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Bcryin

Juist TOC/IIOBHOCTI JI0IaTHUX ducet (ay,) Ta HATYPAJIbHOrO Kk MO3HAYMMO CKIHYEHHUH JIAHIFOrO-

Buit 1pib
1
[a0§a17027--~»ak] :a0+ 1
ai +
1
as + ...
1
ap—1 + —
ag
Hexait
[ap; a1, ag, ..., a,...] = lim [ag;ai,aq, ..., ak) (1)
k——+oco

[pU YMOBI, 1[0 OCTaHHsI IpaHuIls icHye. BinnosinHo no Teopemu 3eiinens-Irepna [6, 12, 13| rpa-
+00
Hunst ( icHye Toji 1 TIBKU TOJI, KOJIU PsiJ Z Gy, PO3OIKHUIA.
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Ha sumipaomy mpocropi ([0;1]; B[0; 1])(B[a; b] — o-anrebpa 6opemiBecbkux MHOXKUE [a; b]) st
KJIACHYHOI'O JIAHILIOIOBOIO IIPEJICTAB/ICHHSI PO3IiIsiHeMo oneparop aycca

T([0;a1, a2, ..., an,...]) = [0; a2, as, ..., ani1, -] (2)
ta Mipy Jlebera-Crinreeca (), mo Bianosigae GyHKIH PO3MOALTY
g(x) =logy(x + 1),z € [0;1].

Binnosizna mipa (-) HasuBaeTbesi Mipoto [aycca. Jobpe Bimomo [11], mo aunamivuna cucrema
([0;1]; B[0; 1];¢(+); T') € eproauunoro, 6iabin Toro [3| nepersopentsi T € CUIBHO MEPEMITYIOUUM,
TOOTO

lim (ANT"(B)) = y(A)y(B) YA, B € B|0:1],

n——+0oo
e
T"(z) = T(T(..T(2))), T "(B)= {z| T"(x) € B}.

Ak mokazas O.Xindin |7] 1u1st Maiike Beix (B po3yminni mipu Jlebera A(+)) duces © 3 jaHIoroBum
300pakeHHsIM T = [ap; a1, A, ..., k, ...| BAKOHYIOTbCSI YMOBH

a1 +as+ ...+ ay
n

— 400 (n — +00),

+o0 1 log, (k)
ngrfm Yaias...a, = kl_[l (1 + R+ 1)> ~ 2,6854 — craja XinduHa,

—+00

-1

1 1
lim :(20g2(n+)> ~1,7154.
e i — n(n+1)

Hexaii (@) . . .. 61 . . o I
exaif | oy TIOCJI1/IOBHICTD MiIXITHUX JIPOOIB, IO BIANOBIMAIOTH uncay . Sk mokaszas II.
n

Jlesi [8] mns maiixke Beix unces x = [ap; a1, a, ..., Ak, ...| BUKOHYIOTCSI YMOBH

. 1 . 1
ngrfooﬁ#{l <j<nja; =1} =logy <1+l(l+1)) VIl e N,

1 2
lim n(gn(2)) S ~ 1,1866 — crana Xinumna-Jlesi,
n—-+o0 n 121n(2)
pn(z)
1 A* In ‘f ~ (@) 2
lm 2@ _ vl T~ 0,503,
n—+o00 n n—+o0 n 61n(2)

ne A (x) — MmEOXKUHA dncel1, nepiii n+ 1 mudp JaHIIOroBoro MpeCcTaBaeHHs SKUX PIBHI BLAMOBITHO
A0y A1y ey Qpy.

Binowmo [4], mo aist koxkuOrO uncia t € [aq; aal, e ap < aig — JOAATHI YnCIA TaKi, M0 0 iy = %,
icuye nmocsinoBHicTb (by,) KOXKEH WieH Kol piBHUN o1 abo ag 1 BiamOBiIHO

t= [O, bl, ceey bn, ]

Bimosise 306pazkeHHsT HA3UBAETHCS JTAHIIOrOBUM Ag-300pazkeHHsiM 3 aidasitoM {aq; as}. Hesika
3uncjaeHHa MHOXKUHA unces (Ag-GiHapHUX) BIAPI3KY [av1; o] Mae BimnosinHO aBa As-300pakeHHsI
BHLY

[0; bl, ceey bn—h aq, (041, 042)} = [0; bl, ceey bn_l, a9, (042, 051)],
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Jle KpyIJil JIy>KKH CHMBOJI3YIOTH 1epiog. Yci pernra ducia BIIPISKY [aq; o] (Ag-yHapHi) mMaroTh
enune As-300parkenHs. B nopasbimomy miist Ag-GiHapHUX unces BiAPI3KY [aq; ] GylieMo BUKOPU-
croByBaTn Ag-300parkeHHsl, 0 MICTUTH mepiof (a, ).

Tormosoro-MeTpuHa Teopist JAHIOroBoro As-300pakenHs nodyosana B pobori [4]. Jle-
OeriechbKa Ta (ppaKkTajabHa CTPYKTYPa PO3IOLLIIB, 3aJaHIX B TEPMIHAX JIAHIIONOBOIO Ag-300parKeHHsI
JocaipkyBanack B poborax |9, 10]. fx Gyso mokaszano B |9] juist Maiizke BCix wmcen x € [aq; o)

m n/qn(.f)é\/i, lim Qn(x) —

n—-+o00 n—+o0o (\/Q)TL

Hexait n(-) — mipa Jlebera-Crintbeca, mo Biamosigae abcomrorno HenepepsHiit GyHKIHT posio-

Iy
+2 +2
In <£+23; ) In <0413a1042 )

2In(a; + a2) — In(2)

fz) =

Vr € [aq; o),

3 IIIJIBHICTIO

209 — 2001 1

P = il + a0) (@) (o + 2an) (@ + 200)

Vo € [an; o).

HaykoBa po6ora mpucBsideHa JIOC/IIZKEHHIO METPUYHUX BJIACTUBOCTEN JJIst JIAHIIOrOBOro As-
300pazkenHs 3 asidasitom {a1; ag}, 30kpema noby10Bl BIAOBLIHIX aHAJIOrIB pe3yJibTariB XiHanHa-
JleBi Ha OCHOBI TeOpil AUHAMITHIX CHCTEM.

1 EProAMYHICTb AUHAMIYHOI CUCTEMU ([a1; a); Blaa; ael;n(-); T) Aist
JIAHIIFOTOBOT'O A3-30BPAYKEHHS 3 AJIGABITOM {aq; s }.

Hexaii nanmorose As-300pazkeHHs YUC/Ia T MA€ BUIJIA,
x = [0;a1,as,...,ak, ...]. (3)
PosrastHemo mocutimoBHOCTI
an(z) = qnla, az, ..., an) = angn-1(a1, a2, ...,an_1) + qun—2(a1, az, ..., an_2),

pn(2) = pplar,az, ...,;an) = appp—1(a1, ag, ...,an—1) + pn—2(ai, az, ..., an—2),
p-1=1, ¢-1=0, po=0, g =1
Hobpe Bigomo [4, 6], mo

lim Pn(7)

n——+o00 qn(x) = p”(x)q”_1<x) _pn—l(x>Qn(x) = (—1)n+1 Vn € N,

xr
qqn(l(:)v) - [an;an—laan—% ...,CL]_] € [al; 30@] Vn € N’ (4)
n—
n+1 n+1
(@) 1 a1+ \/Om -~ al——\/om = w (5)
T a2 4 2 2 "

n+1 n+1
1 g+ /a3 +4 g — /a3 +4
2(7) < > T

- a%+4
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Hns aucna x 3 janmoroBuM Ag-306pakeHHsiM ( B IIOJAJIBIIIOMY, TaM Jie Ile HeoOXiJHO, OyiemMo
BUKOPHUCTOBYBATH €KBIBAJEHTHI IO3HAYEHHSI Gpn, Gn(T), qn(ai;as;...;a,) Ta BiAuOBiAHO Dy, pp(T),
pr(ar;ag;...; ay). Iosmaanmo

[z;y]" = [min(z; y); max(z; y)].

Hexaii uncsio x mae nanmorose As-306paxkennsiM (. Bizomo [4], 1o MHOKMHA duces BULy

{[0;@1,@2, cee 7ana§13527 Hgk‘ € {alaO@}Vk € N}

€ BiJIpi3KOM
_ DPn + Q1Pn—1_ Pn + Q2Pn—1 :

A, () = A a1, a,...,a )
n(T) n(a1, az, n) qn t+ 01Pn—1 Gn + Q2Pn—1

(MUTIHAPOM N-rO PaHTY), MIPUIOMY JIOBUIBHI PI3HI IUIIH/IPH N-TO PAHTY MAIOTh MOHAOLIbIIE OJHY

CIILTbHY TOYKY.
Teopema 1. /lunamiuna cucrema ([o; asl; B([an; ao]);n(+); T) eproamuna.

Jlosedenns. Tlokaxkemo, 1o neperBopennst 1' 36epirae mipy 7(+). Juist mporo jgocraTHbo HOKa3aTy,
110 It J10BlIbHOTO Biapisky [o; 8] C [a; ag] BUKOHY€ETBCsT yMOBa

Ockinbku [1]

700 = |y ara | Y e e

B+ar1 a+ o B+ ay a+ o
MAaEMO

(T~ ([es 8))) = (T ([ B]) &

f(ﬁ)—f(a):f( ! >_f< >+f<om3a2>_f<ﬁja2>@

a+ oy
1 1 1 1
©f(5)+f<ﬁ+a2>+f<ﬁ+a1 f(a)+f<a+a2>+f<a+a1>’

110 BIpHO, aJizKe J|isl KOKHOIO T € [aq; (o)

f(:c)+f<x+1a2> +f(ﬂc+1a1) :3d+c(v(a:)+v<x+1a2> +v<x+1a1>> —

200 2 202 +1 2 2
— 3d+cln T+ ?1‘ alxj af + - OZ1I1+ _
T+ 0714‘2 671+ﬁ+1

B+ ai

a1

T+ 207 20&11’—!—20&% +1 2042

zog+1 +209 ' 201 z+2a2+1
aq aq 202
1

=3d+cln = 3d + cln(4a}) — const,

ze

In (0414-2042)
c= ! , d= S , v(x)zln(HM).
2In(a; + ag) — In(2) 2In(a; + ag) — In(2) T + 209
[Toxaxkemo, 110 meperBOpenus 1’ eproauydne, TOOTO s HOBIIbHOI iHBapianTHOI MHOXKUHU W
(T~Y(W) = W) suromnyernbca ymosa n(W) € {0;1}. Hexait [a;b] C [a1;az], (c1,¢2,...,¢,) — HaBip

quces 3 MHOXKUHA {15 g}
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3posymijio, 1o

1

1 *
AT ((a:b]) 1 An(er, ea, - en)) = A (HO; e a} | [O; et b” > B

(b—a)

(bgn—1+ gn)(agn—1 + qn)

_ |Pn-1 + %pn _ Pn1 + %pn
Gn-1+ %Qn Gn—1+ éQn

“ag—ar (bgn—1+ qn)(aGn_1 + qn)

Jlerko GaunTh, mo dbywkmis h(z) = zig; =1-1

— (@ B) - A(Ag) - — L T =) (o F @2Gn-1)

€ 3POCTAIYO0 Ha IMPOMIXKKY [a; aa]. Bpa-

XOBYIOUH yMOBY ( MAeMo

(gn + a1Gn—1)(gn + 2qn—1) - (gn + a1Gn—1)(gn + 2qn—1)
(bgn—1+ qn)(aGn-1+an) — (gn + @2qn—1)(gn + @2Gn—1)

(Qn + 042an1) dn—1

Hexait £ — imBapianTHa MHOXKHHa BigHOCHO eperBopents 1', mpuaomy A(E) > 0.

Ockinpku T7"(E) = E, 10 MaeMo

AMENA,) =A (T_"(E) N An) > oz(flc)yl “AME)AA)
1 BpaxoBytoun jiemy Knomna [2, 5], orpumaemo
AME) =ay — ag.
Ockinbku Mipa 7(-) ekBiBasienTHa Mipi A(+), To maemo n(E) = 1. O

2  METPUYHI PE3VJILTATHU AJIsI JIAHITFOTOBOT'O AQ—HPE,Z[CTABIIEHHH YU CEJI BIJPISKY

[a1; agl.
Hst aucna x 3 snanmorosum Ap-306paskentam ( gas Habopy nudp (b, bo,...,bg), e b; €
{a1; a2} mma koxkmoro j € {1;2;...;k}, no3HaInMO rpaHuIo (3a yMOBH, IO BOHA ICHYE)

No((b1, b, ... by):
V((b17b27--.,bk>;[1j): lim (( 1,02 k) aj‘)’

n—+00 n

e Np((b1,ba,...,bx);z) — xigbkicTb HaOOpiB tdp (by;bo;. .. ;bg) cepen

(al,ag, ey ak), (ag, as, ... ,ak+1), ey (an_kH, e ,an).

Teopema 2. s maiizke Beix uncest € [aq; o] € BipHOIO yMOBa: jiist KoxkHOro Habopy (by;ba; . . . ; by)
raxoro, mo b; € {a1; s} mrs koxkmoro j € {1;2;...;k}, BUKOHyeTbCsT piBHICTD

v((by,ba, ..., b);t) = / p(x)dx.
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Jlosedenmsa. st 3amanoro muniaapy Ag(by, be, ..., by) posrisiHeMo dyHKIIIO

{1, l’EAk(bl,bg,...,bk),
r(z) =
0, $¢Ak(b1,b2,...,bk).

3a Teopemoro Bipkxoda-Xinunna muoxuna C(by, by, ..., by) ducen x Takux, 1o
T . A
i "L@) . A (") / p(x)dz
n—o00 n
Ag(b1,ba,...,br)

Mmae mipy 7(+) piBay 1 i BigmosigHo

AMC (b1, ba, ... b)) = a2 — .

Hexait muoxkuna C* € neperunom Beix muoxkut C'(by, by, ..., by) 10 BCixX HaTypasbHUX k Ta BiJo-
Binmaux Habopax (b, be, ..., by). 3posymimno, mo n(C*) = 1.
Ockimbku
n
S <Tk(a:)) = Np((b1,ba, ..., b))
k=1
MaeMo ToTpibHe. O

BpaxoByioun momnepeiHio TeOpeMy JIETKO OTPUMATH HACTYITHUI HACIILTOK

Hacuimok 1. /list maiizke BCix dmces1 x 3 JIaHIOTOBUM Ag-3006pazkeHHsiM ( BUKOHYIOTHCSI YMOBH

1

a1+ oo

vi(en)io) = flaa) = f (o ) = Dlaw)

ar+az+...+ap

i AR D) (1 D),
lim m:a?(m)_a;—mm)_
n—oo

Teopema 3. Iloznauunmo

st maiike Beix dmces x € [o; aig] BHKOHY€TBCST yMOBa,

lim {/qn(z) = e“.

n—oo

Zlosedenns. Jlerko bauuru, 1o
pn(ai;az;...;an) = gn-1(az; as;...;an),

10610 pp(z) = gn—1(T(x)) 1 BigmoBigHO Maemo

pa(@) po1(T(@)  p1(T"H(2) _ pa(@) pus(T(@) (Pr1 (T2()))..p2 (T () 1

(@) @1 (T@) 7 @ @) aul@)  pa(@)par(T(@)).p2(T"2())  gule)’

amke p1 (T (z)) = 1. Maemo

ple) | o (T@) (@)

qn(x) n—1(T(x)) @ (T (z))

~In(ga(z)) = In
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Hns z € Ag(z), maemo

pr(2)
ar(2)

In(z) — In

< ‘max(lnt)" “AMAR(2)) < 209\ (Ak(2)).

Ay
Bpaxosytoun ( maemo

a2 — (1 < Qo — (1
(1qr—1 + qr)(Q2qr—1 +qr) ~ (c1wp—1 + wi)(2wi—1 + wy)

MAg) = = Ck;
“+o0o
MIPUYIOMY PsiT Z ¢p, 30iraeTnes o aeskol crajgol L > 0.

n=0
Taxkum unnoM, Jyisi KoxkHoro j € {0;1;...;n — 1} BUKOHY€eThCsT yMOBa

Py (T3(2))
m<%jawm>

ne Aj(z) < 2a9¢,—j. 3a Teopemoro Bipkxoda-Xinunna, mis n)-maiizke Beix ¢ € [aq; az]

)=mﬂw»~ww

- k:
S nT

n—1 n—1
Ockisbku | Y Ap(z)]| < > 2a9ck < 2a9L maemo, 110 11 1)-Maiizke BCiX € [ag; ag]
k=0 k=0
1 n—1
ln (gn(x :—7ZIHTI€ —ﬁ-ZAk(x)%G (n = +00),
k=0
3BiJIKM BUILJINBAE NOTPiOHE. O

Tsepaxkenns 1. [Ipeamerom 1oAaJIbIIONO JOCTIRKEHHST MOXKYTD Oy TH TOMOJIOrO-(ppaKTAIbHI BJla-
CTHUBOCTI MHOXKHH, sIKI HE 3a8JIOBOJILHSIIOTH METPUYHI YMOBH TEOPEM
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Pratsiovytyi M.V., Makarchuk O.P On some metric results for representation numbers by conti-
nued Az-fractions, Bukovinian Math. Journal. 13, 1 (2025), 100-108.

The classical problem of metric number theory is the search for properties that hold almost
everywhere in the sense of the Lebesgue measure for the corresponding representation. An
important result in the corresponding context is the well-known result of E. Borel for the
classical s-adic representation of real numbers, which was subsequently significantly developed
and deepened, in particular, by means of the theory of probability and dynamical systems. The
rapid development of the theory of Diophantine approximations is associated, in particular
with the classical continued fraction representation as a means of finding the best, in some
sense, approximations of irrational numbers to rational ones. The latter aspect undoubtedly
created the need to find metric properties for numbers given by continued fractions with natural
elements. The first metric results for the classical continued fraction representation were obtai-
ned by O. Khinchyn, by rather complex methods, on the basis of a thorough analysis of the
topological-metric properties of the corresponding representation. Other metric results were
subsequently obtained by P.Levi. An important step in the development of methods of metric
number theory was played by the theory of dynamical systems, in particular, the Birkhoff-
Khinchin theorem. A relatively new concept is the continued fraction As-representation of
real numbers. This representation involves the use of only two positive digits of the alphabet,
the product of which is equal to 0.5. Thus, the continued fraction As-representation of real
numbers occupies an intermediate place between the classical binary representation and the
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classical chain one, which in turn is characterized by an infinite alphabet. The corresponding
similarity, on the other hand, does not allow using the means of the laws of large numbers to
find metric properties of numbers that have a continued fraction As-representation. It should
also be noted that the direct methods used by O. Khinchin and P. Levi are also difficult
to obtain the corresponding results for the continued fraction As-representation. The paper
considers some metric results given in terms of the continued fraction As-representation of
real numbers with the alphabet {a1;as}. The ergodic properties of the dynamical system are
studied of the system corresponding to the Bernoulli shift of the symbols of the corresponding
As-representation of real numbers of the segment [aq; ag).



