are widely used
in ecology and are presented in the monographs of Y. Kuang, K. Gopalsamy,
H. Smith, J. Hale, A. Myshkis and V. Kolmanovskii, and many other authors;
however, multifrequency perturbations were not considered in these models. By
multifrequency perturbations we mean a complex oscillatory process comprising
many harmonics, in whose evolution frequency resonance may occur. The research
methodology proposed by A.M. Samoilenko was developed for ordinary diXerential
equations in the works of R.I. Petryshyn. Multifrequency systems of equations
with delayed argument were studied by the averaging method in the works of
Y.Y. Bihun. In the present dissertation, the averaging method is applied to
perturbations whose asymptotics may be fractional as well; an eXective estimate
for the averaging method is obtained that depends explicitly on the exponents of
the asymptotics of the perturbations and on the number of phase variables and
delays in them. The dynamics of the solution is illustrated on a predator–prey
model as a function of the magnitude of the perturbation.

Chapter 3 of the dissertation constructs and studies a model of immune
response and an epidemic model in which the influence of an environmental factor
on the course of the processes is taken into account. Existence and uniqueness of a
solution are proved, and conditions for its nonnegativity are established, which is
important for the adequacy of the models. Stationary solutions are found together
with conditions for their existence, and their medical interpretation is given. In
the immune-response model, coeYcient conditions for local asymptotic stability
of the stationary solution corresponding to the state of a healthy organism are
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established. An estimate is obtained for the level of infection below which the
infectious disease does not develop. In the epidemic model with environmental
influence, the basic reproduction number is derived, and on this basis a result on
the absence of an epidemic is formulated. Computer simulation of the constructed
models is carried out to illustrate the eXect of the environmental factor on the
course of the infectious disease and the spread of the epidemic, which may lead
to a qualitative change in the dynamics of the process.

Chapter 4 is devoted to modifications of the Arrow–Debreu equilibrium
model that take into account the discrete nature of commodity stocks and the
presence of wholesale prices. An approach is proposed in which the role of price
vectors is played by charge functionals on the ordered vector lattice of commodity
vectors, which makes it possible to describe markets with an arbitrary lattice
structure of the commodity set in an adequate way. A general construction of a
conjugate space is given, on which charges are defined that form an order complete
vector lattice and can be interpreted as generalized price vectors. For the proposed
modifications of the model, the existence of an economic equilibrium is proved and
its main properties are studied. The results extend the framework of equilibrium
theory to markets with discrete resources and with the influence of wholesale price
formation, and can be used for further mathematical modelling of modern market
systems.

Theoretical and practical significance of the results. The
mathematical research in the dissertation is both theoretical in character and
applicable to the study of nonlinear mathematical models under multifrequency
perturbations or environmental influences, and to problems of market economy;
it has practical significance in various applied settings. The results of the
immune-response modelling can be used in medical practice for the study and
forecasting of the course of infectious diseases, and in epidemiology for the analysis
and forecasting of epidemics when an environmental factor is present. The new
modifications of the Arrow–Debreu model that allow for integer commodity stocks
and wholesale prices may find application in the modelling of the modern market
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economy under the influence of various external and internal factors. The use
of computer simulation illustrates the theoretical results obtained and supports
their practical application. The results open the way for further generalization of
mathematical models in the natural sciences and in economics.

Key words: mathematical model, stationary solution, discrete model,
bifurcation, dynamical system, stability, time delay, diXerential equation,
population, computer modeling, immune response, Riesz space, lateral order,
orthogonally additive operator, intersection property.
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