Bukovinian Math. Journal. 2025, 13, 2, 137-151 BykoBuHcbkuii matem. xypHan 2025, T.13, Ne2, 137-151

DOI: https://doi.org/10.31861/bmj2025.02.14

TARAS ANDRYTSULIAK, SERGIY MARTYNIUK

GENERALIZATION OF THE ELO SYSTEM FOR INTERACTIONS BETWEEN
MANY AGENTS

The paper proposes a generalization of the classical Elo rating system for multi-player envi-
ronments and employs optimization techniques to identify the model’s optimal configuration.
The proposed approach represents multi-agent interactions as a set of pairwise comparisons
and formulates the rating estimation problem as the minimization of a logistic loss function.
This formulation enables the derivation of analytical expressions for rating updates based on
gradients used to search for optimal hyperparameters, resulting in smoother and more stable
learning dynamics compared to the classical Elo system.

An additional adaptive update coefficient is introduced, which depends on the number of
interactions and the number of agents involved in each event. Such normalization helps prevent
excessive rating drift in large datasets and mitigates overly dampened updates when the amount
of data or the number of agents is small. The paper also examines principles for initializing the
ratings of new agents and for dynamically adjusting the learning rate based on the accumulated
information for each agent, allowing the system to converge more rapidly to accurate rating
levels and improving overall stability and interpretability.

Gradient descent is employed to search for the optimal hyperparameter values by minimizing
the loss function and automatically selecting appropriate parameter settings. This enables the
system to produce more accurate rating estimates and, consequently, achieve better predictions
of future interactions.

The proposed system easily adapts to environments with multi-party interactions while
remaining fully compatible with binary-comparison scenarios. When necessary, it can be ex-
tended with additional hyperparameters to account for the specifics of a given domain.

The model illustrates the advantages of combining classical rating methodology with modern
optimization techniques and is applicable to sports, gaming, and educational systems where
accuracy, adaptability, and interpretability are essential.
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INTRODUCTION

In modern gaming, sports, and educational environments, there is a growing need for fair, adap-
tive, and interpretable methods of ranking and evaluating interactions between agents (players)
within a closed environment. One of the most popular models, known for its simplicity, trans-
parency, and high effectiveness, is the Elo system, proposed by Arpad Elo in the mid-20th century|4].
Although its original application was related to chess, today the Elo system is successfully used in
a wide variety of fields, from other sports (tennis|2|, football[l, 7], board games) to online games,
machine learning and even the evaluation of text or translation quality.

The essence of the classical Elo system approach lies in assigning each agent a numerical value as
a rating that reflects their probability of defeating an opponent. After each interaction, the rating
is adjusted based on the actual and expected outcomes of the interaction:

Titk+1) = Tik + K (Sik — Pig)

where 7;(;11) is the agent rating ¢ after the k-th interaction, 7 is the agent rating i before the k-th
interaction, S; is the actual outcome of the interaction (for example, 1 for a win, 0 for a loss, 0.5
for a draw), Py is the expected outcome of the interaction, and K is the adjustment coefficient that
determines the speed of rating updates.

At the same time, the expected outcome of the k-th interaction between agents ¢ and j, with
corresponding pre-interaction ratings r;; and 7, is calculated as:

1

Tjk-*wc)

Py, =
1+ 10( 70

Consequently, if a higher-rated agent defeats a lower-rated one, their rating increases only
slightly, while in the case of a loss, it decreases significantly. This approach allows the ratings to
quickly adapt to the underlying skill level of the agents and is also intuitive for the users.

Among the key advantages of the classical Elo system are its computational simplicity, the
absence of complex hyperparameters, and the lack of a need for historical data for each agent
(the rating is formed solely based on the previous value and the most recent interaction outcome).
However, the vast majority of specific applications of the Elo system require introducing additional
parameters and modifying the classical version. These modifications include:

e Multifactor models that account for additional interaction characteristics such as home ad-
vantage in football or court surface type in tennis.

e Models with sub-environments that make it possible to capture relationships between different
environments with identical or distinct hierarchies, such as different leagues.

e Elo-based models for simultaneous interaction among many agents. For example, in multi-
player online games, dozens of participants may be involved, and it is necessary to determine
rating changes for each of them based on the collective outcome.

e Bayesian approaches, which treat the rating not as a point estimate but as a probability
distribution, allowing uncertainty to be taken into account.

Related systems inspired by Elo are also widely used, such as Glicko[6], which additionally
incorporates the variance (volatility) of a agent’s skill, allowing faster adaptation to changes in
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performance. A Bradley-Terry model[3|, which originated earlier, has a similar logic to estimate
the “probability of victory”, but formally expresses it through logistic or normal distributions and
is typically used in the context of statistical analysis of pairwise comparisons, as Weng and Lin
did[11].

At the same time, there exist variations of the Elo system designed for comparisons among many
agents. In particular, Powell|9] considers the interaction of N agents as a set of N — 1 separate
sub-interactions, where after each sub-interaction the agent with the worst result is eliminated
(endurance model). An alternative variant is one in which the strongest agent is eliminated after
sub-interaction, and the next sub-interaction is then considered without them (speed model). The
probability of obtaining the worst result in the first sub-interaction is therefore:

eirik

P o —
ikl eliminated Z Tok

zeN e

Let agent j take the last place and be eliminated. Then the probability of being the worst in
the next interaction among the remaining agents is:

e~ Tik

Pir2 eliminated =
ik2 eliminated Z ok

seN\{} €
And so on for each subsequent sub-interaction until only the winner remains. The rating after
the interaction is updated as follows:

N-1

Tithe1) = Tik + Y KBigt (Sike — Pike)
t=1

where Bj;i: is a boolean indicator showing whether agent ¢ participated in the sub-interaction t of
the interaction k.

This approach works well for modeling interaction outcomes, as shown by Powell, but it may
slightly overestimate ratings for stronger agents, since agents who rank lower will participate in
fewer sub-interactions than those who rank higher.

The Elo system was originally constructed to model and forecast outcomes of strictly pairwise
comparisons, but subsequent research has explored ways to generalize it to multi-agent interac-
tions such as group competitions and races. For example, an approach proposed by Moore et

al.|8], treats an interaction with n agents as an equivalent collection of n(nz_l) independent binary

duels, where each duel is awarded to the competitor who finishes ahead of the other. Powell |9]
argues that this formulation introduces a systematic upward bias in the resulting rating estimates,
particularly in scenarios involving a large number of interactions or a high density of agents per
interaction. Although Powell’s observation is well-founded, the underlying issue can be mitigated
through appropriate methodological adjustments, and addressing this limitation constitutes one of
the objectives of this study.

Almost all of the methods mentioned rely on certain fixed hyperparameters (for example, the
learning coefficient in the classical Elo system), which are often chosen manually or based on empiri-
cal considerations. This creates a problem as an incorrect choice of hyperparameters may lead to an
overly inert or an overly unstable rating system, distorting the underlying skill levels of the agents.
This problem becomes especially acute in complex scenarios with many agents, where interactions
are significantly more complex than in ordinary pairwise matches.
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To address this issue in machine learning problems, scientific and practical studies propose vari-
ous approaches to the automatic tuning of hyperparameters. Among these methods are optimization-Jj
based techniques, including gradient descent|5]. As shown for football games [1]|, gradient-based
optimization can effectively tune the hyperparameters of an Elo-style rating system, allowing one
to find the most suitable hyperparameter configuration by optimizing the logistic loss function[10].

In the context of the Elo system, gradient descent allows not only the automatic selection of
an optimal update coefficient K, but also the calibration of other hyperparameters such as the
shape of the win-probability function, or even the initial agent ratings if sufficient historical data
are available. Applying gradient descent to optimize Elo parameters on historical data makes it
possible to create a more accurate and stable rating system adapted to a specific game or league.

Thus, combining the Elo system with modern optimization techniques, such as gradient descent,
creates an opportunity to develop a generalized rating framework that preserves the conceptual
clarity and efficiency of classical pairwise Elo while extending it to settings involving multi-agent
interactions. The goal of this study is to construct such a system: one that not only supports
pairwise comparisons but also correctly models outcomes of interactions among multiple agents,
addresses structural biases that arise when pairwise simplifications are applied to multi-agent sce-
narios, and leverages gradient-based optimization to identify an appropriate set of hyperparameters
from historical interactions data.

This work aims to provide a principled, scalable, and data-driven generalization of Elo suitable
for high-dimensional competitive environments.

1 METHODOLOGY

1.1 General principles

In our approach for evaluating agents in multi-agent interactions, each interaction is decomposed
into a set of pairwise sub-interactions. Each pair represents a separate evaluation unit in which
one agent ranks higher or lower relative to the other. To train the rating system based on these
sub-interactions, we formulate the problem as an optimization problem.

Specifically, we aim to find agent ratings that maximize the agreement between the expected
and actual outcomes of the sub-interactions. For this purpose, the logistic loss function (log-loss)
was used as the loss function, which is a standard choice for binary classification problems, where
the outcome variable takes values 0, 0.5, or 1 (win, draw, or loss in the pair).

For each sub-interaction between agents ¢ and j in interaction k defined:

Sijk € {0,0.5,1} - actual outcome of the sub-interaction: 1 if agent 4 ranks higher than
agent j, 0 if lower, and 0.5 if equal;
1
Py = — = expected probability of agent ¢ winning over agent j,
1+ 107 %0

computed from the current ratings.
Then, the logistic loss function for a single pair is given by:

liji = = (Sijk - In Py + (1 — Sgjr) - In(1 — Pyj))
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This function penalizes large deviations between the prediction Pj;, and the actual outcome
Sijk: it is minimal when the prediction is close to the true value and grows rapidly for large errors.
This property makes the log-loss function convenient for training a rating model on historical data.

To minimize the loss function, gradient descent was applied. It is an iterative optimization
procedure that updates the model parameters (in our case, agent ratings) in the direction opposite
to the gradient of the loss function. Intuitively, the gradient indicates how the loss would change if
the rating is adjusted, and thus shows how to correct the rating to reduce the error.

Since l;;, is a complex function through FP;j, the chain rule was applied:
Olije _ Olijr. 9Py (1)
Oriye 0P, Orgy

First, the derivative with respect to P is computed:

Olyjk

GPij = —Sijk - (In Pyge)" — (1 = Siji) - (In(1 — Pyg))’ o
Sijk 1= Sijk _ Pijk — Sijk

Pijr 1= Pyr Pk (1 — Pij)

Next, compute the derivative of Pj;, with respect to r;; is computed:

0Py 0 1
Org. — Orye \ 1+ 108sk—rix)

1 9
- : Br—rir)
= T AL 1000wy By, (1+ 1070w

where 8 = %. Noting that

0
({')Tik

(1 + 10/3(7’jk—7"ik)) =_8 10/3(7’jk_7'ik)7
it follows that

OP;j B 108ik—rik)

Orise (1+ 105(Tjrrik))2

_ 3 1 (1 +1080s=rix)) — 1
7 + 108(rjk—rir) 1 + 108(rjx—rir)

Substituting Py, in place of 1/(1 4 108(k=7#)) yields:
8Pijk
87%
Finally, substituting (2) and (3) into (1) yields:

= B Pyjr (1 — Pijk) (3)

Olijk — Pijk — Sijk B
ori. P - (1— Pijk) ‘ﬂPwk (1 Pwk) =0 (szk Szyk) (4)

According to the gradient descent method, the rating update for a single sub-interaction is:

6lijk

Tigk = Tik — 1 53—
87%
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Taking all sub-interactions into account yields:

8luk
ik = Tik 5
i i ;77 Orin ( )
J#i

Substituting the derivative in (4) by (5) the multi-agent update formula becomes:

N N
Ti(k+1) = Tik — N B E (Pijr — Sijr) =mar — K E (Pijk — Siji) (6)
j=1 j=1
J#i J#i

This provides a smooth and consistent rating update that combines signals from all pairwise
comparisons. The formula generalizes the classical Elo update to the multi-agent case, based on a
rigorous mathematical derivation via the loss gradient.

Let G denote the set of agents participating in the interaction k, and let there be K interactions
in total. The total loss function is the sum of all logistic losses for pairs (4, j) arising from the pairwise
decomposition of each interaction:

K
L= Z Z lijk (7)

k=14,j7€Gk
1<j

1.2 Additional factors in the Elo rating model

In general, the outcome of interactions between agents may depend not only on their ratings but
also on additional factors. These factors should be taken into account when calculating the expected
outcome of the sub-interaction of agent ¢ with agent j within the interaction k. Therefore, this value

is given by:
1
Puk: :f(r‘kar'kagl g2 -"7gL) (8)
Y 1+ 1Of/(Tjvaikvglng:--ng)/400 e o
where f(7jk, ik, 91,92, - - ., gr) is a function representing the mathematical expectation of the out-

come of the sub-interaction between agent i and agent j. The importance of a particular interaction
or sub-interaction may differ from others; therefore, the rating update function in the general case

is given by:
N
Titk+1) = Tik + f(h1, ha, ... hL) Z(Sijk — Pijr) 9)
j=1
J#i
where f(hi,ha,...,hy) is a function that characterizes the influence of additional factors on the
importance of the event.
Thus, substituting (8) into (9) and generalizing yields:
Ti(k+1) = f(’rlka -5 Tiks -« - s TNE, Silk:7 s SiNka 91,92,---,9L, hi,he, ..., hL)
Taking into account that Ry = (rig,..., "k, .-, Tjk, ..., TNE) Tepresents the ratings of all agents
before interaction k, and (Sjik, ..., Sink) = Sk € S denotes the outcome of interaction k, the rating

of agent 7 after interaction k is a function of the following parameters:

ri(k+1) = f(Rk:757917927 ce. 7gL7h17h27 o 7hL)



MULTIPLAYER ELO SYSTEM 143

Accordingly:
Tj(k+1) = f(Rka Sv 91,92,-..,9L, h17 h27 .. 7hL)

Thus, the state vector of all agents’ ratings after interaction k£ depends on the same parameters
as in [1]|, which yields:
Rk+1:f(RkaSaglagQa'"agLahlahQa""hL) (10)

The state vector of agent ratings after interaction k£ + 1 is given by:
Riy2 = f(Rgy1,5,91,92, -, 9L, ha, hay ... hyr) (11)
Substituting (10) into ((11) yields:
R0 = f(Rk,S,91,92,--.,90, h1,ha, ..., hL)

Thus, the ratings of the agents at any moment in time can be expressed through the initial
agent ratings, the interaction vector, and the parameters of the Elo system:

Ry, = f(R1,5,91,92,-- -9, h1,ha, ... hr)

The rating matrix of the agents R = {R1,..., Ry, ..., Ry+1}, which contains the ratings of all
agents at all time moments, can be expressed as follows:

R:f(R1751917927'"agLah17h27'"ahL) (12)

If the initial ratings of all agents are the same and equal to a fixed value 7o, then the expression

simplifies to:
R= f(Tovsaglag%'"agLahth?'"ahL)

Let P be the set of all win probabilities in all pairwise interactions. Then, from (7), it follows
that:
L= f(PS) (13)

From (8), it follows that:
P:f(R7glag27"'7gL) (14)

Substituting (12) into (14), and then substituting the resulting expression into (13), yields:

L:f(Rl,S,gl,gg,...,gL,hl,hg,...,hL) (15)

Thus, as in the basic case for pairwise interactions|1|, the value of the logistic loss function is
determined by the initial ratings of the agents, the outcomes of their interactions, and the factors
that influence both the probability of the expected outcome and the weight of each event.

1.3 Adjustment of correction coefficient K

As shown in (6), the rating update in a single sub-interaction is given by:

Ar~K- -(S—-P)
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In a multi-agent interaction, agent ¢ participates in N — 1 pairwise sub-interactions (with each
opponent), and over the course of a year, there are M such interactions. Therefore, the total annual
drift scales as:

M N
drift; ~ K-> ) (Sijk — Pije) ~ K- M - (N —1) - (S - P)
k=1 j=1
J#i
where (S — P) is the average prediction error defined as the difference between the actual and
expected outcome.

If a constant K = K| is used, then drift; grows linearly with M and N — 1. For large values of
M and N, the rating may change excessively leading to overfitting, while for small values it barely
changes (underfitting).

If the drift is fully normalized by dividing by M and N — 1, the ‘data-scale’ effect is completely
compensated for, but another problem arises. For N = 2 and M = 1, it follows that K = K, and
the one-time increase after a win is:

ATIOW interaction — KO : (1 - P)

For the case with many agents and interactions (wins in each sub-interaction), with

the total annual change is:

K M N
0
AThigh interaction = Jo a7 1y Z Z(l - PZJk)

=
=
|

Since under constant wins the probability P increases with each interaction, the average value
£(1 — P) in many-interaction scenarios will be smaller than (1 — P) in a single interaction, assuming
initially equal ratings. Therefore,

ATIOW interaction = Arhigh interaction»

which indicates excessive smoothing.

Hence, complete lack of normalization (MY and (N — 1)°) leads to excessive drift for large
M and N, while full normalization (M! and (N — 1)!) results in over-smoothing at large scales
and volatility in “small” scenarios (because there K ~ Kj). Balance is achieved through partial

normalization, where the exponents for M (degree; and for N — 1 (degree lie in the

nteractions ) agents )
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interval (0,1). This partially compensates for the scale of M and N but does not “stifle” learning
as the data grows.
Thus, the adaptive update coefficient is:

K

K(M,N) =
( ’ ) Mdegreeinteractions . (N — 1)degreeagents

It makes the expected annual drift approximately proportional to:
A/r ~ KO . Ml_degreeintcractions . (N — 1)1_degreeagcnts . 5(1 — P),

and due to the exponents in (0, 1), this allows the model to retain adaptability for a large number
of interactions while reducing volatility in cases with few data points.

1.4 New agents initial rating

In systems with a dynamic environment, new agents continuously enter the system and initially
have no interaction history. The choice of its initial rating is crucial:

e arating that is too high creates inflated expectations, and the agent’s rating will drop sharply
after the first losses;

e a rating that is too low leads to underestimated expectations and excessively fast growth in
the case of a few victories;

e in the long run, both distortions skew the dynamics of the overall system and complicate
interpretation.

The basic and simplest approach is to assign newcomers a fixed initial rating rg. A more
sophisticated option is to use an adaptive value rgg, which is determined based on the current
distribution of ratings at the moment the agent appears. This approach is meaningful when the
environment consists of several isolated subsystems with different average rating levels. However,
such scenarios are rather exceptional for multi-agent interaction. Therefore, it is more reasonable
to use the simpler variant with a fixed ry.

Moreover, as will be shown below, it is possible to periodically normalize agents’ ratings to
improve system stability, and thus in such a case the basic approach effectively yields the same
result as the adaptive one.

1.5 Impact of interaction number on correction coefficient

New agents entering the system initially have no interactions, so their rating is estimated with high
uncertainty. With each subsequent interaction, this uncertainty decreases. The amount of Fisher
information after one sub-interaction is proportional to:

I(r) = E [(; log L(r)>2]

0
~log L(r) = - (P - ),

Given that, as shown in (4),
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it follows that:
I(r)=E[(B-(P-S))*] ~p* E[P(P-1)%*+(1-P)P*] =52 P(1-P)

After T interactions, the cumulative information grows proportionally to T', and the uncertainty
decreases approximately as U% o 1/T. Thus, it is natural to connect the optimal step-size multi-
plier of the update coefficient with this uncertainty so that the multiplier decreases with each new
interaction. To prevent an excessively rapid slowdown, a saturation mechanism is introduced: after
T > Tyat, the update coefficient becomes constant.

As shown in (16), the correction coefficient is:

I((]\f7 N) — KO . M_degreeinteractions . (N — 1)_degreeagents’

so after saturation it must take this value. Before saturation, the coefficient gradually decreases,
approaching a plateau that reflects the diminishing uncertainty.
Taking this into account, the following multiplier depending on the number of interactions is

defined:
T 2
9T =14« <1 — min{l, })
Tsat

where a > 0 amplifies the initial update and the exponent 2 enforces a quadratic decay. Thus:
T=0=y9T)=1+a,
0<T <Tgat =1<g(T)<1+a,
T> T = g(T)=1.
Therefore, the overall update coefficient is:
K(M,N,T)=K(M,N)-g(T)

The resulting rating update formula becomes:

N
rijk = rik + K(M,N,T) - Z (Sijk — Pijk)
J=1j#i

K, - (1 ta (1 —min{l, TT})Q)

Mdegreeinteractions . (N — 1)degreeagent5

K(M,N,T) =

Thus, introducing the dependence of the update coefficient on the interaction count ensures rapid
adaptation for new agents during the initial stages and gradual stabilization as more observations

accumulate.

1.6 Gradient descent hyperparameter optimization

The search for optimal Elo system parameters is performed by minimizing the logistic loss function,
which reflects the discrepancy between the expected and actual outcomes of agent interactions. In
this way, the model adapts its parameters to reduce the prediction error.

As shown in (15), the value of the logistic loss function depends on the agents’ initial ratings,
the outcomes of their interactions, the factors affecting the expected outcome probabilities, and the
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factors determining the importance of each event. In the general implementation of the Elo rating,
such factors include the initial agent ratings Rj, the base correction coefficient Kj, the exponent

accounting for the number of interactions in a period degree; the exponent accounting for

nteractions>»

the total number of agents in an interaction degree the regulator of maximum early-stage

agents»

rating growth «, and the saturation threshold Ty,;. Thus:

K K
L= lj=Y_ Y (SyrlnPyr+(1-Syx)n(l— Py))

k=114,j€Gy k=114,j€Gg
1<J 1<J
= f (S’ Rl’ KU’ degreeinteractionsa degreeagents’ «, Tsat)

It follows that the optimal hyperparameter values, corresponding to the minimum of the loss
function, can be found using gradient descent. In the classical formulation, the parameters are
updated after each gradient descent iteration using a fixed step size:

o+ = g — v F(e®)

where 7 is the learning rate that controls the speed of parameter updates, and 0 is the set of
parameters. However, since different parameters have different orders of magnitude (for example,
degreeiy eractions and degree,gqns are expected to lie between 0 and 1, while By and Ko may be in
the hundreds or thousands), the classical approach leads to slow updates of large-scale parameters.
To improve convergence for parameters with small values, a modified approach is more appropriate:

o+ = g — e £(e®)

This modification implements proportional parameter updates relative to their current values,
helping to avoid convergence imbalance between parameters of different scales.

In the subsequent section of this work, this approach is applied to optimize the Elo system
parameters on historical data, which improves model accuracy and the stability of algorithm con-
vergence.

2 APPLICATION

2.1 Multi-agent interaction based on Formula One races

To illustrate the practical application of the proposed model, data from the Formula 1 World Cham-
pionship were used. For modeling purposes, the dataset is divided into initialization, training, and
validation subsets. For each individual interaction (Grand Prix), only drivers who completed the
race are considered. This restriction is necessary because the Elo rating system is designed to quan-
tify the inherent skill or strength of an agent, whereas the probability of finishing a race is influenced
predominantly by exogenous factors, such as vehicle reliability, stochastic events, and interactions
with competitors that may result in retirements. Consequently, modeling the probability of finishing
requires a distinct algorithmic approach, which lies beyond the scope of the present study.

At the end of each season, the ratings are normalized to maintain a stable mean value. This
normalization preserves the relative differences between agents while facilitating the initialization
of new agents and stabilizing the overall scale of the rating system.

Since the Formula 1 interaction outcome is not binary but rather an ordered ranking of all
race drivers, the interaction outcome were transformed. To adapt the task to an Elo-like format,
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each race is treated as a set of pairwise interactions: if driver ¢ finishes ahead of driver j, this is

interpreted as a victory of ¢ over j. Thus, the race outcome can be represented as w

pairwise
interactions among all drivers.

For pairwise interactions in Formula 1, no additional parameters were introduced for computing
the win probability beyond the agents’ ratings. Before qualifying, all drivers are in equal conditions
(although their cars differ, such effects cannot be explicitly modeled). Therefore, the probability

that agent ¢ beats agent j is simplified to the classical Elo form:

1

Py, = .
ik 1 & 10(rie—rix)/400

Regarding the update coeflicient, all parameters introduced in Methodology section are incor-
porated. Since this environment has no distinct sub-environments and ratings are normalized after
each season, it is reasonable to apply a simplified approach for computing new-agent ratings by in-
troducing a single parameter rg instead of the vector R;. Considering that the update-enhancement
parameter o and the saturation threshold Tg, have an inverse dependence (the fewer interactions
required for saturation, the stronger the early-stage enhancement must be), there is no need to
optimize both. Thus, saturation level was fixed Ty,y = 10, and the optimal value of « for this
saturation level is determined using gradient descent. The same applies to the parameters rq,
Ky, degree; Interaction outcomes S are fixed values and, like Tyu, are

and degree

nteractions agents*

excluded from optimization.

Therefore, the loss function for optimization depends on the following parameters:
L= f (To, KO’ degreeinteractions? degreeagentsv Oé) :

The initial parameter values are chosen randomly: rq in the range 1500-2000, Ky in the range

10-500, degree and degree between 0.1 and 1, and « between 0.1 and 10.

interactions agents

2.2 Data

The input data for the proposed model is derived from the comprehensive dataset of Formula 1 World
Championship race results spanning the years 1950 to 2024, available on Kaggle: https://www.
kaggle.com/datasets/rohanrao/formula-1-world-championship-1950-2020. This dataset pro-
vides detailed information on individual race outcomes, which serves as the empirical basis for the
estimation and validation of the generalized Elo rating system. To calculate ratings which are close
to real ones the initial ratings for 1955 were computed using the results of all Grands Prix from
1950 to 1954 (inclusive). Data from 1955 to 1999 is reserved for model training, while the 2000
season is used as a validation set.

Also, drivers who completed only one race during a season were excluded from dataset. This
serves two purposes. First, it prevents the formation of isolated subgroups of drivers who partic-
ipated exclusively in a single Grand Prix (for example, the Indy 500) during the early years of
Formula 1. Second, it avoids including test drivers who competed in the only one event, for whom
there is insufficient data to reliably estimate a meaningful rating.

Finally, a total of 1,114 Grands Prix are considered across 75 seasons, with each season com-
prising between 6 and 24 events. For each Grand Prix, the number of drivers who completed the
race and were included in the analysis ranges from 2 to 24.
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2.3 Results and analysis

To prevent overfitting, an early stopping criterion was applied during gradient descent optimization.
Specifically, training was terminated if the logistic loss on the validation set did not improve for 20
consecutive epochs. In our simulation, the procedure converged after 247 epochs, at which point
early stopping was triggered. This indicates that the minimum validation loss was reached at epoch
227, after which further training produced no measurable improvement.

Optimal parameters are the ones which were calculated by Gradient Descent Optimizer after

227 epochs. Here the set of optimal parameters calculated:

Parameter Optimal value
To 1834.6477

Ky 102.0843
degree;  cractions 0.172968
degree, yons 0.624026

a 0.724035

Table 1: Optimal hyperparameter values.

The implementation of the model is available in the multi elo repository on GitHub: https:
//github.com/andritar/multi_elo.

The developed approach (multi-agent Elo) was compared with endurance model, speed model,
and pairwise comparison Elo model without number of agents and number of interactions normal-
ization and initial interactions boost (multi-agent Elo default). The performance of all methods was
assessed on the full set of evaluation-eligible interactions. The corresponding logistic loss values for

each approach are reported in Table 2.

Approach Logistic loss
Endurance Model 0.482522
Speed Model 0.502683
multi-agent Elo (default) 0.482469

multi-agent Elo (optimized) 0.481111

Table 2: Comparison of logistic loss values across different modeling approaches.

Among the considered approaches, the Speed Model exhibits the poorest predictive performance.
The remaining three methods demonstrate substantially lower logistic loss values, indicating better
predictive accuracy. As anticipated, incorporating normalization with respect to the number of
agents and interactions significantly improves the model’s performance, highlighting the benefit of
these adjustments in the multi-agent Elo framework.

CONCLUSIONS

In this work, a generalization of the classical Elo system for multi-agent interactions is proposed,
incorporating gradient descent for parameter optimization. The proposed approach provides:
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e a formalization of multi-agent interactions as a collection of pairwise sub-interactions, followed
by minimization of the discrepancy between expected and actual outcomes using a logistic
loss function;

e analytical expressions for rating updates, derived from the computation of derivatives of the
loss function, which ensure smoother and more stable learning dynamics;

e the introduction of an adaptive update coefficient dependent on the number of interactions
and the number of agents, allowing the model to avoid excessive drift or excessive smoothing;

e justification of the principles for initializing the initial ratings of new agents and of the de-
pendence of the correction coefficient on the number of interactions, increasing the flexibility
and robustness of the model.

The combination of the Elo system with gradient descent creates the prerequisites for developing
next-generation rating systems that preserve the intuitiveness and simplicity of classical approaches,
while acquiring self-adjusting properties. This is particularly important in high-dimensional sce-
narios with a large number of agents and interactions, where traditional methods lose accuracy or
stability.

The obtained results confirm the promise of integrating classical rating models with modern
optimization techniques. The proposed model may serve as a basis for further research and practi-
cal applications in sports analytics, multiplayer gaming environments, and educational assessment
systems.

This model operates at the level of individual agents but does not support situations in which
agents form a team and compete against an opposing team. Extending the model to such cases is
the objective of future research.
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CrarTs MPOIIOHYE y3arajbHeHHs KJIACHIHOI PEHTHHIOBOI cucteMu Ko /st 6araroKopucTy-
BaIbKUX CEPEJIOBUII 1 3aCTOCOBYE METO/M ONTUMIZAIN] JJIsi BU3HAYEHHS ONTHUMAJIBHOI KOH]I-
ryparii Mozesri. 3ampolOHOBAHUMN IMiIXI TPEICTABIISIE B3a€MOIIl MiXK H6araTbMa areHTaMu sik
Habip momapHUX MOPIBHAHB 1 (pOPMYIIIOE 3aady OMIHIOBAHHS PEHTHUHTIB fK MiHIMI3aIliio Jori-
cruanol GyHKIl BTpaT. Taka GOpMyTIOBaHHS [Ta€ 3MOTY OTPUMATH AHATITUYUHI BUPA3U JJIsT
OHOBJIEHHSI DEMTUHIIB Ha OCHOBIi I'Da/II€HTIB, III0 BUKOPUCTOBYIOTHCS JIJIsI IIOIIYKY OIITHMAaJIbHUX
rinepriapamMeTpiB, 3a6e31e4yI0vYH IJIABHIILY Ta CTAOLIbHINTY JUHAMIKY HABYAHHS TOPIBHSHO 3
KJIACUYIHOIO cucTemoro Eio.

BBomuThes momaTkoBHUit amanTUBHAN KOEMIMIEHT OHOBJIEHHS, AKWI 3aJ€KUTh Bif KiTbKO-
CTi B3a€MOIiit 1 KiJIbKOCTI areHTiB, 3aIisHUX y KOXKHiil momil. Taka HOopmastizallisi gomomMarae
3amo0irT™M HaAMIDHOMY 3CYBY PEHTHHTIB y BEJUKHUX HAOOpaxX JMAHUX i TMOM SKIIMYE HaJIMipHe
3IVIAJPKYyBaHHsSI, KOJIX OOCAT JaHWX ab0 KiJbKICTh areHTIB € HEeBeJMKUMHU. ¥ CTATTi TAaKOXK
PO3IISIAIOTHCS IPUHITUIN iHITia i3aIil peHTHHTIB HOBUX areHTiB i JUHAMITHOTO KOPUTYBaHHS
MMBUIKOCTI HABYAHHSA HA OCHOBI HaKOMMIeHO! imdopmariil I KOKHOTO areHTa, 10 A€ 3MO-
Iy cucTeMi IIBHIIIE 30/IMKYBATHCH 0 TOYHUX DEUTHHIOBUX 3HAYEHDb 1 MOKPAIILYE 3arajbHy
CTabiIbHICTD Ta IHTEPIIPETOBAHICTD.

I'pasienTHnit CIyCK BUKOPUCTOBYETBHCS JIJIsl TOIIYKY ONTHUMAJBHUX 3HAYEHDL Tileprapame-
TPiB muIsxoM MiHiMizaril (yHKIIT BrpaT i aBTOMATHYIHOrO BUOOPY BIIIOBIIHUX MapaMerpis.
Ile mae 3mory cucremi popMyBaTH TOUHINI PEATHHTOBI OIMHKY i, BiamoOBimHO, 3abe3medyBaTn
Kpallli TPOTHO3U MaiOyTHIX B3aE€MO/TilA.

3allpoIIOHOBAHA CUCTEMA JIETKO aJAllTYEThCSI JI0 CEPEIOBUIIL i3 6araToCTOPOHHIMU B3aEMO/Ii-
siMu, 30epirarovn MOBHY CYMICHICTH 31 CIleHapissMu OiHAPDHUX MOPIBHSAHB. 3a moTpedu 11 MOXKHA
POBIINPUTH JTOIATKOBUMHU Till€pIIapaMeTPaMu il BpaXyBaHHs CHeIdiKu KOHKPETHOI JOMEH-
uol obJacti.

Mosenb IEMOHCTPYE TEpeBAru MOETHAHHS KAACUIHOI PEHTUHTOBOI METOIOJIOTIT 3 CyJIacHU-
MH METOJIaMU OINTUMi3alii #i Moxke ePEeKTUBHO 3aCTOCOBYBATHUCH Yy CIOPTUBHUX, iIPDOBUX Ta
OCBITHIX cHCTeMaX, Jie BaXKJIUBUMU € TOUHICTh, aJalITUBHICTD JIO CKJIQTHUX CIleHapiiB Ta iHTep-
ITPETOBAHICTb.



