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IINKJIA IMTOPAJKY IITAPKOBCHKOTI'O AJ14 IMITYJIBCHOI CUCTEMU
JIIEHAPA

Y crarri mocHimKyeTbcst TpobsiemMa iCHYBaHHS MEPIOJWYHUX PO3B’HA3KIB HEJIHINHAX
mudepenriaabanx piBHanb Tuny Jliemapa 3 immoyabcHoro giero 'y HedikcoBani MoOMeHTH
qacy. BukopucroByioun meros Binmobparkens Ilyankape, 3ajady mpo iCHyBaHHS [I€PIOJMYHUAX
PO3B’sI3KiB 3BEJIEHO 0 aHaJIi3y iTepalliii 0OJJHOBUMIpPHOIrO BijobOparkeHHsi Bizpizka B cebe. 3a
JIOTIOMOT'OI0 METOJy MATEeMaTUYHOI IHJYKIIl JIOBEJIEHO TEeOpPEMYy MpPO AHAJITUYIHUN BUTJIST
[IEPIOINIHAX TOYOK Oy/b-sIKOIO HATYPAJBHOIO IMEPIOAy N Ta BCTAHOBJIEHO UITKY CTPYKTYDY
BifmoBigarx MHOrOWIeHIB 3 Koedinientamu +1. Busnadeno ymoBu Ha mapaMerpu CHCTEMU, 34
AKUX ICHYIOTH IUKJIH, 10 Bifnosinaiors T'(n)-nepioguaHuM po3B’d3KaM , Ta HOKa3aHo, IO I
TOYKH IiJIOPSAIKOBYIOThCA nopsiaky IIlapkoBcbkoro.
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Becryin

B zarajbHOMY BHUIIaJIKY, 3a HAsIBHOCTI IMITYJIbCHOI Jil MOBEJIHKA PO3B’S3KiB jndepeHIiaaIbHuX
piBHsiHb (HaBiTh JiHifiHUX audepeHiagbHUX piBHsIHD 31 cragumu KoedilieHTaMu) Moxe OyTu
CyTTEBO HEJIHINHOIO 1 3HAYHO BIAPI3HATHCS Bl IOBEJIHKU TAKUX CUCTEM 3a BLJICYTHOCTI IMIIyJIbCHOL
il

HoctiyKeHHs JTUHAMITHAX CHCTEM 3 iMITyJIbCHOO €0 CTAHOBUTH OJUH i3 BaXKJIUBUX HAIPSIMIB
Cy9acHOI Teopil qudepeHIliaJIbHIX PIiBHSIHD 1 TPUKJIAIHOI MATEMATUKH. Taki CHCTeMH aeKBaTHO
OIUCYIOTH MIPOIIECH, IO XapaKTEPUIYIOThCI MUTTEBUMU 3MiHAMH CTaHy B JIMCKPETHI MOMEHTH 4acy, 1
3HAXO/ATH 3aCTOCYBAHHS B TEXHIYHUX, GIOJIOTTIHUX Ta eKOHOMIUHUX Mojiessx [7]. PyHaamenTanbhi
acreKkT Teopil JudepeHiiajbHuX PIBHIHD 3 IMITyJIBCHOO €0 CUCTEMATUYIHO BUKJIAJIEHO Y IIPAISIX
M.O. ITepecrioka, A.M. Camoiiierka Ta cruiBasropis [5,7]. [Toganabinmii pO3BUTOK 1IbOIO HAIIPSAMY
OB’ si3aHU i3 JOC/IIPKEHHSIM SKICHUX BJIACTUBOCTEH DPO3B’#3KiB, 30KpeMa iX 0OMexKeHOCTi Ta
crifikocti. ¥ poborax [6,10,11] BcranoBieHo yMOBHU iCHYBaHHs 00OMezKeHUX PO3B’A3KIB JI7Ist JIHIHUX 1

VIIK 517.9
2020 Mathematics Subject Classification: 34A37, 3TE05.

(©) Cobuyx B. B., Pymux €. A., Hecrepenxo O. H., 2026



Hukiy nmopaaky IHTAPKOBCHKOI'O [Jidd IMIIVJIBCHOI CUCTEMU JIIEHAPA 29

c/IaOKOHETHIHHUX IMITY/IbCHUX CUCTEM, 1110 CTBOPIOE HEOOXi THe MiArpyHT JJIsT aHAJII3Y [IepioIuIHIX
pPeXUMiB.

OsiauM i3 KaacuaHux 00’€KTIB JOCIIIIZKEHHS Y Teopil HeJIHIHIX KOJMBaHb € piBHAHHS JlieHapa
i+ f(x)t+g(x) = 0, sike MUPOKO BUKOPUCTOBYETHCS JIJIsl MOJIETIOBAHHST ABTOKOJIMBAJIbHUX [IPOIIECIB.
SkicHa Teopist TaKUX PIBHAHBL 6e3 IMIyJbLCHUX 30ypeHb I'PYHTOBHO po3pobisena y [12]. Ocobmusy
posib Bijirpae anaii3 ¢pa3oBuxX MOPTPETiB 1 rPAHUYHKUX IMKJIB, 30KpeMa /I PiBHAHBL Tuiy S (3a
Omusiem), 1m0 hOPMyE METOOIOTITHY OCHOBY JJIsl TIOIAIBIIONO JOCTLIZKEHHS CHCTEM 3 IMITJIbCHOIO
JIEI0.

BakyiuBuMm iHCTPpYMEHTOM JOCJIJKEHHS TEPIOAUIHUX PO3B’SI3KIB € MeToJ[ BimoOparKeHHst
[Iyankape. IlobymoBa Takoro BimoOpakeHHsI Ha TPAHCBEPCAJIbHIN MHOXKUHI JO3BOJISIE 3BECTU
3a/1a9y 1IPO iICHYBaHHS IePIOJUIHUX PO3B’A3KiB HEIIePEPBHOI CUCTEMHU JI0 aHAJI3Y HEPYXOMHUX TOUYOK
BIIIOBIZIHOTO JICKpEeTHOrO oiepaTopa. Y poborax [4,8| mokasaHo, 1110 Jist IMITyJIbCHIX OCIUIISITOPIB
3aja4a Mpo MePIOAUIHI PEXKUMHI €KBiBAJIEHTHA JOCJII?KEHHIO OTHOBUMIPHUX Bi0OparkeHb BiApi3Ka.
[e BinkprBae MOKIUBICTD 3aCTOCYBAHHS arlapaTy TeOpil AMHAMIYHUX CHCTEM, 30KPEMa, Pe3y/IbTaTiB,
BUKJIJICHUX ¥ [3].

CyTTeBe yCKIAIHEHHST TUHAMIKN BHHUKAE Yy BUMAJKY IMITYIbCHOI il B HedIKCOBAHI MOMEHTH
Jacy, M0 MPU3BOJAUTDH JI0 TOSBU CKJIAIHUX PEKUMIB, BKJIIOUAIOUN OAraTonepioinydHi Ta XaoTUYHI
KOJIUBaHHs. ¥ IIbOMY KOHTEKCTI KJII0OY0Be 3HadeHHs Ma€ mopsaoK [I1apKOBCHKOTr0, IKUil BCTAHOBJIIOE
lepapxito icHyBaHHsI [EepIOAMYHUX TOYOK JIIsi OJHOBMMIDHUX Bimobpaxkenb [13]. Knacuuni
pesyabratn O. [IIapKOBCHKOTO Ta MOMAJIBIINI y3arajJbHEHHsI CTBOPIOIOTh TEOPETUIHE M PYHTS JJIsT
aHaJsIi3y CKJIaJHOI quHaMiku imiyabcHux cucreM [8|. Cyuacui mocsiizkennsi, 30kpema poboru [4, 9],
JEMOHCTPYIOTh e(PEeKTUBHICTD IUX IMIIXOMIB y 3aJadax MOOyI0BU CTAOLIbHUX TiOpUIHUX PEXKUMIB
Ta aHAJI3y IMIyJIbCHUX MOMUMIKAIN KIACHIHUX MEXAHIYHUX CHCTEM, TaKHX JK MaTeMaTHIHNN
MAasITHUK.

Y HaBeJlEHOMY KOHTEKCTI pe3yJibTaTd, OTPUMAaHI B JaHiii pobOTi, JOriYHO MPOIOBKYIOTH
3a3HaveHl JOC/IIXKEHHsI. 30KpeMa, 3/1iiCHEHO [Tepexil Bl HellepepBHOI JMHAMIKK piBHsIHHS JlieHapa
JIO TUCKPETHOI IMHAMIKHY BioBiiHOTO Biobparkenns [lyankape. ['010BHIM HAyKOBUM PE3yJIBTATOM
€ sBHa 10Oy/0Ba MHOrowreHis P™()\) Ta Bu3HaUYeHHS IHTEPBAIB ICHyBaHHS mapaMeTrpa A, IO
3a0e31e9yI0Th ICHYBaHHs IUKJIB JOBUILHOTO iepiony n. Takuii miaxis y3roiKyeTbes 3 CyIacHUMI
TEHJEHIIIIMU PO3BUTKY HEJTIHIHOTO aHajizy Ta Teopil cTabLIbHOCTI fI PO3IIUPIOE MOXKIUBOCTI
JOCJTIPKEHHST CKJIAIHOI JUHAMIKN IMITYJIbCHIX CHCTEM.

1 CUCTEMA JIIEHAPA 3 IMITVJIbBCHOIO JAIE0

O6’ekToM anaJizy € JUHAMIUHA CUCTEMA, PYX Y SKiit ONUCYEThC AudepeHIiaJbHUM PiBHSIHHIM
Jlienapa Burmsy:

&+ f(x)d + g(z) =0, (1)

(x € M C R, M — dazosuit npocrip cucremu (1), t € R — gac) i sika 3a3Ha€ BILIMBY MUTTEBUX CUJIL,
SIKi BUBHAYAIOTHCST JETKUM OTIepaTopoM A, 110 y MOMEHTH MPOXO/IZKEHHST PYXOMOIO TOYKOIO JIESTKOTO
(biKCOBAHOIO TIOJIOXKEHHSI & = T, Ji€ 3rijHo 3 upasuioM (t,z) — (¢, Az).

Imnynbena gist B Takilt cucremi BiOyBaeThest y HediKCOBaHI MOMEHTH dYacy Ta 30LIbIIye
KUTBbKICTh pyXy B cucreMi Ha jesiky Beawdauny [(Z), Mo 3a7eKUTh BiJ IMIBUIKOCTI PYyXOMOI TOYKH
B MOMEHT [POXOJIKEHHsI HEIO MOJIOXKEeHHsI T = Z,. Jlasi BBaxkarumemo, mo I(y), ge y = &, sK
dyHKIIisI CBOrO apryMeHTy € HellePEPBHOIO.

dAximo t; — Aesdkuit MOMEHT 9acy, B KU PYXOMa TOYKA JOCITAE€ IMOJIOKEHHS T = Xy, KOJIU
BiIOYBa€ThCs IMITYJIbCHA [Iist, TO IMITYJIbCHI 30yPEHHsI PYXOMOI TOYKHU 3alUCYIOTh |7]:

dz
dt

B dx dx

A _ o _ o
T=2 dt lt=t;+0  dt lt=t;—0

= Az —x = [(%). (2)
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Omnuc dizuunol iHTeppeTallil piBHsiHHs JlieHapa Ta XapakTepucTuKa Horo (paszoBoro mopTpery
JerasibHo BuBYeHO B [12]. PiBusinus (1) 3anucyerbesi eKBIBAJIEHTHUM YUHOM Y BUIVISAL CHCTEMU:

{:t =Y,
y=—g(z) - f(z)y.

B IIOAAJIbIITIOMY BUKOPHUCTOBYETBHCHA IMO3HAYCHH:

Osnauenns 1. /lucepennianbae piBasiaast (1), 1Mo 3aJ0BOJIBHSIE YMOBH:
zg(z) >0 grz x#0 (4)

f(=2) = =f(z), g(=2) = —g(2), (5)

3rigHo 3 kjaacugikaiiero OIsiIst, HAJEKATh JIO Kjacy S.

[Mosraummo y, = /2G(z). Hpumycrumo, mmo:

19, udepenmianpre pisasmus Jliexapa (1) € piBHAHHAM THILY S 1 38I0BOJIbHSIE YMOBHU iCHYBaHHSI
Ta €IUHOCTI PO3B’SI3KY.

20, TIpsima & = ., TPAHCBEPCAIbHA IIOTOKY (1) BCromm, KpiM TPaeKTOPIl, JJIst IKOT IIPSIMa T = Ty
€ noruuHo. B mpoMy Bumajiky Beazkaemo, mo I(0) = 0.

3%, Omnepatop immyabcHOI Jiii € HemepepBHUM CTOCOBHO CBOIX 3MiHHMX.

2  YMOBHU ICHYBAHHSI ITEPIOMYHUX PO3B’SI3KIB CUCTEMU JIIEHAPA 3 IMITYJILCHOIO
JIEIO

3a jonomoro BuBYeHHs pyxy daszosol Touku cucremu (1), (2) y [2] mobymoano BimobparkeHHst
[Tyankape Jist IPSIMOI & = Iy, SIK€ BUKOPHUCTOBYETBCS JJIsA JOCJII?KEHHS MNTAHHS [P0 ICHYBAHHS
nepioguunnx po3s’sa3kis 3aza4i (1), (2). Takoxk mokazano, Mo 3aja4a po ICHYBAHHSI TIE€PIOJUIHUX
posB’s3kiB cucremu (1), (2) 3BoauTHCS 10 33/@4i IPO ICHYBaHHS EPIOJMYHUX T4 HEPYXOMHUX TOYOK
JesTKOro BimoOparKeHHsI BipisKa B Ieil caMuil BiZIpi30K, sIKe BU3HATAETHCA (POPMYJIOIO:

fy)=—y+I(~y), y=i. (6)

Posruisiremo 3ajaay npo icHyBanHsI mepiogumdHux poss’s3kiB 3agadi (1), (2), konn dyHKiist
IMITYJIBCHOT JTi1 Ma€ BUTJIST:

(7)

A=Dy+ Ay, y<0,
I(y) =

My« +vy), y<O, (®)

fly) =—y+1(-y) = {

ey =&, A\ — jeskuii mapamerp, npuaomy 0 < A < sup G(x).
Binobparkennst (8) € nenepepBHuM it BCix y € R i mae raki Baacrusocti: npu 0 < A < 1 icaye
JIMIIE OJIHA HEPyXOMa TOUKa, sika € cTiiikoio; npu 1 < A < sup G(z) HepyxoMmi TOUKM:

A A
DAl G RIS
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A= A2 A+ A2
LIS VE LY

Touku nepiomy 3 jyisi BiobpazkenHst (8) yTBOPIOIOTH J[Ba [[UKJIN:

Ta MePioINIHY TOUKY Ilepiomy 2:

D e D N D S e e
1+ 7 1ea Moo o

A= A2 A3 AEAZoN3 Ao A28
1-x 1 YT Y

Taxkum guHOM, audepeHniaabie piBHsaHHs (1) 3 immynbcaoo apieo (2), (7), ae y = &, upm
1 < XA < supG(z), mae T(n)-nepioguani po3s’s3ku Taki, Mo (as3oBa TOUKa JAHOI CHCTEMU IIPU
PycCl B3I0BXK BIJIIOBIIHOI TpaeKTOPil 3a3Ha€ PIBHO N IMITYJIbCHUX il 3a MEpIof, Jie n — JOBLIbHE
Harypajbie udnciao (mus. |[1,2]). Toukwm, mo 3aJa0Th IUKJIN, $Ki BiIIOBIIAIOTH MEPIOIMIHIM
posB’saskam 3azadi (1), (7), 3amoBosbHs0oTh nOpsiziky [IlapkoBebkoro.

[MTokazkeMo, 0 TOYKH, sIKi YTBOPIOIOTH €PIOANYHI UK/ Jisi Binobpazkenns (8), ciiij mykarn
cepel ApobiB BUTJISIY:
_ Py
BEESY Y

y (9)

Jie P™(\) — MHOTOYIEH BHUIVISIILY:

P"\) = ap A"+ an N a2+ N, a =1, i=2n.

IoBesiemo, 1110 Jjist TOBIIBHOTO HATYpaJbHOrO N i 1yt Beix y € R n-Ta iTepariist BiqoOparkeHHst
(8), sixy mosmaammo f"(y) = f(f(... f(y))), mae Bursz
—_—

() = P"(\) y« £ Ny, (10)

ne muorouwsier P (\) 3a/1080/1bHsIE peKyperTHe cribpimromennsa PH(A) = A, P(\) = A£ AP 1())
(n > 2), a 3HaK «=£» BiAnOBimae Tiii rimi BigobpaxkenHsi (8), y sKy NOTpAIUIsi€ TOYKA Ha
BIIIOBITHOMY KpOIl iT€pyBaHHS. N-IMEPiOJNYHI TOYKHU BijoOparkeHHsT [ IIC/IST IIBOIO OTPUMAEMO
sIK HepyxoMi TouKH Bimobpaskenns f". JloBeleHHs IIPOBEIEMO METOIOM MaTeMaTHYIHOI IHIYKIIT 3a
n.

1. Baza ingykuil. IIpu n = 1 6esnocepennno 3 (8) maemo f(y) = A(y« £ y) = Ays + Ay, T06TO
(10) Buxonyernes 3 PH(A\) = . Tlpu n = 2:

P =F(fW) = Ays £ Qs £ Ay)) = (A £ X%y £ Ny,

seigku P2(\) = \ 4 \2.

2. Heranpuuii anamiz gasa n = 3,4,5. 1llo6 BusgBuTH 3aKOHOMIpHICTH (DOPMYBaHHS
koedirienTis a; y muaorounenax P"()\), obuncimmo KijbKa HACTYIHUX iTepariiii.

Bunadox n = 3. Buxopucrosytoun f2(y) = P?(\)y. £ A2y, maemo:

FPy) = (7)) = My £ (PP(Nye £ 2%)) = Ay £ AP? Ny £ X%y
Ockimpru AP?(\) = M(A £ A\?) = A2 £ A3, xicraemo
FPly) = (AEN £ )y £ X%y,

T06T0 P3(A) = A £ A2+ A3,
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Bunadox n = 4. Amanoriuno, f(y) = f(fs(y)) = A\ye £ AP3(\)ys £ My, Ockinbrn
AP3(N) = A2+ A3+ %
FAy) = A £ A2 £ 2 £ 20y, £ 21y,

seigkm PHA) = A+ A2 £ X3 4+ 2\
Bunadox n = 5. f(y) = f(f*(y)) = Ayx £ AP*(N)ye £ Ny, i, ocximbku APY(A) =
A2 NN,
Fly) = AEAZ LN £ AL Ny, £ N0y,

3. Imaykuiiiaumit nepexia. Ilpumycrumo, mo dhopmyaa (10) Bukonyerbest mist n = k, To6TO
and Beix y € R
Fiy) = PENys £ Xy,
Bacrocysasiu Bijiobpazkents (8) me pas, mjst Beix y € R gicraemo:
) = L) = Mys £ 15 (9) = Ay £ (PPN)ye £A%)) = Ays £APF Ny Ay
Jomanok mpu ¥, moszuaammo depes PFFL(A):

PMLO) = X £ APF(N).

s pexypenTaa dhopmy/ia Ipu pisHEX BUOOpAX 3HAKIB IMMOPO/ZKYE B TOYHOCTI BECh KJIaC MHOT'OYJICHIB
3 koedirienTamu +1, PO IO CBITINTH TaKe TBEP2KEHHS.

TBepaxxenns 1. Hexait
P2N) =X+ X2 P'(A) =X AP"I()), n>3,

a P" — MHOXKHHA BCIX MHOTOYJIEHIB, IOPOJXKEHUX IIE€I0 PEKYPEHTHOIO (hopMYII0I0 1pu (piKCOBAHOMY
n > 2 (Tobro npu BeceMoxKMBHUX Bubopax 3HakiB). Hexaii Takox

P(A) = ap A" 4 an 1 N F o aph a; ==+1, i =2, n,
a P} — mHOXKHHA BCix MHOrO4IeHiB Takoro sursuy. Tomi P™ = Pp.

HdoBenennsi. Merojom MaTeMaTuvHOI iH/IYKIIT HEBAXKKO IepekoHarTucs, mo P C P’ koxHe
3aCTOCYBAHHS PEKYPEHTHOI (POPMYJIH Ta€ MHOTOWIEH, ¥ AKOro KoedillieHT npu A gopiBHioe 1, a Bci
iami koedirnienTn HabyBaroTh 3HaueHb +1. [losnaummo depes |A| KUIbKICTH €1€MEHTIB CKiHUE€HHOT
vuoskunn A. 3 pexypenTHoi dbopumyn summsae, mo |[P?| = 2 ta |P"| = 2|P" Y mpu n > 3
(Ha KOYKHOMY KpOTIi He3aJlesKHO BUOMPAEThCSA 3HAK «+» abo «—»), 3pigkn |P"| =271 n > 2. 3
iHmoro 60Ky, 3a MpaBUJIOM JIOOYTKY KLIbKICTh HAOOPIB 3HAKIB (a2, ..., ay,), Je a; = +1, nopiBHIOE
2L 1o6T0 |PP| = 2771, Otxe, |P"| = |P?|, mo pasom i3 Brmouennsam P C PP nae piBHicTb
P = P. TBepKeHHS JOBEIEHO.

Ockimbkn PF()\) cknamaerses i3 cymn crenenis Big A g0 A, to AP¥()\) e cymoro crenenis Big
A2 510 A1 a nonaBamms meproro wiena \ 3aBepIIye CTPYKTYPY MHOTOUJICHA:

PP ) = At ap 2 £ as)® £ -+ ap AL

Orxe, fF1(y) = P*M1(\)y. = Mtly, 10610 dopmyna (10) crupasesmsa i g n = k + 1. 3a
IPUHIMIIOM MaTeMaTUIHOI 1Hy Kl piBHicTb (10) 10BeeHO MjIst BCIX HATYDAJIBHUX N.

4. TlepioauuHi TOYKH. n-nepiognvHa TOUKa Bi0OpazkeHHsI (8) € HEPYXOMOIO TOUKOIO HOro n-1
ireparii, To6To po3s’sizkoM pisasitns f"(y) = y. [igcrasasoqn (10), mgicraemo y = P™(\)ys. = A"y,
sk (1 F A"y = P"(\)y. i
_ Pty
1 T A" Y
o 36iraerbes 3 dopmynoo (9). Takum umHOM, cupaseuBicTb dbopmyru (9) m10BeJeHO J1Ist
JIOBLJILHOTO HATYPaJbHOTO 1.

)
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TBepmxkennst 2. /ludepenriaipae piBusaas (1) 3 immysabcuoro giero (2), (7), ge y = &, npn
1 < X < supG(z) mae T(n)-nepioguani po3s’s3ku Taki, mo aszoBa TOYKa JAHOI CHCTEMH HPH
pycl B3JIOBXK BIAIOBIIHOI TPaeKTOPIl 3a3HAE PIBHO N IMIYJIbCHUX JIH 3a mepioj, Jie n — JOBLIbHE
HarypaJjbhe gucjao. Ilpu mpomy Toukwm il iMIyabcHEX cuil, mo Biamosigaors T'(n) mepiomqmanum
PO3B’sI3KaM, CJIi MIyKaTH cepes Ipo0iB BUTJISIILY:

PN
T 1t

y (11)

Je P™(\) — MHOrod4ieH BUTJISIY:

P"\) = ap A"+ an N H a2+ N, a=+£1, i=2n.

Bupunmo jeraspmimme 3aady PO BUIVIS HEPIOAWYIHUX TOYOK Bimobparkenns (8), ski
Bianosigaors T'(n)-nepiogmanum poss’sskam 3agadi (1), (7). Ilobyayemo muorowrenn P™(\) B
sHOMY BuUr/sAi. [1o0ymoBy modnemMo 3 TOUYKM:

A= A2 23— n

. 12
1+ an 4 (12)

y =
[Toziemo Ha 110 TOUKY BimobpakeHHsM (8):

A= A2 M. o an

LHEANEA=A2 =23 — .. =\
1+ An ’

1+ A

y> . (13)

fly)=A (y +

3rignao 3 TBepKeHHSIM 2, MHOTOYJIEH Y UUCEJTBHUKY JIPOOY TOBUHEH MaTH CTEIHBb 7, & TOMY 3HAK
nepen gpobom y (13) 6yae «+» (ockimbkm y < 0). IlposiBmm Bimmosigui mepersopenust (13),
OTPUMYEMO HACTYIIHY TOYKY:

A2 =23 — .\
= s 14
(X Y (14)
IPUYIOMY:
DD LD | e
< 0, 15
L+ A" Yo s (15)
abo, 110 Te came,
A=X X - A" <. (16)

[Tosropusin axasoriuni MipkyBaHaHs st (14), OTPUMYEMO TOUKY:

AN N -
N 1+ A

) Yse
ne 3HOBY K A+ A2 — X3 — ... — A" < 0.

[TpomoB:kyo9Yr aHaJIOTiYHI MIpKyBaHHsI, OTPUMYEMO, IO SKINO 3HAMEHHUK Jpody (9) Gyme
pisauM 1+ A", To muOro4weHu P™()\) y YMCeJIbHUKY BiIIOBIIHAX TOYOK UKLy MATUMYTh BUIJISIIL:

)\_)\2_)\3_”._)\n—2_)\n—1_)\n
)\+)\2_>\3_"._)\n72_>\n71_)\n
P N D D

PRI D I P G
AEAZH N o A2 e
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Kpim Toro, /it A\ moBUHHA BUKOHYBATHUCS CUCTEMa HEPiBHOCTEI:

A= A2 23— a2 \nml_yn g
A+ A2 N3 — a2 \nmlyn o

)\+)\2+)\3+.”+>\n—2+)\n—17)\n<0
D D D L e N e A D |

OueBuiHO, 110 JIJIst TOTO, 100 YUCIIO A 3aJI0BOJIBHSIIIO cucTeMy HepisHOCTeit (18), mocTaTHbo, 11106
BOHO 33/I0BOJIBHAJIO TlepelocTanHii HepisrocTi cucremu (18), To6T0 A + A2 + -+ + A"~L — A" < (.
TakuM yuHOM, MOXKHA IIOKA3aTH, IO NP 30LIbLIeHHI 7 3BYKYe€ThCS IHTEpBaJ, 3 SKOTO MOXKHA
BUOMpATH 3HAYEHHS ITapaMeTpa .

[ToBropuBIiny BullleHABEIeHI MIDKyBaHHs JIJisi BUIAJKY, KOJM 3HAMEHHUK apoOy (9) piBHumit
1 — A", TOO6TO KOJIM MOYATKOBA TOUKA MAa€ BUTJISII:

A=A e
- 1—\n

Yy Y

OTpUMAaEMO BUIJIsif BinoBigaux Muorowienis P™(A). Ili MHOroOWwIeHn MaTUMyTh BUTJISII:

)\_)\2_)\3_"‘_)\n72_>\n71_)\n
A=A N3 A2 e
AFAZ =X A2 g e (19)

P D i P I D L D
[Tpu nnpoMy Ma€ BUKOHYBATUCH CHCTEMa HEPiBHOCTEIL:

DD LI L D LD Ut L
A=A+ N+ A2 N A S
A+ A2 =X 4 A2 A >

A+ A2+ N+ A2 Al A s
(AFAZF AT A2 AT A <0

Akmo A > 1, To yci HepiHOCTI cucremu (20), KpiM OCTAHHBOI, BUKOHYIOTbCS ABTOMATHYHO
(ockimpru ANFF1 — AP > 0 mpu A > 11 k > 1). Tomy, six i jyisa cucrenu (18), jyist Toro, mo6 amcyio A
3a/10BOJIBHSIIO cucteMy HepiBHocTeil (20), 10cTaTHBO, 1106 BOHO 38 0BOJIBHSIO OCTAHHI HEpIBHOCTI
cucrevu (20), To6T0 A + A% + -+ + A" — A" < 0. Orxe, Mu oTpuMasm Jisi 060X POSTIISAHYTHX
BUIIA/JIKIB OJIHAKOBY HEPIBHICTH, 10 BU3HAYAE IIPOMIXKOK JIJIsl IIapaMeTpa A.

TBepaxkenns: 3. Touku, 1[0 BU3HAYAIOTH ME€PIOIUIHUIT IUKJ Hepiogy n BijgobpazkeHHs (8) Ha
npomikKy (1,sup G(x)), ko azoBa Todka imiyabcHol cucremu Jliemapa mnpu pyci ¢as3oBoro
rpaekTopieio pisusiaus (1) 3a3nae imiysibcHol gii (7) piBHO n pa3iB 3a 1mepioj, MarOTh BULJISL:

P D D L R - A+ A2+ X 4 A2 Nl

1+ A" 14+ A" (21)

ITpu npoMy 3HauUeHHs A cotij Bubuparu 3 inrepBaiy (o, sup G(x)), Je o € po3B’si3KOM DiBHSIHHSI

r+rl S g2yl = (22)
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Ha npoMikky (1,sup G(z)). Hacmpasui, /i KOXKHOTO HaTypajabHOrO n > 2 piBHsiHHA (22) Mmae

PIBHO OJIMH JIONATHUil KOPiHb (v, mpudomy g = 1, ap, € (1,2) mpu n > 3, 1 ap, — 2 1pum
n — 00. 3ayBaxKUMO, IO BCI MIpKyBaHHS IIPOBOJIUJIACH JIJIS BUIIAJKY, KOJH B SIKOCTI ITOYATKOBOI

. _a2_.yn . ..
TOUYKM BijIoOpakeHHs (8) BHOMpATN TOYKH Y = %y* AKmo XK B AKOCTI MOYATKOBOI

TOYKM BUOpATU IHIINY TOYKY, TO OTPUMAEMO HabIp TOYOK, sKi BU3HAYAIOTL IMEPIOIUIHUI ITUKJI
Bimobpaxkenns (8), BiAMIHHUIT Bl HABEICHUX BHIIIE.

3 YUCEJBHUN IPUKJIAT

[IpoimocTpyeMo oTpuMaHi pe3yJsIibTaTU HA MPUKJIAJIL ITUKJIY Mepiogy n = 3, OCKUIbKH, 3TiTHO
3 mopgaakoMm [IlapkoBcbKoro, iCHyBaHHS HUKJY I[Iepiogy 3 TrapaHTye iCHyBaHHs [HKJIIB ycCix
HATYypaJbHUX TEPIOJIB.

17
ITpukmaan. Posrisinemo Bimobpakennsi (8) 3 mapamerpamu ¥, = 1 ta A = 10 Homaramm
KOpeHeM piBHsiHHsL (22) pu n = 3 € a3 = 1+2\/5> MPUIOMY % > a3 (ockimpku V5 < 1—52), a

BiamoBimHUH KOPiHb g TIpU N = 4 3310BOJILHSIE % < ay. OTKe, BUKOHYETbCSI YMOBa (g < A < Qg
(3a ymoBu sup G(x) > %), TOOTO JIJIsT BUOPAHOTO A BiKe iCHYE MUK mepiofy 3.

Ba dopmynamu Trepkents 3 (BUNAI0K 31 3HAMEHHUKOM 1 + )\3) TOYKH ITUKJTy MaIOTh BUIJISA;

A=Az AN CAEN N
y1 = 1 + )\3 Ys, Y2 = 1 + )\3 Ysx,s Y3 = 1 + )\3 Y-
17 289 4913 5913
II = 2277 3= 3 — . =1):
pu A 10 MaeMo A 100,)\ 10007 + A 1000 TOMY (ipu y )
6103 323 9503
N="50130 2T Th0130 BT 5013

Besmocepennst mepesipka itepyBamHsM BimoOpaykeHHs (8) MmiATBep/zKye, IO Ii TPU TOYKH
YTBOPIOIOTH ITUKJI I1epiony 3:

17 6103\ 17 [ 190 323
= A1 = (1-c ) == (—eon | = —ree = 12,
Fy) = Alys +41) 10< 5913> 10 < 5913> 5913 2
17 ( | 323 ) 17 5590 9503

Fly2) = Mye+v2) = 5 (1= 553 ) = 10 5013 ~ 5013~ %

Flus) = A J_ LT () 903\ 1T ( 3590\ _ 6103
Ys) =AW= ¥3) = 7 5913 )~ 10 5913 )~ 5913 It

Taxum wunoM, f3(y1) = y1, IPUHIOMY ¥1,Y2 # Y3, TOOTO I CIPAB/i MUK HAfIMEHITIOro mepioty 3.
Bimosiqamit qucebHIK KOXKHOT TouK € MEOTowteroM P3()\) 3 koedimientamu +1 crpykrypu (17),
IO Y3TO/KYEThCs 3 TBEp/KEHHSIM 2.
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The paper investigates the problem of the existence of periodic solutions for nonlinear
Lienard-type differential equations with impulse action at non-fixed moments of time. Using
the Poincare map method, the problem of finding periodic solutions is reduced to the analysis
of the iterations of a one-dimensional map of an interval into itself. By means of mathematical
induction, a theorem on the analytical form of periodic points of any natural period n is proved,
and a strict structure of the corresponding polynomials with coefficients +1 is established.
The conditions on the system parameters under which cycles corresponding to T'(n)-periodic
solutions exist are determined, and it is shown that these points obey Sharkovsky’s order.
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