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OPTIMAL CONTROL OF STOCHASTIC EQUATIONS OF POROUS
ENVIRONMENTS

The technique of averaging of differential operators is applied to optimal control problems
for stochastic equations describing porous media, which are parabolic equations with rapidly
oscillating coefficients. It is proved that the optimal controls, trajectories, and minimum values
of the quality criteria for the original problem converge, in the corresponding metrics, to the
optimal controls, trajectories, and quality criteria of the averaged problems.
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1 INTRODUCTION

It is well known that local characteristics of processes in micro-inhomogeneous (porous) media
are characterized by diffusion matrices a (%), where € > 0 is a small parameter. For small
€ > 0, these matrices lead to rapidly oscillating coefficients, which significantly complicate the
analysis. An effective approach in this situation is to replace the original parameters with their
averaged counterparts [5]. Optimal control problems for parabolic equations with rapidly oscillating
coefficients have been studied, for example, in [6,7] and other works.

One of the first works to study nonlinear averaging problems for parabolic stochastic equations
in bounded domains was [2]|. In [4], a similar problem involving rapidly fluctuating coefficients in the
stochastic term was considered. The averaging method was applied to the study of the long-term
behavior of solutions to stochastic parabolic equations with rapidly fluctuating coefficients in the
linear case in [12]. In [9], the averaging method was applied to the study of invariant measures of
stochastic systems.

To the best of our knowledge, the averaging method has not previously been applied to optimal
control problems for stochastic equations describing porous media. The present work is devoted to
the study of such problems.
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Let a(x), x € R?, is a continuous, periodic, symmetric matrix on [0, l]d that satisfies the uniform
ellipticity condition: Jv > 0 such that Va € R?, vV € RY,

d
> ai(@)mim; = vlnl. (1)
ij=1
Here | - | denotes vector norm in R?. At the same time, due to continuity and periodicity, the

coefficients a;;(x) of the matrix a(x) are bounded on RY.
Let f(z,9),0(z,y) : R x Rl — R! be continuous in their arguments, periodic in = with period
1, and satisfy the Lipschitz condition with respect to y: 3L > 0 such that

|f(x,y) - f(l',yl)‘ + ’U(‘/L‘ay) - O-(‘Tvyl)| < L|y - y1|7 (2)

for arbitrary = € R%, y, y; € RL.
From the continuity and periodicity of f and o it follows that they satisfy the linear growth
condition: 3M > 0 such that

[f (@, )|+ lo(z,y)| < M(1+[y])

Vz € R, y € R'. In what follows, without loss of generality, we assume that L = M.

Let D C R? be a bounded domain with a sufficiently regular boundary, for example, satisfying
the Lyapunov condition. In the domain Dy = (0,T') x D, we consider the following optimal control
problem governed by the equation:

with the quality criterion

T T
Jo(u) = E//yf(t,m)dxdt—i—E//u2(t,x)dxdt — inf . (4)
0 D 0 D

Here W (t) is a L?(D)-valued Q-Wiener process. The following stochastic process
u(t,z) = u(t,r,w) € R!

we will take as the control parameter. In this case, we assume that there exists §-adapted process
¢(t,7,w) € R! such that |u(t, z,w)| < ¢(t, z,w) almost sure and

T
B / lo(t)]2dt < oo, (5)
0

More precise conditions for the problem will be provided in the main part of the paper.
Denote IT = [0, 1]%. To the optimal control problem (3)-(4), we associate the following averaged
problem:

dyo = [div (aoVyo) + fo (yo) + u(t,x)] dt + o (yo) dW (1),
yo(0,2) =y (x), (6)
Yolop =0,
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with the quality criterion

T T
E//y (t,z d:Udt+E//u2(t, x)dxdt — inf . (7)
0 0 D

Here ag is an averaged matrix in the sense of [5],

foly) = / f(,y)de, ooly) = / (. ).

II II

The main result of the paper is the establishment of the following variational relations. Let
(J*,uk,y¥) be an optimal triple for the problem (3)-(4). Then

1) Jf = Jj,e—0,
2) along a subsequence u’ — uf, y — v in L*(Qp; H),

where (J§,ug,ys) is the optimal triple for the problem (6)-(7). Here H = L?(D), Qr = Q x [0, 77,
Q is a sample space.

The paper is organized as follows. In Section 2, we introduce the necessary definitions and
constructions and formulate the main results. Section 3 is devoted to the proof of several auxiliary
statements. The main results are proved in Section 4.

2 NECESSARY DEFINITIONS AND MAIN RESULTS

In this work, we use the following functional spaces:
H=IL*D), V=H)\D), V' = H (D).

Then V C H C V' forms a Gelfand triple, and the embedding is compact. Let || - || be a norm in
H, (-,-) scalar product in this space, < -,- > — the spare between V and V', i.e. < z,v >:= z(v) for
z €V’ v e V. Note that, by construction of V' we have that < z,v >= (z,v) for 2 € H,v € V.

Let (2,F, P) be a complete probability space with normal filtration (), ¢ € [0,7]. Denote
Dy =D x [0,T].

Let A; > 0 such that Z A} < oo, {l;} is an orthonormal basis in H, l; € L*®(D) and

Sup il oo Dy < 00. We 1ntroduce the following H-valued stochastic process

[o.¢]
t) ==Y NliBi(t), t >0,
which is called a Q-Wiener (kernel) process. Here (;(t) are standard, mutually independent one-
dimensional Brownian motions. We will also assume that
1) W(t) is Fr-measurable, t € [0,T],
2) W(t+ h) — W (t) independent from the §; for V¢ > 0, Vh > 0.

We also introduce the operator @ € L(H) such that Q is nonnegative and Ql; = \?l;, i > 1.
Denote

A:JHQ:fiﬁ.

i=1
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Let LY = L2 (Q%H; H) be the space of Hilbert—Schmidt operators equipped with the norm || - ||L(2)
For the processes ® : Qp — L (Q%(H), H) such that ®(t) e §-measurable and

T
E/\|q>oQ%||§gdt < 0.
0

following [10] we can define the stochastic integral

/ B(s)dW (s) € H
0

and
t

O/tq)(s)dW(s) - gA,/@ ()dBi(s),

0

and also
t 2 t
E / ()W (s)|| < Asup il / |0 (s, )|Pds.
0 0

Introduce an operator

Ay = Za (aw( )axjy).

7]_

By the assumptions on the matrix a(x), it is a coercive and continuous operator from V into V.
Let 4 € H be a Fo-adapted, u(t) € H is a §-measurable stochastic process.

Definition 2.1. §;-adapted stochastic process y.(t) € L*(Q; H) is called a weak solution to the
problem (3) on [0,T] if for arbitrary ¢ € V an equality

(1:(0:9) =% )+ [ (< Ao > +ul) )+ (1 (S0e00)) o)) s
° ®

+ [ (00 (Goe) ) o),
0

holds for almost all t € [0,T] with probability 1.

It is well known [3] that under the conditions (1),(2) (and under more general conditions) such
a solution exists and unique for the problem (3). In this case, the energy equality holds

t

o =11+ 2 [ (< Ae(s)5) > +ul) el + (£ (20:09) ) ) s
’ (9)

I Gty v2f  Gacs) v

0
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In addition to the weak solution, we will also need the notion of a mild solution. Let us introduce
the notion of a semigroup generated by the problem (3). Let z.(t) be a strong solution to the problem

dze —
{ dt - AEZ€7 (10)

2(0) =4,

in V. Then z.(t) = S-(t)y°, where S(t) the corresponding semigroup of bounded operators, which
can be extended to operators Sc(t) : H — H. In our case, it belongs to the class Cy and is compact
for ¢t > 0.

If K (t,z,y) is the Green’s function of the problem (10), then we have the integral representation

(S=()y°) (z) = /Ks(ta z,y)y° (y)dy. (11)
D

If K is the Green’s function of the problem (3) with the matrix a(z), then

K.(z,y,t) = e 9K <$ Y. t) . (12)

g e’ g2

The Nash—Aronson estimates also hold; namely, there exists a positive constant C(d,v) such
that

2
0 <K(z,y,t) < Clt_g exp {—M} ,

8t

d v|z — y|? (13)

0 SKO(«T, yat) < Cltiﬁ exXp {_Sty} .

Here K is the Green’s function of the averaged problem with operator

d
Aoy = (a0)ijO0u, 0,y
ij=1
From (11)-(13) it follows that there exists a constant M = M (T') such that

sup |[Se() |l poar;my < M. (14)

te[0,T

Definition 2.2. §;-adapted process y-(t) € H is called the mild solution to the problem (3) on
[0, T, if the following equality holds

0el0) =100 + [ Sutt = )1 (£o09)) s
0

+ 0/ Se(t —s)o (é,ya(s)) dW (s).

Under conditions (1)-(2) from [10] it follows that the mild solution exist and unique; moreover,
from [8] (under the same conditions) the existence of a weak solution implies the existence of a mild
solution, and the two solutions coincide.

To solve the optimal control problems (3)-(4) and (6)-(7) we will need the notion of martingale
solutions.
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Definition 2.3. We say that problem (3) admits a weak martingale solution if there exists a
probability space (€2,§, P), filtration (§t), Q-Wiener §i-adapted process W (t), §t-adapted process

a(t), i° € L2(Q; H) such that L(W,u,y°) = L(W,ﬂ, 7%) and there exists a §-adapted process
J- € L?(Qp; H) that §j-(t) satisfies (8) with W and u replaced by W and .

The notion of a mild martingale solution is defined analogously

If there exists a probability space (Q,§, P) with a filtration (§;) on which the processes @(t)
and @(t) can be defined such that they are §-adapted and L(u, p) = L(@, $), where {u} is the set
of admissible processes for the original problem, then the set {a} is called weakly admissible.

The martingale solutions of (3) corresponding to weak admissible controls will be denoted by
U (t,@). The set of all weak admissible controls will be denoted by U,y. Analogous notions are
introduced for mild solutions.

Definition 2.4. We say that the pair (uk(t),y(t,ar)) is a weak martingale solution to
problem (3)—(4) if u* € Uyq and §*(t,0*) is a solution to problem (3) in the sense of Definition 2.3
corresponding to the control u*, and

Je(ug) < Je(a)

for arbitrary @ € Ugq.

We now state the main theorems of the paper
Theorem 2.1. Under conditions (1) and (2), problems (3)—(4) and (6)—(7) admit solutions.
Theorem 2.2. Under conditions (1) and (2) we have:

1) JX— J§;

2) a family of optimal controls {;} is strongly compact in L%(Q; H) and any weak limit @ in
L?*(); H) of a subsequence {@}, } is a weak martingale optimal control for the problem (6)-(7);

3) gz (- uf ) — y(-,u) strongly in L?(Qp; H) and §j(-, @) is the optimal trajectory of the averaged
problem (6)-(7).

3 SOME AUXILIARY RESULTS

In this part of the paper, we present the necessary lemmas that play a key role in proving the
main results. In the following two lemmas, we assume that the conditions (1), (2) and (5) are
satisfied.

Lemma 3.1. Let {u,} is a sequence of admissible controls and y.(t,u,) are weak solutions
corresponding to the controls u,, (¢ is fixed). If u, — u weakly in L?(Q; H), n — oo, then

Ye(+y upn) = Ye(-,u),n — 0o, weakly in L2(QT;H).

Lemma 3.2. Ifu. — ug weakly in L?>(Qr; H), ¢ — 0, then there exists a probability space (Q,5,P),
sequences e, , Ue, , Uy such that L(ge, , e, ) = L(ye,,ue,) 1 L(ug) = L(1p) and

Jen (-, ic,) = o(-, o) strongly in L*(Qqp; H).

Proof of the Lemma 3.1. Fix € > 0 and let y.(t,u,) be a weak solution to (1). Note that, for each
n such solution exists and it is unique. From the weak convergence we have the existence of the
constant C' > 0 such that

T
E [ |Jun(t)|?dt < C. (15)
/
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From (15), the energy equality (9), the conditions (1) and (2) it is easy to obtain the following
inequality

T
S[lépﬂEllye(t,un(f))l\2 +/E||ys(t,un(t))|%/dt <C1(y°, T, 0). (16)
te|0,

0

Therefore along a subsequence wuy,(-) — u(-) weakly in L?(Qp; H), n — oo, and ye (-, un()) — 2:(+)

weakly in L2(Q7; V), n — oo.
From (2) and (16) it is easy to obtain estimators

T

E/Hf({;,%(t,un(t)))(\zdt < 0y, 0,
0

T

[l Gt < e
0

from which, along a subsequence, we have

f (é,ys(-,un)) — ®_(+) weakly in L?(Qp; H), n — oo,

o (é,yg(-,un)) — W, (+) weakly in L2(Qp; LY), n — oo.
Using standard arguments and the monotonicity conditions (see, e.g., |3, 8]), we conclude that
D, = f(y:(t,w), ¥e =0 (£,y:(t,u)), and 2. = y.(t,u) is the solution to the problem (1) with

the control u. By its uniqueness, it follows that all the convergences stated above hold for the entire
sequence n. ]

Proof of the Lemma 3.2. We have

Yoo (£) =S, () + / Ser(t—5)f (;
0

t
0e(6) ) s [t s)a (Spen(s) ) aw s
n 871

0

t
—i—/Sen (t — s)ue, (s)ds.

0

It is obvious that for y., estimators of the type (16) are valid due to the uniform estimate
T
supE/ l|ue, (t)||2dt < C.
"D

For arbitrary R > 0 we have

T
1
P{HugnHLz(DT) > R} < o3 /EHuEn (t)||?dt — 0, R — oo,
0

uniformly on &,. Since the set of functions {||uc, ||2(p,) < R} is weakly compact in L%(Dr), then
the set of measures L(u., ) is dense in L?(Dr), therefore, by the Prokhorov’s theorem, it is weakly
compact. By the generalized Skorokhod theorem (the Jakubowskyi’s theorem) we can define a
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probability space (Q,@, ]5), a filtration {§;}, §r-adapted Wiener process W (t), e, (), Ue, (t), ¢(1),
@ig such that L(ye,,ue, ,o(t), W(t)) = L(Je, , Ge, , §(t), W(t)), L(ug) = L(ig) i @i, — tig, en — 0
weakly in L?(Dr) with probability 1 (along a subsequence). From the equality of distributions, we
obtain that

Je, (1) = 0+/Sgn (t—s)f ( e, (s )ds+/t5,5 t—s)o ,@an(s)) dW (s)
’ (17)

0
+/Se(t — S)Ue, (s)ds.
0

Let 9o(t, o) be a weak martingale solution to the problem (6). Then it is also a mild solution,
and hence

Go(t) = So(t)7°+ [ So(t — s)fo (@o(s))ds+ [ So(t —s)o (uo(s)) dW (s)+ | So(t — s)iip(s)ds. (18)
0/ 0/ 0/
From (17)-(18) we have

E@N&ﬁWWS%E@N%—&wa
t
+T/E
0
t
+/E
0

s [ IS0 o), — Solt = )il

2

S. (t—s)f (%,ggn(s)) — So(t — ) folGo ()| ds

2 i (19)

7 (1e(9)) = i)

0
L2

=l + Ir + I3+ I4.

Due to G-convergence of parabolic operators [11], the Lebesgue’s dominated convergence
theorem and the estimator (14)

L —0,e, — 0. (20)

For the term I, for some constant C'(T") > 0, we have an estimator

I, < C(T) (/E!\Ssn(t = 8)|*19e.(5) — Go(s)lI*ds
0

t
+/E
0

From the papers by [1| and [9] it follows with probability 1 that

(21)

2
ds) .

f (xﬁg(](s:‘rvw)) - fO(g0(87m7w)) Wea‘kly in Lz(D),{fn — 07
En

Se,(t—s)f <'7370(8)> — So(t — ) fo(Fo(s))

€n
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for each s € [0,t]. Then again due to G-convergence

with probability 1. Therefore

2
—0,e, — 0,

S, (t—s)f <', ﬂ0(8)> — So(t — ) fo(Fo(s))

n

I, = 0,e, — 0, (22)

by the linear growth conditions for f and fy and the Lebesgue’s theorem.
Term I3 can be estimated in a similar manner, taking into account the fact that

2 2
7 (209)) = o) < sl o (15 9) — ulin(e)
En L9 i En
Thus
Is = 0,e, — 0. (23)
For I, taking into account a G-convergence we have that
|S., (t — s)ite, — So(t — s)ag||> = 0,6, — 0, (24)

for all ¢, s with probability 1.
Since (ue,,¢) and (d,,p) are identically distributed, then for almost all (¢,z,w) we have
|te,, (t, z,w)| < §(t, x,w) and

T
E/ 13(8) | 2dt < .
0

From (24) and Lebesgue’s theorem it follows that
Iy — 0,¢, — 0. (25)

Now from (19)-(23), (25) and Gronwall’s lemma we obtain the Lemmas’s statement. O

4 PROOFS OF THE MAIN THEOREMS

Proof of the theorem 2.1. We provide the proof for the problem (3)-(4). Fix € > 0. From the
definition of the functional (4) follows that there exists a minimizing pair (ye, , ue, ) such that

Je(ue,) — inf J. = JI n — oc.
u€Uyq

For all n, we have that
e, | < . (26)

Therefore {u.,} weakly compact in L?(Qp; H), hence along a subsequence, converges weakly to
u. € L2(Qp; H). By Mazur’s lemma and the inequality (26) follows, that |uc(t,z,w)| < o(t,z,w)
for almost all (¢, z,w). This gives us that u is the admissible control.

Without loss of generality, we may assume that the sequence wu., itself converges weakly. Then,
by Lemma 3.1 we obtain that y., (t,u., ) also converges weakly in L?(Qr; H) to ye(t, u.).

By the weak lower semicontinuity of the norm, we have that

JZ, = lim J, (ue,) > liminf J., (ue,)

T T
— liminf E/Hyen(t,ugn)HZdt+E/Huan(t)HZdt
n—oo
0 0

T T
5 / lye(t, ue)|Pdt + E / e (t)] 2.
0 0
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Thus the pair (ye,us) is the optimal process. For the problem (6)-(7) the proof is analogous.
The theorem is proved. O

Proof of the theorem 2.2. From the theorem 2.1 we have that the problems (3)-(4) and (6)-(7) have
solutions, therefore, they also admit weak martingale solutions. Let us take as the underlying space
Q=1[0,1, P= Ajo,1]-Lebesgue measure on [0, 1], § is a Borel o-algebra on [0, 1]. Denote by (g7, i7)
and (y*,u*) optimal processes of the problems (3)-(4) and (6)-(7) respectively.

For each € > 0 by the definition of an admissible control, we have that

E/|| (t)||2dt = E// t)(t, z, @) dxdt SE‘// (t,z,0)dzdt < .
0

Therefore the family {a}} is weakly compact in L%(; H), hence, it contains a weakly convergent
subsequence {@7 } such that

i, — Gig,en — 0, weakly in L2(; H). (27)

*

Then by the Lemma 3.2 there exists a probability space (é,% , ]—g’), sequences gjg‘n, ﬁen, ﬁg such
that L(é:nvﬁ;n) = L(g:n,ﬂ* )7 L<’l§'0) = L(ﬁo) and

En

G, (2%, ) = ol i) strongly in L*(Qr; H). (28)

s Yen

Note, however, that in the Skorokhod representation theorem, one can once again take
([0,1],%B(]0,1]), Ajp,1)) as the probability space (Q, 5, P). From this (g2 ,u: ) and (y8 ,u ) defined
on the same probability space, hence, the pairs @;n , ﬁ:n) are optimal too. For simplicity of notation,

we will omit the ~ symbols from now on.
By weak lower semicontinuity we obtain

lim inf £ / 2. (0)|%dt > E / o (8)]2dt. (29)
n—oo
0
From the other side, we have that

Jan (U:n) S Jan (UO),

therefore

lim inf /\ya (t . det+E/Hu ()2t

n—,oo
< lim inf (E/ e, (£, u0)||2dt + E/ ||u0(t)||2dt>,
0 0
which, in view of (28), yields the inequality
B [ It uo)Pde +timint B [ [t 0%t < B [ (e, w0) Pt + B [ fuo(e) P
0 0 0 0

Hence, we obtain that

imint B [ oz, (0l dt < B [ fluo(t)Pat
0
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which, in view of (29), yields the equality

11m1nfE/Hu ()2t = E/yuo ()|2dt. (30)

Hence, along a subsequence, which, without loss of generality, may be assumed to be the whole

sequence,
T T
E/mgwww%E/wmw%a
0 0

which, together with (27), yields the equality

lim uf = wp in L*(Qp; H).
k—o00

The latter establishes the strong compactness of the family of optimal controls {u}}.
An obvious inequality is also given by

Jen(uz,) < Je, (u7),

en/) =

where u* is the optimal control for the averaged problem. Hence, by Lemma 3.2 we again obtain

hrglan ( : )ShrglnfE/Hyan<t,u*)H2dt+E/Hu*(t)”th
T T (31)
:E/||y*(t,u*)\|2dt+E/||u*(t)|2dt: Jg.
0 0

Here, we have used the uniqueness of the solution to the averaged problem. On the other hand, we
obtain

n—oo

liminf J., (u2,) = lim E/Hy:n(t, u:n)szt—i—lirr_l)infE/Hu:n(t)Hth
. - (32)
=E/mmmmﬂﬁ+E/wmm&ﬁ=hww
0 0

From (31)-(32) we have that the pair (yo(t, uo), uo) is optimal. Hence statements 2 and 3 are proved.
To prove statement 1, note that, by (28) and (30), we have

J=lim JI = hm E/HyE ||2dt+ hm E/Hu (t)||2dt
o0

—E/WmHMHﬁ+E/WOHdt J(uo) = J;.

The theorem is proved. O
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o 3ama4 ONTUMAJIBHOIO KEPYBAHHS CTOXACTUYHUMH PIBHAHHAMU IIOPUCTUX CEPEIOBHIIL,
o € napabo/IYHUMU PIBHSIHHSIMU 31 IIBUIKO OCIUJIOIYAME KOepiIiEHTaMU, 3aCTOCOBAHO
TEeXHIKY ycepeIHEeHHs JIudepeHIiajlpbHuxX omneparopis. JloBemeHo, Mo onTuMalibHi KepyBaHHs,
TPAEKTOPil Ta MiHIMAJbHI 3HAYEHHST KPUTEPIIB AKOCTI TOYHOI 3a/a4i 30iratoThCst y BifIIOBIIHAX
METPHUKaX JI0 ONTUMAJBHUX KEPYyBaHb, TPACKTOPIiil Ta KPUTEPIIB SIKOCTI ycepeTHEHUX 3a71a4.
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