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Kapinosa O.0., Maptusntok O.B., Muxaiinok B.B.

V MIDKHAPOJTHA HAYKOBA KOH®EPEHIIIS, MPUCBSYEHA 145
PIYHULI BIJ JHSI HAPOJUKEHHSI TAHCA TAHA

Karouosi cioBa i ¢pa3u: mixkHaponHa HaykoBa koHpepenuis, ['anc I'an, dakynbrer
MaTEeMaTHKH Ta iHPOPMATUKH.

UepHiBenpkuii HarlioHaAIbHUHN YHIBepcuTeT iMeHi FOpis @denpkoBuya, YepHibili, YKpaina

e-mail: o.karlova@chnu.edu.ua, o.martynyuk@chnu.edu.ua, v.mykhaylyuk@chnu.edu.ua

3 23 mo 27 Bepecusa 2024 poky Ha ¢akynIbTeTI MaTEeMaTHKU Ta 1HPOPMATHKU
YepHiBelbKOT0O HallIOHAIBHOTO yHIBepcuTeTy iMeHi FOpis denprkoBrda mpoxoansia
V MDKHapo/iHa HaykoBa KOH(epeHIls, mnpucBsiyeHa 145 piuHumi Big JHS
HapopkeHHs ['anca [Mana (1879 — 1934), BugaTHOrO aBCTPIMCHKOTO MaTeMaTHKA,
npodecopa Yepnisernpkoro (1909 — 1916), bonncekoro (1916 — 1921) Ta
Binencekoro (1921 — 1934) yHiBepcHUTETIB, WieHa-KOPECIOHIEHTa ABCTPIMCHKOT
Axanemii Hayk. [IpoBemeHHs Takux KoH(MEpEHIH CTalio MOOpPOI0 TPAAMINEID B
UYepHiBeIbKOMY YHIBEPCUTETI, MounHatouu 3 1984-ro poky, koiu Big0yJacs nepia
KoH(epeHiis. Boan mpoBoasaThcs yepe3 koxHUX 10 pokiB (apyra xoHdepeHIis
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[lporopiu Ha raHchbKii KOH(EpeHIli, SKa MPOBOJIUIUCA B OYHOMY PEXKHMI,
0e3IoCcCepeTHIO y9acTh B il poOOTi B3sTu moHa | 60 MaTeMaTHKIB, K1 TPECTABIISIITN
15 wmictr VYkpainn: KwuiB, Opeca, JIbBiB, IBaHo-®pankiBchbk, Kpusuii Pir,
XmMenbHUANbKUN, XapkiB, CnoB’sHCHK, 3amopixoks, KponuBHuibkuit, JIHITPO,
Binnung, Jlyusk, YepHniris, Yepnisii. Jlo MarepianiB koHdpepeHniii ysiinuio 110
Te3, aBTopamu sAkux € O0nm3bko 200 HaykoBHIB 13 6 kpaiH cBiTy: Kazaxcrany,
Himeyunnu, O6'eqnannx Apadcekux Emipartis, [Tonemii, CIHIA ta Ykpainu.

[Tix yac koH(pepeHIii MpaIroBaIA CeKITIT

1) Teopis dbyHKIIH, GYHKIIOHATEHUI aHATI3 Ta TOMOJIOTIS

2) JlndepeHttianbHi piBHSIHHS

3) AureOpa ta reoMeTpis

4) Teopis uucen

Ha 3acigannsix Oyno mporosomieHo 11 miueHapHux momnoBifeid ta 0iau3bko 40
cekuiiaux. B po6oTi KoH(epeHIii cepen IHIIMX YyYaCHUKIB B3SJIM y4acTh
3ampoieHi criikepu Mapis Bnacenko (mpodecopka KuiBcrkoi Lllkonun ExoHoMikm),
Amnaromii  [lmiuko  (mpodecop  IleHTpaabHOYKpPATHCHKOTO  JIEPIKABHOTO
yHiBepcuTery iMeHi Bonomummpa Binmamdenka), Muxaitno IlomoB (mpodecop
[Ipukapnarcekoro yHiBepcutTeTy iMmeHi Bacwis Ctedanuka), Cepriit MakcumMeHKO
(unen-kopecnoneHT HarionansHOi Axkazemii Hayk Ykpainum), Tapac banax
(mpodecop JIbBIBCHKOTO HAIIOHATBHOTO YHIBEpCUTETY iMeHI [Bana dpanka).

[{ixaBoro aJisi y4yaCHUKIB OyJia mpoOJieMHa CEKIlis, MPOBe/IeHa B OCTaHHIN JIEHb
koH(pepeHmii mepex il 3aKpUTTSAM, 1€ HAYKOBII 3MOTJIA O3BYYHTH BiIKPHUTI
MaTeMaTH4H1 poOJIeMH Ta 3aj1a4i.
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VYyacHuku KoH(EpeHIi BiABIIAIM TakoX MoOruiay mpodecopa Bomoaumupa
MacnoueHka, KOJMITHBOTO 3aBiTyBada Kadeapyu MaTeMaTUIHOTO aHaIli3y 1 OTHOTO
3 OpraHizatopiB nepiioi rancbkoi koHdepeHiii y 1984 pori. ILle# 3axing BigOyBcs
26 BepecHs 2024 poky y AeHb HapomkeHHs1 Bonogumupa MacnioueHka, y4aCHUKA
koH(pepeHIli He auie BilanyBayin Bononumupa Kupunosuya, ane i nogiuinucs
CBITJIMMU CIIOTaJ]aMH TIPO HBOTO.

Ha caiiti koHdepentii omy0mikoBaHo mporpaMmy KOHQEpeHIii Ta Te3u
nomoBizaei i yuacuukis https://hahn.chnu.edu.ua/
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Huzyk N.M., BRODYAK O.YA.

COEFFICIENT INVERSE PROBLEM FOR PARABOLIC EQUATION
WITH STRONG POWER DEGENERATION

In a domain with known boundaries it is investigated an inverse problem for a parabolic
equation with strong degeneration. The degeneration of the equation is caused by power
function with respect to time variable at the higher order derivative of unknown function. It is
known that the minor coefficient of the equation is a polynomial of the first order for the space
variable with two unknown functions with respect to time. The boundary conditions of the
second kind and the means of heat moments as overdetermination conditions are given. We
establish conditions of existence and uniqueness of the classical solution to the named inverse
problem.

Key words and phrases: coefficient inverse problem, parabolic equation, strong power de-
generation, minor coefficient.

Hetman Petro Sahaidachnyi National Army Academy, Lviv, Ukraine (Huzyk N.M.)
Lviv Polytechnic National University, Lviv, Ukraine (Brodyak O.Ya.)
e-mail: hryntsiv@ukr.net (Huzyk N.M.), brodyakoksanal976@gmail.com (Brodyak O.Ya.)

INTRODUCTION

The theory of inverse problems for parabolic equations is actively developing in recent
decades due to its practical application. Unlike direct problems, coefficient inverse problems
arise when it is necessary to determine some parameters of the equation in addition to
its solution. One of the first papers that studied the inverse problem of determination of
the time-dependent coefficient of thermal conductivity in a heat equation is the paper by
B.F. Jones [17|. The conditions of existence and uniqueness of the classical solution to this
problem are established in it applying the Schauder Fixed Point Theorem. The coefficient
inverse problems for parabolic equations in a domain with fixed boundaries with different
boundary and overdetermination conditions are well studied for today (see, for example,
[5, 1, 18, 7, 9, 4, 24, 21, 19, 20] and bibliography in them). Note that among these papers
there are some with unknown time-dependent major coefficients of the parabolic equation
[5, 1, 18, 7, 9], and time-dependent [4, 24, 21] or space-dependent [19, 20] minor coefficients
in it.

VK 517.95

2010 Mathematics Subject Classification: 35R30, 35K65.
Information on some grant ...

(©) Huzyk N.M., Brodyak O.Ya., 2024



COEFFICIENT INVERSE PROBLEM 11

When describing such processes as the movement of liquids and gases in a porous medium,
desalination of sea water, the behavior of financial markets, population dynamics, problems
arise for parabolic equations with degenerations. Inverse problems for determination of the
function a = a(t),a(t) > 0,t € [0, 7] in parabolic equation

wy = a(t)tPup, + b(x, t)uy + c(x, t)u + f(x,t)

were investigated in [23, 16| for both cases of weak (0 < f < 1) and strong (8 > 1)
degeneration respectively. Coeflicient inverse problems for degenerate parabolic equations
were studied in [10, 11, 12, 8, 22, 6, 3|]. Note that among them there are problems of
identification of the time-dependent minor coefficient in equations with degenerations with
respect to time variable [10, 11, 12, 8] and space variables [22, 6|, and the problem with
unknown space-dependent coefficient in the degenerate equation with respect to this variable
[3]. The problems of determining the coefficients in the degenerate parabolic equations, which
depend on both time and space variables, remain uninvestigated for today.

In this paper coefficient inverse problem for parabolic equation with degeneration caused
by time-dependent power function at the higher order derivative is investigated. It is known
that the minor coefficient of the equation is a a polynomial of the first order for the space
variable with two unknown functions with respect to time. The boundary conditions of the
second kind and the means of heat moments as overdetermination conditions are given. The
case of strong degeneration is studied. The conditions of existence and uniqueness of the
classical solution to the named problem are established. Note that the case of weak degen-
eration for the named problem is investigated in [13, 2| and the case of strong degeneration
with the Dirichlet boundary condition in [14].

1 THE STATEMENT OF THE PROBLEM AND THE MAIN RESULTS

In a domain Qr = {(z,t) : 0 < x < 1,0 <t < T} we consider the coefficient inverse
problem for the degenerate parabolic equation:

wy = a(t)tPwe, + (b1 () + ba(t))w, + c(x, )w + f(x, 1), (1)
w(z,0) = p(x), z€]l0,l], (2)
w$(07t) = Nl(ﬂ? wm<l7t) = M2(t)7 te [OvTL (3>

!
/w(x,t)d:v = us(t), tel0,71], (4)

i
/azw(x,t)da: = uq(t), tel0,7]. (5)

It is known that a(t) > 0,¢ € [0,7] and the degeneration of the equation is caused by the
power function ¢?, where 3 > 1 (the case of strong degeneration). The coefficient at the
first derivative of unknown function w = w(z,t) in the equation (1) is a polynomial of the
first order for the space variable with two unknown functions with respect to time variable

b1 = bl(t),bg = bg(t)
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Definition 1. A triplet of functions (bi,by,w) € (C[0,Tp])? x C*Y(Qr,) N C*Y(Qr,),
b1(t)] < Mit", |ba(t)| < Mot", where n = min{y, 8}, v > %+ is an arbitrary number,

My, My are the positive constants defined by the input data, which satisfies the equation (1)

o ~—

and conditions (2)-(5) point by point for all t < Ty is called the local solution to the problem
(1)-(5) at To < T and the global solution to this problem at Ty =T .

The main result of the paper is contained in the following Theorem.
Theorem. Suppose that the assumptions
Al) ¢ € C3[0,1], a € C[0,T)], ¢, f € C*(Qr), pi € CHO,T),i = {1,2,3,4};
A2) a(t) >0,t€[0,T], ¢(x) >0,z €0,

A3) |f(x, )] + | fola,t)] < At Je(a, t)] + [en(z,8)] < Ast?, (2,8) € Qp, |i5(t)] < Ast?,
| ()] < Agt?, t €0, T], where A;, i = 1,2,3,4 are arbitrary positive constants;

l

Ad) 11(0) = ¢'(0),  p2(0) = ¢'(1), Ofw(ﬂf)dl‘ = p3(0), ijcp(x)dx = 14(0)

hold. Then there exists the unique local solution to the problem (1)-(5).

2 EXISTENCE OF THE SOLUTION

To prove the existence of the solution to the problem (1)-(5) we apply the Schauder Fixed
Point Theorem. For this purpose, using the apparatus of Green’s functions of boundary value
problems for the heat equation, the inverse problem (1)-(5) is reduced to an equivalent system
of equations and conditions of Schauder’s theorem are ensured for it.

In the problem (1)-(5) we make the substitution

w(x,t) =w(x,t) +wo(z,t), (6)

where the function wq(x,t) satisfies the given nonhomogeneous initial and boundary condi-
tions (2), (3). It is easy to verify by direct inspection, that the function wg(x,t) is defined
by the formula

1.2

(o, t) = (o) + lpn(®) = (0 + 57 (1) = 10 = pa0) £ ). @)
As a result of the substitution (6) we obtain the nonhomogeneous equation with respect to
the function w = w(z,t) with homogeneous initial and boundary conditions:

~ $2

@y = a(E) W + (b1 (82 + ba(1)) Wy + (2, )T + f (1) — 24t (8) = 57 (ua(t) — 44 (1))

T () + bat)) <s0’(x) Fn(t) = (0) + % (lt) — pa(®) — ma(0) + u1<0>)>

el () + (i) = (0) + 5 (1a() = p6) = a(0) + (0)

T a()® (s@”(ar) T pat) — pu(t) — pal0) + u1<o>) .
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@(z,0)=0, x€l0,], 8)
@.(0,t) = @,(1,t) =0, te[0,T]. 9)

Applying the Green’s function Gy = Gy(x,t, £, ) of the second initial-boundary problem
for the heat equation
wy = a(t)tPw,,, (10)

we reduce the problem (2)-(9) to the equivalent integro-differential equation

l

i) = [ [Gatoren) ((bl(f)é b)) e, 7) + o€ TB(ET) + F(E7)

0 0

+a(m)77 ("(€) + pa(7) — (1) = p2(0) + 12 (0)) — Epty (7) = 27 (pa(7) — 413 (7))

(6 () + ) = 1a(0) + 5 alr) = () = a0) +pa0)) ) dar. (11

The Green’s functions of the first (k = 1) and the second (k = 2) initial-boundary
problems for the equation (10) are defined by the formulas [15, p. 12]

Grlnt &) = N——e Z < (-5 27077)
+ (—=1)*exp (—%)), k=1,2, (12)
with 0(t) = /t a(T)m?dr. The estimates
lO l
1o e <t [iGutrenias o k=12 (9

0 0

hold for them ([15, p. 12]), where C} is an arbitrary positive constant.

Put v(z,t) = wy(z,t), u(z,t) = we(x,t). Since G1(0,t,&,7) = Gi(l,t,&,7) = 0
Gy = —Gig, then, taking into account (6), (11), we replace the problem (1)-(3) by the
system of equivalent integral equations

w(z,t) = wo(x,t) (14)
" / / Golr,t,6.7) ((blmg Fba(r)(€,7) + o€, TYwlE, ) + (€, 7) — €4,(7)

& () = pi(7)) + a(r)r? (90//@) n po(7) — pa (1) — p2(0) + M1(0)>) dé dr,

21 l
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v(x,t) = wox(x,t) (15)

+/t/lG1 (w,t, &7 < )+ ba(7))u(S, 7) + (bi(7) + (&, 7)) (€, 7)

a6 Tyl )+ fil ) = () - LD (o)) dear
u(z,t) = Woge(z, 1) (16)
n / / Glx(x,t,f,7)<(b1(7')f+bg(T))u(ﬁ,T)+(b1(7)+c(§,7))v(§,7)

() — E(us(1) — pi (7))

+ee(§mw(E,7) + fe& 7) — 7 + a(T)Tﬂgo’”(ﬁ)) d¢ dr.

The equations with respect to functions by = by(t), by = by(t) we find multiplying (1) by
2¥ k = 0,1 alternately and integrating them with respect to space variable from 0 to I:

bi(t) = A‘l((ug(t) a(t)t? /l w(z, t) + f(x t))da:)

XUw%ﬂ—mﬁD—(mw—ﬂwtWMﬂ—w@®+w®ﬁ)

- /m(c(m,t)w(x,t) + f(a:,t))dx) (w(l,t) — w(O,t))), (17)

0

by(t) = A1 ((,uﬁl(t) —a(t)t? (Lus(t) — w(l, t) +w(0,t)) — /x(c(x,t)w(:z:,t)

£l ) (10(t0) = a(0) = (1400 = aOF () = a(0)

!
— /(c(m,t)w(x,t) + f(x,t))dx) (Pw(l,t) — 2u4(t))), (18)

0

where

A(t) = (lw(l, t) = pa(1)* = (w(l,t) — w(0,6))(*w(l, 1) — 2ua(t)). (19)
Let us establish the behavior of the integrals on the right hand sides of the formulas (14)-
(16). Denote W(t) = X lw(z, )|, V() = L lv(z, 7)],
U(t) = max |u(x,7)|, t € [0,T]. Using condition (A3) of the Theorem and (13),

(=,7)€[0,1]x[0,t]
from the equations (14)-(18) we obtain

t

W(t) <Cy+ 03/((|b1(7)| + |bo(7))V (T) + T”W(T))dT, t 10,77, (20)

0
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V(t) < Cy (21)

t

+ C5/((|bl(7')| + b2 (T)NU(T) + (Jor(T) | + 7V (T) + T”W(T)) dr, t € [0,T],

o

Ut) < —= (22)

B

/|b1 DI+ DD + (DI + V) + WD) )y o

VP — 7L
b1(t)] < Cs (7 +7) + Co (" + )W (t) + Cro (£ +tP)YW?(2), t € [0, T, (23)
bo(t)] < Cux (7 +17) + Cra (7 + V)W (t) + Cuz (7 + tP)W2(t), t € [0,T). (24)

We conclude from the (20)-(24) that the functions w = w(z,t),v(z,t) are continuous in
Qr, u = u(x,t) has the singularity 72 at t — 0 and the functions b; = b, (t),by = bo(t)
tend to zero when ¢ — 0 as the power function ¢7 with n = min{~y, 8}. Besides, we note that
the integrals on the right hand sides of (14), (15) tend to zero when ¢t — 0. It yields that
the sum of all the summands of (15) except the first term of the function wy, = wo.(z,1), is
infinitely small when ¢ — 0. It means that we can indicate such number ¢;,0 < ¢t; < T that

T

a0) = 1a(0)+ 5 (1a(8) = p6) = a(0) 4 100

+!!G@m@j(@hM+MﬂM@ﬂ+@WTH@ﬂW®ﬂ

sl ) + futs.r) - () - L=y oy ) dear
min ¢’ ()
< Ho— (@) eQ, (25)
As a result from the equation (15) we get
min ¢'(x)
v t) = 2 > 0, (@, 1) € Q. (26)

o~

l

A(t) = (/lxv(x,t)dx)2 — /u(x,t)dx/x%(;p,t)dx

0 0 0

' 1o
) / /(y2 —y1)?0(y1, )v(ya, t)dyrdys, (27)

0 0

then
2
4 (mlln (x))

min |A(t)] = >0, (x,1) € Qy, (28)
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that is the condition (A2) of the Theorem ensures the difference from the zero of the denom-
inator A(t) on the segment [0, t1].

Thus, the problem (1)-(5) is reduced to the system of equations (14)-(18). Under the
solution to this system we will understand such set of the functions (w,v,u, by, by), that
(w,v,u,b1,b2) € (C(Q,,))* x C([0,1] x (0,t1]) x (C[0,t1])%, [ba ()| < Myt |bo(t)| < Mat" and
satisfy (14)-(18).

The problem (1)-(5) and the system of equations (14)-(18) are equivalent in the following
sense: if a triplet of finctions (by, by, w) is a local solution to the problem (1)-(5) in @,,,
then (w,v,u,by,by) is a solution to the system of equations (14)-(18) and contrary. The
first part of this claim emerges from the way of reduction of system of these equations.
We prove that if (w,v,u, b1, bs) € (C(Q,,))* x C([0,1] x (0,t1]) x (C[0,t1])%, |b1(2)] < Myt",
|b2(t)| < Myt is a solution to the system of the equations (14)-(18), then (by, by, w) belong to
(C[0,#4])? x C*1(Qy,)NC0(Q,, ), and satisfy the conditions (1)-(5) and estimations |b; (t)| <
Myt", |bo(t)] < Mat™.

Let us differentiate (15) with respect to x. The right hand side of the expression

t o1
Ve (2, 1) = Wz (T, 1) + //Glx(l‘,t,fﬂ') <(b1(7')§ + bo(T))u(&, 7) + (b (7) + (&, 7))v(€, 7)

a6l r) + felm) = ) - DI aryoogig)) dgar

and the equality (16) coincide, so u(z,t) = v, (z,t), (x,t) € [0,1] X (0,¢]. Then we differenti-
ate the equality (14) with respect to z. Using the known properties of the Green’s functions
we deduce

Wy (z,t) = woe(z,t) + //Gl(x,t,f, T) ((bl(T)f + bo(7))ve(&,7) + bi(T)v(€, T) + (€, 7)

(6, + el ol n) + £i6r) = () - SO e ) aear

Subtracting the corresponding parts of the obtained equality and (15), we obtain the homoge-
neous integral Volterra equation of second kind

l

wy(z,t) —v(z,t) = / Gi(z,t,&, 7)c(€, 7')(?1)5(6,7') — (¢, T)) d¢ dr.

0

In a virtue of (13) and uniqueness of the solution to these equations it yields that
v(x,t) = we(x,t), (z,t) € [0,1] x (0,%1]. Furthermore, taking into account the behavior of
the functions by = by (t), by = ba(t), v(z,t) we can state that the products b;(t)v(z,t), i = 1,2
are continuous in a rectangle [0,1] x [0,¢;]. Then, considering the equation (14) as integro-
differential one with respect to w = w(z,t), we can assert that w € C*'(Qy,) N C'0(Q,))
and satisfies (1)-(3).
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We multiply the equality (17) by lw(l,t) — u3(t) and (18) by w(l,t) —w(0,t) respectively.
Summing up the obtained equalities, we find

bi(t)(lw(l,t) = ps(1)) + ba(t)(w(l, £) — w(0,1)) = p5(t) — a(t)t’ (pa(t) — pu(t))
/ (,t) + f(x,t))dx

Using (1)-(3), this equality we rewrite in the form

l l

(/w:ctdx—ug ) (/wt:ctdx—u3(t))

0 0
I
Put z(t) = [w(z,t)de — ps(t). Then 2'(t) = —bi(t)z(t), and respectively
0
- [ | y
z(t) = z(0)e © Since z(0) = 0 according to the condition (A4) of the Theorem,

so z(t) = 0, that is the condition (4) is fulfilled.
As a similar way we multiply the equation (17) by w(l,t) —2u4(t), and (18) by lw(l, t) —
ws(t). After summing up we find

b (1) (Pl 1) — 241a(t)) + ba(B) (1, 1) — pst)) = pis(t) — a0)E* (Usa(1)
I
—w(l,t) +w(0,t)) — /m(c(x,t)w(m,t) + f(z,t))dx

0

Then the compatibility condition (A4) of the Theorem yields (5). It means that the equiv-
alence of the inverse problem (1)-(5) and the system of equations (14)-(18) is proved.

Denote pi(t) = by (t)t™", pa(t) = bo(t)t™ " u(x,t) = t%u(x,t). The system of equations
(14)-(18) we represent in the form

w(x,t) = wo(x,t) (29)
+//Gz(ﬂc,t,éﬁ)((m(ﬂi+p2(7))7%(§77)+C(€,T)w(§77)+f(§=T)—§M'1(T)

0 0

B 52(/1/2(7—)2[_ ,u,ll(T)) i a(T)T’B (SOH(f) + ,U/2<7'> - Nl(T) l_ ,U/2(0> + Ml(o))> df dT,

v(x,t) = wo(z,t) (30)

t 1

i 0/ o/ Gi(x,1,§,7) ((pl(T)f + po(P)TT T (G, T) + (pa(7)7 + o€, T))u(E, )

T el (&) + fel6nr) — ph(r) — T a(r)r? '"<s>) dé dr.

u(z,t) = Woge(z, 1) (31)
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l

e / Gro(a,t,6,7) ((pl(f)f T pa(M)TT T GET) + (02 (1) + 6, 7))0(E,7)

o\“

E(pa(T) — (7))
l

T e, Tw(E T + Jel€ ) — p(7) — n amr%’"(f)) d dr.
pu(t) = A-lr-n((ug@) — a0 ) )~ [ ettt + f(m))dx)
< (1(l, 1) — () — (m) a0 Ups(t) — w(l, 1) + w0, 1))

l

— /x(c(z, Hw(zx,t) + f(x, t))d:v) (w(l,t) — w(O,t))), (32)

l
palt) = A-%-n((m = a0 ) — w.8) + 00.0) — [ el
‘fa t>>d:c) (w(l,t) — s(8)) — (ug@) O (ua(t) — (1))

(c(z,)w(z,t) + f(x, t))d:c) (Pw(l,t) — 2,u4(t))>, (33)

O\N

where A(t) is defined by the formula (19). Note, that this system is considered in @,,, so
the difference from zero of the denominators in the formulas (32), (33) is argued in (28).
We represent the system of equations (29)-(33) as an operator equation

w = Pw, (34)

where w = (w,v,w,p1,p2) and the operator P = (P, Py, P3, Py, Ps) is defined y the right
hand sides of equations (29)-(33) respectively.

Assume that |w(z,t)] < Mz, 0 < My < v(z,t) < Ms, |u(z,t)] < M, (2,1) € Q,,,
where Mz, My, M5, Mg are some positive constants. We will define them below. Using these
estimates and (28) in (32)-(33), we find

Cra(77 4+ 97 (1 + Mz + M3)

|P4(JJ| S min ‘A(t)’ = Mla t e [07t1]7 (35)
tE[O,tl]
Cis(t7 4+ 97 (1 4+ M3 + M2)
1P < s e te o
tel0,61]

where the numbers C'y4, C}5 are determined by the input data.
Let us consider the equations (29)-(31). Taking into account (35), (36), we obtain

£
|Piw| < ‘//G2($,t;§,7)<(Mll+M2)757IM5 + ( max |c(§,7)|M;
%t)EQtl
0 0
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F6:7) = 64 (r) + a(r)r? () + L2 =D 2O 2 D))

+ max
(svT)thl

2(,, —
S (5(7) — (7)) + max |w(x,t)]
2[ (J? t)thl

< Oyt"™ + Ct"™ 4 Crgt + max  |wo(z, )], (37)
(x,t)€Qy,

) de¢ dr

%(MZ@) — a1 (t) — p2(0) + M1(0)>

Pow > min ¢'(z) + min

z€[0,]] (z,1)€EQy,

N 0/ O/ G (,t,€,7) <(p1(r)§ +pa()T T, T) + (0 (T)T + (6, T))o(E, T)

Far(enule ) + e —i(r) - LE IO o) dear|. o
Py < max ¢'(r) + max |p(t) — m(0) + %(Mz(t) — pu(t) = p2(0) + m(O))
z€[0 (z,1)€EQy,
/ / Gt ( (7)€ + o) T (e, T) + (pa(7)7 + el 7))l )
Fe&muler) + fele.r) — () - D) gy "’(5)) dgdr|,  (39)

|P3(,L)| <

//Glma:tér)((MllJng)t" M+ (M + max |e(6, 7)) Ms

(ilf,t)E@tl

+ max [eg(§,7)[Ms + max
(x,t)EQtl (5’37’5)th1

F(6.7) — i) — S(uh(r) — i (7))

+ a(7)75<p"(§)D dédr| + ( rr)lax 77 Woge (2, 1)
x,t thl
< Chot™ "2 4 Chot™ + Cogt" + Cap + max 77 Woua (7, 1) (40)
z,t)EQy,
Now we estimate the expresion
o

‘//Gﬂ%t,fﬁ) ((m(T)E + (7)) T G, ) + (pr(T) T+ (€, 7))(E, T

0 0

el mule ) + o6 - aitr) = DI oy ) dear

T

) = (0) + 5 (1) = (0 = paf0) + (0) )

S'//Gl(x,t,fﬁ)((Mll—|—M2)t’7_621M6+(M1T"+ max |c(,7)]) M,
(*Tvt)thl
0 0
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Cf(gu )|M3+ max

(Irt)EQtl

+ max
(z,1)€Qy,

+a(r)TP" (€) D d¢ dr

f&7) — () — Z(MQ(T) — pi (7))

+ max
(z, t)eQz

% (uz(t) — pu(t) — p2(0) + ,ul(O)) '

-+ tn[lﬂatx |,u1 /,Ll( )‘ < CQStn + 024t77+ + 02 t'er + CQGt (41)
S

Choose the constants M3 — Mg such that

1 1
My > max |wy(z,t)|, My = = min M5 = max ¢'(z) + = min ¢'(z),
’ (z,1)€Q, [wol@, )], My = 2 xG[Ol]SO (2), Ms :L"E[O,Z]SO( ) 2 mG[O,l]SO( )
B—1
Mg > Cy + max t?wgm(:c,t)‘.
(z,t)€Qy,
Fix the number 75,0 < Ty < ¢4 ia a such way
CieTyH + CTy ™ + CisTo + max |wo(w,t)] < Ms, (42)
(z,t)€Qy,
_B-1 _
ClgT 2 + CQOT + Cngn + 022 + max t%w()m(x, t)' S M67 (43)
(z1)€Qy,
=3 1
CQng 2 + CQ4T7] + + C25T7 + CQGT() S 5 m&)n” QO/(I) (44)
xe|0,
As a result we obtain
|Piw| < M, 0 < My < Pow < Ms, |Psw| < Mg, (z,t) € Qp,. (45)

We  consider the operator equation (34) on a convex closed set
N = {(w,0,8,p1,p2) € (C(Qg))* x (Cl0,Tp])* : |w(z,t)| < Ms,0 < My < v(z,t) <
M, [u(z,t)] < Me,|pi(t)] < My, |p2(t)] < M} in the Banach space B = (C(Qg))?
(C10,Tp])%. The estimates (35), (36), (45) guarantee that the operator P maps the set N
into itself. To prove the compactness of the operator P on the set N we apply the Arzela-
Ascoli theorem. For this aim we have to show that the set PN is uniformly bounded and
equicontinuous. The latter means that

Ve o : |Pw(xa, ty) — Pw(zy,t1)] < ¢

for all |z — 21| < 0, |ta —t1] < 0, w(z,t) € N .

Let us consider the operator Pyw(t). Using (32) we represent it in the form
F(t)
A(t)t0

P4w:

where A(t) is defined by (19) and

F(t) = (ugu) — ()t (at) / (2.1) + f(z, t))dx)
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XUwﬂﬂ—mﬁﬂ—<M®—G®WWMﬂ—wMU+w®U)

/x w(z, ) + fz, t))dm) (w(l, 1) — w(0,1)).

Taking into account the conditions of the Theorem and the definition of the set N we deduce
that F(t) is continuous on [0,7p] and F(t) < Cyrt°. The constant Cyy in last inequality is
determined by the input data.

Fix an arbitrary number ¢ > 0. Since hm PE()) = K1, S0 we can indicate such number t*,
that
F(t) ol o€
A T2

for 0 <t < ¢*. As a result we obtain
|P4w(t2) — P4W(t1)| < |P4W(t2) — li2| + |I€2 — P4W(t1)| <€

for 0 < t1,t0 < t*.
For the case t1,ty, > t* we find

Ft) [ 1 1 Fit) (1 1 F(t)) — F(ts)
e Peste)) <[5 (a5~ )| 5y (7~ )|+ [ 2
< LEOIAC) — ARG =t |PE) = Pt
() (min 1A@N)° @7 (min JA@D () min 1AE)])

In a virtue of continuity of input data and the mean value theorem we conclude
|Pyw(te) — Pyw(tr)| < e, |ta — t1] < 0.
The case t; < t*,ty > t* combines two previous ones because
|Pyw(te) — Pyw(ty)| < |Puw(ta) — Pyw(t™)| + |Pyw(t*) — Pyw(t)].

We prove the equicontinuous of the set P;N in a similar way.

The compactness of operators P; — P3, whose kernels are Green’s functions can be proved
according to the scheme given in [15, p. 27| adapted to the case of strong degeneration [16].
Applying the Schauder Fixed Point Theorem we state that there exists the solution to the
system of equations (29)-(33) in Qr, and therefore to inverse problem (1)-(5) in Q.

3 UNIQUENESS OF THE SOLUTION

Suppose that the system of equations (29)-(33) has two solutions (w;, vy, Wi, p1i, P2i), 1 =
1,2. Denote w(xz,t) = wy(z,t) — wo(x,t),v(x,t) = vi(x,t) — va(x, t),u(x,t) = uy(z,t) —
ag(l',t), p1(t) = p11(t) - p12(t),p2(t) = P21 (t) —pgg(t). Using (29)—(33), we find

t

w(z,t) = //lG2 (2,1,&7) <(p11(7)§+p21(7))7%(577)
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(0 (P)E + o)) unlE,7) + el TYw(e, T>) dé dr, (x.1) € Ty, (46)

o(a,t) = //Glxtw)((pn( )& + b (1) T, 7)

0

+ (P ()€ + pa(T))T T a(€,7) + (pa (7)77 + (€, 7))o (€, 7)
T (7)€, ) + celE e, T>> dé dr, (2.1) € O, (47)
U, 1) = 75 / / Gm(x,t,g,f)<(pn<7>g+ pon (7))~ 500 (E, )

+ (D1 (T)E + pa(r))T T a(€,7) + (pra (T)7" + (€, 7))o (€, 7)
T (7)€, ) + celE e, T>) dé dr, (z,1) € Qp,. (48)

l

pul0) = 570 (300 = 0 at) = 1(0) = [ el st ) + o 0)d
x lw(z,t) — (lws(L, 1) / (x,t)dx — (,uil(t) — a(t)t? (Lus(t)

—wi(l,t) +wq(0,1)) — / (c(z, )wy(x,t) + f(x,t))dx) (w(l,t) — w(0,t))

l
- (a(t)tﬁ(w(l,t) —w(0,t)) — /mc(x,t)w(:t,t)da:) (wo(l,t) — wQ(O,t))), t €0,Tp], (49)
palt) = 5701 (100 = a0 a(0) = wi(12) + 00,

x(c(z, t)wy(x,t) + f(x, t))dx) lw(l, t) + <a(t)t5(w(l,t) —w(0,1))

vea, tu(r, t)dx) (1a(1.1) — pa(0)) ~ (ug@) — a0}t (ua(t) — (1))

(c(z, t)wy(z,t) + f(x, t))dx) Pw(l, t) — (Pws(l,t) — 2pa(t))

X

S O O o~ _

c(x,t)w(x,t)dx), t €10, To). (50)

Substituting (49)-(50) into (46)-(48), we obtain the system of homogeneous integral
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Voltera equations of second kind with respect to unknowns w = w(z,t),v = v(z,t),
u = u(x,t) for every x € [0,1] :
t
w(x,t) = /(Kll(t, T)v(x, ) + Kio(t, T)w(x, 7))dr, t € [0, Ty, (51)

0
t

v(x,t) = /(Kgl(t, T)u(z, 7) + Koo(t, 7)v(z, 7) + Koz(t, 7)w(z, 7))dT, t € [0, To], (52)

0
t

u(z,t) = /(Kgl(t, T)u(z, 7) + Kso(t, 7)v(z, 7) + Ks3(t, 7)w(z, 7))dr, t € [0,Tp).  (53)

Taking into account (13), (45), we can state that the kernels of this system has integrable
singularities. It means that the system has only trivial solution

w(z,t) =0, v(z,t) =0, u(z,t) =0, (z,1) € Qp,. (54)
Substituting (54) into (49), (50), we find
pi(t) =0, pa(t) =0, t € [0, ). (55)

It completes the proof of the Theorem.

4  CONCLUSIONS

In the paper it is investigated the inverse problem of determination of two time-dependent
functions in a first order polynomial with respect to space variable. It is a minor coefficient
in a parabolic equation with strong power degeneration.

1. It is established conditions of existence and uniqueness of the local solution to the
named problem.

2. It is proved that for the case of strong degeneration for parabolic equation with
Neumann boundary conditions the unknown function w = w(z, t) and its first derivative with
respect to space variable are continuous in @To‘ The second derivative of this function has
the singularity 2" at t — 0 unlike both cases of weak degeneration when all these functions
are continuous in @To and strong degeneration of parabolic equation with Dirichlet boundary
conditions when the first derivative of unknown function behaves as t'7 when ¢ — 0.

3. It is established that the unknown functions by = by(t), by = bo(t) behave at t — 0 as
% with § = min{~, 8} in contrast to the case of strong degeneration for parabolic equation
with Dirichlet boundary conditions when § = min{y, Z*} with v > £*.

4. The system of equations (29)-(33) which is obtained in the paper can served the base
for application some numerical methods for construction the approximate solutions to the
named problem.

5. Results of this paper can be used in research of inverse problems of identification the
younger coefficients in parabolic equation which depend on both space and time variables.
Besides, they are the first step in investigation parabolic equations with general strong
degeneration or multidimensional degenerate parabolic equations.
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5 AN EXAMPLE

It can be shown by direct calculation that a triplet of function bi(t) = by(t)

= (B+ 1)t?, w(z,t) = (z + 1)e”™ is the solution to the inverse problem

wy = tPwey + (b1 (H)x + bo(t))w,, (x,t) € (0,1) x (0,T),

w(z,0) =z+1, z €0,1],

tB+1

we(0,t) =w,(1,t) =¢""", t €[0,T],

3 s+t
/w(x,t)da: =2 telo,T),

2
0
1
)
/xw(x,t)dx = getﬂﬂ, t € [0,T].
0

The input data of this problem satisfy the requirements of the Theorem given in the paper.
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B obnacTi 3 BijoMuMu MexKaMU TOCTIIKYETHCSA ODepHEeHa 3a0at4a, 1T TapabOJIiTHOrO PiBHS-
HHS 3 CUJIBHUM BUPO/KEHHSIM. BUPOMKEeHHS PIBHAHHS CIPUIHHEHE CTEIEHEBOIO (PYHKITIEIO BiT
qacy MpU CTapImii moxiauiit Hesimomol dyukIiil. Bigomo, mo Momoammit koedimienT piBHIHHT
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€ TIOJIIHOMOM IIEPIIIOTO CTEINeHsI 38 IIPOCTOPOBOIO 3MIHHOK 3 JIBOMa HEBiJIoMUME KoedillieHTamMu
Bij wacy. 3a/1aHO KpaifoBi yMOBH JAPYTOr0 POy Ta 3HAYEHHS TEIJIOBUX MOMEHTIB Y sIKOCTI yMOB
repeBu3HAYECHHSI. BCTAHOBIEHO YMOBH ICHYBAHHS Ta €IUHOCTI KJIACHIHOTO PO3B’A3KYy BKA3aHOI
3a1a4l.
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UNIFORMLY CONTINUOUS MAPPINGS ON PREMETRIC SPACES

We study the notion of uniformly continuous mapping between quasi-metric spaces and
construct an example of the topological homeomorphism between two compact Hausdorff par-
tially metric spaces such that the corresponding mapping between quasi-metric spaces is not
uniformly continuous. This example shows, in particular, that Theorem 4.4 from [6] is not
true. In addition, we prove an analogue of the classical Heine-Cantor theorem on the uniform
continuity of any continuous mapping f : X — Y between a premetric space X, which satisfies
a strengthened condition of the countable compactness, and a uniform space Y. We also give
an example of a continuous mapping f : X — Y between a compact Hausdorff premetric space
X and a uniform space Y, which is not uniformly continuous.

Key words and phrases: continuous mapping, uniformly continuous mapping, metric space,
partial metric spaces, quasi-metric spaces, premetric space, uniform space.

L Yurii Fedkovych Chernivtsi National University, Ukraine;
2 Jan Kochanowski University in Kielce, Poland
e-mail: vadmyron@gmail.com (Myronyk V.); v.mykhaylyuk@chnu.edu.ua (Mykhaylyuk V.)

INTRODUCTION

According to the classical Heine-Cantor theorem, for any compact metric space (X, d)
and any metric space (Y, g) every continuous mapping f : X — Y is uniformly continuous
[3, Theorem 4.3.32|. It is well known that an arbitrary metric d on a set X induces the
uniformity U; on X, which consists of all sets U for which there exists a number € > 0 such
that

{(z,y) € X*:d(z,y) < e} CU.

Moreover, for any metric spaces (X,d) and (Y, p) the uniform continuity of a mapping
f:(X,d) — (Y, p) is equivalent to the uniform continuity of the corresponding mapping
[ (X, Ug) = (Y,U,) (see, for example, [3, Exercise 8.1.A]).

On the other hand, for every compact Hausdorff space X there exists exactly one unifor-
mity &4 on X which is compatible with the topology of X. This uniformity U consists of all
neighbourhoods U of the diagonal A = {(z,z) : z € X} in X? (see [1, Chapter II, § 4, The-
orem 1]). So, the following theorem (see [1, Chapter II, § 4, Theorem 2|) is a generalization
of the Heine-Cantor theorem.
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Theorem 1. Every continuous mapping from a compact Hausdorff space X to a uniform
space (Y,U) is uniformly continuous.

Notice that the metric version of the concept of uniformly continuous mapping can be
naturally adapted to more general classes of spaces: quasi-metric, quasi-pseudometric and
premetric. Since the corresponding metric analogues do not possess the symmetry property;,
the study of the uniform continuity of mappings between such spaces cannot be reduced to
the consideration of uniform spaces. Therefore, analogs of Theorem 1 for mappings between
spaces from such classes require separate study and are of independent interest.

The paper [6, Theorem 4.4] contains the following result (see Section 1 for corresponding
definitions and denotations).

Theorem 2. Let f : (X,p1) — (Y,p2) be a continuous mapping from a compact partial
metric space (X,p;) to a partial metric space (Y,ps). Then f is uniformly continuous as
mapping between the quasi-metric spaces (X, q,,) and (Y, qp, ).

In this article, we study the notion of uniformly continuous mapping between quasi-metric
spaces and construct an example of the topological homeomorphism between two compact
Hausdorff partially metric spaces such that the corresponding mapping between quasi-metric
spaces is not uniformly continuous. This example shows, in particular, that Theorem 2 is
not true. In addition, we prove an analogue of Theorem 1 on the uniform continuity of any
continuous mapping f : X — Y between a premetric space X, which satisfies a strengthened
condition of the countable compactness, and a uniform space Y. We also give an example
of a continuous mapping f : X — Y between a compact Hausdorff premetric space X and
a uniform space Y, which is not uniformly continuous.

1 BASIC NOTIONS AND DENOTATIONS
A function ¢ : X? — [0, +00) is called a quasi-metric on X (see [7]) if
(1) q(z,x) = 0;
(42) a(z,2) < q(z,y) +qly, 2);

(g3) 2=y q(z,y) =q(y,x) =0

for all z,y, z € X.
Every quasi-metric ¢ on X induces a conjugate quasi-metric ¢=' : X2 — R defined by
q¢ (z,y) = q(y, z) for every z,y € X. Moreover, the function d, = ¢+ ¢~* is a metric on X.
Let (X, q) be a quasi-metric space. For every x € X the balls

By(x,e) ={y € X : q(z,y) <e}, >0

form a base of the quasi-metric topology 7, at the point z.
A function p: X2 — [0, +00) is called a partial metric on X (see |7]) if

(p1) z=y & p(z,r) =p(z,y) = p(y,y);
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(p2) plz,x) < pla,y);
(p3) p(z,y) = ply, 2);

(pa) p(,2) < px,y) +ply, 2) —pY,y)

for all z,y,z € X.
For any partial metric p : X? — [0, 400) the function g, : X? — R,

qp(x7y> = p(x,y) —p(l’,ﬂ?),

is a quasi-metric on X and the topology of the partial metric space (X, p) is the topology of
the quasi-metric space (X, q,) (see |7, Theorem 4.1]). Moreover, the function d, : X? — R,

dp(z,y) = dy,(2,y) = 2p(z,y) — p(z,2) — p(y,y)

is a metric on X.

For any partial metric space (X,p) we have that p is a metric on X if and only if
p(z,z) = 0 for every x € X. Moreover, ¢, = p and d, = 2p if p is a metric.

Let X be a nonempty set and A = {(z,z) : € X}. A system U C 2X° is called a
uniformity on X if it satisfies the following conditions:

(Uy) A CU for every U € U,

(Uy) if Ueld and U CV C X2 then V € U,
(Us) UNV €U for every U,V € U;
(Us)

Uy) for every U € U there exists V' € U such that

VoV ={(x,2): By X)((z,9)(y,2) €V)} CU;

(Us) U™t ={(x,y): (y,x) €U} €U for every U € U.

The pair (X,U) is called a uniform space and an element U € U is called an entourage.
Let (X,U) be a uniform space. For every x € X the sets

Ul ={ye X : (x,y) €U}, Uecl

form the system of all neighbourhoods of x in some topology 7. This topology is called the
topology induced by U (see |1, Chapter II, § 1, Proposition 1 and Definition 3]). In particular,
for a metric space (X, d) and corresponding uniformity ¢; on X the topology Ty, coincides
with the topology generated by d.

Let X be a topological space, 7 be the topology of X and U be a uniformity on the set
X. We say that U is compatible with T if T, =T.

Let X be a topological space. A point x € X is called a cluster point of a sequence
(xn)52, of points x, € X if for every neighborhood U of x the set {n € N : z,, € U} is
infinite.

A topological space X is called countably compact if every countable open cover of X
has a finite subcover, or equivalently, every sequence (x,)32, of points x, € X has a cluster
point z € X.
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2  UNIFORMLY CONTINUOUS MAPPINGS BETWEEN QUASI-METRIC SPACES

Let (X, ¢q) and (Y, r) be quasi-metric spaces. Following [6, Definition 4.1] we say that a
mapping f : X — Y is uniformly continuous if for every € > 0 there exists > 0 such that
for every x1,x9 € X the inequality q(z1,22) < ¢ implies r(f(z1), f(x2)) < &.

Clearly, every uniformly continuous mapping between quasi-metric spaces is continuous.

Proposition 1. Let (X, q) and (Y,r) be quasi-metric spaces and f : X — Y. Then the
following conditions are equivalent.

(1) f:(X,q) — (Y,r) is uniformly continuous.
(i1) f:(X,q7') — (Y,r1) is uniformly continuous.

Proof. Tt follows immediately from the equalities

q(x1,22) = q71<I2, z1) and  r(f(21), f(72)) = Tﬁl(f(xl)a f(x2))
for all z1,25 € X. O

Proposition 2. Let (X, q) and (Y,r) be quasi-metric spaces and f : (X,q) — (Y,r) be a
uniformly continuous mapping. Then f : (X,d,) — (Y, d,) is uniformly continuous.

Proof. Fix any € > 0 and choose § > 0 such that for every x;,zo € X the inequality
q(x1, 1) < 6 implies r(f(21), f(22)) < §. Then for every , 2 € X with dy(z1,72) <6 we
have that

max{q(x1, 2),q(z2, 1)} < dg(z1,22) <9

and therefore,

d(f(z1), f(z2)) = v(f(z1), f(22) +7(f(72), f(21) <5+ 5=¢.

The following example shows that the converse implication is not true.

Proposition 3. There exist quasi-metrics ¢ and r on the set X = R such that the identity
mapping f : (X,q) — (X,r), f(z) = =z, is everywhere discontinuous and d, = d,, in
particular, f : (X,d,) — (X,d,) is uniformly continuous.

Proof. Consider the function ¢ : X? — R defined by

1,if y <z,
y—ux,if y > .

q(z,y) = {

According to [5, Example 2|, ¢ is a quasi-metric on X and ¢ generates the topology of
Sorgenfrey line on X, that is, for every € X the family ([x,z 4 ¢) : € > 0) forms a base of
neighbourhoods of z in (X, ¢). Notice that

0,if x =y,
1+ |y — x|, if x #y.

dg(z,y) = {
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_ 1 ~ _
Now let r = 3d,. Since dy(v,y) = dy(y, ),

d(z,y) = r(z,y) +7r(y,z) = dy(2,y)

for every x,y € X. Moreover, for any z,y € X with d,(z,y) < 1 we have that = y and, in
particular, d,.(z,y) = 0 < ¢ for every € > 0. ]

It follows from the following example that Theorem 2 is not true.

Theorem 3. There exist a compact metric space (X,d), a compact partial metric space
(Y,p) and a homeomorphism f : X — Y such that f : (X,d) — (Y,qp) is not uniformly
continuous.

Proof. Let g =0, x,, = + for every n € N, X = {z, : n > 0} and d(z,y) = |z — y|.
Now Y = {y, : n > 0} where all elements y,, are distinct and

1, ifx =y = yo,
0,ifr=y=yp,neN,

1—1—%, ifxr=vyp,y =yn,n €N,

1L, ife =y, vy =ym,nméeNn#£m.

p(z,y) =ply, ) =

Notice that p is a partial metric on Y. Conditions (p;) — (p3) are obvious. It remains to
verify (p4) for distinct points z,y, z € X. If y # 1, then

p(z,2) +ply,y) = p(x,2) <2< p(x,y) + ply, 2).
If y = yo, then p(z, 2) = p(y,y) = 1 and
p(z,2) +p(y,y) =2 < pla,y) + p(y, 2).

Thus, (Y, p) is a partial metric space.
Notice that
0, ifz =y,
Life =yo,y =y neN,
1—1—%, ify =y, x =y,,n €N,
Lifx =9y, ¥y = Ym,n,m € N.n #m.

qp('T? y) =

Clearly, all points y # yo are isolated in (Y,p) and y, — yo. Therefore, the mapping
f:X =Y, f(x,) = yn, is a homeomorphism. Moreover, for any distinct n,m € N we
have that d(z,, ) = |2 — +| and g,(yn, ym) = 1. So, f : (X,d) = (Y, q,) is not uniformly
continuous. [

Remark 1. In the proof of Theorem 2 the authors use the following inequality

sup{q(y,z) : y,z € By(x,e)} < 2,

which may not hold for quasi-metric space (X, q).
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3 UNIFORMLY CONTINUOUS MAPPINGS ON PREMETRIC SPACES

In this section we study uniformly continuity of mappings from a premetric space to a
uniform space.

A nonnegative function p : X% — [0, +00) is called a premetricon X (see [2]) if p(z,z) = 0
for every x € X.

The following statement has an obvious proof.

Proposition 4. Let (X, p) be a premetric space. Then the system T, of all sets G C X such
that for every x € G there exists € > 0 such that

{ye X:p(r,y) <e} CG
forms an topology on X.

The topology 7, from Proposition 4 is called a topology of premetric space (X, p).

Let X be a topological space, T be the topology of X and p be a premetric on the set
X. We say that p is compatible with T if T, =T.

Clearly, any quasi-metric ¢ : X — R is a premetric on X and the topologies 7, of the
quasi-metric space (X, ¢) and 7, of the premetric space (X, ¢) coincides.

Notice that, in general, a ball

By(z,e) ={y € X : p(x,y) < e}

might not be open in a premetric space (X,p). Moreover, B,(x,c) might not be a neigh-
bourhood of x (see |2, Section 2|).

Nevertheless, the following characterization of continuous mapping on premetric spaces
follows immediately from the characterization of continuity in the terms of open sets.

Proposition 5. Let (X, p) be a premetric space, Y be a topological space and f: X — Y.
Then the following conditions are equivalent.

(1) f is continuous.

(17) For every x € X and every neighborhood V' of f(x) in'Y there exists 6 > 0 such that
f(u) € V for every u € X with p(z,u) <.

Proof. (i) = (i1). Let V be an open neighbourhood of f(z) in Y. Then the set U = f~1(V)
is open in X by (7). Therefore, there exists 6 > 0 such that B,(z,d) C U.
(it) = (i). Let G be an open set in Y. Then the set f~(G) is open in X by (). O

We consider the following generalization of the uniform continuity of mappings between
metric spaces.

Definition 1. Let (X, p) be a premetric space, (Y,U) be a uniform space and f : X — Y.
We say that f is uniformly continuous if for every U € U there exists 6 > 0 such that
(f(z), f(y)) € U for very x,y € X with p(x,y) < J.
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The following property follows immediately from Proposition 5.

Proposition 6. Let (X, p) be a premetric space, (Y,U) be a uniform space and f : X —Y
be uniformly continuous. Then f is continuous.

We say that a premetric space (X, p) satisfies (x) if for any sequences (x,,)%2; and (y,, )52,
of points z, € X and y, € X with Ji_)rglop(xn,yn) = 0 the sequence (z,)5°, of points
Zn = (Tn,Yn) € X? has a cluster point z € A = {(z,z) : z € X}.

The following statement shows that (%) is a strengthened condition of the countable
compactness.

Proposition 7. If a premetric space (X, p) has (), then (X, p) is countably compact.

Proof. Let (x,)7, be a sequence of points z,, € X. Since p(x,,x,) = 0 for every n € N, the
sequence of points (x,,z,) € X? has a cluster point (z,z) € X2 Then the point z € X is a
cluster point of the sequence (z,)3%,. So, X is a countably compact space. O

For quasi-metric spaces (X, ¢) the condition (%) is equivalent to the countable
compactness.

Proposition 8. A quasi-metric space (X, q) has () if and only if (X, q) is countably com-
pact.

Proof. According to Proposition 7, it is enough to verify that every countably compact
quasi-metric space (X, q) has (x).

Now let (X, ¢) be countably compact, (z,)%; and (y,)5, be sequences of points z,, € X
and y, € X with 1i_r>n q(Zn,yn) = 0. Since (X, q) is countably compact, the sequence (z,,)5,
has a cluster poith :CL)‘O € X. Show that the point (z,x) is a cluster point of the sequence of
points (x,, y,) in X?. Fix any neighbourhood W of (z,z) in X2 There exists € > 0 such that

)

By(x,€) x By(z,e) € W. Since lim g(xy,y,) = 0, there exists ng € N such that q(z,,y,) < §
n—oo

for every n > ng. Since z is a cluster point of (z,)5°,, the set

N ={n>ng:z, € By(z,5)}

is infinite. Then for every n € N we have that

)

q(ﬁ’ y") < Q(x,l'n) + q(‘rmyn) < % + 5 =€

and therefore,
(Tnsyn) € By(x,5) x By(w,e) CW.

The following example shows that the premetric analog of Proposition 8 is not true.

Proposition 9. There exists a compact Hausdorff premetric space (X, p) which has no (x).
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Proof. Let X =[0,1] x {0, 1} be the linearly ordered compact with the lexicographical order,
iLe. (y,1) < (z,5)ify<zory=zandi<j (the space X is known as the two arrow space,
[3, Exercise 3.10.C]). Notice that for any = (y,0) € X the sets

B(z,e) ={z}U{(zi) e X:0<y—2z<e}, >0
form a base of the neighbourhoods of x in X and for any = = (y,1) € X the sets
B(z,e) ={z}U{(z,i) e X:0<z—y<e}, >0

form a base of the neighbourhoods of z in X.
For any 1 = (y,1), 22 = (z,7) € X we set

1,if 72=1and z<uy;
,if  i=0and z > y;
p(e1,2) = 1, if y=zandi#j;

ly — z|, otherwise.

Clearly, the function p : X? — R is a premetric on X.
Fix any zo = (i,y) € X and € € (0,1). If i = 0 then

{r e X :p(xg,x) <e}={xo}U{(j,2) € X : 2 <yand |z —y| < e} = B(xg,¢).

Analogously, {z € X : p(zo,z) < e} = B(xo,¢) if ¢ = 1. Therefore, p is compatible with the
topology of X.

It remains to show that the premetric space (X, p) has no (x). Consider the sequences
(u,)22; and (v,)22; of points

u,=(3—5,.1) and v, =3+

Notice that p(un,v,) = 2n—1_1 for every n € N and (u,,v,) — (x1,22) where x; = (%,O) and

25 = (3,1). Thus the compact space (X, p) has no (x). O

Now we give a variant of the theorem on the uniform continuity of a continuous mapping
on a compact premetric space.

Theorem 4. Let (X,p) be a premetric space with (%), (Y,U) be an uniform space and
f X —Y be a continuous mapping. Then f is uniformly continuous.

Proof. Assume that there exists U € U such that for every n € N there exists x,,, y, € X with
p(zn,yn) < = and (f(z), f(y)) € U. Since (X, p) has (x), the sequence of points (2, y,,) has
a cluster point (g, o). Let V € U such that V =Vt and VoV C U. Using the continuity
of f at xy choose a neighborhood W of xg in X such that (f(z¢), f(x)) € V for every x € W.
Since (g, 7o) is a cluster point of the sequence (z,,4,)°%,, the set {n € N : (z,,,y,) € W?} is
nonempty. Therefore, there exists n € N with x,,,y, € W. Then (f(x,), f(xo)) € V1=V,
(f(@0), f(3)) € V and
(f(@n), F(g)) €V oV C U,

— a contradiction. O
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Corollary 1. Let (X, q) be a countable compact quasi-metric space and (Y,U) be a uniform
space. Then every continuous mapping [ : (X, q) — (Y,U) is uniformly continuous.

Remark 2. Notice that countable compactness of a quasi-metric space is not equivalent
to the compactness (see [4]). But for partial metric spaces compactness and countable
compactness are equivalent [8, Theorem 5.7].

The following example shows that for premetric space the analog of Corollary 1 is not
true.

Theorem 5. There exist a compact Hausdorft X, a compatible premetric p on X and a
compatible uniformity U on X such that the identity homeomorphism f : (X,p) — (X,U)
is not uniformly continuous.

Proof. Consider the premetric space (X, p) from Proposition 9. According to
[1, Chapter II, § 4, Theorem 1|, there exists a uniformity & on X which is compatible with
7,. Verify that the identity mapping f : (X,p) — (X,U) is not uniformly continuous.

Let 21 = (3,0), 23 = (3,1). Since the uniformity U consists of all neighbourhoods U of
the diagonal A = {(z,z) : * € X} in X?, there exists a closed in X? entourage U € U such
that (z1,x2) € U. There exist open neighbourhoods V; and V5 of z; and x5 in X such that
(Vi xVo)NU = @. According to the proof of Proposition 9, there exist sequences (u,)5°; and
(v,)22, of u,,v, € X such that u,, — x1, v, = x2 and p(u,,v,) — 0. Then for every § > 0
there exists N € N such that uy € Vi, vy € Vo and p(uy,vy) < 0. Therefore, uy,vy) € U

and f is not uniformly continuous. O]
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Muxaitnmiok B.B., Muponuk B.I. Pistnomipro wenepepeni 6idobpasicerns Ha NpemempuyHuT
npocmopax // BykoBuncbkuit Mmarem. xKypuaa — 2024, — T.12, Ne2. — C. 27-36.

BuBuatoTbcsi piBHOMIpHO HelepepBHi BijjoOparkeHHsS MiXK KBa3iMETPIYHUME IIPOCTOPAMU i
100y TOBAHO TOTOJIOTIYHAN roMeoMOpdi3M MiXK JBOMa KOMIIAKTHUMHE T'ayCA0P(MOBUMEI IaCTKO-
BO METPUYHMMH IIPOCTOPAMH TAKHI, IO BigoOparkKeHH MiXK BiAHOBIIHUMHI KBa3iMeTPUIHUMUI
npocTopamu He € piBHOMipHO HenepepBHuM. lleit nmpukiaz, 30kpeMa, MOKa3ye, IO TeopeMma
4.4 3 [6] € xubnO0. KpiM TOTO, MOBOAMTRCs anasor Teopemu leitne-KanTopa npo piBHOMIpHY
HEIIePEPBHICTD JIOBIILHOIO HerepepBHOro Bijobpakennsi f : X — Y, BUZHAYEHOTO Ha IIpPEMe-
TPUYIHOMY IpocTOpi X, AKNit 3a7J0BOJIbHSAE AEAKY IMiJICHJIEHYy YMOBY 3JIiY€HHOI KOMIAKTHOCTI, i
nalyBae 3HaYEHDb y piBHOMiIpHOMY mpocTopi Y. Takoxk mogaHo npuKJIIa] HEIePpEePBHOTO BimoOpa-
xenust f: X — Y, BUSHAYEHOI0 H& KOMIIAKTHOMY IaycaopdoBOMY IIPEMETPUYHOMY IIPOCTOPI
X, i 31 3HaveHHaMu y piBHOMipHOMY TpocTopi Y, sike He € PiBHOMIPHO HEllepepBHUM.
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CHAOTIC DYNAMIC SYSTEMS OF SHIFT OPERATORS AND
APPLICATIONS IN ECONOMICS

In this paper we counsider chaotic properties of weighted shifts on (non-separable) Hilbert
space. We ivestigate some conditions under which the operators are Li-Yorke chaos. We
examine various structural of the operators that contribute to their chaotic behavior, providing
theoretical results that highlight the interplay between the weights and the underlying space.
Also, we construct chaotic dynamic system for modeling the security price.

Key words and phrases: dynamic system, chaotic operator, hypercyclic operator, Hilbert
space.
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INTRODUCTION

Chaos theory has emerged as a vital area in the study of dynamical systems, focusing
on the unpredictable and complex behavior exhibited by certain deterministic systems. A
chaotic dynamical system is one that demonstrates sensitive dependence on initial conditions,
topological transitivity, and a dense set of periodic points. These properties together produce
dynamics that are seemingly random and yet governed by deterministic rules.

In operator theory, the concept of chaos is closely tied to chaotic operators, which extend
the notion of chaos from classical systems to functional spaces. An operator is termed chaotic
if it is hypercyclic and has a dense set of periodic points. Hypercyclicity, a foundational
concept in this area, refers to the existence of a vector in a function space whose orbit under
repeated applications of the operator is dense in that space. This property, first studied
in depth by Birkhoff and MacLane, illustrates how linear operators can exhibit behavior
analogous to classical chaotic systems. The two of examples of classical chaotic systems

The Lorenz System.
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Described by Edward Lorenz in 1963, this system of three coupled nonlinear differential
equations is a classic example of chaos. The Lorenz attractor exhibits a distinctive butterfly-
shaped fractal structure.

The Logistic Map.

An iterative map z,41 = ra,(1 — z,) that demonstrates chaos for certain values of the
parameter r. Despite its simplicity, it shows complex dynamics, including bifurcations and
chaotic behavior.

As is often the case in linear dynamics, the concepts mentioned above have been exten-
sively studied by researchers within the framework of a particular class of operators known
as weighted shifts. This is largely due to their flexibility in constructing examples in lin-
ear dynamics, operator theory, and its various applications. Over recent decades, numerous
dynamical properties of such operators have been thoroughly examined and described [1],
2], [3] [4], [10], occasionally even before these properties were fully understood in broader
contexts. Specifically, in [5] and [6], the authors advanced this field by offering detailed
analyses of chaotic properties.

We consider chaotic properties such as

Topologacal transitivity = Hypercyclicity = Li—Yorke chaos

Frequent hypercyclicity = Hypercyclicity <  Chaos

In Section 1 we consider chaotic properties of weighted shifts on (non-separable) Hilbert
space and ivestigate some conditions under which the operators are Li-Yorke chaos. In Sec-
tion 2 we construct a dynamic system based on these operators to model the price behavior
of financial securities. This application demonstrates the practical relevance of chaotic dy-
namics in economics, where security prices often exhibit irregular, unpredictable fluctuations.
This study bridges the gap between abstract operator theory and applied financial modeling,
opening new avenues for both mathematical and economic research.

1 BACKWARD SHIFTS FOR BANACH SPACES

Let X be a metric space and 7" be a continuous mapping 7": X — X. T is called topo-
logically transitive if, for any pair U, V, (U # @, V # &) of open subsets of X, there exists
some integer k > 0 such that T*({U) NV # @.

A sequence of closed subspaces (X,,) of a Banach space X is called a Schauder decom-
position of X if every element x € X can be expressed uniquely as a sum of elements from
these subspaces

r = ka, x, € X, (1)
k=0
and the series (1) converges in X. A Schauder decomposition (X,,) is unconditional if (1)
converges unconditionally.
In [2], it was pointed out that a criterion for topological transitivity, analogous to that
for hypercyclic operators [1, 7], can be formulated.
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Theorem 1. (see for the proof e.g. [8]). Let T' be a bounded linear operator on a Banach
space X (not necessarily separable). Suppose that there exists a strictly increasing sequence
(ng), limy, o nk, = 00 of positive integers for which there are the following:

(i) A dense subset Zy C X such that T"™(x) — 0 for every x € Zy as k — oc.

(ii) A dense subset Yy C X and a sequence of mappings (not necessary linear and not neces-
sary continuous) Sy: Yy — X such that Si(y) — 0 foreveryy € Yy and T™ o Si(y) — y
for every y € Yy as k — oc.

Then, T is topologically transitive.

We consider an infinite-dimensional (may be non-separable) Banach space X which ad-
mits an unconditional Schauder decomposition to Banach spaces X, &k = 0,1,.... Let
(Ji)52; be a sequence of injective maps Jy: X1 — Xi with dense ranges and ||Ji|| = 1.
We have the following shifts of spaces X}, under maps .Jj:

J J Jn
0— Xp¢— X <2 o = X,

Let us construct a weighted backward shift operator (associated with a Schauder decom-
position (X,) of X ) by

T(x) = wedr(x), (2)
k=1
T (ZL‘Q,QS’l, R N ) — (wljl(asl),wng(xg), e ,wan(xn), .. .),
where (wy) is a sequence of positive numbers with sup, wy < oo.

Theorem 2. ([9]) Let X be a Banach space that can be represented as an unconditional
Schauder decomposition into Banach spaces Xy, k = 0,1,... and T a weighted backward
shift, defined as in (2). Assume that the following conditions are satisfied

(i) The weight constants wy, are such that

lim sup H Wk = 00.

(ii) There is a dense subspace FEy C (J1) C X, such that for every x € Ey the set
{Jito o Jii(z), neN}

is bounded in X.

Then the operator T defined by (2) is topologically transitive.
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2 CHAOTIC PROPERTIES OF WEIGHTED SHIFTS

Let (H,)>, be a sequence of Hilbert spaces. In this paper, we assume that each H,, is
nontrivial, meaning H,, # {0} and may not necessarily be separable.
Assume that for all n and m, the spaces H,, and H,, are isomorphic. We define ¢5(H,) =

05((H,)2,) as the Hilbert space consisting of elements © = (zg,x1,...,Zp,...), T € Hy
oo 2

endowed with norm ||z|| = (Z ||xl||2) :
i=0

Let (w,) be a sequence of positive numbers, referred to as weights. Additionally, let us
fix a sequence of isomorphisms J,, : H,, = Hy,_1, ||Jm|]| = 1, m € N. An operator

T: Eg(Hn) — fz(Hn)

will be called a backward weighted shift (with respect to the family (J,,)) with weight sequence
(wp) if it is of the form

T(x) = (wiJi(x1), wado(22), . s Wi I (Tim), - - -)-
We will need the next corollary which is proved in [12].

Corollary 1. ([12|) Let (H,)22, be a sequence of Hilbert spaces and T: l5(H,,) — {2(H,,)
be a backward weighed shift with respect to (J,,) and with positive weight sequence (wy,).
Let us suppose that

sup [ [ 17211 < oe. (3)

meZy n=0

Then the following are equivalent:
(i) T is topologically transitive.

(ii) There exists a non-trivial T-invariant (separable) closed subspace Y C {5(H,) on which
the restriction of T to Y, T" : Y — ), is hypercyclic.

(iii) The restriction T' : Y — Y to any T-invariant (separable) closed subspace Y C {5(H,,)
which contains non-zero vectors of the form (0,...,0,x,,0,...), z, € H, for every
n € Z., is hypercyclic.

(iv) lim suprk = 00.
k=1

n—oo
Let T : X — X be a bounded linear operator acting on topological space X
Definition 1. The operator T' is

- Li-Yorke chaotic if there is uncountable set U C X, called scrambled set, such that for
cach x,y € U, v #y, lim [[T"(x) = T"(y)|| =0
n—oo
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- Hypercyclic if there is a vector x € X for which the orbit under T, Orb(T,x) =
{x,Tx,T?z,...} is dense in X. Every such vector x is called a hypercyclic vector of T.

- Frequently hypercyclic if T admits a frequently hypercyclic vector x € X such that for
(1<nsNT(@)eU} o
5 :

each non-empty open subset U of X, lim
N—o0

1. Li-Yorke Chaos.
An operator T is Li-Yorke chaotic if there exists an uncountable set S C ¢5(H,,) such
that for any =,y € S, z # y, (points are not asymptotic), limsup ||7"(x —y)|| > 0 (points are

n—o0

proximal). For the weighted shift 7', we note that the weights (w),, control the growth/decay
n
of iterates. If Hwk — 0 or diverges, then the distance between certain points can oscillate,

i=1
fulfilling the conditions for Li-Yorke chaos. The isometries .J,,, preserve structure, allowing T’
to meet the chaotic requirements under appropriate w,. So, we can state the next theorem.

Theorem 3. Let (H,)22, be a sequence of Hilbert spaces. An operator
T: ly(H,) — (2(H,)
T(x) = (wiJi(x1), wado(2), . o s Wi (Tm), - - -)
is Li-Yorke chaotic
Proof. For any x = (1, s, ...) € l2(H,) the action of T is given by
T(z) = (wJi(z1),wada(T2), o, Wi (Tm), - - ),
then the n-th iterate 7"(z) is
(%) = @n (), st Jnsa (s ).
with norm

0 1/2
[T ()| = (Z wzlle(mk)Hz) :

For vectors x,y € {5(H,), consider z = x — y. The norm satisfies

0 1/2
117 (2)[| = (Z w/?HJk(zk)HQ) :

The weights (wy) and the dynamics of Ji (3) can ensure such behavior that |77 (z)|| alternates
between being arbitrarily small and bounded away from zero, depending on the decay or
growth of the weights (wy)

We can constract uncountable set S C ¢3(H,,) with the properties by leveraging the
oscillatory behavior of T' iterates. Choose S as a subset of (5(H,) with coordinates that
exhibit chaotic pairing behavior under 7.
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This typically involves specific properties of (w,) and the shifts J,, to create a scrambled

set where the required, using the colorally 1 we will have that if lim sup H wr = o0 the norm

of T™(x) for certain vectors x grows arbitrarily large for some iterations n This ensures that
the separation condition for a scrambled set limsup ||7"(z — y)|| > 0 is satisfied.

n—oo
So,
limsup ||T"(z — y)|| > 0,
N0
and
liminf [|7"(z — y)|| =0
n—oo
conditions are satisfied. Thus, T" is Li-Yorke chaotic. O
2. Chaos.

An operator T is chaotic if there exists a dense set of periodic points.

It is hypercyclic (there exists x € ¢5(H,,) such that {T™(x) : n > 0} is dense in ly(H,).
For proving of we need find x whose iterates under T" approximate any = € ¢5(H,) and show
density of periodic points by solving 7" (z) = x for suitable x € X.

For = € (3(H,,) we define periodic sequences x;, such that only finitely many coordinates
xy are nonzero. These sequences are in ¢5(H,) and are clearly periodic under 7. The set of
such periodic points is dense in ¢5(H,,) because any vector in ¢5(H,) can be approximated
arbitrarily closely by a vector with finitely many nonzero coordinates.

So, the operator T' satisfies both conditions for Li—Yorke chaos that an uncountable
scrambled set .S exists due to the oscillatory nature of norms under 7. The set of periodic
points is dense in ¢5(H,).

3. Frequent Hypercyclicity.

An operator T is frequently hypercyclic if there exists x € f5(H,,) such that for every
open set U € l5(H,), the set {n > 0:T"(x) € U} has positive lower density.

For proving this statement we need to note that weighted shifts, the growth of (w,)
ensures the existence of frequently hypercyclic vectors x.

Construct x with nonzero components in H,, that balance the effect of weights.

3  DYNAMIC SYSTEMS FOR MODELING OF SECURITY PRICE.

In this section, we will consider two examples of dynamic systems in the securities market.
Let us begin with the definition of a discrete dynamic system.

Definition 2. A (discrete) dynamical system is a pair (X,T) consisting of a metric space
X and a continuous map T : X — X.

Sometimes we will simply call T : X — X a dynamical system.

Example 1. (Effectiveness of securities).
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We assume to be given by the value C,, (security price) at discrete times n = 1,2, ....
In a simple model the security price at time n + 1 will only depend on the security price at
time n. The effectiveness of securities is then described by a law

Cn+1 :T(Cn), n = 1,2,...
where T is suitable map. It follows that
Co=(To---0T)(Cy) n=12,...

with n applicants of the map. Thus the behavior of the security price is completely deter-
mined by the initial price C'; and the map 7'

Now we consider the proportional change of security price.

Let C), be purchase price of the securities, C, 11 be sale price of the securities and period
of timen=1,2,....

We suppose that the value C,, of a price changes proportionally to its actual value, that

is follows the law
CnJrl - Cn

o =7

where 7 is effectiveness of security, v > —1.

n>1

One may write this equivalently as
Cpp1 = (L +7)C,
so that the corresponding dynamical system is given by
T:Ry—»Ry, Tx=(1+n~)x.
The orbit of x € R, can be calculated explicitly as
Orb(z,T) = {(1+ )"z : n > 0}.

Thus, the orbit tends to 0, x and oo for —1 < vy < 0, v =0 and v > 0, respectively.
The orbit of x € R, under the map T'(x) = (14 )z is not generally dense in R, Instead,
the orbit describes specific behavior depending on the value of « such that

- For v > 0 the orbit grows unbounded as n +— co, and it is not dense in R because it
tends towards infinity.

- For v = 0 the orbit remains constant Orb(z,T") = {z}, which is a single point, so it is
not dense.

- For —1 < v < 0 the orbit tends to 0, n — oo and again, it is not dense because it
converges to a single point.
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Example 2. (The change in behavior of security prices and dividends).

To consider the behavior of an individual security in the context of a dynamic system,
we represent it as a chaotic dynamic system in which the security price and dividends are
time-dependent variables.

Let us assume that at time ¢ — 1 the purchase price of a security is C;_; and at time ¢
the security is sold at the price C;. During the period ¢, accrued dividends D;. Then the
rate of return R; for the period ¢ can be represented as

G+ D —Ciy

B C

This value reflects the return over one time period ¢, which takes into account both the
increase in the value of the security itself and the dividends received.

Let the prices C; and dividends D; change over time and their behavior depends on
previous values. Then we can describe them using a dynamic system, where the state at
each step is determined by the state vector X; = (Cy, D;), and the evolution of this system
over a time period is modeled by the operator T', which goes from state X; ; to X;

Xy = T(Xi1),

where the operator T determines the change in price and dividends as a result of the influence
of market factors.

To model the chaotic behavior of the system, we can choose the operator T so that
the orbit of the system is dense in the space of possible states. This can be done if the
operator T is nonlinear and depends on random factors that model market changes, such as
economical-financial indicators. For example

f(ct—la Dt—17 gt)v

T(X, )=
( tl) { g(Ct—laDt—laEt)

where f and ¢ are nonlinear functions that take into account the interdependence of prices
and dividends, and &; is a random variable that adds stochastic market influence.

The addition of random parameters introduces stochasticity into the previously deter-
ministic model. These random parameters represent external market influences such as
economic shocks or financial news. This example demonstrates how these systems can be
extended to incorporate real-world randomness without losing the fundamental chaotic prop-
erties. Specifically, the random operator remains consistent with chaotic principles, as the
small perturbations caused by preserve the sensitivity to initial conditions and dense orbit
structure, thereby modeling real-world financial data more effectively.

Thus, this system acquires the properties of a chaotic dynamical system with a dense
orbit, since the values of C; and D, change depending on previous states and random influ-
ences. This approach allows modeling complex market dynamics and assessing the average
efficiency and risk of a security under uncertainty.

Let the price of a security at time ¢ be denoted by C;. We can assume that the price
dynamics are a function of previous prices, accrued dividends, trading volume, and other
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market factors. Then we will consider the sequence of values (C}) as elements of the vector
space (5.
Let T be a shift operator that acts on a sequence of prices (C}) as follows

(TC) = aCi_y + BC, +vCyp1 + €4,
where

- «, B and v are parameters that adjust the linear combination of prices at different
points in time,

- &; 1s a small random variable that takes into account the randomness of market factors.

The inclusion of the random element e; adds chaos to the system, and even a linear
operator with a shift can generate complex dynamics.

For an operator to be hypercyclic in the space /5 the coefficients must contribute to the
operator’s orbits being dense in that space. One known way to ensure hypercyclicity of a
shift operator in the space /5 is to choose coefficients that provide sufficient stretching and
shifting of the sequences of values C; in space, as well as sensitivity to initial conditions.

Consider the operator T' for sequences in /5 of the following form

(TC)t = Oéct_l + 60 + ’)/Ot_H + Et,

where «, 3, v is the coefficients that we choose ¢; is a small random component.
For hypercyclicity in the space /5 in particular for the shift operator, the following con-
ditions are important

1. Zero coefficient at C;. It is important that the operator has no constant component
(i.e., no fixed value at Cy, as this can limit the dynamics of the operator. Therefore, we
set B = 0. This allows the operator to act as a “shift" by one position in the sequence.

2. Nonzero values of a and . The coefficients o and v must be nonzero and have values
that do not converge to zero or a stable value. For example, if we choose o = 1 and
~v =1 the operator will expand the orbit of the sequence in both directions.

3. A small random component ;. Adding random fluctuations ¢; depending on time ¢
provides sensitivity to initial conditions. This guarantees that the sequence can reach
different states in the space f5 are bounded stochastic variables introduced to account
for minor unpredictable fluctuations in the financial markets. Practically, this means,
that by adding small random fluctuations, the system can explore a wider range of
possible states within the space. This enhances the model’s ability to capture rare or
extreme market events (exogenous shock) that deterministic models might overlook.

Thus, for a hypercyclic operator in the space ¢ we can choose the following values of the
coefficients
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Then the operator will have the next form
(TC)t = thl + Ct+1 + &t

This configuration with a random perturbation ¢, will allow the operator to generate a
dense orbit in the space /5, and will also provide sensitivity to initial conditions, which is a
necessary property for hypercyclicity.

To evaluate the norm of operator T' in the space {5 by the formula

1Tl = sup [ITC],
Cely,||Cl=1

Z |Cy|? is the norm of the sequence C.
t=1
For the operator T defined by the following form

where ||C|| =

(TC)=Cio1 +Crp1 + &4

the norm con be calculated by considering the contributions from the terms C;_1 and Cy,.
The random component ¢; is typically small and bounded, so its contribution to the norm

is negligible for estimation purposes.
Then

o0

ITCIP =Y WTC)P = [Cit + Coa + .
t=1

t=1

Expanding the square and ignoring higher-order terms of €;, we get

ITC|]* ~ Z(|Ct_1|2 +1Ca?).

t=1

We use the shift properties of sequences in Hilbert space {5

DY G =) I =C|? =1;
t=1 t=1

2) Y Gl =C? =1.
t=1
Thus
ITC|* = 2| C|* = 2,
1T = v2.

We consider the classical Black-Scholes model [11]. This model is used to evaluate the
value of financial derivatives, such as options

C = SoN(dl) - KG_MN(CZQ),
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where C' is price of the option, Sy is current price of the underlying asset, K is strike
price of the option, ¢ is time to maturity, r is risk-free interest rate, N(d;) and N(dz) are

cumulative distribution functions of the standard normal distribution. The parameters d;

S o2
and dy are defined as d; = m(yo);r#’ ds = dy — 0\/t, where o represents the volatility of

the underlying asset.

The Black-Scholes model is primarily used to price financial options and provides a
theoretical framework for understanding the relationship between key financial variables.
This model is based on the assumption that the price of the underlying asset. follows
a geometric Brownian motion. Utilizes stochastic differential equations to describe price
dynamics. Designed to price derivatives, specifically European options, rather than modeling
the dynamics of the asset price itself. Focuses on determining the fair value of options
based on risk-free rates, volatility, and time to maturity. The dynamics model with a shift
operator views the price sequence C; as elements of the vector space {5, emphasizing time
series representation. Assumes that prices are influenced by a linear combination of past,
current, and future prices, with parameters «, 3, v determining the weights. Includes a
random component ¢; to account for market randomness. Primarily focuses on modeling the
asset price’s behavior directly rather than pricing derivatives. The Black-Scholes model is
the best suited for pricing derivatives like European options or conducting risk analysis in
derivative markets. Model with a shift operator is flexible in incorporating market-specific
factors. Ideal for studying the behavior of asset prices, identifying trends and forecasting
future price movements.

Conclusions In this paper, we have explored the chaotic properties of weighted shift
operators on (non-separable) Hilbert spaces. Specifically, we investigated conditions un-
der which these operators exhibit Li-Yorke chaos. Our study examined various structural
aspects of the operators that contribute to their chaotic behavior, emphasizing the inter-
play between the weights and the underlying Hilbert space. Furthermore, we constructed a
chaotic dynamical system to model the behavior of security prices. The study bridges the
gap between abstract operator theory and applied financial modeling. The chaotic properties
of weighted shifts effectively model irregular price behaviors in financial securities. Introduc-
ing stochastic parameters aligns the model with real-world data without compromising its
chaotic structure. This work provides new insights into the relationship between operator
theory and dynamic systems, offering a foundation for future research in both mathematical
and applied contexts.
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Hosocax 3.I'. Xaomuuni dunamivki cucmemu onepamopie 3cysy ma ix 3acmocysarts 6
exonomiyi // Bykosunchkuit mareM. xypuasa — 2024. — T.12, Ne2. — C. 37-48.

Y cTaTTi AOCTiIKYIOTHCS Xa0THIHI BJIACTUBOCTI OIEPATOPIB 3BA2KEHOT0 3CYBY, SKi JII0TH Ha
(HecenapabesibHOMY ) TLIBOEPTOBOMY IIPOCTODI, 10 € OJHUM 13 BasKJIUBHUX 00’€KTIB y Teopii 1u-
mamivaux cucrem. Ocob/mBy yBary mpuIijieHO aHAJI3Y YMOB, 3a SIKUX TaKi OMEPATOPU MOXKYTh
OyTH TOMOJIOTIYHO TPAH3UTUBHUMU, TIIEPIUKJIIYHAMA 1 9acTo rimeprmkiaiganvu. Kpim Toro,
nocrimkeno denomen xaocy Jli-Mopka, skuit mepeadadae icHyBaHHs He3/IUCHHIX MHOKIH TO-
YOK i3 XaoTH4HOIO moBeiHKo opbit. Ile mo3Bossie rmbiie 3po3yMiTu NPUPOIY AMHAMIYHUAX
CHCTEM, IO XapaKTepU3yIThCsl HEPEryJIsipHICTIO 1 Hellepe0adyBaHICTIO.

Y cTaTTi BUCBITJIIOIOTHCS, SIK PI3HI BJIACTUBOCTI OITEPATOPIB 3BaKEHOI'0 3CYBY BILIUBAIOTH HA
TXHIO JITUHAMIYHY TTOBEJIHKY, PO3IVISIAI0YH B3a€MO/III0 Mi2K BaraMu OIlepaTopa Ta CTPYKTYPOIO
6azoBoro mpocropy. s imocTpariil 3amporoHoBaHO ABa MPUKJIAAN TUHAMITHIX CHCTEM, SKi
MOYKHA, BUKOPUCTOBYBATH JIJIsT MOJIETIOBAHHS TOBEIIHKY IiH Ha (pinancoBux pmukax. [leprrmit
npuKJIaj 6a3yeTbesl Ha MPOCTIN JIHIAHINA Momesi, Je 3MiHa I[iHU IPOIOPIiiHa IIOTOYHOMY 3Ha-
genno. [lobymoBana opbiTa B IbOMY MPUKJIA] B 3araJlbHOMY BUIIAJKY HE € IJIBHOI. ¥ JIPy-
TOMY TIPHUKJIAJ] MOJEJIOETHCA OIIBIN CKJIA/IHA CHCTEMA, KA BPAXOBYE 3aJIEXKHICTH 3MIiHU I[iHU
BiJl TomepeHix 3HaYUEHb, AUBIAEHIIB Ta BUIAIKOBUX (DAKTOPIB. ¥ IHOMY KOHTEKCTi OmmepaTop
3Ba’KEHOT'O 3CYBY BiJIirpa€ KJIIOYUOBY POJIb, JO3BOJISIOUN CTBOPUTHU TIHEPIUKIIUHY JTUHAMITHY
CHCTEMY, 3aTHY aJIeKBATHO BiJ00OpaKaTh XA0TUIHY MTOBEJIHKY IIiH.

3acrocyBaHHs Teopil xaocy m0 (biHAHCOBUX PUHKIB € OCODJMBO aKTYAJbHUM, OCKIIBKH II€
JIO3BOJISIE BPaxXOBYBATH CKJIAIHY JWHAMIKY, HEJIHIAHICTH Ta BIUIMB BHUIIAIKOBUX (PaKTOPIB HA
miroBi 3minu. BukopucTamHs Takux MOjesieil MOXKe JOTIOMOITH iHBECTOpaM Kpale po3yMiTu
MIPUPOJIy PU3MKIB, 3HAXOJUTU MOXKJIUBOCTI JIJIsi IHBECTHINHN Ta MpUIMATH OiIbIT OO PyHTOBAHI
pimeHHs B ymMoBax HeBu3HadeHOCTi. OTpUMaHi pe3y/bTaTh MAKOTh TAKOXK BAaXKJINBE 3HAYEHHSI
JIJIsE TTIPOKOTO CIIEKTPA HAYKOBUX JOCJII/IZKEHD Y TAJy3sgX MATEMATUKHU, (DI3UKU Ta €KOHOMIKH,
Jle BUBYEHHSI Xa0TUYHUX BJIACTUBOCTEN CUCTEM € TIEHTPAJILHUM JIJIsi PO3YMIiHHS TXHBOI TOBETiH-
KH.
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Muxaitio I'opagit, Cepriil 'orolIKEBUY!, OJIEHA KAPJ/IOBA?

AcuMOTOTHYHA IMIIBHICTD HEINACJINBUX YHCEJ

g marypasnabaoro duciaa n € N po3rigneMo cymy KBaJaparis ycix itoro nudp i no3nadnmo
iT wepes S%(n). Mokmagemo To(n) = n, Ti(n) = S%(n), ..., Tri1(n) = T1(Tk(n)) ana k > 1.
Yuc/io n HA3UBAETHCs MIACAUBUM, AKIIO icHye k > 1, take, mo Tx(n) = 1. Inaxie, aucio n
Ha3WBAETHCSA HEMACTUBUM. Bimomo, 1110 11 KOKHOI'O HEIMACIUBOrO 9ucia N icHye take k > 1,
wo Ti(n) € C = {4,16,37,58,89, 145,42, 20}. dkmo ¢ € C, To Mu KaxKeMO, 110 HEIIACIUBE
4YUCJIO N € c-HewacauBuM y Bunaiaky, ko T (n) = ci Typ—1(n) € C nua nesikoro k > 1.

B nmamniit poboTi JOCTIIKY€ETHCS MIIBHICTE c-HeImacauBux ancesi. OIepKaHo OIiHKY Ha, BEpX-
HIO Ta HUKHIO ACHMITOTUYHI IILILHOCTI C-HEMIACIUBUX YHUCEN Ta JIOBEJEHO, IO HATYpPaJTbHOL
MILTHHOCTI HEMIACTIUBUX YHUCETT HE iCHYE.

Karwuosi crosa i ppasu: m@acausi 4ucia, alpoOKCUMAaTHBHA IIILHICTD, nudpoBi (yHKIII.

! Yeprisennkuit Hanmionagpanii yaisepcurer imeni FOpia @empkosmda, YKpaina;
2 Yuisepcurer SIna Koxanoscbkoro B Kesbiax, Iosbina
e-mail: o.karlova@chnu.edu.ua

1 MOTUBAIIS I TOCTAHOBKA 3A/IAYI

Yepes N My nmo3zHagaeMo MHOXKHUHY BCiX HEBiJI €eMHUX ILInX ducest. Ilix inmepsanom I =
la, b] Mu posymiemo muokuuy {n € Ny : a < n < b}, a,b € R. Cumosom |I| noznagaernes
HOTYKHICTb, TOOTO, KIILKICTb HIJIMX Yuces B inTepsai [.

s warypanbroro gucia n € N gepe3 w(n) mu GygemMo mo3HaYaTH KiIBKICTH 1udD
Loro uncia. Hexait

w(n)—1
n= Y 10",
k=0

,H‘ebkE{O,...,g},i

Jlani, mokJiaiemMo
To(n) =n, Tl(n) = SQ(n), ey Tk+1(n) = Tl(Tk<TL)) JJId k 2 1.

OsnadenHda 1. Yucno n HA3MBAETHCs wacausum, Ko icaye k > 1, take, mo Ti(n) = 1.
[HakiIe, 9uC/I0 N HABUBAETHCI HEULACAUCUM.

(©) Muxaitzo Topgeit!, Cepriit [opomkesna!, Onena Kapmosals?, 2024
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Puc. 1: HlacauBe mepeBo

Ho6pe Bigomo [4], mo g KOKHOrO HEmacauBoro HarypaJjbHoOro 4ducia n icaye k € N,
take, o T;(n) € {4,16,37,58,89,145,42,20} nng seix | > k. [oznadnmo

C = {4,16,37,58,89, 145,42, 20}.

Oznauennsd 2. fkmo ¢ € C, 1o anciao n € N\ C' HazBeMo c-newacausum, sSKIo ICHye Take
keN, mo Ty(n) =ciTy_1(n) &C.

st inrepsany I depes d([) mO3HAYUMO WIABHICG WACAUBUT “HUCEA B IIHOMY IHTEPBAJI,
a anst ¢ € C gepe3 d.(I) MO3HAYNMO UWIADHICMD C-HEULACAUBUT “UCEA B TIHOMY IHTEpBAUI,
TOOTO

_ H{n €1 :nemacmmsum}| _ Hn el :necnemacmpum}|

d(I) = ,de(I)
1] 1|
Axmo I = [1,100], To (mue. puc. [1]i[2)
d(I) =0.2,d4(I) = 0.05,dy6(I) = 0.05, d37(I) = 0.19, (1)
dss(I) = 0.03, dsg(I) = 0.56, dys(I) = 0.02, dss (1) = 0, dao(I) = 0.02. (2)

BiacTHBOCTSIM TACIHBHX YHCes NPUCBSIYeHA HU3KA POOIT MaTeMaTHKiB (AHMB. ONJISIO0BY

crarTio [3] 1 BKasamy Tam jireparypy). Onun i3 HAIPSMKIB BUBUCHHS BIACTHBOCTEHl MIACIn-
BUX YHCe] OB A3aHUA 3 IX aCHMITOTHYHOIO IILILHICTIO.

Oznauennda 3. Hexaii n € N i P — gesika Baactusicts Hatypaabaux gucesi. Iloznagmmo
P(n) ={k € [1,n] : k mae racrusicts P}. Toxi

® GCPITHDONW ACUMNINOTNUYHONO Uﬂ/L’bHicmm YHCeJI 3 BJAACTHBICTIO P HA3HBAETHCI THCJIO

- —|P
dp = T (202
n—oo n

?

VIIK 511.174
2010 Mathematics Subject Classification: Primary 11B05; Secondary 11A63.
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® @
@
@

Puc. 2: Hemacausl yucaa

® HUNCHDOW ACUMTIMOMUYHON0 wi/zbm'cmm qHCEJI 3 BJAACTHBICTIO P HA3HBAETHCS IHCJIO

[P(n)]

ap aim
n—oo n

® HAMYPAALHOW ULALHICMIO YHCEJT 3 BJAACTUBICTIO P HA3UBAECTHCS IHCJIIO

P
dp = 1im 120
n—oo n

)
SKIIO TaKa T'PAHUIT ICHYE.

ko P — 1e BJIacTUBICTh Yncja OyTH MACTUBUM, TO JIJIS BEPXHBOI 1 HUYKHBOI aCUMIITO-
THYHEX IIIBHOCTEeH Ta [ls HATYPaJIbHOI MILIBHOCTI MH BKHBATHMEMO IO3HAa4YeHHH d, d Ta
d, BinmosigHo. fdxmio ¢ € C'i P — 1e BJIaCTUBICTD YnCJIa OYTH C-HEIACJTHBUAM, TO JIJIsT BEPX-
HBOI 1 HUYKHBOI aCUMITOTHYHUX IIJILHOCTENR T4 JJIg HATYPAJIbHOI IIJIBHOCTI YUCEs 3 IIEI0
BJIACTHUBICTIO MH BXKHBATHMEMO IIO3HAUEHHS c_lc, d,. id,., BiAIOBiNHO.

B nactynniit nocainoBHocTi HaBoAThCst 3Havennst d(1), me I = [1,10"] npu n € [2,17]:

0.2,0.14,0.14,0.14,0.14,0.14,0.14, 0.15, 0.15, 0.15, 0.15, 0.14,0.14,0.13,0.12, 0.12.
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Pigapn Tait [2] nocraBus muranus, 9 iCHYIOTH OIIHKY 3BepXY 1 3HU3Y JJisi HATYPAJTbHOI
mibHOCTI macauBux uucest? Y 2013 poni I'inmep [I] aaB Bigmosiae Ha e nuTaHH i TOKA3aB,
O HATYPaJbHOI IMLIBHOCTI MACIUBUX YUCEST He ICHYE.

Teopema 1 (Gilmer). Bepxusi ta HHXKHsI ACHMITOTHYHI IIIBHOCT] H[ACTABAX HCEJ 3310
BOJIBHSIOTH HEPIBHOCTI

d>0.18577 i d<0.1138,

OT>Ke, HATyPaJbHOI HIiILHOCTI d He ICHYE.

Y Tabmauii HUZKYe HaBeJeHO 3HaiineHi Hamu mIbHOCTI d.(I) yCiX c-HemacauBux Yucest
s koxkuoro ¢ € C' B inrepBanax [ = [1,10"] npu n € [2,38]:

102 | 10? 10% 10° 108 107 108

dsy || 0.05 || 0.066 || 0.0657 || 0.06415 || 0.0063389 || 0.0630127 || 0.0601596
dig || 0.05 || 0.096 || 0.1097 | 0.10335 || 0.102019 | 0.100479 || 0.0983845
ds7 || 0.19 || 0.207 || 0.2202 | 0.20607 || 0.199803 | 0.193805 || 0.186994
dss || 0.03 || 0.054 || 0.0464 | 0.04545 || 0.046789 | 0.0455119 || 0.0451608
dso || 0.56 || 0.362 || 0.3628 | 0.38885 || 0.395517 | 0.40063 | 0.407542
diss || 0.02 || 0.051 | 0.0324 | 0.0274 || 0.02685 || 0.0288736 | 0.0317456
dyo 0 | 0.012 | 0.0132 | 0.011 0.00705 | 0.0051898 || 0.0048608
dso || 0.02 || 0.009 || 0.0054 | 0.00996 || 0.015512 | 0.0206129 || 0.0225954

ITpupoano BUHMKAE 3aa4ua 3HAXOYKEHHS OIIIHOK BEPXHBOI Ta HUIYKHBOI aCUMITOTUIHUX
MTTBHOCTEHN C-HEeIACTUBUX YUcesT [ KOKHOTo ¢ € (' Ta 3HAXO/ZKEeHHS HATYPaTbHOI MMiTb-
HOCTi d. B pa3si icuyBanHs. J{oCTiIKEeHHIO 1IbOI0 MUTAHHS TPUCBIYEHA JaHa pobOTa.

CrarTs mobyi0BaHa HACTYITHUM YUHOM. ¥ JIPYTOMY PO3JILIT HABOAATHCS HEOOXiTHI Teo-
PEeTHYHI BiIOMOCTi Ta OCHOBHI iJiel 3HAXOJKEHH OIIIHOK acCHUMTOTHYHMX IIiJIbHOCTeH. Mare-
MaTHYHHUI amapat JIis 3HAXO0XKeHHs OIIIHOK TM00YI0BaHU MLIKOM IOIIOHO 10 OPUTiHAJIBHUX
ineit Tuvepa [I]. Tperiit po3in micTuTh pesyabratu Ta 00poOKY KOMII'IOTEPHUX OOYUCICHb,
OTPUMAHUX aBTOPaMu. B 0CTaHHLOMY, 9YeTBEPTOMY PO3/IiIi (POPMYTIOETHCS OCHOBHA TEOPEMA.

PesyapraTu crarTi gomosiganucs TpetiMm criBaropoM Ha X VI JliTHik mkomi "ATA XVI:
Sub-Riemannian Geometry and Optimal Transport” (29.07-07.08.2024, Kosouasa, Ykpai-
HA).

2 TEOPETUYHI BIJJOMOCTI

Hexait z,, — Bumagkose n-mmdpose aucio, x, € [0,10" — 1]. Toxai obuncaeHHs: 3HaAYEHHS
BUIIaJIKOBOI Besinuuuu S?(x,,) piBHOCUIbHE IIIKUJAHHIO 1 Pa3iB IpajbHOro Kybuka 3 10-Ma
rpangmu Baprictio 0, 1,4, ..., 81 i 3HAXOIZKEHHIO cyMu YuceT, mo anaad. Ockinbku S%(z,)
€ CYMOIO N He3aJIeKHUX OJHAKOBO PO3MOJLICHHX BUIAIKOBHX BeawduH, To S*(r,) mocsarae
HOPMAJIBHOI'O PO3IMOMIIY P N — 00. 3ayBasKUMO, 110 I BHIIAIKOBOI BeJmdauHn € I Mae
MicTie piBHICTH

d.(I) = P(S*(z) € c-HemACEBAM THCTIOM).
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Hexait ;1 — maremMaTndHe CHOAIBAHHSA PIBHOMIPHO PO3MOLIEHOT BUIAJIKOBOI BEJIUYUHU

2

S%(z1) (To6TO, 06pasy BumaaKOBOI Hudpu) i 02 — ii cTamgapTHe BiAXuwIeHHd. Y HAIIOMY

BUNAJAKY j = 28.5 1 02 = 721.05.

Oszuavenns 4. Hexait A C N. Mu raxxkemo, mo gucao n € N € A-tumy, s[KIio icHye Take
k €N, mo Ti(n) € A.

3po3yMisio, 10 9UCI0 MACIUBe TO/ 1 TIABKH TO/1, KOJIH BOHO € unciaoM {1}-Tumy, a 9ucio
€ HEIACJUBUM TO/ 1 TLIBKA TOJI, KOJH BOHO € ducaom {4 }-tumy.

OcuoBuuit pesysabrar ['iMepa cTOCYETHCS ONMIHKA 3HU3Y HA BEPXHIO MILIBHICTH ducen A-
runy s A = {1} ta A = {4}. IIpu 1npoMy ofHNM 3 KJIIOYOBHX IOHSITH B Il Teopemi €
HOHATTS N-CTPOTOro iIHTEPBAJIY.

Oszuauennsd 5 ([I]). Hexaii n € N in:4. Iareppas I Ha3HBAECTHCST N-CTPOTHM, SIKIIO
e [ C 10" 10" — 1],
3n
o [I|=1074.
Hagegemo renep teopemy linmepa [I, Theorem 4.1].

Teopema 2. Hexait A C N — geska ckinyenna MHOKHHA, I{ — ni-cTpormii iHTEpBaJI, JI€
ny > 13 i dy — BepxHs miIbHICTD ycix dnces A-tuiy. Toi

- 2 4o
dA > dA(Il) - exXp (1 —1Qm/4 + ﬂ(l _ 10n1/8)) . (3)

3ayBakuMo, 10 B HAIIUX JOC/IIIKEHHIX MU HE MOYKEMO 0/Ipa3y BUKOPUCTATH TEOPEMY
linmepa mjisg OMIHKKM BEPXHBLOI IMILIBHOCTI, HAPHUKIAJM, 4-HEIACJAUBAX YUCE/I, OCKLILKHU I
qucya € A-tuny, ge maokuHa A Heckinuenna. Crpaii, Ui KOKHOTO HATYPATBHOTO IUCIA
c € C' ta gyucaa m € N po3rjigHeMO MHOKUHA

A(m) ={n € [1,10" =1\ C: S*(n) =c} i A.= | A(m).

O“IeBI/I,ZLHI/IM € HaCTYIIHE CIIOCTEepEeZKEeHH.

TBeppxkeuns 1. Hexaii ¢ € C. Ynciao n € N € c-HemacuBuM TOJI 1 TLIBKH TOII, KOJIH 1. €
A -rHimy.

Besnocepeinboio epeBipKoOI0 MU CIpaBAWInA, MO MeTo ] ['iMepa nparoe Takox i jijid
gucen A-tuny y BUIaJKy Heckindennol muoxkunu A. A came, mae miciie HacTynHuil hakr.

Teopema 3. Hexaii c € C, I; — ny-crporuii inrepaJi, ae ny > 100. Tomxi

2 . 44/721.05
1 —10m/4 ° \/285(1 — 10m1/8)

d, > d.(Iy) - exp
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JloBeienns 1€l TeOPEeMU JOCHTD IPOMI3JIKe 1 0a3YEThCS Ha JICKIIBKOX TEXHITHUX JIEMAaX,
MOSICHEHHA SKUX MOBHICTIO KOIIIOE TOBeJAeHHd |'iiMepa 3 THM YTOUHEHHAM, 10 MeTof ['ii-
Mepa HaBeJIeHHH JIJId YUCces B CUCTEMi YUCJIeHHS 3 OCHOBOIO b, a HaIlla IepeBipKa CTOCYETHCA
JIECATKOBOI cHCTeMHU. TOMY MM OITYCKaeEMO JIOBEJEHHS TeopeMH (3| B Mmiit cTaTTi, BiACHIAIOTH
auTada 10 opurinaabHoi poboru [imvepa [I].

OTKe, TS OMIHKU BEPXHBOI MILILHOCTI HEOOXITHO 3 JOTOMOTOI0 KOMII I0T€PHOTO MONTYKY
smaiita inTepsan I; C [0, 10™ —1], Ha sikomy miibHicTs do(])) 10CTATHBO BeTHKA, TOOY, Ty BATH
ni-ctporuii inreppaa [, takuii, mo d.(1;) > dc(fl) ta 3acrocysaru Teopewmy |3l s ominku
HU2KHBOI TILIBHOCTI HEOOXiTHO 3HAWTHU IHTEpBAJI I, C (0,10 — 1], HA FKOMY MILIBHICTH
d.(I) mocTaTibo Masa, HOGYIYBATH Ny-CTPOrHit inTeppan Iy, Takuit, mo di.(lr) > 1—d.(I5)
ta 3acrocyBaru Teopemy [3| (TyT depe3 dz. Mu HO3HAYAEMO MILIbHICTL yeix wmcest, ki He €
C-HeIACTUBUMH).

2.1 Crpori iHTEpBaJIA

OnuireMo HeCKJIAIHUR crocib mobyI0BU N-CTPOrUX IHTEPBAJIIB 3 JAHOIO MILIBHICTIO.

Jlema 1. Hexaii c€ C,n € N, ni4 i [ = [10", 10" — 1]. Toui icuye n-crporuii intepsau J,
raxuii, mo d.(J) > d.(1).

Josedenna. Pozib’emo inTepBas [ Ha HemepeTwHHI BiApi3Kn

3n 3n
=10+ (k—1)-104,10" '+ k-104 — 1],

3n n
: e L
taki, mo || = 104 gns xkoxkuoro 1 <k < N, ne N =9-104"", ra I = J, I
[Tosraummo 1epes my, KiJbKICTh c-HEMACIUBAX duces B iHTepBasi [j. 3ayBaskuMo, 1o

3n
dc<]k) = myg - 10_I
Ockinbu

N
> myp=d(I)- I =do(I)-9-10"",
k=1

To icHye Take k € [1, N|, mo

do(I)-9- 107!

mi N
Tomi

d.(I)-9-10"1 3n

e > A)9n0 102 4.,
9.104""

3BIAKHT

de(I) = 4 > delI)

104

Sanumuiaoch Hokjaacta J = I, O
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2.2 Aaroputm 3HAXOMKeHHS miijibHOCTEMH d.([)

[osnaaumo S = {0,1,4,9,16,25,36,49,64,81} i mexait P,,; = P(S*(Y,,) = i), ne Yy, —
Bumnaakose m-iudpose uncao. Tomi

|{<a17a27"'7am>:ak65i zalzl}}|
i 10 '

Jos dikcoBanoro m nocigosuicrs (P, ;)2; Mae renepyiody dyHKIIO

(1+x+x4+~--+x81>m
=0

10

3BiJCH BUIIMBAIOTH HACTYIHI PEKYyPEHTHI CIIBBIIHOIIECHHA 3 ITOYaTKOBIMH yMoBamMu Py =
1, By, =0mpuiecfF \{0},i

P 1i+ Py 11+ Pp_ii—a+- 4+ Pp_1is

P =
’ 10

(5)

Baysaxxumo, mo S%(z,) C [0,81m]. 3okpema, P,; = 0 npu i > 81lm. Bukopucrosyioun
neit pakT paszom 3 , MH OTPUMYEMO HACTYIHUH aJTOPUTM I TIBHIKOTO OOYUC/IEHHS
IUTLHOCTEH C-HelacAuBuX quce Ha inrepsasi [0, 10™ — 1].

AJITOPUTM OBYUCAEHHSA d.([) a4 [ = [0,10™ — 1]

1. O6uncauru 3uavenns P, ; g koxuoro i € [0,81m] 3a momomorono pekypentHoi ¢op-

MYJIH .

2. BukopucroByioun KoM oTepuuii mepebip, 3uaiitu muoxuny U,.(81m) ycix c-HermacauBux
guces Ha npoMmixky [0, 81m].

3. ObuucyguTn

di(I)= Y Pua

1€]0,81m]
i€Uea(81m)

3a JOMOMOr00 TIHOr0 AJITOPUTMY 3HAXO/KeHHsI TiibHOCTel d.(I) € 06IuCTI0BATBEHO MO-
JKJIMBUM JIJIST JIOCUTH BEJTUKUX 17

3 EKCIEPUMEHTAJIbHI JJAHI TA OLIHKA IILJIbHOCTE

Jlng ni4 nosHagumo

9 4y/721.05 ) | ©

5(n) = +

OnuireMo aJropuT™ 3HAXOIKCHH OIIHOK MILILHOCTEH Ha npukaaai ¢ = 4. 3a 10moMoromn
AJICOPUTMY 3 HOLEPEeJHbOro IyHKTY obuncisgeMo 3navenns dy(1,) ang seix n € [1, 1010900,
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Minimanbne 3Havenna dj' = 0.0436595 mocAraeTbed IPH Ny min = 770, MaKCIMaIbHe 3HAYe-
anst d)f = 0.0664854 10CATAETHCA TIPA Ny max = 2845. Jlai,

dy([107™,107 — 1]) = 0.043682,  d4([10%%*3,10% — 1]) = 0.066484433.

3 Jlemu [l| BumiuBag, o icuye 2844-ctporuii intepBaJt [, Takuii, 1o
dy(Iy) > 0.066484433.

Kpim Toro, ockiabku
d24([1071,107™ — 1]) = 1 — 0.0436595,

10 Jlema [I] rapanrye icuyBanns 772-crpororo inrepsary [;, Takoro, mo
dz4(I;) > 1 —0.0436595.
Host 6(772) Ta §(2844) maemo OniHKu

§(772) > 1 —107%,  §(2844) > 1 — 10734,

3sijzcn 3a Teopemoio [3| orpumyemo, 1110
dy > 0.0664844329,
d_# > 1 —0.0436594, 3Bi KM BUILIUBAE, IO
dy < 0.0436594.

Takum unHOM, JJ1s1 BHAXO/ZKEHHSI OIIHOK BEPXHBOI Ta HUKHBOI IIJIBHOCTI JIJIsI KOXKHOTO

¢ € C nam noTpi6Hi MakcuManbhe 3nadenns d mimsrocti d.(I,,) ma mpomixky [0, 10" — 1]

M
c

npu n € [1,10%] B Touni n}M ta, Bignosinno, miniManbue 3navenns d” miabnocti d.(1,) Ha
npomixky [0, 10" — 1] mpu n € [1,10%] B Touni n™ Ha ocuosi 3navens n™ ta n mu Gymyemo
Ny Ta Mg ~CTPOIl IHTEPBa/IM 3 BIINOBLIHOIO IIUIBHICTIO Ta 3HAXOJAMMO OLIHKHU JJId 5n1’0 Ta,
d(na,.). HaBememo yci meobxinmi gani ounciens y tabanni nmzkde ta Ha rpadikax miasnocreit

d(I).

c n™ | nM dm dM nycid || nod || do> d. <

4 770 | 2845 0.0436595 0.0664854 || 772 2844 0.066484 || 0.043660
16 || 121 || 333 0.0718532 0.12826 120 332 0.128228 || 0.071964
37 | 3110 || 160 0.1634 0.249115 || 3112 | 160 0.249114 || 0.163409
58 | 162 | 119 0.0331224 0.0661158 | 160 120 0.0660511 || 0.033270
89 | 164 | 3086 0.326582 0.432535 | 164 3084 0.432525 | 0.326571
145 || 403 || 10000 || 0.0133807 0.0482214 || 404 10000 || 0.048220 | 0.013383
42 | 5435 || 787 0.000630386 || 0.0189713 | 5436 | 788 0.018964 || 0.000631
20 || 235 | 6895 0.000651611 || 0.0280241 | 236 6896 0.028021 | 0.000654
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4 OCHOBHUN PE3VJILBTAT

Teopema 4. Hexaii d, Ta d. — 1le BepXHs Ta HUZKHS IIIIBHOCTI C-HeIACIUBUX THCE, BIAIO-
BiiHO, ¢ € C' = {4,16, 37,58, 89, 145,42,20}. Toxi

1. dy < 0.04366 < 0.0664 < dy,

2. dyg < 0.071964 < 0.128228 < dy,
3. dyr < 0.163409 < 0.249114 < dsy,
4. dss < 0.03327 < 0.0660511 < dss,
5. dgg < 0.326571 < 0.432525 < dsy,
6. dyss < 0.013383 < 0.048220 < du5,
7. di < 0.000631 < 0.018964 < dyo,

8. dyy < 0.000654 < 0.028021 < dy.

3okpema, He icHyE d,. g xogroro ¢ € C.
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Mykhaylo Hordei, Sergii Horoshkevych, Olena Karlova Asymptotic density of unhappy numbers,
Bukovinian Math. Journal. 12, 2 (2024), 49-59.

For a number n € N we consider the sum of squares of all digits of n and denote it by S?(n).
Let To(n) = n, Th(n) = S%(n), ..., Txr1(n) = Ty(Tk(n)) for k > 1. A number n is happy, if
there exists k > 1 such that Ti(n) = 1. Otherwise, n is unhappy. It is well-known that for every
unhappy number n there exists k > 1 such that Tx(n) € C = {4, 16, 37,58,89, 145,42,20}. If
¢ € C, then an unhappy number n is called c-unhappy in the case Ty(n) = ¢ and Ty_1(n) € C
for some k£ > 1.

By N we denote the set of all non-negative integers. We define an interval I = [a,b] as the
set {n € Ny : a <n < b}, a,b € R. Moreover, the symbol |I| stands for the cardinality (i.e. the
number of integers) of I.

Let n € Nand ¢ € C. We put P.(n) = {k € [1,n] : k is c-unhappy} and define the numbers
d., d. and d, as the following.

e Upper asymiotic density of c-unhappy numbers is

- P
L]
n—o0o n

e lower asymptotic density of c-unhappy numbers is

P,
d, = tim Ze0l
n—00 n
e natural density of c-unhappy numbers is
|[Pe(n)]

d, = lim =20
n—o0o n

if the limit exists.

Gilmer in 2013 answering a question of Richard Guy showed that the natural density of
happy numbers does not exist. Moreover, he proved that the following estimations hold

d>0.18577 and d < 0.1138,

where d and d denote upper and lower asymptotic density of happy numbers. It is natural to
ask if there exists upper (lower, natural) density for c-unhappy numbers for every ¢ € C.

In this paper we study density of c-unhappy numbers. We obtain estimations on upper and
lower asymptotic density of c-unhappy numbers and following the Gilmer’s arguments prove
that the natural density does not exist.
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HAIIIBI'PVYIIA CKIHYEHHUX YACTKOBUX ITOPA/IKOBUX
I3OMOP®I3MIB OBMEXKEHOT'O PAHI'Y HECKIHYEHHOI JITHINHO
BIIOPSIIKOBAHOI MHO>KIHU

Mu BuB4yaemMo asrebpuuni BiacTuBocTi HamiBrpynu (¥, (L) cKiHU€HHUX Y4aCTKOBUX IIODSIJI-
KOBHUX i30MopdisMmis panry < n HeCKIHYEHHOI JiHIHO BropsiakoBaHol MHOKuHK (L, <). 30Kpe-

Hoeneno, mo namisrpyna &%, (L) crifika Ta MicTuTh WiabHUN s imeastiB, a TaKoXK, 10 BC
KOHI'DyeHIlil Ha HamiBrpyi &%, (L) e kourpyenuismu Pica.

Karuosi crosa i pasu: THBepcHa HaIIBrpyIa, YaCTKOBE IIEPETBOPEHHS, YaCTKOBHIA TIOPSI-
KoBHil i30Mopdi3M, KORI'pyentis, BigHomenns I pina, criiika HamBrpyIa.

JIbBiBCHKMIT HarionaabHUi yHiBepcuTeT iMm. IBama @panka, YuiBepcurenbka 1, JIbsis, 79000,
VYkpaina (Cyrik O.B.)

JIpBiBChKUl HarjonasbHuit yHiBepcurer iMm. IBana ®@panka, Yuisepcurenbka 1, JIbsis, 79000,
Vxpaina (Iunexs M.P.)

e-mail: oleg. gutik@Inu.edu.ua (Tymix O.B.), maksym.shchypel@lnu.edu.ua (IQunesv M.P.)

VY 1iit mparni Mu KopucTyemocs Tepminosiorieio 3 monorpadiit 3, 4, 10, 12].

fxio BU3HAUEHe YacTKOBe BijoOpaxkeHHs: a: X — Y 3 MHOKMHIU X Y MHOXKUHY Y, TO
gepe3 doma i ran v OyjeMo MMo3HAYATH HOTO 004GCMb GUHAYEHHA Ta 00AGCTNL 3HAYEHD,
BinoBiHo, a yepes (z)a i (A)a — obpasu esementa z € dom av ta nigmuoxkuan A C dom o
[IPU YaCTKOBOMY BijoOpazkeHHi v, BimosigHo. Takoxk dyepes rank a 6yjiemo rmo3HadaT panr
9acTKOBOrO Biobpaxents «: X — Y, to6To rank a = | dom a.

dkimo S — HamiBrpyIa, To BU3HaYaTHMeMO BigHomenns | pina Z, L, 9, H i f# na S
TaK:

aZb rtoxi i mame roxi, ko aS' = bS!;

a.Zb o 1 nume to, ko Sta = Stb;
a_Z b roxi i e Toji, KOIu StaSt = S'bst
D=L oK=X0L;

H=LNXK.

VK 512.53
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(muB. osnavenus B [3, §2.1] abo [6]).

Bignomennst ekBiBajaeHTHOCTI R Ha HAIBrpyII S HABUBAETHCS KOHJ DYEHUIEN, AKIIO JIJIsT
esleMeHTiB @ 1 b HamiBrpymum S 3 TOro, IO BUKOHY€TbCs yMoBa (a,b) € R BHILIMBAE, IO
(ca,cb), (ad,bd) € R, nag Beix ¢,d € S. Bingnomenns (a,b) € K Takok OyJeMO 3alUCyBaTH
afb, i B IbOMy BHIAJKY Oy/JIeMO OBOPHUTH, IO esemenmu a i b e R-exsisarenmuumu. Ha
KOYKHIl HAIBIPYIH S ICHYIOTh HACTYITHI KOHI PYEHINT: yHisepcasvha g = S X .S ta odunuuna
(diaeonarv) Ag = {(s,s): s € S}. Taki KoHI'pyeHIIii HABUBAIOTHCA MPUGIAALHUMU. KOXKeH
JBobiuHMit iean [ HamiBrpynu S mopo/Kye Ha Hiit Korrpyentito Pica: Ry = (I x I) U Ag.

Hapasni gepes E(S) nosnadarnmeMo MHOXKUHY ifeMrnorenTis Hamsrpymu S. Hamisrpyma
1/IeMIIOTEHTIB Ha3UBAEThCs 6 A3K010, & KOMYTAaTUBHA, HAIIIBI'PYIIa 1JIEMIIOTEHTIB — Hani6s pa-
mxono.

dxmo S — mamirpyma, To Ha F(S) BU3HAUEHO YaCTKOBUIT MOPSIOK: € < f Togi i Jiuie
Tozi, ko ef = fe = e. Tak o3HaveHuit YacTkoBHil HOPsiIoK Ha F(S) HazuBaeThes npupoo-
HUM.

Hamisrpyna S nasuBaeTbes HE8epCHOI0, SAKIIO JIS JIOBLIBHOTO ejieMeHTa § € S icHye

1

eMHMi eeMenT s~ € S Takmit, mo ss ls = si s tssTh =57t [2]. B imBepcHiit HamiBrpymi

1 Ha3UBa€TbHCA iH6€pCHUM do s.

S BuUIlEe O3HAYEHUI €JIEMEHT S~
OzHaunMo BiJHONIEHHST < Ha IHBepCHI HAmBrpym S Tak: s < ¢ Tozi 1 JIuIIe TOMl, KOJIH
s = te, nysa gedxoro igemnorenta e € S. Tak o3HaveHUl YACTKOBUIl MOPSIOK HA3UBAETHCS
NPUPOOHUM HACKEOSUM NopAdkom Ha iHBepcHiit HamiBrpymi S [2]. O4eBniHo, 110 3BYKEHHS
IPUPOHOTO YaCTKOBOTO HOPSJIKY < Ha iHBepcHiit HamiBrpymi S Ha i1 B'sa3ky E(S) € npupo-
HIM YaCTKOBHM IOpsIKoM Ha F(S).
Yepes #(X) mo3HAYMMO MHOKUHY BCIX 9aCTKOBUX B3aE€MHOOJHOZHAUHUX II€PETBOPEHB

MHOXKUHA X Pa3soM 3 TAKOIO HAIBIPYIIOBOIO OIEPAITIEIO
z(af) = (za)f axkmo x € dom(af) = {y € doma: ya € dom B}, s o, 3 € .

Hanisrpymna . (X)) HaA3UBAETHCS CUMEMPUHHOIO THEEPCHON HANIE2PYNO0I0 aDO CUMEMPULHUM
ineepcrum monoidom Ha MHOKIHOIO X (muB. [3]). Cumerpudna iHBepCHa HAIIBIpyNa BBe-
nena B. B. Barnmepom y mpangx |1, 2| i Bora Bigirpae BazK/muBY POJIb y TeOpil HAIBIPYIL.
Hanaui, skmo mis «, 5 € S (X) Bukonytorbes ymosn doma C dom i (z)8 = (x)a qs
JioBiibHOTO € dom cv. TO Oysiemo tmcatu o C 3.

Hapauni 6yaemo BBazkaru, 1mo (L, <) — HeCKiHYeHHA JIHIHHO BIOPSIKOBaHA MHOXKHIHA.
s enementiB x,y € L ymoBy * < y i & # y 3anucyBatumMemo Tak: r < y. Eiaement a €
& (L) HA3UBAETHCS YaACMKOBUM NOPAIKOSUM 130MOPPI3MOM, SKIIO JJIS JTOBUIBHUX Tq, Ty €
doma 3 27 < 2y BuumBae (7)o < (29)a. Hosagk < — siHiiiHEI TOpPsIOK HA L, TO 171
a € J(L) i mus noBiibHEX T, T2 € dom a3 (x1)a < (x2)a BumBaE r1 < To. OUeBHIHO, 10
KOMIIOBUIIisT YACTKOBHX MOPSIKOBUX 130MOPdi3MiB JIHIAHO BropsiakoBanoi MHOKUHE (L, <) €
JaCTKOBUM IIOPSIIKOBUM 130MOp(izMoM, i obepHeHe 9acTKOBe BiAoOparkeHHs JI0 IacTKOBOIO
HOPSIZIKOBOTO 130MOP(I3My € 3HOBY YACTKOBHM IOPSIKOBUM i30Mopdismom. Hepes (L)
MMO3HAYNMO HAINBIPYIY BCIX YACTKOBUX MOPAJIKOBUX 130MOP(}I3MIB JTIHIHHO BIOPSIKOBAHOL
muokuan (L, <). OueBnjno, mo GF(L) — iHBepcHA HAMIBIpyNna CHMETPHIHOTO IHBEPCHOTO
MoHoIIa & (L) HaJ MHOKUHOIO L.
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Jutg TOBIJIBHOTO HATYPaAJILHOIO YHUC/Ia N BU3HATUMO
07, (L) ={a e OFL): |doma| <n}.

Oueu/tHo, 1m0 2%, (L) — iHBepCHA i IHATIBIPYIa CAMETPUIHOTO IHBEpCHOrO MOHOT1a (L)
Hay MuOxkuHOIO L. Hanani wanisrpymny €%, (L) OyneMo Ha3sUBATU HANIG2PYNON CKIHYEH-
HUT YACMKOBUT NOPAIKOSUT 130MOPPIZMIE paney < N AMHITHO 6NOPAIKOBAHOT MHONCUHU
(L, <). Hagauni sxmo erement « Hamirpynu (%,(L) Bimobpaxae 1y Y1, ..., Tk Y Yk, 1€
Ty Ty Y1, Y €L, 21 < --- <2k, Y1 < -+ < Yg, kK < Ny TO 3aIUCYBATIMEMO TaK;

1‘1 DY a’:k
Yoo YUk

[Topoxkne vacTkoBe neperBopents MHOKUHU L Oynemo noznadatu cumBosioM 0. OueBuHO,
mo 0 — mynb mamisrpynu &7, (L).

OjtHi€r0 3 KIACHIHUX 33124 TEOPil HAIIIBIPYII IEPETBOPEHD € JIOC/Ii/IZKEeHHST Oy I0BU HAITIB-
[Py IEPEeTBOPEHb MHOXKHUHH, sIKi 30epirafoTh CTPYKTYPY MHOXKHUHHU (T€OMETPI0, 9aCTKOBHUIL
HOPSIJIOK, TOTIOJIONIIO), 30KpeMa, KOJIH Il TIePeTBOPEHHSI € JIOKAJIbHIMEI, TOOTO YaCTKOBUME
eKBIBAJIEHTHOCTSIMHU (JACTKOBUMH 130METPisIMU, YACTKOBUMHE TIOPSIKOBIMHU 130MOPMhi3Mami,
JacTKOBUME ToMeoMopdizmamu, Toro) [5, 11]. V miit npari mu gociikyemo agrebpudsi
BJIACTUBOCTI HamBrpymu (2%,(L) CKIHYeHHHX YaCTKOBUX IOPSIKOBUX 130MOPMI3MiB 0OMe-
JKEHOIO paHry JiHiiiHO BropsakoBaHoi MHOKUHI (L, <). 30KpeMa onucaHo i i[eMIOTeHTH,
[IPUPOIHUIT YaCTKOBHII OPSUIOK Ta BinHomenns [ pina Ha 07, (L). loeneHo, 1o HaIBrpyma
07, (L) criiika Ta MICTUTD IIIIBHUI P 1/1€a1iB, & TAKOXK, 10 BCl KOHI'PYEHI] Ha HAIBIPYIi
04, (L) e xourpyennisimu Pica.

Jlema 1. Hexaii (L, <) — HeckiHYeHHA JIHIHHO BIIOPS/IKOBaHA MHOXKHHA. 1O/ JJIsT JIOBIJIBHO-
ro HaTypaJIbHOI'O ducJa k i JiIst JJOBIIBHUX X1, ... Tk, Y1, ... Yp € L Takux, mo x| < - -+ < Ty,
Y1 < --+ < Y ICHY€ €JQuHUIT 9aCTKOBHUI MOPsAKOBHIL i3oMopism «: L — L rtakwii, 1m0
doma = {xy,... 2}, rana = {y1, ... yx }. Biibie Toro, yacTkoBuii mopsijKoBHii i30Mopdizm
a: L — L Buznauaerncs tak: (x1)o = yq, ..., (Tr)a = yg.

Jlosedenns. Tlozasik (L, <) — miniiiHO BIOpsIKOBAHA MHOXKHHA, TO KOYKHA CKIHUCHHA IIijI-
MHO)UHA B (L, <) Mae HallMEHIHI eJIeMeHT. 3a IHIyKI[€I0 BU3HATAEMO YaCTKOBHI TOPSIIKO-
Buit isomopdism a: L — L tak: (z1)o =y, ..., (vr)a = yx. [lozagk muokuan {1, ... 2%},
{y1,...yr} ckindenHi, To Takuii YaCTKOBUIl TTOPSAIKOBUIT 130MOPMIZM (v € TMHMIA. O

Harasnaemo (9], mo mamsrpyna S Ha3UBAETHCs CMilikot0, AKIIO
(1) a,b€ S i3 SaC Sab summusae, mo Sa = Sab,
(2) a,be SizaS CbaS Bumsae, mo aS = bas.

Teopema 1. Hexaii (L, <) — HeckiHYeHHa JIIHIIHO BHOPSJIKOBAHA MHOXKHHA. 1011 j1/1s1 J10-
BIJIBHOrO HATypaJIbHOrO 4duc/ia n Hamisrpyna %, (L) e criiikoro.
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Jlosedernsa. Tlpumyctimo, 1o 1Jist JIesiKuX eleMeHTiB «, 3 € G, (L) BUKOHYETbCsT BKIIIOUEH-
HsT

alf,(L) C Bali?,(L). (1)

[Mosask €¥,(L) — imBepcHa HAIBrpyIa, To 3a Teopemoro 1.17 3 3] maemo, 1o
a¥,(L) = aa”ta¥,(L) i Balf,(L) = Paa B a7, (L),

a OTKe,

aa tas,(L) C paa ' a7, (L). (2)

3 Brurouenus (2) summbae, mo dom o C dom i dom v C ran 8. 3 Brimodenns (1) maemo,
1o icHye Takuit exement 7y € 4%, (L), mo

a = Bary. (3)

Hexait ranka = k < n i doma = {x1,..., 2%}, npudomy x3 < -+ < xp B (L, <). 3
pisuocti (3) Bummsae, mwo (z1)37 ' = z1, ..., (k)" = xy, ockinbku (L, <) — imiiino
BIODSIIKOBaHA MHOXKWHA, o, € OF,(L) iz < --- < xp B (L,<). OTRKe, OTpUMYy€EMO,
mo (z1)8 = x1, ..., (¥x) = xy, 3BiAKN BumIMBae piBHicTh v = [av. Tomi, ovyeBumHO, 11O
alf,(L) = pal?,(L).

HoBejiennst TBepzKeHHs, M0 3 BKyovyenuss O, (L)a C a,(L)af nua o, € 07, (L)
BuILINBaE piBHicTs OF, (L))o = OF,(L)af, anaoridge 3 TOIHICTIO JIO JLyaJbHOCTI. O

TBepmxkenns 1. (1) Henymposuii eqement « namisrpynu G, (L) € inemnorenTom Toi i

JIAIIIe TOJII, KOJIH (v — TOTOYKHE 9aCTKOBE I1EePETBOPEHHSI.
(2) o < B B GF,(L) Toxi i smime Toxi, ko o C f.
(3) aZp B OF,(L) Toxi i smme Tom, ko dom o = dom f.
(4) a2 B GF, (L) Toai i smime Toi, Ko ran o = ran f3.
(5) B B OF, (L) roxi i smmie Toxi, Ko o = 3.
(6) a2p B OF, (L) Toi i smmme To, ko | dom a| = | dom 3.
(7) 2 = 7 B GF,(L).

Jlosederna. Trepmkenns (1) 1 (2) BummBaioTh 3 o3HadeHHs HABrpynu (%, (L) ta onm-
CaHHs 17€MIIOTEHTIB CHMETPUIHOIO iHBEPCHOrO MOHOITa ¥ (L) i MpUPOJHOrO YacTKOBOIO
YaCTKOBOIO MOPsi/IKy Ha HboMy (mus. [10, migposmimm 1.1 1 3.2]).

Teepmkenna (3) i (4) BummmBaoTh 3 o3Havens Bigpomens [ pina #Z i £ wa S (L) i
TBep/Kenns 3.2.11 3 [10].

Teepmkenns (5) Bummsae 3 TBepKes (3), (4) 1 emu 1.

(6) Hexait a2 B &7,(L). Toxi icuye gacrkoBmit mopsgkoBuii isomopdism v € a7, (L)
Takuii, mo a#y i 7L (. 3 rBepxkens (3) i (4) Butusag, mo dom o = dom y i rany = ran f3.
[Tozagk (i v — JacTKOBI OieKIIil, TO

|dom | = |dom~| = |ran~y| = |ran §| = | dom f].
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[Tpunycrumo, mo |dom «| = | dom f| mis nesikux o, f € G, (L), i nexaii

‘rl PR :Ek . ul PR uk
o= 1 b= ,
yl “ . yk Ul “ .. Uk
JUI JI@AKUAX L1y .o Thy YLy oo Yhs ULy - - - U, V1,V € L)oxp < o0 < xp, Y1 < o0 < Yp,
Uy < - < Ug, V1 < - < v, k < n. Hpuitmemo

_<y1 yk>
Y= .
Uy - U,

3 tBep/Kens (3) 1 (4) BumiuBae, mo oy i vZF B G7,(L), a otxe, a2 B OF,(L).
(7) 3a Teopemoro 1 3 [9] y criiikux mamisrpynax sigmomenns [ pina 21 _¢ s6iraiorsbes.
Jagi ckopucraeMocst TeopeMoro 1. ]

Harasaemo [10], mo inBepcHa HamiBrpymna S HA3UBAETHCA KOMOIHAMOPHOIO, SKITIO KOXKEH
T J#-KJ1aC € OJJHOCJIEMEHTHOIO MHOKIHOIO. 3 TBepzKenis 1(5) Bumnsae

Hacuinok 1. @7, (L) — kombinaropHa IHBepcHa HaIiBrpyma.
Takoxk 3 Buciossenb (6) i (7) TBepizkerHst 1 BUIIMBaE TaKuii HACIIIOK.

Hacmainok 2. Hexait n — joBijibHe HaTypaJjbHe qucso. Tomi civ’st
MicTaTh yci aBobidHi neasn HamiBrpymn QF, (L).

Jlema 2. Hexaii € — konrpyenuisi Ha Haniprpyni %, (L). fdkmo a€0 st gesikoro o €
a7,(L), to a€f mis Beix [ € OF,(L) rakux, mo rank § < rank a.

Josedenns. PosrisgsHeMo MOXKINUBI BUIIAIKN:
(1) rank § = rank o
(2) rank f < ranka i 5 < «;
(3) rank 8 < ranka i 8 #£ a.

(1) dxmo rank § = ranka, 1o |[dom | = |ran | = |rana| = |domal. 3a semoro 1
iCHYI0Th 9acTKOBI HOPSIKOBI i3oMopdismu v, d € @7, (L) raki, mo dom 3 = dom~y, rany =
doma, domd = rana i rand = ran 5. Tomi maemo, mo 5 = yad€~y0§ = 0, a orxke, SEO i
Bea.

(2) dxmo rank 3 < rank o i 8 < «, To 3a semoro 1.4.6 3 [10] 8 = B 1a€BB710, a oTxke,
BE0 i fCa.

(3) Ipunycrumo, 1o rank § < ranka i f £ «. Hexait A — nigmuokuna B dom «v Taka,
mo |A| = rank 8 < rank . Ilosnaummo [epes € ToToxKHe BijoOparkeHHsT Ha MHOKUHI A.
Toxni ea < o 1 rank(ea) = rank 5. 3 Bunazky (1) Bummusae, mo ca€al0, i 3a Bunajkom (2)
Maemo, mo ealf, a orxke, alf. O
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Jlema 3. Hexaii € — KoHrpyeHiyiss Ha HamiBrpym G, (L) i a€f s geskux pisHuX o, €
07, (L) rakux, mo < «. Toni a€y s Beix v € G, (L) rakux, o ranky < rank .

Jlosedernsa. Tlozask (7,(L) — inBepcHa HamiBrpyma, To 3 TBepixkenb 2.3.4(1) i 1.4.7(4)
monorpadii [10] ummusae, mo aa €371 i aa™! < BB~ Takox, rank aa™! = ranka i
rank 887! = rank 8. Otke, He 3MEHIIYIOUN 3arajbHOCTI, MOYKEMO BBazKaTu, Mo « i 3 —
inemmorenTn Hamisrpynu Q, (L).

[Ipumnyctumo, mo rank a = k jy1a jgesikoro HatypaJsbHoro uncia k < n. dkmo rank 8 = 0,
TO cKopucTtaemocs jemoro 2. Tomy nHagami Oyaemo BBaxkaru, mo p =rank 3 # 01 p < k.

Crouarky upuiyctumo, mo p = k — 1 1 doma = {xq,...,2;}. [Hosuauumo 1 = f3.
[Tozasik L — JiiHITHO BIIOPSIKOBaHa MHOYXKUHA, TO 33 JIEMOIO 1 iCHy€ YacTKOBUI MOPSIKOBU
isomopdism 1, € GF,(L) rakwii, mo dome; = dom 5y i rany; = doma \ {y1}, ne y1 =
max dom ;. Toxi Llowfl =p1i Llﬂlbfl # ;. Enement Llﬁlbfl € 11IeMIIOTEHTOM, OCKIJIbKI

uBi tu Bt = w u BByt = uBg

Takox, mozasgk dom ¢y = dom S, T0 (111 = 11, 3BIAKH BUILINBAE, IO ﬁlblﬁlbfl = Llﬁlbfl, a
orxe, L1B1t]t < B. Ockimbku a€f = B1, 10 fo = 11811; 'Cricu; ' = B, a orxe, Fo€B1Ca. 3

BU3HaueHIs efeMenta (o € O, (L) Buusae, 1Mo
rank Sy =rank 3 — 1 =k — 2.

Jani 3a iHAYKI€E i JOBLIBHOIO m = 2,.. .,k 1OOYJyeEMO IOCJIIJIOBHOCTI €JIeMEHTIB
tm € O,(L) Ta inemMnorenTis f,,.1 € OF,(L), gKi 3a10BOJBHAIOTH YMOBU

(1) tmBu-1t' = B 1 tmBmt # Bin
(2) Brnir = tmBmty €

(3) Bit1 = B

(4) rank Bpy1 =k —m — 1.

Ockinbku L — JiHIHO BIOPSIKOBAHA MHOXKHIHA, TO 3a JIeMOI0 1 iCHy€ 9acTKOBHIA TOPSIIKOBHIA
izoMopdiam i, € OF, (L) Takwuii, mo dom ¢, = dom f3,, i ran ¢, = dom B, 1\ {ym}, 1€ Ym =
max dom B,,,. Tomi Ly Bm_1t,t = Bm 1 tmBmty, # Bm. Enement it} € inemnorenrom,
OCKILJIbKHI

Lo Bt b Bt = Lot b B Bt = tan Bl

Takox, nosagk dom i, = dom B, TO Bmim = Lm, 3BIIKE BUILIUBAE, WO Bylm Bty =
LnBmtits & 0TKe, Ly Bmtnt < Bm. Ockinbku € - - €43, 1€5,,, TO

5m+1 - LmﬁmL;@IQ:Lmﬁm—IL;@I = 67717

a orke, B11€6,€ - - Ca. 3 BusHAUeHHS eJieMeHTa (3,41 € OF, (L) Bunmsae, 1o

rank 8,41 =rankf,, — 1=k —m — 1.
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3a BHIlE BHUKJIAJIEHOI O0YI0BOIO MaeMmo, mo rank S, = 0, a orxke, 5, = 0 — Hy/Ib
HamiBrpynu @2, (L). Orxke, orpumai, mo «€0. laii ckopucraeMocst J1eMoro 2.

[Mpumnycrumo, mo p < k — 1. Toxi icaye enement x € L takwuit, mo x € dom« \ dom 3.
Hexait ¢ — roroxue neperBopents muokuHH dom « \ {x}. OueBumno, mo [/ < ¢ < a i
ranke = ranka — 1. Toxi ¢ = ca€efl = 3, a orxke, €. 3Binkn Burmsae, mo cCa. lati
CKOPHUCTAEMOCSI TTOTIEPETHBO JIOBEJIEHNM (DAKTOM. H

Jlema 4. Hexaii € — konrpyeniiist Ha Hamiprpymi O, (L) i o€l st gesikux pisHux o, 3 €
07, (L). Toni o€y mis Beix v € OF, (L) rakux, mo ranky < max{rank o, rank g}.

Jlosederna. Ilozasx ¥, (L) — inBepcra HamiBrpyua, To 3a tBepKrentamu 2.3.4(1)11.4.7(4)
3 [10] maemo, mo aa '€ABT i aa! 5 BB Takox, rank aa™! = ranka i rank S5 =
rank 5. OTke, He 3MEHIIYIOYN 3arajbHOCTI, MOXKEMO BBaxKaTu, Mo « i [ — imeMmoTeHTH
HamiBrpynu 2%, (L).

[Tozasik o = aaCafELL = [, To aCafES. 3 ymoBu a # [ BumuBag, mo af < « i
af < 6. Haii ckopuctaeMocs JeMoio 3. O

Teopema 2. Hexaii (L, <) — HeckiHYeHHa JIHIHHO BIIOPSIKOBAHA MHOXUHA. /[JIsT JIOBiIb-
HOIO HATypaJIbHOTO 9HCJIa M KOXKHA KOHI'DYeHI[ist Ha Hamiprpymi O, (L) € KOHIDyeHIi€o
Pica.

Jlosedenns. Hexait o — enement namisrpymnu &%, (L) 3 rank o = k < n Taxuii, 1o BUKOHY-
IOThCS YMOBH:

(1) icmye emement  # « nanisrpymu %, (L) 3 rank § < rank o Taxwuit, mo a€f;

(2) mst poBimbHOTO v € OF,(L) 3 ranky > k emement vy €-eKBiBaJeHTHUI Juie 7y y
BUITAJIKY, KO k < m.

Ba memoro 4 yci enementn ineana I = G (L) nanisrpymm Of,(L) € ¢-ekBiBaseHTHIM,
a orke, KOoHrpyeHilis € mopokena imeasom [, O4ueBnIHO, 10 OJUHUYHA Ta yHIBEpcaJbHA
KOHI'PYeIl € KoHr'pyeHntismu Pica na G4, (L), ockinbku BoHN OpozKeHi igeanamu [y = 0 i
I, = a7,(L), Bianosimso. O

BayBaxkenus 1. V nparni [8] soBeseno, 1o Ha HAIIBrpyIii ﬂj}(con@) YCIX 9aCTKOBHUX IIOPs1JI-
KOBO-OITYKJIHX 130MOPDI3MB JIHIHHO BIIOPsIKOBaHOI MHOKUHM (W, <) paHry < n BiIHOIICHHS
I'pina P i # 3biralorbcs, 1 KpiM TOro, KoxKHa KOHI'DYCHIIS Ha /j(con@) € KOHI'DYEHI[I€T0
Pica. OueBuHo, 1110 /1T TOBIIBHOTO HATYPAJIBHOTO TUCJIA N HAIIIBIPYIIA fj(con@) € IiJHAa-
aiBrpymoro B O, (w).

Harasmaemo |7], mo HeckindeHHa migMHOKUHA D HAmBrpynu S HA3UBAETHCS W-HECTT-
xoro, aKIo sB U Bs SZ D nna noBinbHUX s € D 1 "Heckindenol mijmuoxuau By D. Bynemo
TOBOPUTH, IO Haniepyna S mae wiivhut pad ideasie Jo C Jy C -+ C J,,, m € N, gkino
Jo — ckingennuit imean B S 1 Ji \ Jp_1 — w-Hectiiika migMHOXKUHA B S IS JIOBUIBHOTO
k=1,...,m.

Hanani gepes Iy C I} C --- C [, mo3HavaTuMeMo psiJi i1eastiB, BU3HaUEHU y (hopMyITIo-
BanHi Hacaiaky 2. Ouesumno, mo [y = {0}. Takox 3 TBep/KeHHs | 1 HACTIIKY 2 BUILIUBAE,
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o HeckiHueHHa MHOXKWHA [i \ [x_; € P-kmacom HamiBrpynu %, (L), mo cKiIaiaeTbes 3
esleMeHTiB paHry k. OTxke, /st JTOBUIBLHOTO ejieMenta « € [y \ Ix_1 1 JOBLIbHOT HECKIHYeH-
Hol muoxkuuu B C ;. \ I icaye enement 5 € I \ Ix_; rakwii, mo dom 3 # rana a6o
doma # ran (3. 3 Bulle HaBeJeHUX MIPKyBaHb 1 BU3HAUYEHHs] HAIBIPYIOBOI omeparii Ha
7, (L) sunnusae, mo {af, fa}t € I \ Ix_1, a orxe, I} \ Iy_1 — w-HecTiiiKa NIAMHOKHHA B
HamiBrpymi @4, (L) ans goiibHoro k = 1,...,n. OT0XK, MU JTOBEJIN TaKe TBEP/ZKEHH:I

Teepaxkennst 2. [y C I} C .-+ C [, — minbHuii psixg igearis y G, (L) mis 1oBiibHOTO
HaTypaJIbHOIO YHCJIa N.

Bimomo, 1110 HamiBrpymnu 3i MJIbHUME PsSJIaMu ij1easiB 30epiraloTbcsd CKIHYeHHUMU TIPsi-
MUMH JIOOYTKaAM# Ta roMoMopdizMaMu, JJisd AKX KOXKEH eJIEMEHT 3 00pa3y Mae CKiHYeHHU
upoobpas [7].

Teopema 3. Hexaii (L, <) — HecKiH9eHHa JIIHIHHO BIOPS/IKOBAHA MHOXKHHA, 1. — JIOBLITbHE
HaTypaJjbHe 4nciao, S — HamBrpyma ta by: O%,(L) — S — HeaHymomodnii roMoOMOPI3M.
Tosxi romomopuuii obpas (G, (L))h — HamiBrpyma 3i HJIbHIME PsIaMI 1/1eaJIiB.

Jlosedernsa. TBepizkeHHs TeopeMu OYeBHJIHE y BUIAJKY, Ko h: 47, (L) — S — in’ekTus-
auit romomopdism. Tozasik h: G, (L) — S — neanysmoounii romomMopdism i 3a TeopeMoro 2
KOYKHA KOHI'DYeHIIisl Ha HaIIBrpyIi € KoHrpyeniieio Pica, To icaye narypaJsbie qucio k < n

Take, 10 BUKOHYIOTbCS TaKi YMOBU:

(1) ()b = (B)b ms moBinbHUX «, 5 € I};
(2) (v)bh # (0)b mra poBinbHUX pisnux 7,6 € A7, (L) \ Ij.

Orozk, oTpumyemo, 1o romoMopduuii 06pas (I )h — wyas wamsrpynu (24, (L)), a Takox,
mo 3BYxeHud [ 4 (1)1, 1 OFn(L)\ I, — S romomopdismy b e in’ekTuBHIM BifoOpazkeHHAM.
3 ocrannbol ymoBH BuiLuBae, mo MHOKUHA (I,)h \ (I,—1)h — w-Hecriiika miaMHOXKUHA B
Hamirpymi (G4, (L))h mis poiibHoro m = k+1, ..., n. Crupasi, /i JOBIIBHUX €JIEMEHTIB
a,b € (I,)6\(L;n_1)b (m = k+1,..., n), ixui nosui npoobpasu (a)h =11 (b)h~! e onnoenement-
HUMU TMHOKUHaMHU B Hanierpyni 2%, (L). Hexait a = (a)h™'i 8 = (b)h~L. Toxi o, 8 € I,,\
I,,—1, 13 BusHaveHHs HABrpyoBoi onepauil na (7, (L) sunusae, mwo {af, fa} € L\ Ly_1.
3sijcu, Bpaxysasmm ymosu (1) i (2), orpuMyemo, 110 BUKOHYETHCS X04a O OfHA 3 YMOB ab0

ab = ()h(B)h = (af)b & (In)b \ (/m-1)b,

abo
ba = (5)[)(04)[) = (ﬂ&)h §é ([m)b \ ([mfl)fﬁ

10610 (1,,)h \ (I;n—1)b — w-Hecriiika migvuoxkuna B (A7, (L))h nng m = k+1,...,n. Orxe,
BUKOHYETHCS TBEPJIZKEHHS T€OPEMH. O

ITogakA

ABTOpU BHCJIOBJTIOIOTH MDY TO/ISIKY PEIEH3eHTOBI 3a IIHHI MOpaJin Ta 3ayBayKeHHS.
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Gutik O.V., Shchypel M.R. The semigroup of finite partial order isomorphisms of a bounded
rank of an infinite linearly ordered set, Bukovinian Math. Journal. 12, 2 (2024), 60—68.

One of the classical problems of the theory of semigroups of transformations is the study of
the structure of the semigroup of transformations of a set that preserve the structure of the set
(geometry, partial order, topology), in particular, when these transformations are local, that is,
partial equivalences (partial isometries, partial order isomorphisms, partial homeomorphisms,
partial diffeomorphisms, etc.). We study algebraic properties of the semigroup &¢,, (L) of finite
partial order isomorphisms of the rank < n of an infinite linearly ordered set (L, <). In parti-
cular we describe its idempotents, the natural partial order and Green’s relations on &7, (L).
It is proved that the semigroup &¢,, (L) is stable and it contains tight ideal series. Moreover, we
show that the semigroup &%, (L) admits only Rees’ congruences and every its homomorphic
image is a semigroup with tight ideal series.
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Jpoub B.C.}!, MEAUHCHKMIT 1.11.12

SAJAYA KOLII JJId BUPOJA2KEHOI'O ITAPABOJITYHOI'O PIBHAHHA
TUITY KOJIMOI'OPOBA AOBIJIBHOTI'O ITIOPAAKY 3 OAHIEIO
I'PVYIIOIO BUPO/I2KEHH

JocutiizKeHHs TPUCBAYeHe BUPO/ZKEHUM Tapa00JIidHIM PIBHAHHAM 3 OJIOYHOIO CTPYKTYPOIO,
SKi 3a IMEBHUX YMOB € y3araJIbHEHHSM JI00pe BiIOMOT0O BUPOIKEHOTO MapabOoIitHOTO PiBHSIHHS
qudysil 3 inepuiero A.M.Koamoroposa.

VY it nparti cdhopmyiboBaHO creriaabai yMoBu [enbaepa BiIHOCHO TPOCTOPOBUX 3MiHHUX
Ha KOeDIIIEHTH TaKUX PIBHsIHB, 38 IKUX JIOBEJIEHO ICHYBAHHsI KJIACUIHOIO (hyHIAMEHTAIBHOIO
po3B’a3Ky 3amaqai Ko, oTpruMaHo OIMHKY [JjIsI HHOT'O Ta HOTro MOXiTHUX, TOBEIEHO BIACTHUBO-
CTi Taki, K HOPMAaJbHICTh, (POPMYJIy 3TOPTKHU, EANHICTD. TAKOXK OTPUMAHO KOPEKTHY PO3B’si-
3HiCcTD 3a/1a4i Ko y crieniaabHIX BaroBUX IMPOCTOPAX Ta iHTerpasibHi 300parkeHHs KIACHIHUX
PO3B’sI3KiB OJIHOPIIHUX PiBHAHD y BUrIsal inTerpasis Ilyaccona Bin ¢pyukIiiit abo y3arajibHeHUX
Mip, SIKHMHU 33JIa€ThCs MOYaTKOBa ymoBa. Onucano Kiracu KOpeKTHocTi 3amaqai Korri.

OTpuMmani pe3ysbTaTh MOXKHA BUKOPHUCTATH Y MOJAJBINAX JOC/TIIKEHHSX 3a1a4di Komri Ta
KpafloBUX 3aJ1ad s JIHINHNX 1 KBa3UIiHITHIX BUPOXKEHNX TapabOiIHIX PiBHSHD.

Karuosi caosa i ¢hpasu: BUpOKeHE mapabosiidne piBHAHHA THILy K0JIMOropoBa, yabTpa-
mmapaboivuHi PIBHAHHS JOBLIHLHOTO MOPSIKY, KOPEKTHA PO3B’I3HICTh 3adaxi Korri, inTerpasibie
300parkeHHsT KJIACUIHUX PO3B’s13KiB, inTerpaJsm [lyaccona, a3iiichbKi OMIioHN, CeIiaJ bHi yMOBI
Tesibnepa, creniayibHi BaroBi mpocTopH.

! TucTuTyT NpUKIaHIX TpobiaeM MexaHiky i Maremaruxy iM. 51.C. ITizcrpuraua, Bysn. Haykosa,
3-B, 79060, JInBiB

? Hamionambnuit yaisepcurer "JIbsicoka [Tomitexnixa", syn. C.Banmepun, 12, 79013, JIbsis
e-mail: vdron@ukr.net, thor.p.medynskyi@Ilpnu.ua

Boryn

Y poboTi po3T/IsiHYyTO BUPOJIZKEH] TapabosIiuHi PiBHAHHS JTOBLIHLHOIO TMOPSIKY 3 OJIOTHOIO
CTPYKTYPOIO 3 OJIHI€IO I'PYIIOI0 BUPOJXKEeHHA. Taki piBHAHHS y3araJbHIOIOTH BiJIIIOBIIHI PiB-
HAHHS JIPYTOr0 MOPSJIKY, IO BUHUKAIOTH TIPU JTOCTIZKEHHAX a31fiCbKIX OMITIOHIB HAa PUHKY
ninaux manepis [1]. 3a neBHUX yMOB BoHU € MOAUMIKAIIE KIACHIHOrO PiBHAHHSA Tudys3il 3
inepriero A. M. Kosvoroposa [2]. Ile piBusiHHS Ta #i0ro pi3HOMaHITHI y3arajbHEHHS BUBYA-

Jiucst bararbMma apropamu. JIiHiitHi it HesriniitHl BUPO/KeH] napaboiuHi PIBHIHHS BUHUKAIOTD

VYIK 517.956.4
2010 Mathematics Subject Classification: 35K70.
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y Teopil OpOYHIBCHKOIO PyXy, Teopil KOHBEKTUBHOI Jqudy3ii, Teopil OIHAPHUX €JIeKTPOJIITIB,
y BIKOBOMY HaOJIMKEHHI TeOpil CIIOBLILHEHUX €JICKTPOHIB, YV JEAKUX 3ajadax Teopil HMOoBip-
HOCTEl, MATEeMAaTUIHOI'O MOJIETIOBAHHSA a3ifiCbKUX OIIIOHIB, Y 0i0/I0Til, €EKOHOMII Ta IHIIIX
raiyssx Hayku (nuB. |3, 4, 5]).

Y naniit mpalii BUBYa€ThCA KOPEKTHA PO3B’a3HicThb 3atadi Kol s piBagab Tuiry Kosi-
MOT'OpPOBa, JIOBLJILHOTO TOPSAJIKY 3 OJIHIEI0 T'PYIOI0 BUPOJKEHHS, 3 MEBHOIO BUMOI'OIO IIOJO
BUTJISI/Ly MATPUIL, IO 3aj1a€ 0JI09HY cTPYKTYpy piBHAHHA. CHOPMYIHOBAHO YMOBU Ha KOE-
dinienTu piBHAHHSA, 38 AKUX JOBEJIEHO ICHYBaHHS KJIACUIHOIO (DYyHIAMEHTAJIHHOIO PO3B’A3KY
zajadi Korrri, orpuMaHo OIIHKK JI/IsT HBOI'O Ta HOro MOXiJIHUX, JIOBEJIEHO BJIACTHUBOCTI TakKi,
K HOPMaJIbHICTh, (POPMYJTYy 3TOPTKH, €JIMHICTb. TaK0XK JIOBEJIEHO KOPEKTHY PO3B’A3HICTD 3a-
madi Ko, a TakoxK iHTerpaJjbHe 300pazkKeHts KJIACUIHOI'O PO3B’'A3KY Yy BUIVISJI iHTErpaJsia
[Tyccona Bix dyHKIIT a00 y3araJbHEHOT Mipu, SKUMH 33/Ja€ThCA I0YaTKOBa YMOBA.

1 DOPMVYJIIOBAHHSA 3AJIAYI, TTPUITYIIIEHHA 1 OBHAYEHHA

Posriisinemo piBasgHHS
(SB - A(t>$a aﬂﬁl))“(ta [L’) =0, (ta .1') € H(O,T]a (1)

ne b, ny, ng — HaTypasbHi gncaa taki, mo b > 0, 0 < ny < ny, n = ny + ng; = = (1, 9),
T = (Ti1, oy Tin, ), © € {1,2}; Mynbruingeke k € 2! sanmmenmo y surasii k = (ki, k), 1e
ki = (kilu .. ,k}m) € ZT, |kz| = |l€11|—|— . +|l{52n1 , 1€ {1,2}, H(O,T] = {(t,x)| te (O,T],ZE €
R"},

n2

Spi=0r— > | Y i | Ony. Altx,0n) = Y ay, (t,2)0) (2)

j=1 \i=1 x| <2b

[epmmii nudepennianpauii Bupas 3 (2) y marpudsiii hopmi Mae Bursi
SB = 3,5 - (.I',BDI),

Jie B — MaTpuiig po3Mipy n X n, dka Ma€ CTPYKTYpY

-5 5)

B! — marpung, cknanena 3 miiicaux ancer by, i € {1,...,n1}, j € {1,...,n2}, O — HysIbOBI
Matpuii Bitnosiauux posmipi, Dy = col(Oryy, s Oryy s Orgy s oy Oryy, )y (+50) — cKANADHMI
no6yTok B R™.

BukopucroByBaTuMeMo Taki yMOBH:

A, Jina marpuni (3), B skiit 60k B! sanucanuit y sursi (gi ), ne Bi, Bi — marpuni
BIJIOBIIHO PO3MIPIB Ny X Mg 1 (N1 — ny) X Ny, BUKOHYeThess ymoBa: det B # 0;

A,. Icnye raka crama 6 > 0, mo st Beix (¢, x) € o7 1 01 € R™ mae micue oninka

ni

Re Z ag, (t, ) (io)* < —520%?.

k1 |=2b j=1
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PiBusians (1) npu Bukonauui ymoB A ta Ay BXOISTH JI0 KJIACY, IKU 9acTo (JUB., HAIPH-
ka1, [6]) nmosnayaerbes cumposiom EZ . Bin yzarasibioe Kjac BUPOJIZKEHUX Napabo/ivHIX
piBustab Ty Kosimoroposa jioBinbHOro nopsiiky Eop, 3anposajpkenuii y moHorpadii |7].
Pisusinas tumy (1) y3arajbHIOIOTH PIBHSHHS, sIKi 3'SIBJISIIOTBCS B MOJIEJIAX audysil 3 iHep-
€10, a TAKOXK ITPU JIOCHIJIKEHHI MaTeMaTUIHNX Mojlesieil a3iiicbKUX OIMIIOHIB, KOJIM 3MiHHI,
0 3aJIe2KATh BiJl TPAEKTOPIT IIHU, BKIIOYAIOTH JI0 ITPOCTOPY CTaHIB.

OueBniHO, 1O TP BUKOHAHHI yMOBH A 3aMiH& TPOCTOPOBUX 3MIHHHUX

A

1
R sz”xlia .] € {]-7 "'7”2}7 .
i Toj = Toj, J € {1,...,n2} (4)

xlj =
15, j c {ng —+ 1, ...,nl};

€ HEeBUPOJZKEHOIO.
Crpykrypa 3aMian 3MiHHEX (4) Ta i1 HEBUPOKEHICTD JIOBOJIATH HACTYIITHE TBED/IZKEHHSI.

TBepmxkenns 1. [Ipu Bukonanui ymou Ay 3amina mpocropoBux 3MinHHX (4) 3BOJHTD
piBusiaHst (1) J0 piBHSIHHST

(Sg — At 2,05,))a(t,2) = 0, (t,) € Moy, (5)

B AKOMY

1, — onuHWYHA MaTpHUIs HOPSIKY Mo, O — HYJIbOBI MaTPHIN BIIIOBIIHUX PO3MIDIB, Jude-
permianbpauii Bupas A(t, T, 0z, ) Mae Toii cammuii Buriis, o i Bupa3 A(t, x, 0y, ), fioro Koedi-
IIEHTH 5, Q;, 1 g BUPasKaloThCsl 4epe3 BUPasKeHl B HOBUX 3MIHHUX T KOeIIIEHTH a5, @; I
ay Ta ejeMenTH MaTpHIL Bl

IIpu npomy 3 BukoHanHst ymoBu Ay juist piBasinbst (1) BumimBae ymMoBa Ay JJIsT DIBHSIHHST
(5), sika paKTHIHO He BIIPI3HSIETHCS BLJ yMOBH Ay.

Hanasi BukoprucToByBaTUMEMO BUpa3H, siKi OB I3YIOTH IIPOCTOPOBI 3MiHHI MizK c000I0 i3
3a/Iy9eHHAM eJIeMeHTIB MaTpuili B:

X(h) == (X1 (h), Xao(h)), Xi(R) := (Xir(h), ... Xim. (R)), i € {1,2}, (6)

le(h) = Ty, j € {1, ...,nl}, ng(h,) = T2j + thijxli, j € {1, ...,7’2,2}, h € R.
i=1
Taxox noznaunmo: M := (ny + 3ng)/2, My, := (k1] + 3|k2|)/2, axmo k € 27, k := (ki, k2),

2
ki = (kiny ooy ki), L € {1,2}; Eo(t,z;7,€) := exp {—c St—)2AX(t-1) — £l|2}, t>rT,
I=1

{z,6} CR", ¢> 0 — neska cramna, supasu ans X, | € {1,2}, samani B (6); A f(¢, ) :=
f('7 (xlv 5(72))—f(', (517 172))7 A%f(t?x) = f(’ (xhx?))_f('? (x17§2))7 He {t77_} CR, {JZ, 5} -
R™ f — neska GpyHKITiS.

CraBurumo Ha KoedinienTn piBHstHHS (1) 11e Taki ymoBm:

A;. Koedimientu Bupasy A(t, z, d,,) (Tobro dbyHKIHT ak, (t,)) € oOMerkeHnMHI, HeTlepepB-
HuME 3a ¢ Ha Biapisky [0, 7] Ta reJibJepoBUMHI 3a TPOCTOPOBUME 3MiHHUMU Y TAKOMY CEHCI:



72 Opoub B.C.', MEauHChKmit 1.11.1:2

3H; >0, 3oy € (0,1] V(t,z) € Uy, V21 € R™ ¢ |AZa(t,z)| < Hylwg — 21|,
3H, >0, 3as € (1/3,2/3] Y(t,x) € Mogy, Yz € R™, Yhe[0,T):

|AZa(t, )| < Hy(h**/ + [ X5 (h) — 25|*?).
3H3 >0 V(t,x) S H[O,T]; VZZ S Rni, 1€ {1,2}, Vh € [O,T] .
|AZAZa(t,x)| < Hslzy — 2| (RP*% + | Xa(h) — 2|*),

Jie a — Oyib-aKuil i3 KoedimienTin ay,, |k1| < 2b.

Ay B I 7y icaytors obmezkeni moximai 0 ay,, [ki| < 2b, sKi 3a/[0BOIBHAIOTE 3a IIPOCTO-
poBUME 3MIiHHEMEI yMOBY lesbiiepa y cenci As.

Ouesuzno, mo upu h = 0 3 ymMmoBr A3 BUILITMBAIOTH KJIACUIHI yMOBH [ejbiepa s rpyl
[POCTOPOBUX 3MIHHUX.

Y HaCTyIHUX IIyHKTaX pPOOOTH BUBYATHMYTHCS IIMTAHHA IMIOAO0 KJIACHIHOTO (DbyHIaMEH-
TaabHOro po3B’si3ky 3ajaqi Ko (mani — KOP3K) s piBastaus (1) Ta KOpeKTHOT PO3B’si-
3HOCTI 3ayta4i Kot y creriajpbHuX BaroBUx MpoCTOpax.

2 KJACUYHUIT ®YHIAMEHTAJIBHUN PO3B’A30K 3AIAYI KOIIII

Cdopmysoemo Teopemu 1po icaysantst Ta Biaacrusocti KOP3K jyist piBustaus (1).

Teopema 1. Hexaii koepinienrn piBasaas (1) 3agoposbHsitors ymoBu A1—As. Toxi icaye
K®P3K Z st nboro piBHSIHHST 1

05 Z(t, ;7,8 < C(t — 1) MM E.(t,2;7,8), [ki]/2+ |ka| < 1,

k= (ki ko) €21, 0<7<t<T, {r¢} CRY (7)

|SpZ(t,x;7,8)| < C(t — T)_M_lEc(t,x;T, §), 0<7<t<T, {x,&} CR"

J171s1 TOBEJICHHST TeopeME 3aCTOCYEMO HEBUPOJIZKEHY 3aMiny 3MiHHUX (4) 10 piBHsHHS (1)
it ymoBu Teopemu. Ha ocrosi TBepmzkenns 1 piBusuug (1) Oy/e 3BefeHe o pisasiaHs (5) 3
kitacy Eo1, a 3 yMoB As—A3 MH OTPUMAEMO JIJIsl IIHOTO PIBHSAHHSA, BiIIOBIJIHO, YMOBH Ag—flg
K1 BIIPI3HAIOTHCS BiJT IEPIUX TIIBKN THM, 110 B HuX Bupa3 X (h) 3aminenuii Bupasom X (h)

AKMIT BU3HAUYEHUIT PIBHOCTAMU

~ A A~ ~ ~

X(h) = (X1(h), Xs(R)), Xi(h) := (Xi(h), ..., Xin.(h)), i € {1,2},

hsi’(i_s)d‘, ] - {1, ...,ni}, Z S {1,2}

Buxopucrosytoun pesyabraru 3 (8] st piBHsiHHs 3 Kiacy Egy mpu ng = 0 (a came, reopemy
33 (8, C.15]) Mu oep:KUMO JIOBEJIEHHST TBEDJIZKEeHHST TepeMu 1.
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Teopema 2. Hexaii koedimiearn pipasiaas (1) 3amoBonbHsayTs ymoBn Ai1—-Ay. Toxi icHye
giaacnaanit OP3K Z* s cupsizkeHOro piBHSIHHS

SEU<7—7 g) - A (T? 57 a£1> = O? (7—7 g) S l_[[O,T)7

Je

SE = _87' + Z <Z b;zé-l]) aﬁmv A*(T7£7851) = Z (_a§1>kl (C_I’kl (7—7 5)”(7—7 5))7
i=1 \j=1

|k1[<2b

¢yHKIsS Z* 1oB’s13aHa 13 QYHKINE Z PIBHICTIO
ZM(r,&te) =Z(tx;1,8), 0<7<t<T, {z,§} CR", (8)

i 1151 /' BUKOHYETDBCST (pOPMYJIa 3rOPTKHU

Z(t,x;T,f):/Z(t,x;/\,y)Z(/\,y;T,f)dy, 0<7<A<t<T, {z,§} CR". (9)

R

3ayBazkumo, 110 piBHiCTH (8) o3Havae BiaacTuBicTh HOpMaabHOCTI DP3K.
JloBenenns Teopemu 2 6a3yerhbes Ha dopmyii I'pina-OcTporpaacbkoro

i i [ @Lu—aZ70)0.0)dy = [ @60l v

Br

—]Qde/ (ng (ng bijyls> u2j> (WU)(&y)dSy+/t2d9/i;Bj[v,U](H,y)uudSy, (10)

t1 1

e 0 < t; < ty < T, B — chepa B R™ paniycy R 3 IeHTpOM B TOYATKY KOODJMHAT,
Lr — 01 MeKa, ([11, vy fing s H215 -y f2ny) — OAMHITHAN BEKTOP 30BHINTHBOI HOpMaJi 10 [g,
L:=Sp—A0,y,0,), L* :== S5 — A*(0,y,0,,), B[v,u], j € {1,...,n1}, — Glniniiiai dopmu,
sIKi MICTATH TOXIJHI 328 Y1 BT w 1 v He BUMOTO 3a 2b — 1 MOpAaKy; © i v — JOCUTH TJIaJIKi
yHKIII.

[epeitmosru y dhopmysi (10) mo rpanuii npu R — 00, y BUIAJKY JifiCHO3HAYHUX (DYH-
KI[i ME OTPUMAEMO (POPMYITY

7d0/(vLu —ulLv)(0,y)dy = /(Uu)(@,y) L, dy. (11)

R

Bukopucrosyioun omninku 3 teopemu 1 i momibui oninku jysi Z*, y dopmyni (11) mu
mozkeMo nokaactu u(0,y) = Z(0,y;7,€), v(0,y) = Z*(0,y;t,x), t1 =T+eity =t—¢, ne e -
MaJie JIOJATHE YrcjI0. B ojep:kaniil piBHOCTI, TpAMYyIOUn JI0 IpaHuIli npu € — 0, oTpuMaemMo
opuyay (8).
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PiBricts (9) oepKyeThest TOMOHNM IHHOM, TLTBKH MOTPiOHO B3siTH t; = A. OmepKuMo
piBHICTD

/Z*(A,y;t,x)Z(A,y;T, §)dy = /Z*(t —eyit, ) Z(t — e, y; 7, §)dy,
R" Rn
B sIKiil HeOoOXiTHO TepeiiTu 10 rpanuIl pu ¢ — 0 i Bukopucratu dopmyy (8).

Teopema 3. (€Eaunicts kaacuunoro ®P3K). Icuye ribkn onquH HOpMAJIBHHI KJIACH-
aanii PP3K, s sikoro marors Micre ominkn (7).

Hexait Z; i Zy — apa nopmauibhi kiacuani @P3K jyist pisasians (1), 171 AKUX CIPABIKY-
forbest otk (7). [okmamemo y dbopmymy (11) u(f,y) = Z1(0,y; 7,€), v(0,y) = Za(t, z; 6, y).
Tosi ojiepzkuMO piBHICTH

/Zl(tz,y;T,é“)Zg(t,x;tmy)dy=/Zl(h,y;T,ﬁ)Zz(tw;tl,y)dy (12)

R" R"

JUIs JIOBLIBHEX ¢y 1 ty 3 iHTepBany (7,t). 3 moBiabHOCTI ¢ 1 to BUILUIMBaE, MO TpaBa i JiBa
qactuan B (12) He 3asexkarh Hi Bif 1, HI Bix fo, 1 MoXKHa mepeiitn g0 rpanurmi B (12),
OPsAIMYBaBIN t1 — T, to — t. 3pOOUBIIHK 11€, MU OTPUMAEMO

Zi(t, o1, &) = Zo(t,x;1,8), 0<7<t<T, {x,&} CR"

Baysaxumo, mo siactuBocti KOP3K s pisustaug (5) 3 kiaacy EfQ yJIbTpamnapado.Ii-
YHUX PIBHSHDB (JPYroro MopsjKy) A0oCaiKysasmcs y [1].

3 KOPEKTHA PO3B’A3HICTL 3AHAYI KOIIII

Posrisinemo nabopu dyuxiiit k(t,a) i s(t), t € [0,7], gxi o3HaIMMO TaKUM CIOCOOGOM:

k(t,a) := (ki(t; a1), ka(t, a2)), s(t) == (s1(1), 52(1)),
kit, a;) == coa; (¢t — a2~ 120D = 17 9},
s1(t) = ki(t,ar) + 297 19| BY|%ko(t, as), so(t) = 29 ka(t, as),
neq:=2b/(2b—1), ¢y € (0,¢), c—crana 3 ominok (7), a := (a1, ay) — HAOGIP TAKUX HEBIT'€MHUX
aucen, mo T < min (c/a;)#~D/@ED+) 1| BY| — mopma matpumi Bl. 3amposaammo e

ie{1,2}
Take ITO3HAYEeHHH:

2

k(t,a), )] == ki(t,a))|&[”, >0, & € R™, i € {1,2}.

=1

3ayBaknuMo, 10 MPABUJIBHUMHE € CITiBBIIHOIIIEHHS
k(O,a) = a, kz(t,az) > ag, kl-j(t,aij) > g5, t e [O,T], j S {1, ...,ni}, 1€ {1,2},

ki(t — 7 ki(m,a0)) = kit an), kug(t — 7, k(7 a15)) = k(¢ aiy), 5 € {1, .,mil;



3aga4A Ko aj1s BUPOXKEHOI'O ITAPABOJITYHOT'O PIBHSHHS 75

kot — 7, ki(7, i) < ka(t, ai), koj(t — 7, koj (7, a25)) < koj(t,az5), € {1,...,n2},

1 cIIpaBIKYETHCA HEPIBHICTD
2
—co ) tPIXG(1) = &I + [k(0,a), &) < [k(t,a), X ()], t€(0,T], {z,{} CR™
i=1

Hexaii p € [1,00] i u(t, ), (t,x) € Il 7, — 3a/1ana KOMIIEKCHO3HAYHA, (DYHKIL, BUMIpHA
quist Oyb-sikoro t € [0, 7). g xoxuoro ¢ € [0, T] osnaunmo nHopmn

lut, Y = Jlu(t, o) exp{—[k(t, a), X (£, 0)]}|z, @),

lult, B = [lu(t, @) exp{~[s(t), ]}z, (2.
BukopuctoByBaTMMEMO TaKOXK MPOCTOPH:

Lg(t’a), t € [0,7], p € [1,00], — npocTropu Bumipaux dyskii ¢ : R" — C, mpra gkux €

) k(t,a)
CKIHYEeHHUMU HOPMU H ¥ ‘ ’p ;

M¥02) — ypocrip snivenno-aguTuBEUX GyHKIHH 1 B — C (ysarajabHeHHX GOPEThOBUX
mip B R"), siKi 3a/I0BOJIbHSIIOTH YMOBY

K02 — / exp{~[k(0, a), a]}dJu| (x) < o,

zie B — o-anrebpa 60pesbOBUX MHOXKUH TpocTopy R™, a |u| — noBua Bapiamis y;
LIS(T) — poctip BuMipanx ¢yukiii ¢ : R™ — C 3i cKiHYeHHOI0 HOPMOIO

[4]|7° = [[o() exp{=[s(T), 2]} 1, ny;

Cy () _ npoctip HenepepBHux dyHKIH ¢ @ R” — C Ttakux, mo npu |r| — 0o Maemo
|¥(z)| exp{[s(T),z]} — 0. Hopmy B Cyy M) osmarmmo dopyysomno

Il = sup (|9 ()] exps(T), ]}).

Bpaxosyoun osmadennst touok X;(t),i € {1,2}, ta nepisuocri (1.3.9), (1.3.10) 3 [7],
Ma€MO TaKi HEPIBHOCTI:

Xo () = w2+ (B 2h)[* < 2 (Joal + 2|((BY)2))]?) <2 (| + £ B P ) .
Ta aHAJIOMIIHO
| Xoj ()" < 2 (|loos |* + [ B P |25?) , 5 € {1, ..., ma}.
I3 ux HepiBHOCTEN BUILIMBAE HEPIBHICTD

exp{—[s(t), 2]} < exp{—[k(t,a), ]},

i Tomy
lult, B < [lult, IS, ¢ €0,T], p € [1,00].

Ockinbku 3a o3HadenusaM s(t) > k(0,a), t € [0, 7], o mist ¢ € LX) yaemo

lell® < llells ), ¢ € [0,T], p € [1,00].
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Teopema 4. Hexaii st koeirienTis piBasiaHs (1) BukoHytoThCst yMoBa A1—A 4 1p € [1, 00].
Tosi npaBHJIBHUMHE € TaKi TBep,Z[}KeHH}:'[
1) jrst Oyap-skux QyHKI @ € L c])opMyﬂa

ult,z) = / 20,250, )p(€)de, (1) € o, (13)

Rn

BuzHadae exauHuii B mapi Il ) po3B 130K OAHOPIHOrO PIBHAHHS (1);

k(0,a)

icaye craia C > 0, sika He 3aJ1€XKUTh BiL p € Ly | Taka, o jist jgosiasaoro t € (0,T]

CHPABJIKYIOTHCS OIIHKI
lu(t, )54 < Cllll
st p € [1,00) crpaBpKyeTbest piBHICTD llfir% u(t,) — ()5 = 0, a qusz p = oo —
—
rpaHnyHi criBBiHOMEHHS U(t, -) t—>ogp y cJabKoMy ceHcl, TOOTO st OV/Ib-sIKUX (QYHKIIIH
%

—s(T . .
¢ : R" — C 3 npocropy L, s(T) BHKOHYIOTBHCSI CITIBBI/THOIIIEHH ST

hm/w txd:v—/w

2) ans 6yb-axol yzaraapaenol mipn p € M*2) bopayia

u(t,z) = /Z(t,m; 0,)du(&), (t,x) € g, (14)

R"

BusHadae eauHuii B mapi Il ) pO3B 30K OJHOPIIHOIO PIBHSAHHS (1);
icuye crama C > 0, sika He 3a1exuth Bix it € M*?  raka, mo s gosinbroro t € (0, 7]
CIIPABJKYIOTHCS OIIHKH
k(t,a) k(0,a).
lut, I < Ol

CIIPAB/KY€ETHCST TPaHHIHe CIIBBIgHOIMEHHS u(t, -) —>0 [y cJabKOMy CeHCi, TOOTO JIIs
t—

oynp-saxnx ¢pyukmii ¢ : R" — C 3 npocropy C,, s(T) BHKOHYIOTHCST CITIBBITHOIITEHHST

PI%/’Q/) txdx—/@/z Ydp(x

Hacrymnra Teopema € B IeBHOMY CEHCI 0OEPHEHOIO JI0 TeopeMu 4.

Teopema 5. Hexait suxonyorbcs ymosu Ay—Ay 1w — poss’asok B 1l oanopigmoro pis-
msaHsT (1), sIKHil 38/[0BOJIBHSIE YMOBY

lu(t, )[4 < O, t € (0,7, (15)

3 geskumu C' > 0 1p € [1,00|. Toxi st p € (1,00| icHye enuna yHKIisT ¢ € L;f(o’a), a
st p = 1 — equna ysarambmena mipa i € M*%® | raki mo poss’ssox u sobpaxyernes

BimosigHo y Burysi (13) abo (14).
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Hexait U, € [1, 00|, — kIacu ycix po3B’s3KiB OZHOPIAHOTO piBHAHHA (1), Kl IpH KO-
D ) ) y i 2L )
" 0.T . Lk(t,a) .
xkuomy t € (0,7] namexars g0 mpoctopis Ly AK QYHKII = 1 AjId AKHX BUKOHYETBCH
yMmoBa (15). I3 Teopem 4 i 5 BUIUIMBAIOTH TaKi BasKJINBI HACILIKIL.

Hacuigok 1. Muoxkunamm H09aTKOBHX 3Ha9eHb O3B sI3KIB i3 KiaciB Uy, p € (1, 00], Ta Uy
. . k(0,a . .
€ BIJIITOBITHO IIPOCTOPH Lp( ) ra M*O) § rinpkn pomn.

Hacninox 2. Kiacu U, p € (1,00, i Uy € muoxkunamu suadens omneparopis Ilyaccona,
puzHaveHnx ¢opmymsavu (13) i (14) Ha mpocropax BiIIOBITHO Lfg((o’a) i M¥O02)  mpraomy mi
orepaTopiu € i30MopizMaM.

st orpumanis pesysnbraTis, cOpMyJIbOBAaHUX y TeopeMax 4 1 5, BUKOPHUCTOBYETLCS
MeTOJIMKa, T0/i0Ha J10 nparii [7].

BucHOBKU

Y poboTi po3rIgHYTO BUPOJIZKEH] Tapadosiivni piBHsaAHHA Tuily KoJiMoroposa J0BiIbHOTO
HMOPSJIKY 3 OJIOYHOIO CTPYKTYPOIO 3 OJIHIEIO TPYTIOI0 BUPO/KeHHS. TaKi piBHAHHA y3araabHIO-
IOTH BIJIITOBIJTHI PIBHSHHS JIPYTOTO MOPSJIKY, IO BUHUKAIOTH MPH JIOCTIIZKEHHAX a31iChKIX
OTIIIOHIB Ha PUHKY IIHHUX IaIepiB.

Y crarTi chopmyboBaHO creriaibai yMmoBu ['ejibjiepa BiHOCHO MPOCTOPOBUX 3MIHHUX
Ha KoedillieHTH pPIiBHSAHD, 3a SKUX JIOBEJCHO ICHYBAHHS KJIACUYHOIO (PYHIAMEHTAJILHOTO
po3B’a3Ky 3as1a4di Kot Ta psiJt floro BjiacTUBOCTEl: OT0 OIHKHY 1 OIMIHKH HOTO TTOX1THIX, HOP-
MaJIBHICTB, (hopMysTy 3ropTKH, €anHicTh HopMaabHoro KOP3K. Takoxk orpuMaHo KOpEKTHY
po3B’ga3HicTh 3aja4i Kot y creriaJbHUX BaroBUX IPOCTOpaxX Ta iHTerpajbHe 300pazKeHHs
KJIACUYIHUX PO3B’SI3KiB OJHOPIIHUX PiBHAHDb y BUriisi interpaJis [lyaccona Bin dpyukiiiii abo
y3arajJbHEHUX Mip, IKUME 33/IA€ThCA MOYATKOBa yMoBa. OmrcaHo KJIacl KOPEKTHOCTI 3a/1ati
Kommi. [Ipu mpoMmy ojiepzkaHo OIIHKK B CIIEIiaJIbHUX BaroBux HopMmax iHTerpaJis Ilyaccona,
nopokennx KOP3K, Ta nocizkena iX rpaHndHa TOBE/IIHKA.

Hagejieni pesysibraru € JOCUTH TOYHUMEU. 3 HUX, 30KPEMa, BUILJIUBAE [TOBHA XapaKTepPU3a-
Iisl PO3IVIAHYTHUX KJaciB po3B’a3KiB. [lum camum it Takux po3B’sI3KiB pO3B’s3aHa 3a/1a4a,
JKa € BayKJIMBOIO KJIACUYHOIO 33J1a4el0 Teopil aHaJITUIHUX Ta rapMOHiYHUX (yHkiIiiit. Bona
IOJIATaE Y BJIIIYKAHHI YMOB Ha PO3B’3KHU PiBHAHb, BUBHAYCHUX B 00J1aCTi, Ki rapaHTyIOTh
icHyBaHHs IXHIX 'PaHUYHUX 3HAYEHb Ha MexKi 00J1acTi.

3ayBakuMo, 110 [0/i0HI BUPO2KEH] mapaboJIituHi piBHIHHS 3 OJIOYHOIO CTPYKTYPOIO JIPY-
roro nopsiyiky Busdasmcs y [1] 1 [9], anasoriuni pesysabratn st Tak 3BaHUX L-pO3B’s3KiB
sasadi Kol jyist Takux piBHSIHB OTpUMaHO B [6].

Otrpumani pesysbraTi € peasizariero Bigomoro mijgxoy Eiinenbmana—Isacumiena |7]. Bo-
HU MOXKYTh OyTH BUKOPUCTAHI Yy IMOJAJIBIINX JOC/I/IzKeHHAX 3a1a4i Kot Ta KpaitoBux 3a/1a4
JIJIs1 JIHIRHUX 1 KBa3LIIHITHUX BUPOJI2KEHUX ITapabo/iYHUX PIBHSAHB, & TaKOXK y Teopil Map-
KOBCBKUX IIPOIIECIB, I'yCTUHOWO #iMOBipHOCTI mtepexoy sknx € PP3K s piBHsgHB i3 Ki1acy
ED,.



78

(1]

18]

Opoub B.C.', MEauHChKmit 1.11.1:2

CIHUCOK JIITEPATYPU

Dron V.S., Medynskyi I.P. On fundamental solution of the Cauchy problem for ultra-parabolic
equations in the Asian options models. Math. Modeling and Computing 2024, 11 (2), 593-606.
https://doi.org,/10.23939/mmc2024.02.593

Kolmogoroff A. Zufdllige Bewegungen (Zur Theorie der Brownschen Bewegung). Ann.Math. 1934, 35,
No.1, 116-117. — https://doi.org/10.2307,/1968123

Pascucci A. Kolmogorov Equations in Physics and in Finance. Progress in Nonlinear Differential Equati-
ons and Their Applications: Birkh&user Verlag Basel, Switzerland 2005, 63, 313—-324.

Frentz M., Nystrom K., Pascucci A., Polidoro S. Optimal regularity in the obstacle problem for
Kolmogorov operators related to American Asian options. Math. Ann. 2010, 347, 805-838. doi:
10.1007/s00208-009-0456-z

Protsach N.P., Ptashnyk B.Yo. Nonlinear ultraparabolic equations and variational inequalities, Naukova
dumka, Kyiv, 2017, 278 p. (in Ukrainian).

Ivasyshen S.D., Layuk V.V. Cauchy problem for some degenerated parabolic equations of Kolmogorov
type. Mat. Metody i Fiz.-Mekh. Polya 2007, 50 (3), 5665 (in Ukrainian).

Eidelman S.D., Ivasyshen S.D., Kochubei A.N. Analytic methods in the theory of differential and
pseudo-differential equations of parabolic type. Birkhduser. Basel 2004, Ser. Operator Theory: Adv.
and Appl., Vol. 152. https://doi.org./10.1007/978-3-0348-7844-9.

Ivasyshen S.D., Medynskyi I.P. The fundamental solution of the Cauchy problem for generated parabolic
Kolmogorov type equations of arbitrary order. Mat. Metody i Fiz.-Mekh. Polya 2019, 62 (1), 7-24 (in
Ukrainian).

Dron V.S., Medynskyi I.P. Cauchy problem for ultra-parabolic equations of Kolmogorov type with block
structure. Bukovinian Math. Journal 2024, 12 (1), 43-62 (in Ukrainian).

Haoditiwno 15.12.202

Dron V.S.!, Medynskyi LP.*2 Cauchy problem for degenerated parabolic equations of Kolmo-
gorov type of arbitrary order with one group of degeneration, Bukovinian Math. Journal. 12, 2
(2024), 69-79.

The investigation is devoted to degenerated parabolic equations of arbitrary order with block
structure and with one group of degeneration. Such equations generalize the corresponding
second-order equations that arise in the studying of Asian options on financial markets. Under
some conditions they generalize well-known Kolmogorov’s equation of diffusion with inertia.

In the work, for the given equations we study the classical fundamental solutions and soluti-
ons of the Cauchy problem. For the coefficients of the equations we apply special Holder condi-
tions with respect to spatial variables. Under these conditions, we prove such results as existing
of classic fundamental solution of the Cauchy problem (further — CFSCP), the estimations of
it and of its derivatives, the normality property, the convolution formula, the uniqueness of the
normal CFSCP. Also, the well-posedness of the Cauchy problem in special weighed spaces, the
integral presentation of classic solutions of the Cauchy problem for homogeneous equations (in
the form of Poisson integrals of functions or generalized measures which are given by the initial
condition) of classic solutions of the Cauchy problem for homogeneous equations are obtained.
Limiting behavior of the Poisson integrals was investigated. Classes of well-posedness of the
Cauchy problem are described.
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The presented results are quite accurate. In particular, they lead to a complete characteri-
zation of the considered classes of solutions. It solves a problem for such solutions, which is
an important classical problem of the theory of analytic and harmonic functions. It consists in
finding conditions for solutions of equations defined in a domain that guarantee the existence
of their limiting values on the boundary of the domain.

Previous, the similar degenerated parabolic second-order equations with block structure
have been studied, and similar results for the so-called L-solutions of the Cauchy problem for
such equations have been obtained.

The results obtained in the work are realization of well-known Eidelman—Ivasyshen app-
roach. Ones can be used to advanced studying of the Cauchy problem and boundary value
problems for linear and quasi-linear degenerated parabolic equations as well as in the theory of
Markov processes, the transition probability density of which is the CFSCP for the second-order
equations.
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cJArIiH B.O.

HETA-Qs-30BPAYKEHHSA YNCEJI I TOMY BIJIIIOBIJIHI XBOCTOBI
MHO2KVHN

B poboTi 06rpyHTOBYETHCS, IO HeTa -() -300paskeHHsT € MePeKOLyBAHHAM () s-300pasKeHHsI,
BOHO IIOPOJIZKY€ 1IeHTUYIHY MeTpudny Teopifo. /loBeeHo, mo rpyrmna nepeTBOpeHsb OIUHIIHOIO
BiAPI3Ky, fKi 30epiraroTb XBOCTH Hera-()s-300paskKeHHsI JYHCeJI € HECKIHUYEHHOKI I'PYIIOI0, siKa
MICTUTH HIPYIly 3POCTAYNX (DyHKIIIH.

Karuosi caosa it ppasu: s-KoBe 300parKeHHs dnce), Hera-() -300parkeHHsl Yucel, IUIHID,
XBOCTOBI MHO>KMHH, HEIIEPEPBHI IIEPETBOPEHHSI, OIIEPATOPH 3CyBY nudp.

Institution of mathematics of NAS Ukraine
e-mail: fracta.art@gmail.com

Boryn

CbOro/iHi JIFOJICTBO OlIePY€E PI3HUMU YHUCJOBUME CHCTEMaMU (CHCTEMAaMU YUCel, siKi YTBO-
PIOIOTH TI€BHI ajirebpaldHi CTPYKTYypH i MalOTh JIeKy CTyIiHb aBronoMuocti). Ile cucremu
HATYPaJbHUX, IIJNX, PAIIOHAJIBHUX, MIHCHUX, KOMILIEKCHUX, TIIIEPKOMILIEKCHUX YHUCEJT TO-
mo. IpegcraBHuK Ti€l YU iHIIOT YUCIOBOI CUCTEMH Ma€ CBiit 3MicT i hopmy icHyBaHHS, sKi
oMy HaJa€ cucTeMa YUCAeHHs. 1MCJIOBI CHCTEMU Ta CUCTEMH YUCJIEeHHS 0OCIYTOBYIOTH I10-
Tpebu 00YNCTIOBAIBLHOI MATEMATHKY Ta 00Unc/IoBaIbHOl Texnikn, cyuacuux [KT, € 3acobom
KOJTyBaHHs iH(MOpMAIIT.

CucreMoI0 9NC/IeHHST HA3MBAETHCS CYKYIHICTh 3aCO0IB JJIsl: MIPE/ICTABICHHS (MaTeMaTH-
YHOIO BUPAYKEHHsI); 300parkeHHsl (KO/yBaHHsI, CKOPOYEHOr0, (hOpMajIbHOTO 3aIuCy ); HafiMe-
HyBaHHdA JIHCHUX YuCesT; X iieHTudikallii Ta MopiBHAHHS; a TAKOXK IMOO0YI0BU apu(PMETUKN.
[la cykymnHicTs BKItO9ae: 1) Mojenh aificHoro yucsia y ¢hopmi MaTeMaTuIHOrO BUpasy (psLy,
HECKIHYEHHOIO JI00YTKY, JIAHIFOrOBOTO Jipoby ToIo); 2) asidapit — Habip mudp (cuMBoJIiB,
3HAKIB) Jj1s1 GOPMATBLHOTO (CKOPOUYEHOI0) 3aIUCY MPEJICTABJICHHSI TUC/Ia MATEMATUIHUM BU-
pasoM, sIKi BifirparoTh poJib dmces abo iHjgekci. Icuyroui cucremu umnciienns (a ix Gara-
To [1, 3, 8, 9]) moxkHa meBHUM unHOM Kiacubikysarn. OJuH 3 KJIACIB yTBOPIOE CHCTEMH,
[0 MaIOTh OCHOBH OJHY abo Gisbiie. HaiimpocTimmow y HboMy € KiacudHa $-KOBa cucteMa (

VIIK 511.7
2010 Mathematics Subject Classification: 28 A80.
This work was supported by a grant from the Simons Foundation (1030291, V.0.Y.).

(©) €Enarin B.O., 2024
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1 < s € N) uncienns, 30kpema jpiiikosa. Ll cucrema mMae 6arato pisHUX y3araJbHEHb Ta
AHAJIOTIB 1 PsiJ PI3HOIIAHOBUX 3aCTOCYBaHb y TEOPil uuces, Teopil (pyHKILii, Teopil hpakTaIis.

ana pobora npucBsiiena 300paykKeHHIO YUCE y CUCTEMI YUCJICHHS 3 OCHOBOIO (-8), sIKa Ha-
3UBAETHCSI HEra-S-KOBOIO, a TaKOXK 11 y3arajabHeHHIO Hera-()¢-300pazkentio. B poboTi 1oBo1u-
ThCsl, M0 Hera-() s-300payKeHHsT € IPOCTHM IIePEKOJyBaHHSIM () s-300pazkeHHst (y MOJIOCHOBHI
cucTeMi 3 $ JIOJATHUME OCHOBaMH). BpaxoBytoum, 1mo Hera-()s-300pazkeHHsI HE € TOIOJIOTI-
9HO eKBiBaJeHTHUM ()-300parkeHHio, 1 Te, 10 Hera-s-KOBi 300paskeHHsI KiJIbKa pa3iB BUKO-
PHUCTOBYBAJIUCE [Tl KOHCTPYIOBAHHS HENEPePBHUX JIOKAILHO CKjajuux (yukii [1, 4, 5],
BBaYKa€MO 3a JOIiJIbHE PO3BUTOK Teopil Hera-(),-300parkeHHsT IUCe.

1  HETA-s-KOBE 30BPAYKEHHS YUCEJ dK INEPEKOJAYBAHHS s-KOBOT'O

Hexait 1 < s — dikcoBane nHarypasabhe dncio, A; = {0,1,...,s — 1} — andasir s-kooi
cucremu unciaenast, Ly = Ay X Ag X --+ X Ay X --+ — IPOCTIp MOCTIIOBHOCTEH €JIEMEHTIB
asipapity A,.

3 S .
Haraaemo [8], mo 3mict s-kooro sobpazkenna Af, . auciax € [0;1], xe (o) € L,

PO3KpHUBae PiBHICTH

a1Q2...0;p..."

Oén S
I:_+_+...+S_n+---EA (1)

Tyt npencraBienHsaM qucsia « € psj (1), Ipu MbOMYy MOCJIIOBHICTD S, = 5" € 6Ha3UCHOIO,
a nudpu @, BIIrPaioTh poOJIb YHUCEN Y TOJaHHI YUCIa I CUMBOJIB Y HOro 300parKeHHi.

Teopema 1. [1] s 6yap-sixoro x € [0; 1] icrye mocigosnicts (1,) € Ly Taxa, mo

s e
= —_=A" = 2
’ s+1 ! ; (_S)” TIT2. T ( )
ST O i 8 (3)
s sz s — (—=s)"

Jae Y, = Tp, + 1.

Osnavennst 1. Poskiaj x y psij (2) HA3UBAETHCST HOTO Hera-s$-KOBUM IPEJICTABJICHHSIM, a

o o —s
tioro chopmanbnmil zamuc A5, — Hera-s-KoBHM zo0paxkenusM. Ilpn oMy 7, HasnBae-

THCST N-0I0 IU(POIO JJAHOTO 300PaKEeHHS.

BayBaxkenus 1. Xii goesents reopemu 1 [8] BKazye Ha 3B’s30K S-KOBOI'O Ta HETa-S-KOBOI'O
300pakeHb OJHOTO 1 TOTO K 9HCJIA, & caMe: IU(pPH T, Hera-S-KOBOro 300pakeHHs A~°

TITQ... T

— S .
gncta ¥ = AF, . . OOIHCIIOIOTHCS 38 POPMYJIO:

s—1—a«,, KON HernapHe,
T =
Qs SIKIIIO N, [TapHe.
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: _As .
Skmo K BiZloMe Hera-s-Kope 300pazkeHHs ducaa x = A - TO uudpH Horo s-KoBoro

300paKeHHsT MOXKHA, OTPUMATH 3a (POPMYJIaMHU:

s—1—7,, Ko n HemapHe,
Q=
Tns SIKIO N MapHe.

Orxe, A? =A°

Q1034 A506...Q2n A2 41 - [s—1—ai]as[s—1—as]as[s—1—as]ae...aon[s—1—aont1]...”

e nae mizicraBy cTBEPRKYBATH, 10 Hera-S-KOBe 300pazKeHHs 110 CBOIH CyTi € JIuIie Ire-
PEKOJIyBaHHAM S-KOBOT'O 300pazkeHHs unciia . s Oiabin moBHOrO oOrpyHTYBaHHS TaKOTO
BUCHOBKY ITPOBEJIEMO aHaJIi3 HOro TOMOJOTO-METPUIHUX BJIACTUBOCTEN.

2 T'EOMETPIS HETA-s-KOBOI'O 30BPAYKEHH

CyTb reomeTpil 300pazKeHHs duces B 3HAYHIN Mipi POZKPUBAIOTH BJIACTUBOCTI IUJIIHIPHU-
YHUX Ta XBOCTOBMX MHOXKMH. Harajgaemo, 1o IusiHIpoM PaHTy m 3 OCHOBOIO C1Cy . . . Cp, JJIS
$-KOBOT'O Ta Hera-s-KOBOTO 306pazKeHb BiJIIIOBITHO HASUBAIOTHCSA MHOXKHUHU|S]

A ={r:x)=c¢,i=1,...,m}, A® ={zr:nx)=c¢,i=1,...,m}.

Cc1C2...Cm, Cc1C2...Cm,

1. Humisap A1 KOXKHOrO 3 300parkKeHb € BiJIPI3KOM, IIPUIOMY
: i — 1.
L1 Azl...cm = [CL?b]a A€ a = Z:il %, b=a-+ P

12. A0, =[A-B;A+Clne A= 5+ 300 &,

1 1
) sty AKINO M HellapHe, | m-11qys
B = C =

1

AKIIO 1M HEIlapHeE,

[y

m, AKIIO T ITapPHE; m, AKIIO T ITapHE.

s _ 1 _ —s

2' ‘Aclcg...cm| — gm T ’ clcg...cm"
5 —s

3 | 21824..Cm’£‘ — l — | (21024.4cm7ﬁ|

’ |A‘2162m07n| s |A;1602...cm| )

_ s _ 0 s . _ —s _ oo —8

4' T = Aalag...am... - ﬂm:l Aalag...am7 T = ATlTQ...Tm... - ﬂm:l A‘1'17'2...‘1'771'

BnactusicTb 3 MUIiHAPIB S-KOBOI'O Ta, HEra-S-KOBOI'O 300parkeHb HA3MBAEThCS OCHOBHUM
METPHYHUM BiIHOIIEHHSIM, OCKIJIBKU Bijirpae BaskKjuBy (KJIIOUOBY) POJIb y BiJIIOBITHIN Me-
TpuuHiit Teopii. Moro Bupas e cBimruenmam 6msprocTi (i masiTh "igenTmanocti") BimmosimgHmx
METPUIHUAX TEOPiii.

SayBakeuns 2. BpaxoByrouu 3a3HadeHe, IMPUXOJUMO JIO0 BUCHOBKY, IO DO3B’SI3KH TOIO-
JIOTIYHUX 1 METPHIHHUX 3aJ[ad JIJIs Hera-S-KOBOI'O 300pa’KeHHsl, aHAJIOIITIYHUX 3ajadaM JIJIs
$-KOBOT'O 300paKeHHsI, MOXKHa OTPHUMAaTH 3 BIJJOMHUX PE3YJIbTATIB JIJIST OCTAHHBOTO 11epecghop-
MYJIIOBAHHSIM Yy HOBIH cucTeMi KOJYBAHHS 3 ypaXyBaHHSIM BKa3aHHUX 3B S3KIB.

3  HErA-Q,-30BPAYKEHHS YUCEJI

Harasaewmo [1] cyTs nomocuoBHOro QQs-300pazkenns uncen 3 [0; 1]. Hexait Qs = (qo, .-, ¢s—1)
— 3aJIaHN IMOBIpHICHUI BEKTOP 3 JIOJATHUME KOOPJAMHATAME, TOOTO qo+q1 + -+ -+ qs—1 = 1;
Po=0,Bi1=0i+tai=q@p+qa+ +q i=01...,s—1
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Teopema 2. [2] /s 6yap-sikoro x € [0; 1] icaye nocigosHicts (a,) € Ly Taka, mo

e k-1
= By + ) Bty | [ doy0) = A (4)
k=2 j=1
Ckopouennii 3armc A%‘a oo, DALY (4) 1di0r0 CyMu = HABUBAIOTH ()s-300parKCHHAM HH-

clla T, IPU MBOMY (v, = () BiAnoBimHO n-010 nudpoio 1mboro 306pazxkents. [logamo psi
(4) y Burasi:

k—1
T = Boq + 6&2‘]0&1 + 60&3QC¥1QC¥2 +--+ Bak anj + =
7=1

= (ﬂal-‘rl - qu) + /8042qa1 _I_ (ﬁag-ﬁ-l - QOL3)qa1qa2 + ﬂa4Qa1QaQQa3 + - +
2k—2 2k—1

+(ﬁ0&2k,1+1 - Qng,l) H Qaj(a:) + Bagk H Qaj(x) + =
j=1 i=1

2k—2 2k—1
= 5041—&-1 - /B;Zqu + ﬂag,—HQquocz +--+ ﬁa%_ﬁ—l H QOtj - 6;% H qoc]- +-=
j=1 j=1

[e's) k—1
=B+ D> (DB @) [ [ gy @) = A0 s (5)
= j=1

k=2

, ) Ban+1, AKIO N - Henapwe,
rZLe 5@71 -
1 — Ba,, 9KIIO N - apHe.

Take mnpeacraBaeHHs YKUCIa & HA3UBATUMEMO Hera-()g-IIpeICcTaB/IeHHIM, & BiIIIOBIIHMII

CKOPOYEHUIl 3aImcC A;l%zman__ fforo Hera-()s-300paxkeHHAM. TakuM 4MHOM, HAMU JIOBEJCHO

HACTYIIHE TBEPJIZKEHHSI.
Jlema 1. /lna wncna x = A% Mmae Mmicre piBaicTsb (5).

Q1Qg...0p...

Orpumane 1epeKko/lyBaHHSI MOXKHA 3;100yTH iHmuM misgxoM. Hasegemo iioro.

n—1
T = 50[1 + BOQQOq + 5&3%)41(]042 + 5a4QOc1Qa2(Ja3 +oee Bozn H qo; +e=
j=1

=1- 1 + 6a1 + (5&24—1 - QQ1>Qa1 + ﬁa;gQCzlquQ + (5@444—1 - qa4)q@1qa2qa3 4+ .- 4
n—1 n
+(/8Cln+1 - Qan) H Qo + 5an+1 anj 4+ =
J=1 j=1

= 1 - (1 - 60&1) + ﬁagqoq - (1 - ﬁag)qalqaz + ﬁmﬂalqmq% — et
2n—1 2n

+Ba2n H qo; — (1 —ﬁa2n+1)anj + ... =

J=1 Jj=1
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2n—1
=1- §a! + Y24a, — 73(]041(]042 -+ Yon H q% Yon+1 H qaj ceey

e Yp BUSHAQYAIOTHCA TaK:

1 — Ba,, $KIIO N HENapHe;
Tn =
Bean+1, AKITO N TIapHE.

Tobro mist aucia x, mo Mae Qg-mipejcraBierss (4), Mae Micre piBHICTB:

0o k-1
r=1—9+ Z(—l)kfyk anj.
k=2 j=1

Axmo mudpu y Hera-() -300parkeHH] YnCIa YTBOPIOOTH ME€PIOJ, TO BOHU 3aIUCYIOTHCS
y prmmx ,Hy}KKaX. SuriveHHa MHOYXKHHA YHCEJI Ma€ JBa Hera-()s—300paxkenns. e wmcia

BUTY: ATC . HerasbHinie ysBJIeHHS PO Te, THUC/IA

araz...ap_1ak(0[s—1]) — Aogoeg...ak_l[ak—l—l]([s—l]O)
SIKOI'O BHJLy MOXKYTh JABATH JIBa 300parkKeHHs, J1a€ HACTYIHUHA PO3ILIL.

4 TEOMETPIA HETA-()s-30BPAYKEHS

i Q
Oszunayennsda 2. HI/IJHH,Z[pOM paHry m 3 OCHOBOIO C1C3 . . . Cy,, HA3UBAa€TbCsA MHO>KHHA AClC; Cm?

mo ckaagaeTbes 3 yeix gncen x € (05 1], mo marors Hera-()s-300parkeHHs1, y sIKOrO IepIii m

CHMBOJIIB PIBHI C1,Cy, . . . , Cy BIIIIOBIJIHO.

Jlasti HaBeIeHO JiesiKi BJIACTUBOCTI IUTHAPIB Hera-()s-300parKeHHsT Ta BUCBITIUMO 1X 3B 51-
30K 3 mumiHApaMu ()-300parKeHHsl.
1. /17151 KO>KHOTO 3 300parkeHb MUIIHID € Bi,ILpiBKOM, PUYIOMY:

]‘1 Achsc [a’ b] fHea’_Zz 1&61 Hk,‘ 1qcz7 a_’_HZquﬂ
1.2. A % =[A;B], ne

s (DR (B (T2 4ey), AKIINO M HenapHe,
L s (DR, (T2 aey) + T e scamio e mapue;

+Zk (=DM (B (T2 4e,) + T er - sixim10 . memaprie,
, t Zk:2(_1> - ( : (Hf 11€Ic]) AKIIIO M IIapHe;

-1 -1 -1 —Qs .
Aclcggs .Ck = UtEAs Aclcz th7 [O 1] UZ:O ;‘92:0 e U'fn:o AiliQQ...in7
3 ALY =x=A 9% o (a) € L

0102 -Ck c1C2...Ck..
_ QS I 1 _QS .
4. maXAc162 o1 mlnAClc2 eapri—1]} maXAC1C2 eonl] _mmchz...czk[iH}’

-Q . — |A@
5' ‘Aclc;,..ck’ - Hi:l qci - |Aclscz...ck"
TaxkuMm YuHOM, YMC/Ia MOXKYTb MaTH JIBa 300paKeHHsI, TOJi 1 JIUIIE TOJIl, KOJU BOHU €

CIIIJIBHAM KIHIIEM JBOX IUJIIHJIPIB.
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5 XBOCTOBI MHOYKUHU

_ A—Q _ A—Qs
Kaxyts [1], mo nera-Q4-306pazkenns qucen r = Ags . TAY = Aﬁlﬁz---,@n--- MaloTh
OJTHAKOBI XBOCTH, AKIIO iCHYIOTB JledKi HaTypaJsbHi uncia k Ta m Taki, mo oyj = By, 114

oynb-sakux j € N. Ile cuMBOJIIIHO 3aIlIUCYETHCSI T ~ ).

Oznavenns 3. MHOXXHHY BCiX dHcesI, 1[0 MalOTh OJHAKOBHI XBICT Ha3UBAaIOTh XBOCTOBOIO
MHO>KHHOIO.

BayBazKiMO, [0 YUCJIa, STKI MalOTh JiBa Hera-(),- 300paKeHHs HaJleXKaTh OJIHI XBOCTOBI
MHOXKHHI. JIerko 6aunTu, 110 KOXKHA XBOCTOBA MHOXKHMHA € 3JIUE€HHOIO 1 BCIOJU IIILHOIO HA
Biapisky [0;1].

SayBaxkeuHst 3. BijHolieHHsT ~ MaTH OJHAKOBHI XBICT € OIHADHHUM BiJIHOIIIEHHSIM €KBIBa-
JIEHTHOCTI.

Jlema 2. @arrop-muoxuna G = Lg/ ~ € KOHTHHYAJIBHOIO.

Josedenns. Ilpunycrumo, mo G € 31idenHo0 MHOXKUHOIO. Toji mpoctip Ly moctigoBHOCTE
e/leMeHTIiB andaBiTy € 3iUeHHNM 00’ € THAHHIM 3i9eHHIX MHOXKHH, TOOTO 3/IIY€HHOI MHO-
»KHO0. AJjte mpocTip Ly € KOHTHHYAJIBHOIO MHOXKIHOIO, IO CYIePEeINTh HAIIOMY IPHUITYIIEH-
HIO, TIpO 3yiueHHicTh G. n

Ham neBimomi 3microBui merpusarnii muoxkunu (G, a BOHH MOIJIK O CyTTEBO 30araTuTH
METPHUIHY TEOPiio Hera-()-300pazkKeHHsT IUceT 1 PO3IMIUPUTH 3aCTOCYBaHHS y (PPaKTAIHLHOMY
aHaJIi3l.

6 CHELIAJIBHI ®YVHKIIT HETA-(Q)s-30BPAYKEHH S

Kaszarumewmo, mo dyukiist f : [0; 1] — [0; 1] 36epirae xBocTn Hera-(Q s-300pazkKeHHsI 9UCel,
AKII0 Jyist Oyab-sikoro = € [0; 1] Bukonyerbes x ~ f(x).

OmuepaTop JIBOCTOPOHHBLOIO 3CYBY UMD Hera-(Q -300parkeHtst Inuces, SKUl 03HATYEThCS
PiBHICTIO:

n(Ast ) — A*Qs

a102...0n... a203...0ip,...)
.. . 1-3. . _ _
€ KycKoBo-Jiimiiinoro dyukiero, a came: () = ix+ qTBI‘”. Ockisbkn 77(A¢(Q[;—1])> = AO[SQ_SI]
1 He TOPiBHIOE 77(A[ifﬁ([s—1]o)) = A[_S?i]o, TO OIIEPATOP € KOPEKTHO 03HAYCHOIO (DYHKITIEIO JIUIIIE

IicJIs JIOMOBJIEHOCTI BUKOPUCTOBYBATH OJHE 3 JBOX 300parkeHb, HeXall Te, 0 MiCTUTh Hepiof

(0fs — 1)
OznavenHsi 4. n-KpaTHAM OIIEPATOPOM JIIBOCTOPOHHBOTO 3CYBY Hera-()s-300pa’kKeHHsT TH-
cer, e n € N, Ha3UBa€THCS orlepaTop

N"(AL% e ) = 00" AL, 0 ) = A0, =

Q1Qg...0n... Q1Qg...0n... Qp10n42...

1) ! (’1 —1\ g
—( ) x_i_%_—ﬁ’“l 4+t (=1 .
GonGos - - - Gap Qon,  Gandon_, Gonlon 1 -+ - Qay
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Huramika y mpocropi |0;1], moposzkena BimobpazkeHusimM 7(x), € HEIPOCTO, XOUa Tpae-
KTOPil TOYOK He BUXOAATDL 33 MEKi XBOCTOBHX MHOYKHUH, SIKI BOHH IPEJICTABIAIOTE.

Osnavenns 5. OmepaTopoM IIPaBOCTOPOHHBOIO 3CYBY Hera-()4-300parKeHHsT ducesT 3 Iapa-
MeTpoM i, i € Ay HABHBAETHCsI BI0OpaykeHHs((DyHKIIIsT):

wile =A% )= A9 = —qx+ S

a1og.. 101 02...0n,..
Ozuavenns 6. OnepaTopoM IPaBOCTOPOHHBOI'O 3CYBY Hera-()s-300parkeHHs duces 3 Habo-
pom mapamerpis (iq,. .. ,1i,) € A?,n € N nasuBaerbcst pyHKIIisE

wi1i2‘..in<A7Qs )—wh(ww (A Qs )) AT _

a1Qg...0n... ajas.. 1192... i1 Q2.0 ..

n n 7j—1
"w] e+ (078 [ [
j=1 j=1 k=1

BayBarKuMo, 1110 BCi orepaTopu 3¢yBy udp € MyHKIIAME, 1110 30epiraloTh XBOCTU Hera-
Q) s-300pazkentst gucesa. MoxkHa 1modaduTH, o0 N-KpaTHUN olepaTop JIBOCTOPOHHBOI'O 3CYBY
Oy1e 3pocTadoio (pyHKINE Ha KOXKHOMY IIMIIHIPI n-paHry, SKINO N — HapHe, i CIaIHOI0, STKIIO
n — HenapHe. AHAJIOTTIHUN 3B’ 130K MOYKHA MTOOAYNTH 1 Y OTlepaTopa IPaBOCTOPOHHBOTO 3CYyBY
B 3aJI€?KHOCTI BiJ| KiJTBKOCTI ITapaMeTpiB, JJisi TapHOl KLIHLKOCTI apaMeTpiB, onepaTop Oy/ie
3pocTaidoo (PYHILE0, /s HeIapHO! KiJIbKOCTI — CITa IHOIO.

Harasiaemo, 1110 mepeTBOpeHHsIM MHOYKHHU HA3UBAETHCs Oi€KTHBHE (OHOYACHO 1H €KTHB-
He Ta CIOp €KTHBHE) BijoOparkeHHs 1i€l MHOKuHE Ha cebe. HenepepBre niepeTBOpeHHHST Bijl-
piska [0;1] € 3pocratouoro abo crajHO0 HerepepBHOIO dyHKIiE0 Tako, mo f(0) = 0; f(1) =
1 a6o f(0) = 1;f(1) = 0. IIpuknagamu mepeTBOPeHb, MO 36epiraloTh XBOCTH Hera-() -
300pazKeHHs quces1, € HacTynHi Gyskiil: f(z) = z;

wo (), xom 0 <z < Al O[s 1)0[s—1]...0[s—~1]00)’

f%il(x) _ 2h1

(), xomm A 0fs— 1J0[s—1].. 0[s—1]00) <z <L
2];:1
wis—1j0(x), ko 0 < & < A [ —1J0[s—1]...0[s—1][s~1]0)
fs— xr) = %
-10l) n*(x), konn A <z <1

s 1]0[3 1].. O[Sfll[sfl}O)

2k

OueBnIHO, IO TAKUX ITEPETBOPEHD iCHYE HECKiHYeHHaA KiJIbKIicTh, 60 k € N.

Teopema 3. Muoxkuna H Bcix HemepepBHHX HeperBopeHb Binpiska [0; 1], mo 36epirarors
xBocTH Hera-() 4-300parKeHHsI drce I, BIIHOCHO omepaliil "KoMIo3mIiist mepeTBopeHs "y TBoproe
HECKIHIYEeHHY HEKOMYTATHBHY IDYILY, sIKa Ma€ MiArPYIy 3POCTA0UHX 1€PETBOPEHD.

OcCHOBHI MOMEHTH JIOBEJIEHHS TEOPEMH aHAJIOTIUHI CXeMi, IKa BUKOPUCTOBYBaJ/Iach B poOO-
Tax [6, 7). Tomy My 06MeKHUIIHCE JIUIIE KOHCTPYKTHBHUM JIOBEJIEHHIM HECKIHUE€HHOCTI TPYIIHL.

[iBaBo Oy/10 6 BUBYUTH CTPYKTYpy I'pynu H, ciM’io miarpyn Ta iHBapiaHTiB.
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Haditiwno 01.12.2024

Yelahin V.O. Nega-Qs-representation of numbers and its corresponding tail sets, Bukovinian
Math. Journal. 12, 2 (2024), 80-88.

The article demonstrates that the nega-Qs-representation serves as a re-encoding of the
traditional @Q,-representation and, despite its altered structural framework, leads to the same
metric theory. This equivalence implies that while the representations may appear different in
their formal descriptions, they fundamentally capture the same mathematical relationships and
properties of the system they describe. Moreover, the study explores the group of transformati-
ons acting on the [0,1] interval that preserve the tails of the nega-Qs-representation. This
group, intriguingly, is shown to be infinite, highlighting the extensive symmetry underlying
this representation. Within this infinite group, there exists a particularly interesting subset:
a subgroup composed of increasing functions. These increasing functions retain the order of
points within the interval, suggesting a natural compatibility with the nega-Q,-representation’s
structure and preserving its essential features. This finding is significant because it not only
confirms the mathematical equivalence of the Q4- and nega-Qs-representations but also reveals
the rich algebraic structure associated with transformations that maintain the core properti-
es of the nega-Qsrepresentation. By identifying this infinite group and its increasing function
subgroup, the article deepens our understanding of how such representations interact with
transformations and sheds light on the broader implications for metric theory and number
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representation systems. The study invites further exploration into the properties of these
transformations, particularly how they might be exploited in applications where alternative
number representations or encoding schemes are utilized. Additionally, the identification of
increasing functions within this group suggests potential connections to dynamical systems
and mathematical models where order preservation is crucial.
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JInceuko I.M., ITpalitboBuTUl O.M., [I1AKuIA B.I.

HEIIEPEPBHI ®YHKIIII, O3HAYEHI B TEPMIHAX
ABOCHUMBOJIBHOTI'O G2-30BPAKEHHSA 3 /IBOMA
PISHO3HAKOBVMU OCHOBAMM

YV poboTi po3rismaoThesa HenepepBHi GyHKIN, BU3HAYEH] HA BiAPI3Ky, apryMeHT i 3Ha9eHHs
AKUX [I0JA€ThCs 300pazkeHusiM ((G2-300pazkeHHs) y cucTeMi KOJyBaHHs 3 JIBOMa PI3HO3HAKOBH-
Mu ocHOBaMu go € [0,5;1) i g1 = go — 1 Ta nBocumBosbHuM asdasitom A = {0;1}:

[e%s) k—1
_ AG
T=0a101—a; + E (Qkg1—ay H 9o;) = Aol0s an...r
k=2 j=1

Cepen nux dyukmil Tppox Kiacis. [leprmit kirac mpectaBisiiors GyHKIIT, 03HaY€eH] PiBHICTIO:

ple=A52 . )=A

ri(ar)re(az)...tn(op)...0
ne (r,) — 3agana nociaigoBuicTs GyHKIil r, : A — A. JloBeneHo, mo B 1boMy KJaci KpiMm
KOHCTAHT, TOTOYKHOTO TIEPEeTBOPEHHs Bipi3Ka, 1 (pyHKIIT:

flz=AZ: )= AF

QA1O2...0p... 1—ai]as...an...

iHIUX HemepepBHUX (DYHKINI Hemae. [pyruit Kjac mpeacTaBiisiioTh (DyHKINI:

glz = AG? ) = AG?

a1Q2...0p ... d(ar,a2)d(2,a3)...d(@n,an41)d(Cn41,0n42).-

Lsaed: AxXA— A

HoBeeno, 1Mo B IbOMY KJIACi iCHy€ JuIe Y0Tupu HenepepBHi MYHKII: ABi cTasi, TOTOXKHe TIe-
PeTBOpEHHsI BiJpi3Ka i omeparop JIiBOCTOPOHHBOIO 3cyBy nudp Go-300pazkerts yuces. Tperiit

JIO Maifizke CKpi3hb y po3yminni mipu Jlebera), o3nadenni cucreMoio GOyHKIIOHAIBHUX PIBHSIHD:

{ﬂ%@:%ﬂ@7

075;17 = —1.
flgo+ (g0 — Dz) = qo + (qo — 1) f(x), qo € | )y q1 = qo

I'padixkm PyHKITIH OCTAHHBOTO KJaacy € caMoadiHHUMU, TOOTO CTPYKTYPHO (PPaKTAJTLHUMHA.
3HaiijieHo BUpa3 BU3HAYEHHOI'O iHTerpaJia 1o obJacTi BusHadeHHs i (DYHKIH 1IbOTO KJIacy.

Karuosi crosa i gpasu: (G2-300parKeHHsT YUCE, OLEPATOP JIBOCTOPOHHBOIO 3CyBY UMD,
IIPOEKTOP OJIHOTO 300parkKeHHsI B iHINE, CHHTYJISpHa (DYHKILs, MUAJIIHID, HEEepepBHA Hijle He
MOHOTOHHA (DYHKIIIS, MHOYKIUHA, PiBHA PYHKIIT, PYHKIST HeOOMeKeHOI Bapiarril.

Ukrainian State Dragomanov University, Kyiv, Ukraine
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Boryn

g aHa[iTUIHOTO JTOC/TIIZKEH s (DYHKIIII 31 CKJIa ITHOIO JIOKAIBLHOIO TOTIOJIOT'0-METPUYHOIO
CTPYKTYPOIO 1 (ppaKTaJIbHUMU BJIACTUBOCTSIMHU BCE YacTillle BUKOPUCTOBYIOThCS Pi3HI cucTe-
MU KojyBaHHs JiiicHux umces [3, 8, 12, 13, 14, 15|. B nepiny depry, ckazaHe CTOCYe€TbCs
HellepepBHUX JIOKAJILHO CKIaIHUX (DyHKIii: cunryaapuux [13], Hije He MOHOTOHHUX Ta Hi-
Je He jaudepentiiioBuux [3, 6], a Takox GyHKIiil, siKi HE MalOTh TPOMIXKKIB MOHOTOHHOCTI
3a BHUKJ/IIOYEHHSAM IPOMIXKKIB CTaJIOCTI, (DYHKIIIH 3 CTPYKTYPHO Ta METPUYHO (ppaKTaIbHU-
mu BractuBoctsMu |3, 5, 7|. Teopis takux dyHKiil nepebyBae Ha KOHCTPYKTUBHOMY €Tarl
PO3BUTKY 1 30aradyeTbcsi B OCHOBHOMY 3a PaXyHOK IHJMBIIyaJbHUX TeOPiil SCKpaBUX IPeJI-
CTABHUKIB BKasaHuX Kjacis 3, 5, 10].

Haramgaemo, 1o KogyBaHHaM JificHEX 4dnces MHOXKWHE D 3acobavu ayidapity A Ha3n-
BaETbCs CIOP’€KTHBHE Bij0OparkeHHsI g pocTopy L mocitijioBHOCTE ejleMeHTiB andasiTy Ha
muoxkuny D. Ilpu mpomy mocsimoBuicTs (ov,) Taka, mo g[(a,)] = x € D nasuBaerbcs g-
300pazkenngam uucta x. lle sanmucyervea © = A% - .

Harasaemo [4], mo aBocumBosibHe (Go-300pazkenHst jificaux dncest Binpiska [0; go] Bu3HA-
aaernes andasitom A = {0,1} 1 aBoma piznosnakosuMu ocnoBamu go € [3;1] 1a g1 = go — 1:

00 k—1
) _ G
[0;90] 2 x = 1910, + Z(akgl_ak Hgaj) = A o (1)
k=2 j=1
e (o) € L = Ax Ax ... licig BBeJieHHST CKOPOUEHHS On, = jJ1—q,, G2-300parKeHHs
G _ ) ) .
AG2,,. .. = T UHCIA T Ma€ TaKe 3MiCTOBHE HOT0 IHOJaHHA PIOM:
o] k—1
_ AG2 _
7= Ao = Oar 3 0o [ [ 90 2
k=2 j=1

HKHLO go = %, TO BOHO Ha6yBa€ BUIVIAAY 3HAKOIIOYEPEXKHOI'O ,ZLBiIU/IKOBOI‘O npeacTaBJIHHA:

altog+.. o1

Tr = ? + Z - Aafag...ak...'
k=2

2k

(G5-300pazkeHHs Ha BiAMIHY BiJ iHIIHUX JBOCUMBOJIBHUX KOJYBAHD JIHCHIX THUCET MA€E DAL
yHiKaJapHUX BiracTuBocreii [4, 8, 9, 10, 14]:

5
; G2 — AG2 —_x _ fe@) _
1) onepaTop TBOCTOPOHHEOTO 5CYBY WA ) = D = " ae, € meme
pPepBHOIO (DYHKITIEIO;
3 _ G2 _ G2 3
2) imBepcop Ga-300pazkenns [(Ag2%, a..) = AR 40 ool [1_ay).. MAE 3JIUEHHY BCIOIH

iy B [0; go] MHOXKHHY TOYOK PO3PUBY;
3) Bci Gy-6inapHi yncia (Yucia, Mo MaloTh JBa 300pazkKeHHs ) HaJIesKaTh OJIHI XBOCTOBI
G2

. . A Go .
MHOKHIHI (TX 300pazkeHHst MaroTh 1epiof (0)): Acl...cm,lol(o) = Acl...cm,lu(o)'

OcHoBHa MeTa JAaHOI POOOTH IOJISITA€ B TOMY, II0O OIIHUTHU MOTeHIaa (Go-300pazkKeHHs
JificHux uncest Jyisd epeKTUBHOIO 3a/aHHsI Ta JOC/IIKeHHsI HellepepBHUX (DYHKII, 30KpeMa

JIOKAJIBHO CKJIaJIHUX (CUHTY/ISIPHUX).
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Teopema 1. Dynkiriss [, o3HAUEHA PIBHICTIO

f(l’ = AG2 ) = Agial]az--~an-~~’ (3>

al1ag...om,...

1) € KOpeKTHO 03HAICHOIO;
2) HermepepBHOIO KyCKOBO-JIIHIIHOK (DYHKIIEI0, STKa M€ aHAJITHIHE 38 aHHSI:

_ glfal(z)x + gal(:v)(slfal(:p) - glfal(x)(sal(z) .

gal(x) ga1(x)

3) crporo cruagHoWO QYHKIIEW, siKa 36epirae XBocTu (G9-300PayKeHHsT IUCEIL.

Josedenna. 1. Brpara KOpeKTHOCTI O3Ha4YeHHs (DYHKINT MOTEHIHHO MOryia O TPalmuTUCh y
Go-6iHapHuX TOUKax. AJie KOPHCTYIOUnCh (HopMyIoo (3), MaeMo

G G G G
f(Acf..cmOHO)) = A[12—01](:2...(:m01(()) = A[licg}cz...cmll(O) = f(Acf...cmll(O))’

30KpeMa
S <A0Gl2(0)) = A?f(o) = Aon(o) =/ <A1G12(o)>-
Otxke, o3navdenns: GyHKIl f piBHIiCTIO (3) € KODEKTHUM.
2. Heniepepahicth dyHKIIT f BjacHe piBHOCH/IbHA KOPEKTHOCTI 03HavdeHHs DyHKIT y Go-

6imapuux Toukax. He3paxkarounm Ha 11e, JaMo He3aseKHe JOBE/IeHHs HellePepPBHOCTI PyHKITI,

3HANUMIOBINY 11 aHaiTuaHuit Bupas. OCKiIbKI

f(l‘ = AgfaQ...an...) - 51—6!1 + 91— <5a2 + 5asga2 + ) - 51—(11 + gl_alw(AaGfaz...an...)7

z oy

pew(r=Ag , )=

Jay(z)  Jay(a)’
g1 _
fla) = Jimer s J1-0001 ) T+ go, AKmO oy =0
= leq — —————— = 2
9o 9o g—(l)x — ‘g—?, SIKIO ap = 1.

Tomy dyukmis f € KycKoBo-iHiiiHoio, Kycku rpadika fKOi CXOMATbCs B TOUII T = g3 =
Ao = Aoy

Orxke, dyukiiia f HerepepsHa Ha BCiit 00/1acTi BUBHAYEHHS.

3. BpaxoBytoun anasituannit Bupa3 dyukiig f i Te, mo ducia Z_(l) i g—? € Bijg'eMHUMU,
bagmmo, 1o f € cTporo cnaiHoK (GyHKIE. Te, Mo XBocTr y apryMeHTa i 3Had9eHHsT (PyHKIT
361rafoThCsl OUEBHIHO 3 O3HaYeHHs DYHKINT: oy, () = a,_1(f(x)). Orxe, dyHKisa 36epirae

XBOCTH 300parkKeHHsT IUCE. O

Teopema 2. V kjaci ¢pyHKIiH, 03HAYEHUX PIBHICTIO

_ AG _ AG
QO(./L' - Aalzan) - Ar12(a1)7‘2(o¢2)...rn(ocn)...7 (4>

ae (rp) — mocaigoBHicTs yHKLiH, BusHadennx xa Maokmuui A = {0,1}, r,(a,) € A, e
qorupu GyHKLil @(x) = const, T(x) = x 1 ¢pyHKIia f, o3HAUeHa piBHICTIO (3), € Hemepeps-
HHUM.
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Jlosedernsa. Icuye mume qorupu dyukmii 7 : A — A. e rp(a) =0, () = 1, (@) = «,
ro(@) = 1—a. dxmo r, (o) = i st Beix n € N, 1o ¢(x) = A(GZ;”’ = const. dxmo r,(a) = 1—«
st Beix n € N, 1o ¢(x) € inBepcopoM — (DYHKIHEIO, MO Ma€ 3JYeHHY MHOXKUHY TOYOK

pospuBy. Hexait () = 1 — au,, Juia jgesikoro m > 1 . Posrsinemo Go-6iHapHy TOUKY

Ga _ AG2
Aal .am—101(0) Aal...am,lll(O)

nBox pisHux (Go-300pazkeHb. Maemo

T = = x9. O6Guncsnmo 11 3HauUeHHA 3a Gopmyo0 (3) Bix

m—1

(1) = o(w2) = (] ] ) 0190 — (61 — b19)] = (H 9ai)29091 # 0. O

=1
1  ®VHKUII, BUBHAYEHI JIAHIIIOT'OBOIO CKPIIIJIEHICTIO ITAP LIU®P

Teopema 3. Cepes ¢pyHKIIi, 03HAYCHUX PIBHICTIO

_ AG _ AG

g(SC Aafag .an ) - Ad(Qal,ag)d(ag,a3).“d(an,an+1)d(an+1,an+2)... (5>
HerepepBHIMU € Jiniite (hyHKIl, ais skux d(a,b) = const, d(a,b) = a i d(a,b) = b, To6TO
Kot g(x) € omepaTopoM JiBOCTOPOHHBOTO 3CyBY 1uhp Go-300parkeHHsI.

Josedenna. Icaye Beworo 16 dyukiit d : A x A — A, edbekTuBHE MaTpUYIHE 38 JaHHSA STKUX
sanpononosane y pobori Parymmusgk C.II. [11]. @ysKIio g 3py4HO acoliioBaTu 3 MaTpu-
newo ||a;l|, me a;; = d(i,7). Kom d(i,j) = 0 maemo g(x) = 0, a xoumu d(i,j) = 1 maemo
g(x) = go. Tomy me, o YoTupu Bkasani QyHKIIT € HEIIEPEPBHUME OUYEBUJIHO, OCKLIBKHU (DYH-
kiist d(a,b) = a nopokye dyukimio f(r) = z, a by d(a,b) = b mopojzKye orepaTop
JIIBOCTOPOHHBOTO 3CYBY 1udp (Go-300pazkenHs Iuces1, HeIePEePBHICTD AKOT0 3a3HAYAIACH BH-
mie.

JLnst Toro, mo6 dyHKIIs Oysia HellepepBHOI0, HeOOXiIHO 1 JI0CTaTHBO, 00 3HATEHHS, 001~
ciieri 3a hopmysioro (4) Bif pisHux 306parkenb Go-6iHapHOTl TOUKY, Oyiu piBHEMEI. OYEeBUIHO
(a6o Jierko GaunTH), MO KOHTPOJIBHUMU TOUYKAMU € JIUIIE Afl AOGf(O) Afﬁ = Afm

Hexait d(a,b) — dynkuis, BiaMiaHa BiJ 90THPHOX BKaSaHI/IX Akro cbyHKmH d(a,b) =
1—a, ro f € inBepcopom I(x) mudp Go-306pazkeHHs quces, KA FK 3a3HAYATOCH BUIIE, MAE
3JIIYeHHY MHOXKHMHY TOYOK po3puBy. ko d(a,b) =1 —b, to f(x) = I(w(x)) i Touka xg =

1 0
A0G12(0) = A1G12(o € 11 TOYKOIO PO3PHUBY, OCKLILKUA MaTPHIls ||a7jj|| = ( 10 ) (A0G121 ) -
G G G
A002(1) 7 A102( (A0021(0 ).
1 1 G G G
1. dxmo ||a;;|| = ( 10 ) , TO 9(A112(0)) Aoy # A(l) = (Aof(o )-

2. fkmo [|a;|| = ( ) To g( 111(0)) A1G120 w7 A0G120(1 9(A101(0)) xo1a
9(AGE o) = Al = Ao = 9(AG o) 9(ATg) = AT = Ali) = 9(A5).

011(0 110(1) — 110(1 001(0 )

—_

3. HKH_LO HCLUH = (

G G
<A112(0)) A112(0

G
) To g( 011(0)) 111 7"é A011 (A0021(0))7 Xo4a
G Go Go G Go
= A 2 Agy 0)) (A111(0)> A111 A1121 (A101(0))

—_
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10

st gl = (] ] )10 9(85,) = A% # A% = (A5,

51 (V1 A%2 A2 A2
5. dxmo [|a|| = 10 )™ 9( 011(0)) 101 ) 7 Aot =9( 001(0))7
G G G G G G
(A1121 ) A0021(0) # A111(0 (A1021(0)) xXoqa Q(A ) A01(0) A112(0) = 9(A012(0))'

10

6. Skmo |[[a;;|| = 01 ) TO g(A ) A?;)2(1 7 A002(1) - g(AOGlQ(D))'
01 .

7. dxmo ||a;|| = 0 1 ) TO MaeMo omepartop JiBOCTOPOHHBOIO 3CYBY, 30KpeMa

G G G G G G G G
<A112(0)) A1(%) =A 2) —9(A012(0)) (A0121 ) A112( A012(0) = (Aoo21 )
G2 GQ G2 GQ
<A111 ) An A01(0 = (Al()l )
s st gl = (] ) 10 9(850) = A, # Ak = 98550

10
o)
11
oo)

(
0. ﬂmouaijuz( ro g(AGEy) = AG £ A% = g(AGH).

1 0
10. Sxmo [|a;;|| = ( 0 0 ) TO Q(AOGH(O) Agfo 7 A100 (Agjl ), Xoa
Go Gy _ AG2 Ga Ga Ga _ AG2 Ga
<A11(0)) Avory = Boory = Q(A(n ) (Anl(o)) Asoo) = Boooq) (A101(0))

0
11. $Txmo [|ay]| = ( 0 . TO g(AGz )= A(%?) + Af(%) = Q(A()Gf(o)>.

0
12. fkmo |[a;|| = < 1 » TO 9(A1G121(0)) 001 7é A101 = Q(Alol( )) xo1a
G G G Ga €l Ga G
<A112(0)) A012(1) = A012(1) = 9<A01 ) (A0121 0)) A001 = A0021 9(A001(0))

00
13. dxmo |[ay|| = ( 01 ), TO g(Ale(O ) = AG2 # A(o) = Q(A()Gf(o))- O

2 CHUHI'VISIPHI MOHOTOHHI ®YHKIIIT

Hexait gy 1 ¢ — dikcoBani uncia, % <gyo <1, % < q < 1.

Teopema 4. Cucrema (pyHKIIIOHAJIHLHUX DIBHSIHB

{ﬂgoos) = 0o (@), ©)

f(g0+ (g0 — 1)x) = qo + (g0 — 1) f (),

BU3HAYEHHX B KOXKHII Tour Biapizka [0; go] Mae equHuii po3B’sI30K, sIKUIi aHAJITHIHO BHPA-
JKAETHCST

f(ﬂ? = Agfag Q.. ) = Q101—-ay + Z Okq1—ay anz = Agl/og...an...’ (7>

ge q = 1 — qg, 1 € HellepepBHOIO CTPOro 3POCTalod00 (DYHKIIEIO, CHHIY/ISPHOIO (DYHKIIEO
npu qo # go 1 f(x) = x npu qo = go.
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Jlosedenns. CKOpUCTAEMOCH CKOPOYEHHAM 0, = iq;_;, T0OTO §) = 0, d] = qo.

_ AG2
3ayBazxKuMo, 10 Koy v = A2 TO

gov = A()vlvg .. 9o + q1v = Alvlvg
Tomy B 060x BHnaKax (Ko a; = 0 Ta oy = 1), BpaxoByoun ciiBBigHomenHs (7), MaeMo:

Flo =A%, o) = 0a, + 6o [(AS )-

a10e2.. a203...0n ..

3 Ti€l XK npuIrHA
f<x> - 63 + qal (6, + qCYQf( a3a4 Qn .. ))

[TpomoBxkytoun Ti K MipKyBaHH, 3a M KPOKiB OTPIMAaEMO

k—1
f( = 5, + Z 5 H Ga; T+ H qaz am+1am+2 Ot - )
=1

Ockisnbku f(z) Bu3HAYeHa B KOXKHIH Touri Biapiska [0; go], a

m
ani — 0(m — o0),
i=1
TO mporiec po3KaaLy ducia f(x) € 36ixkuuM 1 Kinnesuit pesyabrar Mae dhopmy (7). Ockinbku
!’
atas...an... € Gia-300payKeHHSIM 3 MAPAMETPOM o, TO dYHKINA (7) € KOPeKTHO O3HAYEHA Y
KOXKHIIT (G5-O6iHapHIN TOUIl, a OT¥Ke, € HeepPePBHOIO.

Tenep nosesiemo cunrysapHicts Gyukiii. Ockiibku Go-6iHAPHUX TOYOK € 3J1iU€HHA MHO-
JKHUHA, TO JudepeHeriaj bl BJIaCTHBOCTI (DYHKINT B IUX TOYKAX HE BILIMBAIOTH HA CUHTYJIS-
paicTb. Akmo B Gy-yHapHIN TOUmi 79 = Ach.‘cn... icaye ckinvenna noxinna f’(zg), T0o BoHa
MOXKe OyTHu obuucseHa 3a HopmyJio

Go
!/ . . Mf(Acl...cm) _ .
fl(wg) = lim ———+="> = lim
n—00 ’A 2

Y
]

C1...-Cm

e Nf(AcGl?..cm) — npupict GyHKIil f Ha DUIHIPI Aff..cm ={z:.z= ACGI?‘_CmaIGQ.._, (a,) € L}.
Bpaxosytoun, 1o

m

age . =119

=1

m
U
a1 =]] e
=1

cit...4em m—(c1+...4cm)
gO ’

= ’91’

cit..tem m—(c1+..4cm)
qO )

- |CJ1|

Ma€eMO o . N

|Acl2...cm| de; . dey,

o=l i @) =]

|Acl2...cm‘ i=1 gCi k=1 gck
OckitbKka f € ¢TPOro 3pocTaiovoio HelepepBHOIO (PYHKINE, TO 3T1THO 3 BiJIOMOIO TEOPEMOIO
Jlebera muokuna W To4ok, B dKUX (PYHKIIiS Ma€ CKiHUEHHY MOXiIHY, € MHOXKUHOIO TTOBHOI
mipu. Hexait x¢ — goBinbHa Touka muo)uun W, 10610 f'(x0) — ckinvenna. Tozi mpu go # qo
HECKIHYeHHUH JI0OYTOK € PO30IKHUM JI0 HYJId, OCKIJIbKH HEe BUKOHYETHCA HEOOXiTHA YMOBA
iforo 36ixkuocti. Orke, f'(z9) = 01 dyukuis f € cunryasproo. Teopemy 10BeIEHO. O]
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Teopema 5. I'paix I'y pynkmnii f e camoadinnol0 MHOKIHOIO

Ly =wo(ly) Upi(Ly), (8)
' = goz, ' = go + gox,
®o - , ®1 - ,
Yy = qoYy, Y = qo + a1y,

1 BUKOHYETbBCST

go
/ Fa)de —q09091
/ I —qog90 + 101

Josedenns. 3po3ymiso, 1o
Ly=ToUlL, ge Iy = {M(z;y) 2 = A,y = f(a)}.

IMokaxewmo, mo I'; = ¢;(I'y). Cupasai, Briouenus M'(z;y') € ¢;(I'f) piBnocuibie BuKo-
HAHHIO YMOB

G
'CLJ = Aiazl...an... = 61 + gix, T € [0790]7
G,
y/ = Aiofg...om... = 5; + q:;y = f(ZE/)7
upu npomy x’ € AiGQ. Tomy ymosa M'(z';y') € ¢;(I'f) piBrocmibaa Britouennio M (z';y') €
[; (i =0,1). Orxke, Mae Mmiciie crpykTypHa piBhicTb (8).
Tenep BupazuMo iHTErpas

7f(x)dx sz(x)dx+7)f(x)dx = / f(z)dx + / flz)ds =

zeAS? N
go go
= /ydgow - /(qO + q1y)d(go + g12) =
0 0
go go
= QOgo/yde -0 /(QO + qy)dx =
0 0

go g0
= goYo / f(x)dx - qu1$|€° —q191 / f(m)dx.
0 0

Tomi
90

1 — q090 + ¢191] /f(m)dx = —q09091,
0

g0

—dog9091
qof(x)dx = :
0/0 (@) L —qogo + 191
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Hacmainok 1. ko qo = go 1a @9 = go = %, TO BIJIOBIJTHO MAEMO

(1]
2]
13l

4]

[10]

[11]

[12]

(13]

[14]

[15]

" o
/f(x)dx:% i /f(x)dx:%.
0 0
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Lysenko I.M., Pratsiovytyi O.M., Plakyda V.I. Continuous functions defined in terms of a two-
symbol Go-representation with two bases having different signs, Bukovinian Math. Journal. 12,
2 (2024), 89-97.

In the paper we study defined on an interval continuous functions where the argument and
the values are represented (Ga-representation) in a coding system with two oppositely signed
bases go € [0,5;1) and g1 = go — 1 and a two-symbol alphabet A = {0;1}:

[’} k—1
— AG
T = 0191—ay + Z(akgl—ak H ga]) = Aafag...an...'
k=2 j=1

These functions are divided into three distinct classes. The first class includes functions defined
by an equation:
(e =A%, )=A%
plx Q1. Qe

ri(ar)re(as)...rp(am)...?
where (r,) is a given sequence of functions r,, : A — A. We prove that in this class there exist
no any continuous functions except constants, the identity transformation of the interval, and
the function
flo=Ag ) = Af?

QA1Q2...0p ... [1—ai]as...am...

The second class is represented by the following functions:

glz = AG? )= AG?

T YO T d(a1,0)d(az,a3)...d(an,ant1)d(@ng1,an42)..

Lsaed: AxXA— A

We prove that this class contains only four continuous functions: two constant functions, the
identity transformation of the interval, and the left-shift operator for the digits of the Gs-
representation of numbers. The third class consists of continuous strictly increasing singular
functions (whose derivative is zero almost everywhere in the sense of the Lebesgue measure),
defined by a system of functional equations:

{f(goﬂﬁ) = qof(z),

075;15 = — 1.
f(go+ (90 — 1)) = qo + (90 — 1) f(2), g € [0,5:1), a1 = qo0

The graphs of functions in this class are self-affine, i.e. have fractal structure. We derive an
expression for the definite integral over the area of definition for the functions in this class.
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MA3YPEHKO O.B.

ITPO JEAKI BJIACTUBOCTI BITOPA/IKOBAHUX CTPYKTVYP,
EKBIBAJIEHTHI 10 IIOBHOTU 3A NJEJAEKIH/IOM

dAx Bimomo, moBuHoTa 3a JlemekingoM € OJIHMM 3 OCHOBHUX IOHSTH JIHCHOTO aHAJ3y, sdKe
BUHUKAE OJ[pa3y Npu MOOYH0BI mpsaMol ailicaux uncej. OCKUIBKY Iisl BJACTUBICTH Ma€ Dararo
3aCTOCYBaHb B PI3HUX CUTYAIlisX, TO MPUPOIHO BUHUKAIOTH AJIbTEPHATHBHI BJIACTUBOCTL, €KBi-
BaJICHTHI /10 MOBHOTH 3a Jlemexkinmmom. ¥ miif cTaTTi OCHOBHA yBara CKOHIIEHTPOBAHA HAa OMHUCI
TaKUX BJIACTUBOCTEN, Ha JIOBEJIEHHI €KBIBaJIEHTHOCTI JI0 TIOBHOTH 1 HA OKPEMUX NPUKJIAJIAX 3a-
crocyBaHb. 30KpeMa, BBeIeHO MoaudikoBaHe O3HadYeHHs po3pisiB emekinga, 1Mo j1ajao 3Mory
KJTaCH(iKyBaTH 1X K TOJIOBHI 1 BUIbHI pO3pi3H, siKi CJIYTYIOTh 3pYYHUMU MOJEJISMY PAIlIOHAIb-
HUX 1 ipparnioHajbHux yurces Bianosiano. Posrisinyro akciomu Kanropa i Apximesa i 1x 38’s30K
3 OBHOTOIO 32 JIeJIeKiH/IOM y BIIOPSITKOBAHUX TIOJISAX 1 Y BIOPSIKOBAHUX MHOYKUHAX. SHANIECHO
3B’5130K MiXK BUKOHAHHSIM akcioMu Apximesa i HasgBHICTIO 3JIiYeHHOI BCIOAM MILJIBHOI MHOYKUHU
V BIIOPSJIKOBAHUX TIOJISIX, IO 38JI0BOJILHSIOTH akciomy KamTopa.

Karuosi caosa i pasu: nosaora 3a denexinmom, pospis Jenekinga, akcioma Apximena,
JificHa TIpsiMa, HeCTaHIapTHA JIiCHA MpsMa, TOJIOBHI 1 BiJIbHI pO3pi3H.

JIbBiBChbKUil Hamionanbuuil yuisepcurer imeni Isama @®panka, JIbsiB, Ykpaina (Ma3sypenko
0.B)
e-mail: oles.mazurenko@Iinu.edu.ua (Masypenxo O.B.)

Boryn

Agropu y [1, 2, 3| onucyoTh 106YI0BY JUHCHUX YUCEN SIK BIOPSIKOBAHOTO IOJIsl, TIOB-
HOro 3a JlemekingoM, BHKOpHCTOBYIOUN it 1poro pospisu lexekinga. ¥ [3, 4, 5] aBro-
PH [IepexXo/ATh JI0 HECTAHAPTHOIO aHaJi3y B HeapXiMeJIOBUX BIOPSIKOBAHWUX IOJSX (fKi,
30KpeMa, He € nosHuMu 3a [emexingom). Hama pobora mae Ha Meri Hajgartu Gijblie yBa-
ru nosHoTi 3a Jlenexingom (um 11 BiACyTHOCTI), MO 1 yTBOPIOE CHPUATIMBUI TPYHT JiJIs
BUINE3raIAHUX JTOC/IKeHb. 30KPeMa, MU PO3IVITHEMO ITUTAHHS €KBIiBAJCHTHUX JIO TIOBHOTU
BJIACTUBOCTEN y JIHIAHO BIOPSIKOBAHUX MHOXKUHAX 1 BIOPSJIKOBAHUX IOJISIX Ta 1X 3aCTOCY-
BAHHA y 3TraJIaHNX TeMaTUKaX.

Jiniitno Briopsi/ikoBaHa MHOXKHIHA (S, <) HA3UBAETHCSA N06H010 34 /[ederindom, SIKIIO JIIs
KOKHOI ITapy HEIOPOXKHIX MiIMHOXKUH A 1 B Takux, 110 KOKEH eJIeMEeHT MHOKIHN A MeHInii

VIIK 510
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3a KOXKEH eJIeMeHT MHOXKUHU B i B 00’€¢/lHaHHI BOHM BUYEPIYIOTh MHOXKHUHY S, 3HANI€THCH
esieMent ¢ 3 S, gkuit posainse ni muoxkunu B cenci (Va € A)(Vb € B) 1 a < ¢ < b. Take dop-
MYJTIOBaHHS TIOBHOTH 3a Jle/IeKiHIOM MU BBaXKATUMEMO KAHOHIIHUM. AJTbTePHATUBHUM TIOITY-
JIIDHUM BapiaHTOM MOBHOTH BBarKa€TbCs ICHYBAaHHS TOYHOI BEPXHBOI MEXKi JIJisi OOMEYXKEHUX
migmuoxkuna. Take dpopmysioBanns B Harmiit pobori 3rajiyBaTuch He Oyjie, a foro 3B’d30K 3
KaHOHIYHUM (hOPMYJIIOBAHHSIM 3arajbHOBI oMU [6].

B pozmiii 1 Mu posriasgHyIn noHATTd po3pidy [lenekinia, ke O6yiao MogudikoBaHe HAMM
CIIOYATKY 3 HAMIPOM 3pyUHINIOT MOOYI0BH JIHiCHOT psiMOT (JIMB. 3ayBasKeHHs 1), ajie 3rojoM
BIJTIJIOCS Y KjlacuiKaIlito po3pisiB (BlIbHI/TOIOBHI), sika HAraye KIacH(bIKaIio MOHIThH B
IHIMX MaTeMaTUIHUX HAIPAMKax, 1, BIJITOBIHO, BJIACTUBICTD JIHIHHO BIOPSIKOBAHOI MHO-
JKWHU MaTH JIAIITE TOJIOBHI PO3pi3H, €KBIBaJEHTHY JI0 TTOBHOTH.

B posngimi 2 mu ommcasin 3B’s3KM MixK akciomamu KanTopa i ApxiMmesga Ta IOBHOTOIO 3a
JesiekinmoM 1pu HAgBHOCTI omlepariiit (BropsiikoBaHte 1oJie) i 3a Ix BijcyTHocTi (JiiHIAHO Brio-
PsIJIKOBaHA MHOYXKHHA). fIK HACJIIOK, OTPUMAJIA YMOBY iICHYBaHHS 3JIi9€HHOT BCIOJM MILIHHOT
[iIMHOKMHE B HECTAHJAPTHUX MOJIE/AX JICHUX qrces (TOOTO B MOJE/ISAX, siKi BiAPI3HSIO-
ThCS BiJl CTAHIAPTHOI MOJIEN /IIMCHUX Ynce/T HEBUKOHAHHAM OJTHIET 3 aKCIOM JIPYTOT0 TTOPS/I-
Ky, B HAIIOMY BHUIAJKy — akciomu Apximesa). 3a TaKuM OPUHIUIIOM TTOKA3aJIM BiJCYTHICTD
3JIIIEHHOI BCIOJIU MIILHOI MHOXKMHU B HeCTaHIApTHIN mpsamiit *R, mo € dpakTop MHOKUHOIO
paIlioHAJILHUX TIOC/IIJIOBHOCTEH 3a BIHOIIEHHAM €KBIBAJIEHTHOCTI, MOOY/JIOBAHUM Ha OCHOBI
piBHOCTI "BesmKOI" KiTBKOCTI KOOP/IMHAT B CEHCI yiabTpadiibrpa Ha HATYPAJIBHUX UHUCIAX
(meraspHimte npo posmupents biabrpa @perte 10 yabrpadinbrpa omucano y [5]).

B pesynbrati, 17151 BIOPSIKOBAHUX TOJIIB OTPUMAaJ/IA HACTYITHI BJIACTHBOCTI, €KBIBAJIEHTHI
J1o opaoTH 32 Jlesiekingom (cxeMaTuaHo).

T'onoeni pospisu <= nosnoma 3a Jledexindom <= Kanmop + Apximed

< Icnysanna cynpemymy

[TONEPEJIHI BIJOMOCTI

Hazauti mig "moeroTo0" Maemo Ha yBasi mosHoTy 3a lemekinmom, mizg "pospizom" maemo
Ha yBasi po3pi3 [lesgekinma, a i "BIOPSIKOBAHOIO MHOXKHUHOIO" — JIHIIHO BIIOPSIKOBAHY
MHOKIHY.

Bnopadkosanoto MHoocuHo0 Ha3UBAEMO MaTeMaTUIHy CTPYKTYpY (.S, <), J1e BiHOIIeHH ST
< € ippedIeKCUBHIM, TPAH3UTUBHUM 1 JiiHifiHuM (BCi elemMeHTH S TOPIBHAIBHI).

Bnopadkosanum nosem Ha3HBAEMO MaTeMaTHIHy CTPYKTYDY (S, <, +, -, 0, 1), sika € o/1HO-
YaCHO I10JIEM 1 BIIOPS/IKOBAHOIO MHOXKMHOIO, HA/ILJIEHOIO BITHONIEHHAM < CYMICHUM 3 ollepa-
mMaMa 4+, -.

[Mumyan A = | A, maemo Ha yBasi, mo MHOKHHa A 30ira€Thcs 31 CBOIM HUKHIM KJa-
coM, TOOTO pPa3oM 3 KOKHHUM CBOIM €JIeMEHTOM MICTUTh BCi MEHII eJeMEHTH ITPOCTOPY.
Amnajoriuno ning B = 1B MaeMo Ha yBasi, Mo MHOXKWHa B 36iraeTbcs 31 CBOIM BEpXHIM
KJIACOM, TOOTO Pa30M 3 KOXKHUM CBOIM €JIEMEHTOM MICTUTDH BCi OLJIBIII €JIEeMEHTH TTPOCTOPY.

SKIo ejleMeHTOM HEPiBHOCTI € MHOXKMHA, TO MAaEMO Ha yBa3i, 10 HEPiBHICTh BUKOHYE-
ThCA JIJISI KOYKHOTO ejleMeHTa el MHOKuHU. Hamnpukiam, numydn a < A, posymiemo, 1o
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VeeA:a<ux.

3AiueHH010 HA3UBAEMO MHOXKUHY, 3 SIKOT MOYKHA MMOOY/yBaTH 1H'€KTHUBHE BiIOOparKeHHs
y MHOXKHMHY HaTypaJbHux unces N. 3ayBaxKuMo, 0 HEIIOPOXKHSA MHOXKUHA A € 3J19eHHOI0
To/i 1 Tiibku Togi, Ko A = {a, | n € N} mis meskol nocmigoBHOCTI (ay )pen-

BLIBHI TA TOJIOBHI PO3PI3U JIEJAEKIHIA. IX 3B’SI30K 3 ITOBHOTOIO.

Busnauenns pospizy /[lejekinga, 3arponoHoBaHe HaMI HUXKYe, IO BiJAPISHAETHCS Bijl
CTaHJapTHUX, onucannx, Hanpukiaad, y |1, 2|. Taka mopudikalis 3yMoBeHa HU3KOKO
OOI'PYHTOBAHMUX 3r0JIOM MipKyBaHb, 30KpeMa, IMParHeHHAM JI0 3PYyYHOCTI Ta e(eKTHBHOCTI
BUKOPUCTAHHS ITHOTO BU3HAYEHHS.

Osnavenns. Bropsikopana mapa (A, B) HemopoXkHiX HENEepeTHHHHUX MiMHOYKHH JIESKOI
JIHIHHO BrHopsiikoBaHoi MHOKHHH (S, <) HasmBaeThcst pospizom [lenexinma B MHOXKHHI S,
SIKIIO MHOXKHHA A He Mae€ MaKCHMaJbHOIO ejIeMeHTa, MHOXKHHa B He Mae MIHIMAJJIbHOTO
eJleMeHTa I BUKOHYEThCS HACTYITHA YMOBA

Va,be S:(a<b) = (ac AVbeB.) (1)
Hng (memo komiutekcuol) ymosu (1), crpaBeyinBa HACTYIIHA XapaKTePHU3aIlisi.

Teepmxkenns 1. Hexaii (S, <) JiiHiliHO BIIOpsi/IKOBAHA MHOYKHHA, HEIIOPOXKHSI ITIJIMHOXKUHA
A C S He Mae MaKcHMyMYy, HEIIOPOXKHS IIijMHOXKHHA B C S He Ma€ MIHIMYMY I MHOXKIHI
A, B menieperusHi.

ITapa muoxkuu (A, B) € pospizom Jlenekinga toxi i tiibku toti, ko A = |A, B = 1B
i 00’¢qHanHss A U B 1MOKpHBa€ BCIO MHOXKHHY S 38 BHHSITKOM, MOXKJIHBO, OJTHIET TOUKH.

Jlosedenns. Hexait maemo pospis Henekinga (A, B). [Ipumyctumo, mo A # | A, robTo mis
JeaKoro ejgeMenra a € A

(JceS\A):c<a

Toni 3a ymosoto (1) orpumaemo a € B, mo cynepednts HerepernHHocTi MHOXKUH A 1 B.
Orxe, A = |A. Anasoriaso orpumyemo B = 1B.

Tenep npumyctumo, 1o o6’exnanis AU B He mokpuBae OibIe O HIET TOYKM MHOKUHHA S,
30KpeMa He TMOKPUBAE JIBi pizui Toukn a,b € S. 3a JHIAHICTIO MOPAIKY 11i TOUKU TOPIBHAIb-
Hi, TOMy Hexail s BusHadeHocTi a < b. 3Bijmcn 3a ymosoio (1) orpumyenmo (a € A)V (b € B),
[0 CyIEPEINTh HEIMOKPUTOCTI 006mBoX TOYOK 00’emnanusam A U B. HeoOxigHicTh 10BeIeHO.

Hexait Tenep muoxkuuaum A, B Taki, dK cKa3aHO B yMOBi TBep/ukeHHs, i A = [A,
B = 1B, o6’e¢qnanns AU B noKpuBae BCIO MHOYKUHY S 38 BUHSITKOM, MOYKJIBO, OJTHIET TOYKH.
[Tepesipumo Bukonanus ymosu (1). Hexait maemo a,b € S :a < b. 3 ymosn |S\ (AUB)| <1
orpumMaemo, mo a € (AUB)Vb e (AUB). fdkmo a € (AU B), o a € A abo a € B, 3BiaKH,
BpaxoByoun B = 1B, orpumyemo b € B. dxkmo b € (AU B), to b € B abo b € A, 3Binxu,
BpaxoBytoun A = | A, orpumyemo a € A. B koxxuOMYy BHIaKy, a € A abo b € B. Orxe,
ymoBa (1) Bukonyerbest i napa muoxun (A, B) e pospizom [lesexina. ]

[IpupojiHo 3 TBep/zKeHHs 1 BUILIMBae HACTYIIHA KJacuddikallisg po3pisiB lenekina.
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Osnavenns. Pospiz Jenekinna (A, B) y .iniiino BropsakoBaniii MaOXKHHI (S, <)
HA3UBAIOTH BIILHUM po3pizoM, ko AU B = S, 10610 HEMae HEIIOKPUTOI TOYKH.

Osnauenns. Pospiz /enekinga (A, B) y iniiino BrnopsiaroBaniii muoxumi (S, <) Ha3uBa-
FOTH TOJIOBHUM PO3pizoM, skirio AUB # S, Tobro muOXKHHE A 1 B pO3/1ijIsi€ €/iuHa HEIIOKPUTa

TOYKa.

3 HoBol Kiacudikamii pospiziB lesekinga, BBeJEHOI BHINE, OTPUMYEMO HACTYITHY
BJIACTUBICTD JIIHIHHO BIOPSAIKOBAHOI MHOXKUHM, €KBIBAJEHTHY JI0 IIOBHOTH 3a /leaekinom.

Teopema 1. Jliniiino BropsiikoBata MuOKIHA (S, <) € nosnoto 3a Jledexindom To1i i TITbKH
TOJ, KOJIH KOyKeH po3pis /lenekinga B S € MOJOBHIM.

Jlosedenns. Hexait niniitno BropsikoBana MHOXKuHa (S, <) moBHa 3a Jlenekinaom.

[pumnycrumo nporusexue, To6To mo icuye po3pis Henekinga (A, B) y muoxkuni S, axuii
He € rojioBauM, T00T0 AU B = S. Ockinbku (A, B) po3pis, To muoxkuuu A i B HenopoxHi i
A < B. Toxai 3 moBHoTH MHOXKHIHEI S 3a [legekiHaom Maemo

dee §S:A<c¢<B.

Ockinbku o6’eqnanag A U B moOKpuBae BCIO MHOXKHWHY S, TO €JIEMEHT ¢ JIEXKUTh B OJHIi
3 mHOKuH A, B. fdxmo ¢ € A, 1o, BpaxoByioun HepipHicTh A < ¢, ¢ € MakKCUMaJIbLHUM
enemenToM MHOXKUHU A. fKI10 K ¢ € B, T0, BpaxoBYIOYH iHIY YacTUHY HepiBHOCTI ¢ < B,
¢ € MiHiMaJIbHEM ejiemeHTOM B. KoxkeH 3 IuUX BHUIIQJIKIB CYIepevunTb O3HAUEHHIO PO3Pi3y
Jlenekinga, a Tomy KoxkeH po3pi3 enekinga B S € TOJIOBHUM.

Hexait Teniep xoken po3spis eekinga B S € rosjoBanM. BisbMemo JOBIIbHY Tapy MHOXKIH
(A, B), sKi 3aJI0BOJILHSIIOTH YMOBH, HaKJaJeHl Ha Tapy MHOXKUH B O3HAYeHHI ITOBHOTH 3a
Henexingom, Tooro A, B Henopoxkui, AUB =51 A < B.

dAxmo mHOXKUHA A Mae MaKCHMaJbHUI ejeMeHT ¢ abo MHOXKHHA B Mae MiHIMaJIbHUA
enemenT ¢, T0 A < ¢ < B i ¢ € mIyKaHUM €JIEMEHTOM 1 MHOXKHHa S 1OBHA 3a JleaeKiHmoM.
B ixmomy BumaJKy Mu cTBEp/KYEMO, 10 mapa MHOKHUH (A, B) 6yae pospizom lesekinga B
S. Jlyist TIOrO 3aJIMIIIIIOCH OKA3aTH, 10 BOHA 3a,10B0JIbHsE yMOBY (1). Maemo AU B = S.
Takoxx A = | A, 60 gKIIO TPUIIYCTHUMO ITPOTUJIEXKHE, IO JIJIsT JesKoro a € A maemo Ja* €
S\ A:a* < aorpumyemo a* € B, mo cynepeunts A < B. AHajorivHO MOYXKHA ITOKA3ATH,
mo B =185.

Takum unmaOM, 3a TBep/KeHHsiM 1 mapa (A, B) € pospizom enexinga B S. Ockiibku
KoxkeH pospiz [emekinga B S rososauit, To AU B # S, a 11e cylepevHicThb, Ka IMOKa3ye,
0 PO3IVISTHYTOIO BUIIAJIKY, KO MHOXKHHA A He Mae MaKCHUMyMy, a MHOXKWHa B He Mae
MIHIMyMYy, HE MOXKe iICHYBaTH. O

3alponoHOBaHN HETPAUIIHHII TT/IXi/T /0 BBEIeHHS po3pisiB eiekinga Moxe OyTH 3a-
CTOCOBAHWIl, HAIPUKJIAJ, JJIsI 3PYYHIIIONO BBEJEHHS CTPYKTYPH [IICHUX 4YHCeJ IIpU
3aCTOCYBaHHI ~ MeTOJ/ly TIOINIOBHEHHS  pallioHAJbHUX 4uces  pospizamu  Jlemexinga
(cTaHpaTHUT BapiaHT omnmcaHuii, HaNpUKIaid, y [1]) 1 mag GlabIn JTAKOHIYHOTO JIOBEIeHHST
BJIACTUBOCTEN ITi€l CTPYKTYPH.
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BayBaxkenns 1. Take 3acTocyBaHHS MOXKJIMBE 3aBJSIKH TOMY, III0 O3HAYEHI HAMH T'OJIOBHI
i BiibHI po3pizu JlejeKinjga € 3pYyYHHMH MOJCJISIMHU JIJIsT paI[iOHaJ bHUX 1 ipparioHaJIbHIX
qucesT BiIIOBITHO.

Hexait maemo BropsiikoBate 1ojie parioHaapaux dncesn Q. Parmionaabrae qncio ¢ € Q
MOXKe OyTH OTOTOXKHEHE 3 TOJJOBHUM PO3PI30M JCAeKIHIa (?, 7), Je

T={0€Q|¢<a}iT={c€Q|q¢ >q}

a MHOX>KHMHA IppallioHa/JIbHUX dHCeJT MOXKe OyTH I0jaHa, SK MHOXKHHA BCIX BIILHHUX DO3PI3IB
Ilenekinna

I={(A,B) CcQxQ|(A, B) sinrvnut pospis /edexinda}
Takumv unroM MHOXKHHA R, orpumana npu nonosaerri Q BiibauMu pospizavu Jlenekinga 1
OyJ1e CKJIaJaTuCs TiJIbKH 3 po3pi3iB Jlenekinma. 1l oHOPIIHICTD CIIPOCTUTH BBEJICHS Ollepa-
1iit 1 mopsiiKy Ha R, a TakoXK J0BeJJeHHS aKCIOM I10JIsI, BIIOPSI/IKOBAHOI MHOXKHHHU 1 TIOBHOTH
3a Jlenekinmaom.

AkcioMn KAHTOPA 1 APXIME,ZLA AK AJIBTEPHATHUBA I[TOBHOTU

Osnavenns. Bropsiikosare nose (S, <,+,+,0,1) 3agoBo/ipHsie akciomy Apximesa, sIKIo
(Ve>0)(d3neN):n-e>1

Osnauennsi. BropsuikoBana wHoxkmua (S, <) 3ajoBojbHsie  akciomy Kantopa, skimo
JIOBLJIbHA ITOCJIJJOBHICTH BKJIAJICHUX BIJAPI3KIB 3 S Mae HeropoxkHii neperur. TooTo

V([an: ba)Jnen = (V0 € Nans1, bos1] C [an, ba)) = (1)[an, ba] # 2.

TBepmxkenns 2. JliniiiHo BropsiikoBana MHOXKHHA (S, <) 3a/0BosbHsIE akciomy KanTopa
To/i I TIIBKH TOJIi, KOJIH JIOBLIbHA HOCIIJOBHICTh BKIageHuX BiAPI3KiB ([ay, by])nen 3 S Taka,
110 1oCi0BHOCTI (ay )nen 1 (bp)nen € CTPOro MOHOTOHHUMH, MA€ HEMOPOYKHII IePETHH.

Josedenns. HeobxinnicTs HampsaMy BHILIHBa€ 3 o3HadeHHs akciomu Kantopa. Jloememo
jgocrarHicTb. Hexait MaeMo JOBUIbHY MOC/TOBHICT BKJIaACHUX BIIPI3KiB ([an, bp))nen-

[Ipunycrumo, mo (Vn € N)(I3m € N) : (a, < am) A (b, < by). Toxi moxkemo o6y ryBaTu
Ii/IIIOCIIZIOBHICTD BKJIQJICHUX BiAPIZKiB ([ay, , b, | ken, B AKOT BiAMOBLAHI mOC/II0BHOCTI KiH-
1B BiJIPI3KiB € CTPOro MOHOTOHHUMU. 3aCTOCYBABIIU YMOBY T€OPEMHU OTPUMAEMO, IO ICHYE
¢ € (oeylan,, by, ). Posrisinemo noBinbHU BiAPI30K [ay, b,] 3 HOYATKOBOI HOC/IIZOBHOCTI.
Baasum k£ € N take, mo n < ny, OTPEMAEMO, IO ¢ € [dy,, by, | C [ay, by]. Takum qumnom
¢ € MNaZylan, bal.

Tenep nexait (In* € N)(Vm € N) : (a, < ap+) V (bps < by,). OckiibKu Ma€Mo BKJIaJIeHI
Bizpizku, T0 Vm > n* MaeMo a,, = a,+, abo Ym > n* maemo b« = b,,, 110 B CBOIO 4epry JIa€
{an, b} N2 [an, bn) # 2. 3Biaku (2 [an, by) # @.

B o6ox Bumajkax (sKi € B3a€MHO MPOTUJIEKHAME) akcioma KamTopa 3a0BOJIBHAETHCSL.
Teopemy soBejieHO. O
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Bigomum dakrom |6, 7| € mHacTymHa Teopema PO €KBIBAJEHTHICTH MiXK ITOBHOTOIO 3a
JlenekingoMm i BukoHanasaM akciom Kanropa ta Apximena.

Teopema 2. BropsiikoBane moge (S, <,+,-,0,1) € mopanm 3a /leaekimgom Toqi 1 TiIbKH
TOJ, KOJIH BOHO 3a/10BOJIbHsIE akciomy KanTopa ta akciomy Apximerna.

Jlosedernsa. usurucs y (6, 7). ]

BayBaxkumo, 1m0 akcioma Kanropa 1 moBHoTa 3a JleaekiHaoM € MOPSIAKOBHMUI
BJIACTUBOCTSIMU, B TOI Yac K akcioma Apximena nmorpedye HasBHOCTI omepartiit. [IpuposHo
BUHWKAE 3aIMUTAaHHS PO 3B’T30K 3Ta IaHIX MOPSIKOBUX aKCIOM IPU BiJICYyTHOCTI Omepariiii.

Teopema 3. fkio Bropsijikopana MHOKHHA (S, <) € mOBHOIO 3a JleJeKIH1oM, TO BOHA 3a-
JIOBOJIBHSIE akciomy Karnmopa.

Jlosederns. Hexait Mmaemo BrnopsiikoBany MHOXKUHY (S, <), sika € moBHOIO 3a Jle/iekinmom.
[Ipunyctumo, 1o akcioma KanTtopa He 3a/I10BOJIbHAETHCSA, TOOTO iCHY€E IOCTIIOBHICTH
BKJIaJIeHUX BIAPI3KIB ([ay, by])nen 3 MHOXKHHM S, Taka mo (|, [an, b,] = @. IIpudomy 3a
TBEPJXKEHHAM 2 MOYXKEMO BBayKaTH, IO TOCJIiTJOBHOCTI KIHIIB IIUX BiJIPi3KiB CTPOTO MOHOTOH-

ui. 3ajamo mHOXKUHN A Ta B HACTYITHUM YMHOM

A={aeS|la<a}U U[an,anH]
n=1

B={beS|b <bU|Jbus1,bal-
n=1

[Tepekonaemoch 110 3a/IaHi MHOXKUHU 338JI0BOJILHAIOTH YMOBH, HAKJIA/IEHI Ha [1apy MHOXKUH B
osHaveHHi nmosHoTH 3a Jlenekinmom. 3a moby10B0I0 MHOXKWH odeBuiHO, o A, B C Si A #
@, B # @. 3a upuiymenaam (|- [an, by = @ = AU B = S. OcklibKE 10CJ110BHOCTI
KIHIB BIJIPI3KiB € CTPOr0 MOHOTOHHUMH, TO KOJKEH BIIPI30K [a,, b,] HeBupoLKenuii. To6ro
a, < b, 1ng Bcix n € X, 3Bigkn orpuMaemo A < B. Takum 4uHoM, 3 TOBHOTH MHOXKHUHU S
3a [enekinmom, oTrpuMaemo

(Jee S)(Vae A)(WVbe B):a<c<h.

Ockinbku st Beix n € N maemo a,, € A, b, € B, 10 orpumaemo Vn € N : ¢ € [a,, b,], mo
cynepeunTs npunymentio. Orxe, akcioma Kanropa 3a10B0IbHAETHC. O

Teopema 4. fkmnio BropsiikoBana MHOXKHHA (S, <), sSIKa MICTUTBH 3JIIY€HHY BCIOJH IILIBHY
miaMHOXKEHY (), 3a/10BOJIbHSIE akciomy Kanmopa, TO BOHa € nosnoto 3a Jledexirdom.

Jlosedenns. Hexait Mmaemo BropsiikoBany MHOXKUHY (S, <), siKa 33/10BOJIbHsI€ akciomy Kam-
TOpa i MiCTUTH 3JIiYE€HHY BCIOJIM IIIJIBHY ITIMHOXKHIHY ().

Bizbmemo poBiibHI MHOKMHE A, B, 9Ki 3aJ0BOJIbHAIOTH YMOBHU, HAKJ/IAJIEHI B O3HAYEHH]
nosHOTH 3a [lemekingom, Tooro A, B Henopoxui, A < Bi AU B = S. {dxmo muoxkuHa A
MiCTUTh MaKCHUMaJIbHUI eJIleMeHT ¢ ab0 MHOXKHHA B MicTuTh MiHIMaJIBHUN €JIeMeHT ¢, TO ¢ i

e mykannM, Taknum o A < ¢ < B i S noeHa 3a emexinmom.
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Posrnsgremo Buma 1ok, Koanm MHOXKWHA A He Mae MAKCUMyMy, & MHOKHHA B He Mae Mi-
HiMyMy. OCKiJIbKE BCIOJN ITiJIbHA MHOXKHUHA () 3/1i9eHHa, a MHOKUHU A, B HENMOpoxKHi, TO
MOYKEMO OKPEMO 3aHyMEpYBATH eJeMeHTH 3 (), dKi HayekaTb MHOKUHI A, 1 eementn 3 (),
ki nasexkarh MHOKHHL B. Hexait ANQ = {ay,aq,...}1 BNQ = {by1, by, ...} nosinbui myme-
pariii BIIIOBITHUX MHOXKHUH (MOKJIMBO 3 MMOBTOPEHHsAMHE). Terep yTBOPUMO 3 IUX JIOBLIBHAX

HyMepariiit mocainoBaOCTI (af )nen 1 (b%)nen, 381aBIIN X HACTYITHUM IHHOM.

ar = max{ay,...,a,} Ta b, =min{b,...,b,}

OueBuHO, IO MOCJAIOBHICTD (G} )peny MOHOTOHHO HECHAHA, a HOCALIOBHICTD (bY),en
MOHOTOHHO He3pocTaiovda. 1ToMy MU OTpPUMAJM IOCTIIOBHICTD BKJIAJEHUX BIJIPI3KIB
([ak, b%])nen. Ba axciomoro Kanropa icuye takuii eqemenr ¢ € S, mwo ¢ € (0 [ak, b}]. Toka-
xemo, mo A < c¢ < B.

[Tpumycrumo mporuse:kHe, To0TO 1o icHye Takuii egement o' € A, mo ¢ < a'. Ockinbku
MHOKMHA A He Mae MakcuMyMmy, To icHye enemenT a” € A rakwmit, mo ¢ < o' < a”. Toxi
OCKLIbKY iHTEpBa (¢, a”) HemoOpoXKHiil, TO 3a BCIOJM IMIIBHICTIO MHOXKUHE () MiXK eJIeMeH-
tamu ¢ 1 a” icHye jesikuil eieMenT ayp € () 1, sIK HACJIIOK, JJIsi HHOIO IIPaBUJIbHA HEPIBHICTH
¢ < ap < aj. BpaxoBytoun, mo a; € JiBUM KiHIIeM k-ro BKJIaJEHOTO BiApi3Ka, OTpHMaHa
HEPIBHICTH CylepednTh TOMY, IO €JIEMEHT ¢ HaJeXKUTh BCIM BKJIaJeHnM Biapizkam. OTxe,
A < c¢. 3a anajoriunnvu MipkyBauaamu ¢ < B. Takum gumaom A < ¢ < B i S nosna 3a
JeteKinIoM. L]

3 Teopemu 2 i TeopeMm 3, 4 BUILIUBAE HACTYITHUI HACJIIJIOK.

Hacminok 1. ‘o BropsiakoBaHe 110J1e, sKe MiCTUTh 3JI9eHHY BCIOJH HILJIBHY ITIIMHOKHHY,
3a/10BOJIbHsIE aKcioMy KaHTopa, TO BOHO 3a/10BOJIbHSIE akcioMy Aximesa.

[leit macaigoK Jla€ HaM 3MOTY JIOCTIPKYBATH HAABHICTH 3JIIYEHHOI BCIOJW TIiJIHHOI
[MIIMHOXKMHM B CKJIQJIHIINNUX CTPYKTypax, TaKUX K, HAIPHUKIaJ, HecTaHJIapTHa JificHa
npsma. JlerambHinme o3HavYeHHs 1€l CTPYKTYpPH Ta JOBEJICHHS BUKOHAHHS AaKCIOM
BIOPSIIKOBAHOTO TOJIsl PO3IJISIHYTe, HApUKJIamd, v [3, 4, 5.

Hexait U BimbHuit yabrpadiibTp Ha w, dKuil € posmmpeHHsM ¢iabTpa Ppere
Fr={ACw|w\ A ckinuenna muoxkuna}. Ha muoxkuui Q¥ = {(a,)ne,, | V0 € w : a, € Q}
3aJ1aMO BiJIHOIIEHHS €KBIBAJEHTHOCTI ~ HACTYIIHUM YUHOM

(an)new ~ (bn)nEw — {n cw | ap = bn} ceu.

Dakrop—muOKIHY *R = {~(ay)new | (@n)new € Q¥} HABEBATHMEMO HECTAHIAPTHOIO JTifi-
cHoto nipsimoro. Hayani depes [o] Gyemo nosHauaTn Kjiac eKBiBaJEHTHOCTI 3a BiIHOIMIEHHIM
~ 3 TPEJICTABHUKOM (¢ = (@, )new- TAKOXK (n) — n-THil 4IeH TOCTIIOBHOCTI (.

[Topgamox i onepariii Ha *R 3a/1a10Tbcd HACTYITHUM YUHOM

[+ 8] =la+ 4], o] - [6] =[a- 5],

ne o+ 1« — onepalil MOKOOPAMHATHOTO I0JaBaHHs 1 MHOYKEHHSI IIOCJITOBHOCTEIA.

<= {([a, [6]) e Rx"R|{n cw]laln) <fn)}eU}.
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Teopema 5. Hecrarnngaprra npsva (R, <., +,+,0,1) zagoBobHsie akciomy Kanropa.

Jlosederns. Bregemo nosnavenns uy = [ag| 1 v, = [Bi]. Posriugmaemo 1oBlIbHY 1OCTII0B-
HicTh ([uk, Vg])keny BKIaZEHMX BiApisKiB y BropsakoBanoMmy moii *R. 3a TBepizkeHHIM 2
0e3 3MeHIIeHHs 3araJbHOCTI BBazKaTHUMEMO, IO BIJIOBIJIHI IIOCJIIIOBHOCTI KiHIIIB BiJIPi3KiB €
ctporo MmoHoroHHMMHU. Ham moTpiOHO 3HAWTH NpuHAWMHI OH ejieMeHT u € *R Takwmii, 1m0

u € (o[, vg], TOOTO WY <i uw <, ), must Beix k € N. Mu 3naemo, 1mo
U <4 U <4 Uz <4 o0 <4 U3 <4 U <4 V1. (2)

AJte BpaxoBYIOUHN O3HAYEHHSI TMOPSJIKY <., TakKi HEPIBHOCTI BUKOHYIOTBCs HE JIJI BCIX
YIEHIB BIJIIIOBITHUX TOC/IIIOBHOCTEH. Y TBOPpUMO TOC/TiI0BHICTE MHOXKUH Uy, C N Taky, mo

Up={ncw|a(n) < - <a(n) <Biln) <---<Bi(n)}. (3)

TobTo MHOKUHA Uk MICTUTH Ti HOMEPHU HJIEHIB IOC/IJIOBHOCTEN-TIPE/ICTABHUKIB €JIEMEHTIB 3
(2), 118t IKUX BUKOHYIOTBCsI BIIIIOBITHI HEPIBHOCTI IOHANMEHIIIE JJIs epiiuX k BKJIaIeHUX
BiIpiskiB. 3 mobyaoBu juts Beix k € N maemo U, 2 Uk+1- 3ayBaykKnMO TaKOXK, IO MHOXKIHY
U}, MOJKHA [IOJIATH y BUIVIS/II HACTYITHOTO TIEPETUHY

Up = m{n€w|ai_1(n)<ai(n)} N{n € w | ay(n) < Bi(n)}

k

N[ H{newlBiln) < Bisa(n)}

=2

[Tpudomy, BpaxoByrounm HepiBHOCTI (2), KOXKHa 3 BHUKOPHCTAHUX MHOXKHUH HAJIEKUTH
yIbTpadiabTpy U 3a O3HAUYEHHSIM HMOPANKY <.. A orke, U, € U 9K mepeTuH CKiHIeHHOI
KLIBKOCTI MHOXKHH 3 yJIbTpadiibTpa U.

Temep 101aTKOBO IepeTHEMO KOXKHY 3 MHOXKHH [y 3 IpOMeHeM HATypaJbHUX YHCE
[k, +00) = {n € w | n > k}, orpumasnm upu 1pomy mnocaioBricTs (Ug)keny = (Ux N
[k, +00))ken. BpaxoBytoun, mo s Beix k € N maemo [k, +00) D [k + 1,400) i [k, +00) €
F. C U, My He BTPaTHMO 3raJIaHUX BUIIE BJIACTUBOCTEN mocaimoBHOCTI (U )ken IPH TIEPEXO/I

. . o]

1o nocigorocti (Uy)gen, ase Temep Takoxk marumemo (|-, Uy = @. lle nossosurs Ham
KOPEKTHO 3aJIaTH IIyKaHi eJIeMEeHTH.

Bazmamo asa enementn u = [a(n)],v = [#(n)] 3 *R macTymnuM gunom

(VEeN)Vn € (Uy \Uks1) :  a(n) =ag(n) ma [(n) = pr(n). (4)

Takum anHOM, MH 3aJa/IU TIIBKU Ti 9IEHU MOCJII0BHOCTEH-IIPEICTaBHUKIB eJIeMeHTIB U, v,
nomepu sikux Bxojmim B Uy. 11106 3aanmas 0y/10 KOPEKTHUM, JTOBU3HATIMO

Vn € (N\ Uq) : a(n) = ai(n), 8(n) = Bi1(n).

3 roro mo (Vk € N)(Vn € Uy) : ar(n) < pr(n) 3a nobymosooo (3), BummBae
{new|aln) <pB(n)} DU €U, tobro u <, v.
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Badikcyemo nosinbre k* € N. Tosi mis Beix Hatypasbpaux k > k* 3a mobymosoro (3), (4)

MaEeMO
Vn € U \ Ukt : ap=(n) < ag(n) = a(n) < B(n) = Br(n) < Pi(n).

A orxke, Take TBepIKEHHS INpaBUIbHE 1 JJIsd BCIX N € Uzoz(k*ﬂ)(Uk \ Uky1) = Upri1.
B pesynbrari orpumasn, mo Ugy1 € {n € w | ap=(n) < a(n) < f(n) < fr+(n)}. 3Bin-
cu, ockiIbKA Up« 1 € U, OTpUMYEMO Upr <4 U <, U <, Up+ JJis goBimeHOrO £* € N. A
e osnadae, mo [u,v] C (e [Ug, V], TOOTO HEpETHH JOBLIBHOI MOCTIIOBHOCTI BKIIAICHUX
Bi/ipizkiB B *R He TiabKu MicTHTH X04a O ojHy TOUYKy 3 *R, a it MicTUTh Uil HEBUPOIZKE-
Huit Biapizok [u,v] 3 *R. O1xe, Buopsyikosane nosie (*R, <,, 4+, -, 0, 1) 3a/10B0/1bHsIE akcioMy
Kamnropa. [

Teopema 6. Hecrangaprha npsva (*R, <., +,+,0,1) He 3aj0BosbHsIE akciomy Apxivesa.
Jlosedenna. Ilpukitas HecKiHYEHHO MAJIOro/BeIMKOro dnc/a noby1oBano y [5. O
Taxum yunom, 3 TeopeM 5, 6 Ta Hacai/IKy 1 BUIJINBAE HACTYITHE.

Hacuinok. Mogens wecramgaproux giticnux  amcen  (*R, <,,+,-,0,1) me wmicrursp
3JIIY€HHOI BCIOJH IIIJIBHOI ITIIMHOXKHHH.
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Mazurenko O.V. On some properties of ordered structures equivalent to Dedekind completeness,
Bukovinian Math. Journal. 12, 2 (2024), 98-107.

As is well known, the Dedekind completeness is one of fundamental concepts of Real
Analysis, arising immediately in the construction of the real number line. Since this property
has numerous applications in various contexts, it is natural to consider alternative properties
equivalent to Dedekind completeness. This paper focuses on expressing the property of Dedeki-
nd completeness through Dedekind cuts. The definition of cuts has been slightly modified, so
that rational and irrational numbers are defined uniformly as principal and free cuts, which
allows to simplify the routine verification of standard properties of real numbers.

The Cantor and Archimedean axioms are also examined as alternatives to Dedekind
completeness in ordered fields. Furthermore, the relationship between the Cantor axiom and



IIPO JEAKI BJIACTUBOCTI BIIOPSIIKOBAHUX CTPYKTYP 107

Dedekind completeness (which, unlike the Archimedean axiom, are purely order-theoretic
properties) is explored in ordered sets, where they are shown to be equivalent under the presence
of a countable dense subset. From these relationships, a criterion for the existence of a countable
dense subset in nonstandard models of real numbers is derived. These models differ from the
standard model of real numbers by failing to satisfy one of second-order axioms, in this case,
the Archimedean axiom.
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Boryn

Aurebpaiune dnciao A > 1 masuBaerbest umcsiom Iliso (Ilizo-Bimkasiparxasana), sKimo
fforo MiHIMaJIbHUAIT MHOIOYJICH

fxN)=a" +a, 2" '+ +aw+ay (ap € Z Yk €{0;...;7 —1}) (1)

Mae Hym A, Ar, ..., \,_1, npudomy |A;| < 1 gnsa xoxknoro j € {1;..;r — 1}. Hexait |[t]] —
BiJicTaHb Bix t 10 HaibaMKIoro mijoro uncia. s ajredbpaldaHOro 4ucsia x CTEIeHd 1 I
Q(x) GyaemMo PO3yMiTH HOJIe Yuces BULY Ao + 1T + ... + Ay 12", J1e ag, ay, ..., an_1 € Q,
3 BimoBiiHIMET apudmMeTnaHuME onepaliigmu. B poborax [13, 16| Gyia qoBeieHa HACTYIIHA
TeopeMma.

Teopema 1. Hexaii jgiiicui qnciaa a; # 0 # g, B1, P2 > 1, npudomy [Py — asrebpaidne
quCcJI0. YMOBH

+oo
Zsin2(ﬁa15?> <400, lim [JazBy|| =0,
— n—+00

BHUKOHYIOTHCSI TOJI 1 TiIbKH TOI, Ko [31, fo — uncia I1izo ta aq € Q(f1), az € Q(Pa).
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Hexait M (-) — maremaruune crojisanust. /g xapakrepucruanol dbynkuii f,(t) = M (")

BUIIA/IKOBOI BEJIMYMHU T PO3IVITHEMO 3HAYCHHS
L, = lim |f.(¢)]
[t| =400

Hobpe Bijgomo [7], mo jyist JOBIIBHOIO JUCKPETHOrO pPO3NOALLY T Bianosiano L, = 1.
Ao posmnosis 7 abcosioTHo HertepepBuuit, To L, = 0. st cCMHTYJISPHOTO PO3MOMIIIY T, K
Bizomo [14], Bemuanna L, Moxke HaOyBaTH JOBUILHOTO 3HaUeHHS 3 Biapisky [0; 1].

Hexait n € (1;400), m € N, m > 1, (¢y) — THOCTIIOBHICTb HE3AJIEIKHUX JUCKPETHO
POBIO/IJIEHNX BUITQIKOBUX BEJIMYNH, AKi HaOyBaioTh 3HadeHb 0, 1,...,m — 1 3 iiMmoBipHOCTSAMUI
POk Pk --s D(m—1)k BIAIOBLAHO. PO3I/IAHEMO BULIAIKOBY BEJIUIUHY

=Y "
h=1

fAxmmo m = 2, To fimoBipuicua mipa Py(-) € meckingennoro 3roprkoo Bepmyiui, sika Oyira
npeMeToM baratbox Jgocaizkersb |12, 15]. 3a reopemoro [Ixkeccena-BinTaepa [10] Ta Teope-
moto Jlesi [11] ¢ mae uncro HenmepepsHUit posnomaii. Sk Bimomo [12], BumaakoBa BemdmHa
1) Ma€ CHHTYJISPHUIT PO3IO/IiI KAHTOPiBChKOro Tuiy mpu 1 > 2. Hexait S* ta A* — e muo-
Kunau ancen 1 € (1;2), s IKUX PO3MOMLT 1) CHHTYJISPHU Ta abCOIOTHO HElepepBHHUil
Bigmosigro. Bimomo [12], mo muOkMHA A* Mae mosHy Mmipy JleGera. Haiibisbmn mosro A*
6ysa ormcana B pobori [9]. fk Gyso nokaszano B (8], umcsra Ilizo inTepBamny (1;2) Hamexarb
muOKHHI S, prdomy L, > 0 smmme Tozi, komm 1) — dncia [1iso 3 muokuun (1;+00) \ {2}.
[ammi npuksrajm ducesn 3 S*, KpiM BKazaHUX, Ha JaHUI 9ac He BiJoMi.

B po6ori [5] mias Bunagky n € N Gyiau 3Haiijeni goctaTHi yMOBH TOrO, 10 Ly >0 Ta
OyJ10 IpoanasizoBanoO NUTAHHS PO3KJIaLy [y () y BUNIAAl 3ropTKI BOX (DYHKILH O30Ty,
ofiHa 3 SKUX € abCONIIOTHO HerepepsHoo. B poborax [1, 2| Ta [6] Oysiu 3uaiigeni neobximmi Ta
JlocTaTHi yMOBH TOro, mo Ly = 0 juig Bunagkis n = m =2, n =m =3 Tan = 2,m = 3
Bignosigno. B [3] 6yiu 3Haiiieni HeoOxijiHi Ta J0CTaTHI YMOBHI TOTO, IO Ly = 0 g sunajgxy
n =m € N. dna sunagky n € N B crarri [4] 6yno obpaxosano Benmuauny L, Ta Gyim
3Hafljeni HeoOXimni i jJocrarni ymosu Toro, mo L, = 0 g J10CTaTHBO HIIMPOKHUX YMOB,
HAKJIQJEHIX Ha MATPHUIIO |[pjy]].

B naniit poboTi po3riistHyTO BUIIAJIOK, KOJIX 7) € ipparionajabauM [aucio I1izo. 3naiigeni
HeoOxiHi Ta jocraTHi yMOBH TOTrO, MO Ly = 0 (JyIst 10CTATHBO MIMPOKUX YMOB HAKJIAIEHIX
Ha MaTpHUIo ||p;n,||), Ly = 1 (B 3aranprnoMy Bumnajaky ). O6paxoBaHo 3uadenust Ly, 1pu IeBHIX
0OMeZKEHHSX, HAKJIAJIEHIX Ha MaTPHUIIO |[pjy]|.

1  HEOBXIJZHI TA JOCTATHI YMOBHU TOTO, 110 L, € {0;1}.

st ippanionaibroro dncia I1izo A 3 minimaibauM Muorodaenom (1) nosnadnmo
k k 2 k k
Ak- - )\ +)\1 +...+>\7,,_1, Z - )\1 +...+>\,’,,_1

Ta, pO3IIsTHEMO MHOKUHY Ry [a;b] uncen t € [a; b] Takux, 1m0
+oo
Z sin? (TtA") < +oo0. (2)

n=1
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Jlema 1. Jlist koxxHOrO MpoMizKKYy [a; b] MHOKHHA R)[a;b] € 39nc/ieHHOr0 BCIOIH MIIJIBHOO B

[a; b].

Jlosederns. Bpaxosytoun teopemy 1, maemo Ryla;b] € Q(A\) N [a;b], 3Binku Ry|a;b] € ne

OLIBI HiXK 34YKC/IEHHOI0. PO3TiIsiHEMO MHOXKUHY

{brl)\T—l WY NP U I ) S N
Cy =

AW bOabla"'ab'l’—l EZ,W€Z+}

Ta mokazkeMo, mo C C Ry(—o00; +00). Bimomo [13], mo Ay € Z st koxkuoro k € N. Taknm
quHOM, Jyid dncia z € C\ MaeMo

+o0
Z sin? (mzA™) Zsm (’ﬂ')\an )\3> =

n=w+1
+00 +o0
= Zsm (WZZ) Apyj — WZb Anﬂ) = Zsm (WZ[) Anﬂ) < 400,
n=1 n=1
aJizKe
+oo r—1
ZZ 1b;] (IM]™ + o+ A [") < +oo.
n=1 j=0

Ockinbku 11 (PIKCOBAHUX IIJINX THUCEJT Co, C3, ..., Cr_1 MHOXKHIHA
-1 -2 2
{cr AN T+ oA T+ L N+ ul+oju,v e ZF

3a TeopeMoro Kponekepa, Bciojty miiibHa Ha R, 1o MHOKUHA R)[a; b] € 34nCIeHHO0 Ta BCIOTY
MIIBHOIO B [a; b]. O

Jlema 2. SIkmo \ = */5;1, t1 = 1, to = 22, 10 Buronyorscs ymosn: t ¢ Ry(—o0;+00),
tQ S R)\(—OO, +OO), t2 ¢ C)\.

t

Jlosedenns. Hexait (T),) — wmacuana nocsigosaicTs Jlioka, Tobro Ty = 2,7y = 1,141 =
T, + T,,—1 nyist KoxkuOrO HaTypajabHOro n. OCkijibKU mOCIiI0BHICTE ocTad wieHiB (1)) mpu
mitenni Ha 5 yTBOpIoe mepiof (2;1;3;4), To Maemo

T, 1{1-v5\
5 5 2

JUTst IOCTATHBO BEJINKUX 1, & ToMy ¢ ¢ Ry(—00;400).

>

1
X)) = .

Jlerko 6 k Tio1 12T,
C€Ir'kKoO Oa4uTH, 110 JJId KOZKHOI'O HaTypaanoro qUCJIO 5 € H&TypaﬂbHI/IM, TOMy

m(Tus +2T,) (1—\/5)"“ o (1—\/3)"

sin?(mty\") = sin?

3 2 2

n+1 n
=smn’ |7 5 +m 5 ,
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3BiJKH J1erko Gauntu, mo ty € Ry(—00; +00).
Hexait (A,,), (B,) — HOCTIIOBHOCTI HiJMX YHCET TaKi, M0

A" = A\ + B, Yn € Z,.

3posymino, mo Ay = 0,By = 1,A; = 1, B; = 0. Ockimpku A2 = )\ 4 1, To 1y1e KOKHOTO
n € Z, maemo A1\ + Bui = A\ = AMA N+ B,) = (A, + B + A, i Bianosinno
Api1 = A, + By, B = A,

Jlerko 6aunrtu, mo (A,) — mociigoBuicts Pibonaudi. /g KOXKHOIO HATYPAJIbHOIO 7

HASHO At 2) (AN + A 1
g = A2 S n1) _ £ (A + Moot + 2040 +24,1) =
1
=z (ABA, + A1)+ A, +24,).
OCKUIBKE TOC/TIIOBHICTE OCTad “wieHiB nocaimoBHocTi (Agyy + 2Ay) upu girenni Ha 5
yTBOpIoe tiepion (3;4;2;1), o ty ¢ C). ]

st kozkHOTO HaTypasiabaoro n 1a j € {1,...,m — 1} mo3uadmmo

m—1
Bjn = Z DPinPkn, fn(x) =1- Z 4BJ"1 Sil’l2 ((L’])
0<i<k<m—1 Jj=1

k—i=j

gor(2) = ﬁf (%) 3)

Jlema 3. BuroHyeThCs piBHICTH

[ fo()]” = 90(0, 5¢).

Josedenns. BpaxoByroun He3aIeKHICTh BUIMIAIKOBUX BEJIUIUH 1)), MAEMO

fu(t) = E(e™) HE o),

TakuM 9uHOM, Ma€MO

m—1 k’ m—1 k‘{;
’E ztwn (Z Pkn COS (—n)> + <Z Prn SIN < )) =
. it It it It
= Zpin + Z 2D inDin (cos (j—n) cos (—n> + sin <]—n> sin (—n>)
k=0 0<j<l<m—1 n n U n
. l ¢ m—1 + "
=1- Z 4p]npln SiHQ u =1- 4B]n sin2 j— = fn — .
; 2" - 2nn 2nn
0<j<i<m—1 =1
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Bipuumu [4] € mactymnni gemm.

Jlema 4. Hexaii (ty) — HOCTIIOBHICTS, 110 30Ia€ThCs JI0 JIeSTKOrO JIOJATHOTO dncia t. SIKio
roctiioBHicTh (gn(t)) € 36ixkm010 J10 0, TO i (g,(ty,)) 36iracrncss go 0, ge g,(t) BH3HAYEHI
piBaictio (3).

Jlema 5. Hexaii (t;;) — noc/igoBHicTb, 1o 36iraersest jjo ncaa t > 0, (my) — 3pocrarda
MOC/IIOBHICTD HATYPAJbHUX duces, (g, (t)) — mociioBHicTh (DYHKIIiH BUSHATEHUX PIBHICTIO
(3). Hocminosuicts (g, (t)) 36iraerpes go auciaa A > 0 roxi 1 Tiabku Toi, KOad (Gm, (tn))
36iraerbest jjo ancaa A > 0.

Teopema 2. Hexait n = \ — ipparionajibae qucjo I11izo ta

lim By, > 0. (4)
n——+o00
Pipricrs Ly, = 0 BHKOHyeTbCs TOAI 1 TiIbKH TOMI, KOJH JJIsI KOXKHOIO t € Rﬂ%; %]
BHKOHYETHCS YMOBA
lim |fy,(27tA™)] = 0. (5)
n—-+4o0o

1.
22
toest. Hexait Bukonyersest ymosa (5). Ipumycrumo, mo Ly, > 0. Hexait (7t,,) — 3pocraioua,

Josedena. Axmo Ly = 0, 10 mst noBiabnoro ¢ € Ry[55; 3] yMoBa (5) 0UEBHIHO BUKOHYE-

HeoOMezKeHa, 3BEPXY MOCIIOBHICTD JIACHUX YUCEsT TaKa, 110

lim go(mt,) = L3,

n—-+00
3po3ymisio, 1o

iy, Tty om 7ty N Tty T
Ao @12 < Mo @l — N7 Aom@a) 72 = Noga(t)12 — z2°

. . . 7-(-t . . .
OcCKIBKE TTOC/TTOBHICTD (W) oOMeykeHa, TO 3 Hel MOXKHA BUJIUTU 3012KHY
ITiJIITOC/T JIOBHICTD, TOOTO iCHYE 3pocTaioyda, HeoOMeyKeHa 3BepXy MOC/IiIOBHICTD JIOAATHUX JTiii-

cuux quces (t,) Taka, 1o

fn t 11
i _ 72 . ot 11
nl_lgloo |90(7Ttn)\ =L nl—lgloo Alloga (tn)]+2 7€ [)\27 )\} .
Orxke, Hexail N
* tn . N
T = A[ZOQ)\(t:L)]—i-Z’ hn = [ZOQA(tn>] + 2.

3posymino, mo icaye unciao A > 0 ta Ny € N raxi, 1o Jjisd KOXKHOTO HATYPAJTHHOTO
n > N, BUKOHy€eTbCsI ymoBa By, > 0,25A. Posrisaemo Buma k.

1) Hexait v ¢ Ry[5; 1). 3posymino, mo psn S sin?(myA") € posbikmmM, ToMy icHye
HatypaJjbae T’ Take, 1o

T
l L

ZsinQ(Wy)\”) > _—n(O,I(L)lS w).

n=1
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3posymMijio, 1o icHye HaTypajabHe Ni Take, IO JJI KOXKHOIO 1 > Np

In(0,2)
T

sin(myi M) > sin?(7yN) + Vie{1;2;..;T}.

Ockinmbku 1 — 2z < e * g KoKHOTO 2z € R, 10 myst koxkuoro n > max(Na; Ny) Maemo

| fu(2mt,)]? < Hfh (N H (1 — Asin®*(myiN)) <

<e STy Asin?(nys M) < efln(O,Q)fzleAsinz(ﬂ'y/\j) < ln(0,08Ly)~In(0,2) _ 0,4Ly.

Maemo cynepeunicts 3 npuirymeHaaM L, > 0.

2) Hexait v € RA[)\zy 1]. 3posymino, mo psg ., % sin®(TyA") € 36ikHUM, a ToMYy €

36ikmEmM i pag Y 0T |[ry A" |2

Hosuaunmo H,, = 27%(1% + 22 + ... + (m — 1)?). OueBunno icuye marypaabie uucio G
TaKe, 0 JyI KOKHOTO HaTypabtoro | > G sukonyersca Y, 7 ||myA™||? < -
3po3ymijio, 1o Jjisi KOKHOIO HaTypaJsbHoro k ta j € {1;...;m — 1}
Bjr < Z DjkPuk = (2 —2 ZP;;:) 5
0<j<i<m—1

Takum 9uHOM, JIJI KOKHOTO HATypaJbHOro [ Ta n > (G BUKOHYEThCA HEPIBHICTH

m—1 m—1

flmyA™) = 1= 4By sin® (myA"j) =1 - Y _ 4By sin® (wj]|yA"]]) >

j=1 j=1

m—1

> 1= 2n% | AP ) 5% = 1= Hul A"
=1
BijioMo, 1110 it KOKHUX 21, 23, ..., 25 € [0;1]

S S

[[a-z)=1-> = (6)

Jj=1 Jj=1

Maemo
n—G

n—G n—G
[T £ =) = [T = Huly AP 2 1= Hp > AP >
j=1 J=1

j=1

[\DI»—

3BIJIKM BpaxoBytoun yMoBy (5) mpu ¢ = v 0TpuMyeMO

lim g, a(myA%) =0,

n—-+o0o

a ToMYy, 3a JIeMOIO 4,
lim  gn,—a(myiA) = 0.

n—-+0o

OCKiTbKH 1151 IOCTATHBO BEJMKNX 1 Besmanaa go(1t,) < gn, —a(my:AY), To Maemo cyte-
pedHicTh 3 npuiymennam Ly, > 0. O
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Teopema 3. Hexaii n = A\ — ipparionaisne qucia Ilizo. Ymosa Ly, = 1 Buxkonyerncs Toi 1
TIIBKH TOJI, KOJIH
+0o0
TR

n—H—ook 1 A2k N A2 —17

(7)

ae W, =p2, +pl 4+ ...+ p%m_l)n JIIs KOSKHOI'O HATyPaJbHOI'O M.

Josedenna. fxmo L, = 1, To icHye 3pocraioda HeoOMeXKeHa 3BepXy MOC/IOBHICTD (i)
Taka, mo |fu(t,)| = 1 (n — 4o00). Hexait h, = [logy(A(m — 1)t,)], Toxi hi)t" € [+;1].
Ockinpxn sin(z) < 2 npu x € [0; 5], To 1u1s KoxKHOIO j € Z.

t 2t, \’
fhn+j ()\h +]) 1_4ZBlhn+])< )\hn+]) S

26, \* = 16 330" Bt
<1- (W) 4 lzl Bigh,+5) <1 = m2(m — 1)2 A2(1+5) ’

Maemo
| fu(tn |<Hfhn+j (/\hﬁ])S
+ -1 oo S B+
< T 1 16 e Biha+i) <e J’+—0<_«2<vi61>2 e ﬂ))
= 1 772(m _ 1)2 A2(1+5) - !
7=0
3BLIKI

23" Bigh i)
Z( S20) —0 (n— 400).
j=0

: ~1
Ockimbrn 2 "7 Byn,1j) = 1 — Wh,4j, T0 yM0Ba (7) BUKOHYETHCSL.

Hexait M — joctaTHbo BeJMKe HATYpaJbHE YiCII0 Ta yMOBa (7) BUKOHYEThCS. 3PO3YyMLJIO,
1[0 iCHy€e HaTypaJbHe duciIo Ky Take, 1o

+00

1 1

SM - Z E Z Pij(kpr+0)Pi(kpr+1) S M
i=0 7 0<j<i<m—1

Hexait [A| > [Xo| > ... > |N_1|, Bar = [loga(VM)], Ayr = kas + Bay. 3posymiino, 1o

Jutst KoskHOTO J € {1;2;...5kp — 1}

FmAT) 21— Hy[[rAW | =1 = w® H (A7, 5)° 2

> 1= Huy () IN[*)? > 1= 7 Hy(r — 1)%| 0P,

Bpaxosyioun (6) maemo

ka—1 ka—1

I £ ) = 1= 7 Hy(r = 1) D [\ ) >
j=1

J=1
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+o0 ‘ 2H 1 2
>1-mHu(r— 17 > [nY=1- %wﬂw-
Jj=Bu+1 !

Ockinbku Jijist KOxKHUX N € N, 7 € Z BUKOHYETHCSA HEPIBHICTH

(@A) > 1 — 7% (m — 1)2\* Z PjnPins

0<j<I<m—1
TO Ma€EMO:
+o0 ' +o0
[T fem) = 1-22m -1 Y (AQ(AM_” > W”) -
i=kn r=kps 0<j<i<m—1
2, 1)2)\23M 7r2(m . 1)2
— 1 —2(m — 1)2\2Bu g >1_7T(m > A=)
mm = AT S 2 I NG T
Maemo:
2Hp(r — 1) 2 (m —1)?
AP > (1—7Tm—/\ 2BM+2) (1_—) L1 (M = +o00),
|f¢( )| = 1 — |)\1|2 | 1| )\Qm ( )

2 3HAYEHHS BEJIUYUHU L.

Teopewma 4. Hexaii icHytoTs HaTypaJjbHi dncia 'l Ta S Taki, 1o Jiist KOXKHOTO HATYPaJIbHOTO
n>9S
pj(n+T) == pjn \V/j € {0, 1, ey — 1},

npudoMy BUKOHY€EThCs1 yMoBa (4). Toli BAKOHY€eThCsI PiBHICTD

Ly = sup ( lim go(ﬁt)\”)) : (8)
tER)\[)\%;i n—++00
Josedena. fAxmo s koxuoro t € Ry[53; 5] Bukomyerses ymosa (5), T0 3a TeopeMoro 2

1. 1]

maeMo Ly, = 0. Hexait jyist nestkoro t* € R, SV EDY

lim |f,(276°X")] > 0,

n—-+o0o

TOJIi 3po3yMijIo, mo Ly > 0. Posrignemo BunaKu.

1) Hexait S = 1. Ilo anajorii 3 10BeJeHHIM TeOpeMU 2 BBOJIMMO IOCIIOBHICTH 7 i
MIEPEKOHYEMOCH B TOMY, IO JIJIA JIETKOTO 7 € R,\[%; %] BUKOHYETHCSA YMOBA
lim ~* =~.
e Tn =7
3posymino, mo s KoxHoro t € Ry[+5; 1]
2 T
Ly, > lim go(mtA"). 9)

n——4o00
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3posymisio, mo g 3ajaHoro Harypajibaoro M rpanuns lim, o AT = A A\MT
BPaXOBYIOUN JIEMY O, Ma€MO

n@@ Ghp—rar (N 7y)) = n@@ G-t AT 7y).

OckliIbKu JJIg JOCTATHBO BEJIMKUX HaTyPaJIbHUX 7T BUKOHYETbLCSI HepiBHiCTb

90(7tn) < e (N 72,

TO Ma€MO
L3 < Tim gy, ur(AMT7y) < go(AM V7).

T n—+4oo
OCKLUIBKI OCTaHHSI HEPIBHICTH BUKOHYETHCS JJIsI JIOBIILHOIO HATYpaJIbHOTrO M, TO MaeMO
L2 < Tim go(A\M V1) < Tim go(Nerr
S am 9o( 7) < o Go(A*7)
i BpaxoByioun HepiBHicTh (9), oTprMaemMo TOTpibHe.
2) Hexait S > 1. Jlerko Gaunrn, mo s Koxuoro v € Ry[55; 1] ra l € {1;2;..;5 — 1}

A2
BUKOHY€ETHCA YMOBA

m—1 m—1
fi(myA") =1 — Z 4By sin® (ry A"j) =1 — Z 4B sin® (1] A"]]) = 1(n — +00),
j=1 j=1
3BLIKI
T go(AMr) = T gs(\”
i, 90X Tm) = Hm gs(N'mn),
IO 1 BUMAaraJioCch JOBECTH. ]

TBepmxkennst 1. Teopema 2 Bupazkae HeOOXITHI YMOBH TOT'O, IO PO3IIOJII 1) € abCOJIIOTHO
HeriepepsauM. IIpegverom 1Moga bIINX AOCTIKEHD MOXKe OYTH JOCTIIXKEHHS JIeOETriBChKOI
CTPYKTYDH DO3IOALILY 1), 3HAXOKEeHHST HeOOXIJHIX Ta JOCTATHIX yMOB Toro, mo L, € {0;1}
JIIST BUIAJIKY, Kostu 1) He € dnucjoMm Ilizo-BipkasparxaBaHa.

CIIMCOK JIITEPATYPU

[1] Goncharenko Y. V. Asymptotic properties of the characteristic function of random wvariables with
independent binary digits and convolutions of singular distributions. Scientific notes of the NPU named

after Drahomanova 2002. 3, 376-390.(in Ukrainian)

[2] Goncharenko Y. V., Mykytyuk I. O. Behavior of the modulus of the characteristic function of a random
variable with independent s-adic digits at infinity. Scientific notes of the NPU named after Drahomanova
2008. 9, 121-127. (in Ukrainian)

[3] Makarchuk O.Asymptotic behavior of the Fourier — Stieltjes transform of the distribution of a random
power series, Nonlinear Oscillations 2023, 26, Ne4, 495 — 504. doi: 10.3842/nosc.v26i4.1450

[4] Makarchuk O. P. Asymptotic behavior of the characteristic function of a Jessen-Wintner type
distribution, Bukovinian Mathematical Journal 2023, 11, Ne2, 173 - 182. (in Ukrainian) doi:
10.31861/bmj2023.02.17



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

ACUMNOTOTHUYHA TTOBEJIHKA ITEPETBOPEHHSI ®yP’€-CTLIBTHECA 117

Pratsiovyti M. V., Lytvynuk A. A.Distributions of random variables represented by an s-adic fraction
with an excess set of digitsDistributions of random variables represented by an s-adic fraction with an
excess set of digits, Scientific notes of the NPU named after Drahomanova 1999, 1, 136 — 142. (in
Ukrainian)

Albeverio S., Goncharenko Y., Pratsiovyti M., Torbin G. Convolutions of distributions of random
variables with independent binary digits. Random Oper. Stochastic Equations 2007, 15, Nel, 89-97.
doi: 10.1515/ROSE.2007.006

Bohr H. Fastperiodische Funktionen. Berlin: J.Springer, (1932).

Erdos P. On a family of symmetric Bernoulli convolutions, Amer. J. Math 1939, 61, 974 — 975. doi:
10.2307/2371641

Garsia A. Arithmetic properties of Bernoulli convolutions, Trans. Amer. Math. Soc 1962, 102, 409 —
432. doi: 10.2307/1993615

Jessen B., Wintner A. Distribution function and Riemann Zeta-function. Trans. Amer.Math.Soc 1935,
38, 48-88. doi: 10.2307/1989728

Levy P.Sur les sries don’t les termes sont des variables independantes. Studia math 1931, 3, 119-155.
doi: 10.4064/sm-3-1-119-155

Peres Y., Schlag W., Solomyak B. Sizty years of Bernoulli convolutions Fractal Geometry and Stochasti-
cs II. Progress in Probability 2000, 46, 39 — 65. doi:10.1007 /978-3-0348-8380-12

Pisot C. La repartition modulo 1 et nombres algebriques, Ann. Scu. Norm. Sup. Pisa 1938, 27, 205 —
248.

Schvartz L. Sur le module de la fonction caracteristicue du calcul des probabilites. C.R.Acad.Sci.Paris
1941, 212, 418-421.

Solomyak B. On the random series > +A" (an Erdos problem), Annals of Math 1995, 142, 611 — 625.
doi: 10.2307/2118556.

Vijayaraghavan T. On the fractional parts of the powers of a number, Proc. Cambridge Philos. Soc
1941,37, 349 — 357. doi: 10.1017/S0305004100017989

Haditiwno 22.11.202

Makarchuk O.P. Asymptotic behavior of the Fourier-Stieltjes transform module of one class of
generalized Bernoulli convolutions, Bukovinian Math. Journal. 12, 2 (2024), 108-118.

The paper investigates the asymptotic properties of the Fourier-Stieltjes transform modulus
of a class of distributions of random series 7, which is a generalization of classical symmetric
Bernoulli convolutions. The corresponding random series 7 are sums of independent random
variables 7, each of which has a discrete distribution, and according to the Jessen-Wintner
theorem, the distribution 7 is discrete or absolutely continuous or singular. According to the
Levy theorem, the distribution 7 is discrete only if the infinite product composed of the maxi-
mum jumps 7y is convergent. Finding necessary and sufficient conditions for the distribution
7 to be absolutely continuous (singular) is a difficult and not completely solved problem at
the moment. The main attention in this work is paid to finding necessary and sufficient condi-
tions for the value of the upper bound of the modulus of the Fourier-Stiltjes transform of
the corresponding class of distributions (of magnitude L) to be zero under certain asymptotic
constraints imposed on the distributions of the terms of the random series 7; finding necessary
and sufficient conditions for the value of the value L to be one in the general case; calculating
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the value of the value L under the condition that the corresponding distributions of the terms
71 are periodically repeated starting from some place.

For a discrete distribution 7, the value of L is equal to one, for an absolutely continuous
distribution 7, the value of L is equal to zero, and for a singular distribution 7, the value of L
can take on an arbitrary value from the interval [0; 1]. Thus, the value L is in a certain sense an
indicator of the proximity of the distribution 7 to discrete, absolutely continuous and singular,
respectively. If the distribution 7 is continuous and the value L is positive, then this allows
us to state that n has a singular distribution. Measures corresponding to distributions 7 for
which the value L is equal to zero belong to the class of Raichmann measures, which are of
high scientific interest.
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Manuk I.B., IBACIOK P.B.

IIMM TA HIIM ¥ YACOBUX PAJAX

OcHoBra yBara B poboTi choKycoBaHa Ha PO3IJIsi]], TaK 3BAHUX, [IPUXOBAHUX JIAHIIOTIB
MapkoBa Ta iX aHaJIOTB i y3arajbHEeHb. 30KpeMa PO3IVISTHYTO BILUIUB IIPUXOBAHUX JIAHIIOTIB
MapkoBa Ta HAITIBMAPKOBCHKUX MPUXOBAHUX MOJesell Ha MO YaCOBUX PsJIiB, SKi OMUCY-
OTh BapTOCTi akIliii TormoBux KomiaHiit cranoMm Ha 2024 pik. Ilix vac pociizKeHHsT BIAJJIOCS
3’sICyBaTH, 10 PO3IJIs] y3araJbHEHIINX MOJeseil H03BOJIS€ DIIbIIT TOYHO OIMUCYBATH IUHAMI-
Ky BapTOCTi akIliif, a oT2Ke, OLIbII a/IeKBATHO BU3HAYATH OCHOBHI XapPAKTEPUCTUKU PEaIbHOIO
IIPOIIECY.

Karwuosi caosa i Ppasu: npuxosani Janioru MapkoBa, HalliBMapKOBCBHKI IIPUXOBaHI MO-
JTeJti.

YepniBerpkuii HarioHa bHU yHiBepcuTer iMeni FOpiss @enprkoBuda, YepHisii, YKpalna
e-mail: i.malyk@chnu.edu.ua (Masux I.B.), wasiuk.roman@chnu.edu.ua (Isacrox P.B.)

Boryi

Teopis mpuxoBanux JaHIoriB MapkoBa 1HTEHCUBHO PO3BUBAETHCHA 13 CEPEIUHU MUHY-
JIOTO CTOJIHTTSI 1 PO3BUTOK JIAHOI Teopil HacaMmIlepe] OB SI3aHO i3 HasIBHICTIO BEJIMKOI KiJib-
KOCTI peaJIbHUX MPOIECiB, JUHAMIKA SIKUX 3aJIeXKUTh BiJl IHINX (IIPUXOBAHUX) BUIAKOBUX
nporieciB. Jlana KOHIEIIIIs 3HAMIIIA CBOE BIPOBAZKEHHSI B 0araTboxX MPUKJIAIHIX 331a9aX,
BKJIIOYAIOYH TPOrHO3YBaHHs (DIHAHCOBUX 9acoBUX psifiB [1, 2, 3, 4], mporrHo3yBaHHs MOro/ i
[5], mporro3yBaHHs KIiMATHYHUX 3MiH Ha OCHOBI wacoBux psiiB [6, 7, 8, 9] Tomo. Takmm
YIHOM, BUITAJIKOBI IPOTIECH 13 BpaxXyBaHHAM IMPUXOBAHUX CKJIAJIOBUX ABISIOTHCS 1€ OTHUM
ITOKPAIIEHHSM OIUCY Pea/IbHUX IPOIECiB Ta BpaxyBaHHs HEBiIOMUX (paKTOPIB B PISHUX ITPU-
KJIQJTHUX 3a/1a49ax.

Coinx BigMITHTH, IO KJIACHIHI MOJIEJII IIPOIIECIB, 0 MICTATH IIPUXOBaHI CKJIa0Bl B OCHOB-
HOMY T'PYHTYIOThCA Ha HPHUIYIIEHHI ITPO MAPKOBICTh IPUXOBAHOI'O IIPOIiecy, TOOTO BijICy-
THiCTH micsil. /lane npuiyineHas 3 oHONO OOKY JI03BOJIsI€ 3HAUHO CIIPOCTUTH OIIHKY Ia-
paMeTpiB MOJIeJIi, 3 IHIIOro DOKY 2K 3BYXKY€ KOJIO pEeaJIbHUX IIPOIECIB, I TKUX MOXKe OyTHu
BUKOPHUCTaHAa TeoPisi IPOIIECIB i3 MPUXOBAHUMHK CKJIaJI0OBUMH. BpaxoByodn 11e, B pob0oTi po3-
IVISHYTO HAIIBMAPKOBCHKI IPUXOBaHI MOJIE/I, B IKUX Yac rnepeOyBaHHs B CTaHI ONUCYETHCH

VIK 517.956
2010 Mathematics Subject Classification: 35k35, 35k20.
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He TIOKA3HUKOBUM PO3IOJIIOM (K B KJIACHYHIN MOJesi), a JOBIIBHUM DPO3IOJLIOM, IO BU-
3HaveHuit va R, To6TO
P(#, >0) =1,

ze 0, (u) - gac nmepebyBaHHs B CTaHi u.

1 TIPUXOBAHI MAPKOBCBHKI MOJEJII ¥ YACOBUX PSAJIAX

[Tpuxosani MmaproBebKi Mogesi (ITMM) BUKOPUCTOBYIOThCS JIjisl MOJIEJTFOBAHHS YaCOBUX
ps/1iB, Jie IMOBIpHICHI PO3IO/LIN CIIOCTEPEKEHDb BU3HAYAIOThCA HEBUJIMMUMU CTaHAMM CKiH-
4eHHOTO cTany MapKOBCHKOIO JIAHITIOTA. Y ITUX MOJEIIX POOUTHCS ITPUITYIIEHHS, ITI0 CIIOCTepe-
JKeHHsT X; y MOMEHT 4acy t 3ajieXKaThb BiJl JIesIKOTO0 HECIIOCTEPEeXKYBAHOTO CTaHy S;, sIKUN €
eJIEMEHTOM CKiHueHHOTo Habopy craniB {1,2,..., N}. Tlociigosuicts cranis {S;} yrBOproe
JaHIior MapkoBa, 110 o3Hadae, M0 HACTYIIHUI CTaH 3aJeKUTh JIUIIIE BiJl IOTOYHOT'O CTaHY,
a He Bij monepejnix craumis [5, 1, 2, 3, 4].

IImoBipHicTh Hepexoay MiK CTaHAMN OINCYEThCS MATPHUIEIO TIEPEXiTHIX fiMOBIpHOCTE!
P, axa mae posmip N X N i ejleMeHTH p;j, 110 IIPEJICTAB/IAIOTh HMOBIPHICTD 1I€PEXO/Ly 3 CTaHy
1 JI0 CTaHy j

P11 P12 ... DIN
p— P21 P22 ... D2N
PN1 DPN2 ... DNN

a caMmi HMOBIPHOCTI BUBHAYAIOTHCS CITIBBIIHOIIEHHSIM
pij = P(S+1 = j|S: = i).

JLnist KosKHOTO cTany S; = J iCHy€ BiIIOBIIHII PO3ITOIIJ CIIOCTEPEXKEHD TPUXOBAHOT'O JIAHITIO-
ra X,;. Hanpuxian, sKImo crocrepeskeHHs € HOpMaJIbHO posnojizenumu, To Xy ~ N(;, UJZ.),
Jie py 1 0]2 € CEpPEJIHIM 1 JINCIIEPCIEI0 CIIOCTEPEXKEHDb Y CTaH1 j.

BarajpHa opMysta s IMOBIPHOCTI criocTepeskeHHsT X; 3a YMOBHU CTaHy S; MOXKe OyTH
3amnncaHa TK

P(X; = x4|S; = j) = fi(21),

ne fi(x;) — dyukiia minsrocti iMoBipHOCTI 1/ cTamy j.

[TapameTpu OIiHIOIOTHCS 38 JTOMOMOTOI0 METO/Ly MAaKCHMAJILHOI paBronoaibHocTi [5], wa-
CTO peaJii3oBaHOro 3a jornoMoro aaropurmy baym-Bemda (Baum-Welch algorithm), sikwuit €
ocobsmuBuM BuniakoM EM-aiaropurmy. i Mojesri BUSBUIMCA KOPUCHUMU JIJIT MOJICTIOBAHHSA
PI3KHX 3MiH y (DiHAHCOBUX YACOBUX PAIAX, ajie MaJIu 0OMEKEHHs Y BiI0OparKeHH] TPUBAJIOCTI
repedyBaHHs B CTaHAX depe3 IMOKA3HUKOBUI PO3IIO/ILII.
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2  HATIIIBMAPKOBCBHKI ITPUXOBAHI MOJIEJII ¥ YACOBUX PATAX

Hamnismapkosebki npuxosani mozesi (HIIM) yzaransaiorors [IMM, mo3oststrodu 6k
PHYYKI PO3HOJILIN TpUBAJIOCTI nepebyBanus B crani (dacy nepebyBants B jaHomy crani). [g
CHYYKICTh Bupimrye Kiaodoe oomexkennst [IMM, ske moJisirae B MOKA3HUKOBOMY PO3IIOJIL
TPUBAJIOCTI TIepebyBaHHA.

Ak is [IMM, HIIM |5, 1] mae ckinueHHY KiTbKiCTh IPUXOBAHUX CTaHiB S = {S1, S2, ..., Sps}-
Koxken cran BinoBijae meBHOMY pexKuUMy B dacoBomy psii. Ilepexin Mixk cranamu onmcye-
TBCSI MATPUIEIO nepexinnux fimosiprocreit P = (p;;), {i,7} € {1,2,..., N} azne, na Binminy
B IIMM, HIIM no3BoJisie 3a/1aBaTun TPUBAIICTD 11epedyBaHHs B KO2KHOMY CTaHi 3a JIOTIOMO-
roI0 PO3MOJIiTy, BiMinHOro Biji nmokazuukosoro. ¥y HIIM nepexiana fiMoBipHiCTbh BU3HAYAE-
ThCA 9K WMOBIPHICTB TIEPEXO/LY B CTaH J, AKIO BiJIOyBCs BUXiJT 3 IOTOYHOrO cTany ¢. Kirrodosa
BiminnicTh Mixk HITM i IIMM nossirae y po3nozinii dacy rnepedyBaHHS B KOXKHOMY CTaHi. ¥
[IMM Ttpusasicts nepedyBaHHs B CTaHi reoMeTPUYIHO posmojiiena, Togi gk y HIIM moxe
OyTH JIOBUILHUI PO3IOJILT TPUBAJIOCTI IepeOyBaHHs B CTaHi j, KNI BUBHAYAETHCA (DYHKITIEIO

d;(u) = P( nepebyBaius B cTami j TpuBae u mepioiis),

Je d;(u)— 1e iiMoBipHiCTD TOrO, IO IPOIEC AJIUIIATUMETECS B CTAaH] j IPOTATOM U YACOBHX
nepiofgis. Kymynarusna dyunkiisg po3no/iry ado byHKIlS BUKUBAHHS BU3HAYAETHCA K

Dy(u) = ¥ dy(v).
v>u
,ZLJIH KO2KHOI'O CTaHny Sz BU3HAYCHO pOSHO,ILiJI CIIOCTEepEeZKEeHb. HaHpI/IKJIa,IL, AKIIMO CIIOCTe-
pexKeHHd MalOThb HOpMaJIbHI/Iﬁ pOSHO,ZLiJI B KO2KHOMY CTaHi, TO

2 .
Xt ~ N(p“jao—j)a St =7
Jle X; — CIIOCTeperKeHHsI B MOMEHT Jacy t, a fi; i UJQ. — CepeJIHE Ta JIUCIepcis B cTani S; = j.
[Toxiouo mo ITMM, #iMOBipHICTB crIOCTEpPEXKEHD 3aJI€2KUTh BiJI ITOC/Ii0BHOCTI cTaHiB. IMo-
BipHicTh nocsioBHOCTI criocrepexkedb O = {01, Os, ..., Or} 3amaerbes sk

P(O|X) =Y P(O[S, \)P(S|N),
S

e A = (P,d;(u), B) — nabip napamerpis HIIM, Briouarotdn MaTpHUIIO IepexigHux fiMOBIp-
HOCTell P, po3moin Tpusasocti nepedyBants d;j(u), Ta PO3IOALT clOCTepeKeHb B.

HIIM kpariie MOJI€/II0OI0Th BJIACTUBICTH (DIHAHCOBUX YACOBUX PSJIiB - MOBLJIbHE CIAIAHHS
ABTOKOPEJIATI] Yy KBa/[paTaX MPUPOCTIB - OCKIIBKH IX THYUYKICTh J03BOJISIE BPAaXOBYBaTH JIOB-
roctpokosi 3ayiexknocti. [IMM, y cBoto depry, obMmexkeHi ¢BOIM (piKCOBAaHUM HAOOPOM CTaHIB
Ta KOPOTKOCTPOKOBUMMU 3aJI€?KHOCTSMU, TOMY He MOXKYTb TOYHO 3MO/IETIOBATH ITI0 XapaKTe-
PUCTUKY.

Ksasparn npupoctiB jijist 9acoBUX PSJIiB - 1Ie KBaJIPAT 3HAYEHHST IPUPOCTY (7)) Y KOXKHUIT
MoMeHT dacy. lleil TOKa3HUK BHUKOPUCTOBYETHCS I OIIHKU BOJATHIBHOCTI (MIHJIMBOCTI)

¢iHAHCOBUX YACOBUX PsJIiB, 10 € BaXKJIMBUM aCIEKTOM aHAJI3y PUBUKY.
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Y crarTi posrignyTo jBi konkperni HIIM Tta 3pob/ieno mopiBHAHS 1X BiJIIOBIIHOCTI J10
MIOJIEHHUX DB MpUOYTKiB 3 18 eBpomeiichkux ceKTopHUX iHjekcis [10], aemoncTpyroun,
mo HIIM 3abesneuyrorh 3Ha4dHO Kpally BijnoBijaHicTs nopiBagno 3 [IMM. Takox e anasis
IpUIATaHHS MOJeseil 10 9acoBUX Ps/JIiB JIAHUX, 10 BKJIOYAE MEPEBIPKY aBTOKOPEJIAIl Y
KBaJ[paTax IIPUPOCTIB.

i Momesi mokaszau Kpalty BiIIOBIIHICTb JAHUM, 30KpeMa Y BHUIIAJIKAX MOBLILHOTO CITa-
JIAHHs aBTOKOPEJIAIl B KBaJipaTaxX NpuOyTKiB. BoHu 3a6e31eqyioTh OiIbIII THYYKe MOJIEITIO-
BaHHS TPUBAJIOCTI epebyBaHHS B CTaHAX, 1[0 POOUTH 1X OL/IBII MPUIATHUMHE JIJTsd (DIHAHCOBUX
YaCOBUX PsI/IiB.

3  YACTUHHI BUTAJKU HIIM MOIEIEN

HIIM 3 neratuBHO-OiHOMiaJIbHUM PO3IOJILJIOM Yacy HepeOyBaHHS CKIAJAECTHCA 3 JIBOX
IPOIIECIB: MPUXOBAHOIO MAPKIBCHLKOTO MPOIECY (CTaHW) 1 BUIAUMOrO Hporecy (crocreperke-
HHs ). Bujmmuii nporiec 3aj1eKuTh BiJl HEBUMMOIO CTAHY, sIKUH 3MIHIOETHCS BIJIIIOBITHO J10
MapKiBcbKOro Imporecy. HeraruBHo-0iHoMiabHUE PO3MO/ILI BUKOPUCTOBYETHCA JIJIsi OIUCY
Jacy nepeOyBaHHS B KOYKHOMY CTaHI.

Y HIIM 3 ocroBruMm HOpMasibHuM posnojiioM (SMN posmosin) crocrepe:keHHsT B KO-
JKHOMY CTaHi MaOTh HOPMAJbHUN PO3IOJILI. YKIIO MO/Ie/Ib 3HAXOAUTHCI B CTaHi S; = j, TO
crioctepekerdd X; Oyjie HOpMaJIbHO PO3IOIIIEHUM

XSy =j ~ N(uj,07),

JIe [ij— CepeJIHE 3HAYCHHH, a O'JQ»— JIUCIIEPCIS B CTaHl j.

Y HIIM 3 ocroBruM posmnoginom Creogenta (SMt posmosin) crnocrepekeHHsT MaroTh
t-po3mo. KO MOJe/Ib 3HAXOUTLCS B cTaHl S; = j, To crnocrepe:kenns X; Oyje posio-
JIJIEHUM 3a t-pO3MOJiJIOM 3 HapaMeTpaMu

Xt‘St :] ~ t(vjalujvo-jz)v

Jle v;— IapaMeTp CTyIIeHiB cBOOOH t-PO3IOJILLY, (j— CePe/IHE 3HAaUeHHH, a 0]2.— MaCIITaOHMIA
napamerp (Jaucrepcisi) B cTai j.

t-posmoiia 3abesreuye Baxkdi "xBoctu'y po3mnoisi, Mo poOUTh HOro OLIBLIN TPUIATHIM
JIJIsT MOJIe/TIOBaHHs (pIHAHCOBUX JAHUX 13 BUCOKOIO BOJIATUJIBHICTIO 1 YACTUMU €KCTPEMAaJIb-
HuMu 3HadeHHaMu. [IpaBmonoaionicts g momeni SMN un SMt po3paxoByeThest MLISTXOM
ITi/ICYMOBYBAHHS TTOBHOT ITPAB/IONIOIIOHOCTI JJAHUX 38 BCiMa MOXK/ITUBUMU IIJISIXaMU, TKi MOXKe
MIPUAMAaTH TPOIEC MTePEXOTy CTaHIB.

Ha simminy Big momepemnix mogeneit, SMN ta SMt mMaroTh Oiabily IHYYKICTH Y MOJIE-
JIIOBaHHI Yacy 1epeOyBaHHsSI B CTaHaX, IO J03BOJISIE TM TOUHIIIE BiIoOparkaTu 3a/1e2KHOCTI B
JIAHUX, 0COOJIMBO I (DIHAHCOBUX YaCOBUX PsAJIIB, AKI XapaKTEePU3YIOThCA TPUBAJIUMU TIePi-
oJlaMi K HU3bKOI, TaK i BUCOKOI BOJIATUJIBHOCTI. 3aBJISKU ITHOMY IIi MOJEJI 3/IaTHI Kpalle
MO/IEJTIOBATH ABTOKOPEJSAIIiTHI (DYHKIIIT.
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Puc. 2. BijicoTkoBi 3MiHE BapTOCTI aKIiiil IMij] 9ac TOro camoro mepiojy

4 TECTH JJ1s1 OLIHKU CTAIIIOHAPHOCTI

PosristHeMo oCHOBHI cTaTUCTHYHI TECTH JIJIs MTEPEBIPKU CTAIIOHAPHOCTI YacOBOTO PsTy,
JKI TPYHTYIOThCS Ha MPUITYIIEHH] CKiHYeHHO1 mic/sii. Posmmpennit Tect Jikki - Oynaepa
(ADF-recr) - e crarucTuaHAil TECT, IKU BUKOPUCTOBYEThCS JJIsl IEPEBIPKA CTAIiOHAPHO-
cTi 1acoBOrO psiry. CTalioHAPHICTH € KJIFOUOBOIO BJIACTUBICTIO, KA O3HAYAE, IO CTATHCTUIHI
BJIACTUBOCTI 9acOBOTO PAJLY, TaKi IK CepeTHE 3HAUEHHS Ta JIUCIIEPCid, 3a/JUIMa0ThC MOCTIH-
muMmu B daci. Hymbosa rinoresa (HO) crBepzKye, 110 9acoBuii psiji M€ OJMHUYHUNA KOPIHD
i € HecTarioHapHUM, TOJI $IK ajbTepHaTuBHa rinoresa (H1) mpumyckae, mo gacoBuit psij €
cramionapaum. ADF-rect € posmupennsm kinacuanoro tecry Jlikki-@ysrepa. Bin Briouae
JIOZATKOBI JIard 3a/1e2KHOT 3MIHHOI, 100 BPaxXOBYBATU MOYKJIUBY ABTOKOPEJIAINIO 3aJIUIIKIB.
Ile pobursb TecT OGIIBIT HAHHIM I IPAKTUTIHOTO BUKOPUCTAHHS.

ADF-rect yacTo BUKOPUCTOBYETHCS B €KOHOMITI Ta (piHAHCAX JIJIsT aHAJII3Y CTAIlilOHAPHO-
cTi (piHAHCOBUX YACOBHUX PSJIB, TAKUX dK IIIHU AKINil, BAJIOTHI KypCH Ta iHII €KOHOMiYHi
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iHguKaTOpu. ZKINO P HE € CTAIllOHAPHUM, JJIsi TOAAJIBIIOr0 aHaJ i3y HOoro 9acTo mepeTBo-
PIOIOTH, HAIPUKJIAJL, MIJIAXOM B3ATTS PI3HHUIL a00 JiorapudMyBaHHs.

KPSS-tect - me crarucTudHmii TECT, M0 BUKOPHUCTOBYETHCS JJIsl TIEPEBIPKHU CTallioHAD-
HOCTI 9acoBOroO psijy, aje Ha Binminy Bijm ADF-tecty, #toro Hy/nboBa rimoresa MPHUITYCKAE,
o pdj € cramionapauM. Lleit TecT momomarae BUSBUTH, 9M MA€ IaCOBUIH DS OJUMHUIHHI
KOpiHBb, TOOTO UM € BiH HecrarionapauM. KPSS-Tect orninioe nucmepciro moMuiok y perpecii,
11100 BU3HAYUUTH, U1 € 9acOBUil psiji cTarioHapHuM. Bin mepeBipsie, au € auciepcisi MocTiiHOIO
(cTabimbHO0) B waci. Aste Bumarae BHOIp KiTbKOCTI JlariB jyist perpecil 3aJMInKiB, 10 BILIH-
Ba€ HA Pe3y/IbTATH TECTY. 3a3BUUall BUKOPUCTOBYETHCSI aBTOMATUIHUN BUOID ONTUMAJIBHOTO
nary. KPSS-tect gyacro BukopucroByerbest pazom 3 ADF-Tectom, ockisibku BOHU MAIOTh 1IPO-
TUJICXKHI HYJIbOBI Tinoresu. lle j03Bosisie 11poBecTu OLIBIN BCeOIUHUIT aHA/II3 CTAIIOHAPHOCTI
gacoBoro psy. Akmo ADF-rect Binxuise myboBy rinoresy (Hecrarmionapsicts), a KPSS we
BijxuJisie (CTarfioHapHIiCTD ), Tie O3HAYAE, IO YACOBUI Psijl, IMOBIpHO, € cramionapaum. KPSS-
tect jonoaioe ADF-TecT, 0CKiJIbKE BOHM IT€PEBIPSIOTH Pi3HI rimoTe3u TAKOXK BiH € HAIIHHIM
JUTS psiiiB 3 JerepMinoBaHuMu Tpergamu. OHaK, BUOIP KiJbKOCTI JIariB MOXKe BILTMBATH Ha
pe3yJIbTaTH, a TaKOXK iICHY€ Uy TJIMBICTH J10 BUOOpY Tpenay B gaHux. KPSS-tect € moryxuaum
{HCTPYMEHTOM /I8l TIEPEBIPKH CTAIOHAPHOCTI JaCOBUX PIiB. 110ro BUKOPHCTAHHS PasoM 3
inmuvu Tecramu, TakuMu gk ADF, nomomarae orpumaru 611611 TOYHI Ta HaIiiiHI Pe3yiIb-
TaTU MO0 HMPUPOIU FTAaCOBOIO psijiy. FK MU MOXKeMO OadUTH 3 HACTYIIHOI TaOJINIl, Maiike
BCi PO3IVISHYTI BiJICOTKOBI CTABKU ABJISIIOTHCS CTAIIOHAPHUMH, 1110 3ab6e311euye Ol/IbIT TOYHUN
aHaJI3 MoJeei.

Axris ADF p — value | KPSS Tect p — value | Cramionapaicts Result

AAPL 5.74e-27 0.15 | Yes
MSET 6.17e-30 0.25 | Yes
NVDA 6.10e-30 0.10 | Yes
AMZN 1.44e-24 0.14 | Yes
GOOGL 7.45e-29 0.08 | Yes
TSLA 1.12e-28 0.25 | Yes
META 2.71e-24 0.08 | Yes
BRK-B 2.57e-24 0.04 | No
TSM 1.05e-29 0.07 | Yes
\Y 1.75e-22 0.25 | Yes
JNJ 7.44e-27 0.10 | Yes
UNH 1.46e-26 0.14 | Yes
XOM 8.13e-15 0.16 | Yes
JPM 1.89e-28 0.12 | Yes
PG 2.13e-11 0.04 | No
NSRGY 6.30e-05 0.02 | No
RHHBY 6.18e-17 0.16 | Yes
CVX 1.42e-26 0.08 | Yes
BABA 4.03e-29 0.43 | Yes
LVMUY 3.18e-26 0.10 | Yes
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5 IH®OPMANINHI KPUTEPII

[Topsiyt i3 cTATUCTUYIHUME TeCTaMU, PO3IJISHEMO JIBI METPHKHU, Ha OCHOBI sIKHX Oy1eMO
BU3HAYATH TOUYHICTH MOesl — Kpurepiii Akaike Ta kpurepiit [IIBapra.

Kpurepiit Akaike (AIC) BUKOpHCTOBYEThCSI /It MOPIBHSIHHS PI3HUX CTATHCTHYHUX MO-
JeJIelt, 10 3aCTOCOBYIOTHCS JIJIsl OIIICY OJHOTO 1 TOTO K HAOOPY JaHuX. Jloro rososHa Merta
- 3HafiTH MOJIEe/Ib, dKa HaiKpalle OIKCYe JaHi 3 HaiiMeHmmMEu BTparamu irdgopwmarii. AIC
BPaxoBy€ dK AKICTb MiATOHKH MOjesi, Tak i 11 ckiaagaicTh. Popmysta i pospaxynky AIC

BUIVIAJa€ HACTYIIHUM YHMHOM:

AIC = —2in(L) + 2k

Jie L— dbyukiis npasonoaioHocTi Mojiesni, a k— KiJIbKICTh apaMeTpiB y Mojiesi. Yum mentre
suadends AIC, Tum kpama mozgensb. Baxkaupo BigzuaunTu, mo AIC He mae abcosorHOT Mipn
SIKOCT1 MOJIeJTi, a JINIIe JI03BOJISIE TIOPIBHIOBATH MOJIE/I MixK c00OI0.

Kpurepiit IIIsapua abo Baecisebkuii indopmariiinuit kpurepiii (BIC) e mogibaum 10
AIC, ajte BpaxoBye po3mip BEOIPKH 1 OLIIBIIT KOPCTKO MITpadye MOJAET 3 BEJTUKOIO KIJIBKICTIO
mapameTpiB, 0 JoloMarae yHukaru rneperapdanas. Gopmyna g pospaxyuky BIC:

BIC = —=2In(L) + 2kin(n)

e L— makcuMmaJsibHa HMOBIpHICTD MoJieNti, k— KUIBKICTh mapaMeTpiB y Mojes, i n— Kijib-
KicTh criocrepexkedb y Bubipri. Ak iy Bunajky 3 AIC, mozens 3 menmmmm 3nadernsM BIC
BBaxKaeThesa Kparo. Ockinbku B BIC BpaxoByeThest po3mip BubipKm, BiH dacrimme odupae
MEHIT CKJIQTHI MOJIeJIi, 0COOJNBO TP BEJIMKOMY 3HAYEHHI 1.

Takoxx AIC Bukopucrosye koedirienr 2k, Toai sk BIC Bukopucrosye kin(n). e o3na-
qae, mo BIC 6inbme mrpadye mojen 3a ckiaaaaicts. AIC 3a3Buuail Kpairre JiJist CUTYaIIii,
KOJIM BasKJIMBO MaKCUMaJbHO TOYHO nepembauntu gani, a BIC - ko norpibno Bu3HAYMUTU
HafOLIBIN BIpOTIIHY CTPYKTYPY JIaHUX.

Ob6uaBa KpuTepil KOpHUCHI Ipu BHOOPI MOIeIi, ajle KOHKPETHII BUOIP 3a/1€:KUTh BiI ITiIei
anamizy - AIC kparre s nependadens, a BIC - mist cTpykTypHOI iHTepriperarii.

Ticker | AIC (IIMM) | BIC (ITMM) | AIC (HIIM) | BIC (HIIM) |
AAPL _1864.5 1819.17 | -1870.43 | -1825.10
MSFT ~1781.06 1735.72 -1786.52 | -1741.19
NVDA -1400.8 -1355.47 -1398.98 -1353.64
AMZN -1621.33 -1576.0 -1620.79 -1575.46
GOOGL -1667.12 -1621.79 -1670.87 | -1625.54
TSLA -1283.05 -1237.71 -1285.33 -1240.0
META -1607.59 -1562.26 -1604.56 -1559.23
BRK-B 2091.91 -2046.58 -2124.63 | -2079.29
TSM -1610.71 -1565.37 | -1618.68 | -1573.35
\Y% -2032.99 ~1987.66 -2054.40 |  -2009.07
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Ticker | AIC (IIMM) | BIC (IIMM) | AIC (HIIM) | BIC (HIIM) |
INJ -2033.42 -1988.09 |  -2035.43 -1990.1
UNH -1858.96 -1813.63 | -1875.58 | -1830.25
XOM -1775.22 -1729.89 | -1786.14 -1740.8
JPM -1922.17 | -1876.84 -1914.54 -1869.21
PG -2048.42 -2003.09 | -2074.86 | -2029.53
NSRGY -1975.75 -1930.42 | -1997.34 -1952.0
RHHBY -1901.05 -1855.71 | -1909.57 | -1864.24
CVX -1828.25 -1782.91 | -1839.76 | -1794.43
BABA -1496.71 -1451.38 -1500.2 | -1454.86
LVMUY -1690.33 -1644.1 | -1695.03 -1649.7

6 BUCHOBOK

Y poboTi PO3IIAHYTO MaTEMATUIHI MOJIeJIi MAPKOBCHKHUX Ta HAIiBMapPKOBCHKUX ITPH-
XOBAHUX MOJIejIell 3 BUKOPUCTAHHSAM JI0 PEAJbHUX JaHuX. SIK OyJI0 BULABJICHO IIiJ Yac Jio-
CJIJIZKEHHsI, HAIliIBMApPKOBCHKI ITPUXOBaHI MOJIEJI € OLIBIIT TOYHUMHU JIjI PeaIbHUX ITPOIIECIB,
PO IO CBI/IYaTh POIVIAHYTI CTATUCTUYHI TECTH Ta BiJIITOBIIHI MeTpuKu. Y MailOyTHIX pobo-
TaxX B JJAHOMY HaIPSMKY IIAHYeTbCs PO3IVISHYTH PI3HI PO3IOIIIN IPUXOBAHUX MOJIeIed, 1o
y3arajbHIOIOTh HOPMaJILHUN PO3IIOJLT Ta Po3moiiyi CThIOJAEHTa, TAKOXK PO3POOUTH AJITOPUTM
OITIHKM TIapaMeTPiB JIAHUX PO3IOILIIB.
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The main focus of the work is on the study of so-called hidden Markov chains (hidden
Markov models, HMM) and their analogs and generalizations. In particular, the research exami-
nes the impact of HMM and semi-Markov hidden models (HSMM) on time series models
describing the stock prices of top companies as of 2024. The study revealed that considering
more generalized models allows for a more accurate description of stock price dynamics and,
consequently, a more accurate determination of the key characteristics of the actual process.

The research employs both HMM and HSMM frameworks to analyze financial data, demonstrati-
ng their capacity to capture key features of stock price volatility, including sharp transitions
between periods of high and low market variability. A series of tests and metrics were conducted
to evaluate the performance of these models, including the Akaike Information Criterion (AIC)
and the Bayesian Information Criterion (BIC), which indicate superior fit for HSMMs. Addi-
tionally, methods such as the Augmented Dickey-Fuller (ADF) test and KPSS tests were used
to validate the stationarity properties of the time series.

The study’s results emphasize that semi-Markov extensions provide a significant improvement
over classical HMMs when analyzing financial market data, allowing for better detection of long-
term dependencies and accurate modeling of asset price trends. The findings open avenues for
further applications in financial risk analysis and forecasting tasks, showcasing the potential of
HSMMs to deliver more robust insights into market behavior.
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PosristayTo y3aranprerts mojesi Cketama. BucBiTieHo nuranHs icHYBaHHsT Ta, CTIHKOCT1
CTAIIOHAPHUX 1 MMEPIOIMYHUX PO3B’SI3KIB Moze i 6e3 300py Ta 3i 36opom ypoxkaro. IIposemero
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Boryn

Jlnst 6GaraThox peasibHUX OI0JIOTMYHHUX MOIYJIsAIi IX CTaH y MOMEHT 4acy t 3aJIeXKUTh BiJl
cTaHy B monepeaHi MmomeHTn dacy. Lle momyssiil 3 HenepepBHUME MOKOJIHHAMEI, TOOTO Ti,
B dKUX PICT YUCETBHOCTI BiIOYBa€TbCs B JUCKPETHI MOMeHTH 4acy. Jlo Takux morysisiiii
MOKHa BijiHecTu 6araTo BU/IiB KOMaX 3 OJJHOPIYHOIO IeHEPAIIi€lo.

MaremaTudni MOJIe/Ii TAKUX TOIMYJIAIN OB A3YI0Th YUCEJIHLHOCTI MOmyadiii Ny 1 B MO-
MeHT 4acy t+ 1 3 9iuceTbHOCTIMHU B TIONIEPE/IHI MOMEHTH 4acy. InHaMika 4uce/IbHOCTI TaKuX
TIOMYJISAIIN Y TPOCTIINIOMY BHIAKY OIMUCYETHCA PIBHAHHAMUI BUTJISTY

Nt+1 = f(Nt)Nta t= 0, 1, 2, ey (].)

Jie Ny — 9iCeNIbHICTD MOIyYJISAIil B MOMEHT dacy ¢, a f(-) — riajka yHKIis JifiCHOro apryMeH-
Ty, sika Bipobpazkae npocrip RT = [0,00) B RT. Cepe juckpernux pisHsiHb (1) B exosiorii
HaiiBioMiII JIMCKpeTHa JIOriCTHYHA MOJAEb, Moaeab Pikepa Ta Momens Ckesmama.
OcCKIIbKE TIPU TPAKTUYHOMY BHKOPHUCTAHHI IIPUPOIHAX PECYPCIB BarKJIMBO, MO0 €KCILTY-
aTallid MOIYJ/IAIii He NPU3BOMIA J0 1X 3HUIIEHHS, a BiJA0yBaJIOCAd BiHOB/IEHHS PUPOIHUX
pecypciB, To B mpargx |1, 2| ni momeni BuBuaroThest 3 edekrom 360py BpoxKar. Taki mo-
JIeJIi JIOBBOJISIIOTH 3/HCHUTH KLIBKICHUN aHaJ/li3 aHTPOIIOIN€HHO! JisIJIbHOCTI 1 3abe3rmednTu

parioHaJbHe BUKOPUCTAHHS TPUPOTHOTO PECYPCHOTO TIOTEHTTIAJTY.
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o

Y JIMCKpeTHUX MOJIE/IAX 3HAHHA PO XapaKTep IPOIECiB BIKUBAHHA {1 HAPOKYBaHHS
BUPAXKAETHCA B €IMHOMY TOIYJISIIHHOMY TTOKa3HUKY — KOEMIIE€HTI IPUPOIHOTO BiITBOPEHHS

(a60 KoedIIEHT PO3ZMHOKEHHS )
Nt
N;) = .

KoedirmienT mpupoiHoro BiITBOPEHHs — 1€ cepejiHs KiIbKICTh IIOTOMKIB, dKa IPUIIAJIAE HA

OJIHY OCOOWHY, ITIO iCHYBaJIa B MOMEHT 4acy t.

AKimo mpumycTuTH, MO BIUIUB CAMOPETY/IIOIOYUX BHYTPIITHBOMOMYJIAIIHHIX (DAKTOPIB
i3 POCTOM YHCEJILHOCTI TIIbKHM TOCUJIIOETHCHA, TO KOEMIIIEHT PO3MHOXKEHHS BUOUPAIOTH Y
BUIJIsIJII MOHOTOHHUX CHAIHUX (DYHKIII.

Y mogzeni Ckemmama KoedillieHT pO3MHOXKEHHST Ma€ BUTJIS, CIIAIHOI rinepbostitaol ¢yH-
KIIil, TOOTO "

f(Ny) = A (2)

Jie mapaMeTp a 3aJla€ HaiOl/IbIe 3HaYeHHsT PO3MHOXKEHHS, a KOeMiIlieHT b omucye BILIUB
CaMOPETYJIIOI0YNX MEXaHI3MIB Ha MOMYJIAIIITHY TTHAMIKY.

Mogenn Ckesutama Gysta 3anpornonoBana B npar [3] B 1951 p. i BiaTosi mupoKo BUKOPH-
CTOBYETHCH JIJIs OIHUCY JIMHAMIKM YUCETbHOCTI JTUCKPETHUX TOIYJIAIIIA.

Y upari [2] BuBuatoThes y3araiabHerHs Mojesai CketaMa Ha BUNAJIOK, KON KoedirnienT

PO3MHOXKEHHA Ma€ BUTJIAL

aNt

J(Ny) = ﬁ Ta  f(N;) = b N (3)

TakoxK TyT 3/iiiCHEHO aHaJI3 IUX MOojieiell 3 edeKTOM 300py YpOXKalo 3 MOCTIHHOIO iH-
TeHcuBHIcTIO c. [lokazaHo, Mo B yciX IUX BUIaIKaX IPU MEBHUX OOMEKeHHSIX Ha IapaMeTpu
a, b, ¢ piBagaaag Ckejjama JIONYCKalOTh JIMIIIE MOHOTOHHY CTabLIi3alliio IuceIbHOCTI I10-
IYJIATT JIO JedKOro cTalioHapHoro piBHg. HukaivHi pexKuMu BiJICYyTHI, TOII K JIOTiCTUYHE
JIICKPETHE PIBHAHHS Ta MOjeb Pikepa MaioTh NepiojIndHi po3B’ I3KH.

VY nmamiit craTTi 3HAlIEHO TaKe y3araibHeHHa Mojen CkesiaMa, siKe JTOIyCKae ICHYBaHHsI
i mepiojmaaux po3s’a3KiB. Ile BigOyBaeThesd TOII, KOJIH

f(NY)

B a
b+ NP

st mozeni 3 TakuM KoeillieHTOM PO3MHOXKEHHsI ITPOBEJIEHO JTOC/IIIZKEHHSI 3 M SIKOIO
cTpaTeriero 300py BpOXKalo.

1 AHAJI3 V3ATAJIbHEHHA MO/IE/T CKEJIJTAMA

VY npari [2] gocizkyerbest Mojens Cresiama Ta 11 y3arajabHeHb. Y paMKax [uxX Mojiesiedi
CIIOCTEPITraJINCA PEXKUMHU 3 MOHOTOHHOIO CTabiIi3aIl€I0 YMCeIbHOCTI OIS,

[Ipore, gk 3’sicyBasiocst, icHyIOTh y3arajbHeHHs1 Mojgeni Ckentama, gKi, KpiM cTamioHap-
HUX PO3B’SI3KiB, MAIOTh i HepioguvHi po3B’sI3KM Pi3HUX Iepio/iB. Takowo MOJe/LIIo € IUCKpe-
THe PIBHAHHSA BUTJIATY

aNt .
Nt+1:m:F(Nt),t:0,1,2,...,a,b>0. (4)
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Posp’szatu piBHsgHHS (4) B anamiTwdHiil dopMi He BIAETHCS, ajle MOXKHA 3HAWTH CTa-
IIOHAPHI Ta MMepioJInyHi PO3B’I3KNU ¥ JIOCTIINTH X Ha CTifiKicTb. [le piBHAHHSA Mae HYIbOBUI
poss’azok N§ = 0. HenysboBi cramionapHi cranu 3HAXOQATHCs 31 ciiBsignomenns N? = a—b,
To6T0 Ni = v/a — b. N nabGysae 10/aTHi 3Ha4eHHS OpU @ > b.

JLnst TOCTiJIZKEHHS CTAIllOHaPHUX TOYOK Ha CTIHKICTb 3HAIEMO MYJIBTUILTIKATOD JTUHA-

MiuHOT cucremu (4).

Maemo

F’(N) — a(b——mz).
(b+ N3)

. a .
Ockinpku ipu 0 < a < b F'(0) = 7 < 1, TO HyJIBOBHII pO3B’s30K CTifikuii (puc. 1a).
[Ipu a > b Hyb0BUIT pO3B’A30K IepecTae OyTH CTIMKUM 1 BOJIHOYAC 3’ ABJISIETHCA HEHYJTHO-
: b
Buit po3s’si30k Ni > 0, sikumit Oyze crifikum 3a ymosu |F' (N7)| < 1, Tobro npn (3— —a| < 1,
a
a
abo 3 < b < a (puc. 16).

a . . . . -
Axmo b < 3 TO iCHYIOYHil CTallioHAPHUN PO3B 30K IepecTae OyTH CTIHKUM, 30KpeMa,

upu a = 1, b = 0.1 cramionapumii po3s’a30k N* = v/a — b = 0.9654 necriiikuii. Y npomy
BUNAJKY (@ > 3b) MOXKYTb 3'sIBUTHCS MEPiOIIHI PO3B’A3KN.

1.0 { 1.20 4

1151

zzz=z
BOoH
Hwno

0.8
1.10 1

06 4 1.05

Z 1.00
-

N(t)

0.4 0.95 A

0.90 1
0.2

0.85 4

0.0 0.80 4

Puc. 1. Lmocrpariist cTiikocTi crarionapHux po3s’a3KiB pisasuns (4) a —a = 0.7, b=1;6 —
a
a=2,b=1 (§<b<a)



AHAMI3 MOAEJEN TUITY CKEJIJIAMA 3 MEPIOAUYHUMU PEXKUMAMU 131

2.5+

2.0 1

1.5 A

N(t)

1.0 1

0.5 A

(I) lb 2I0 3I0 4I0 5b
Kpok t
Puc. 2. Hecriiikicrs cramionapaoro poss’sisky N* = 0.9654 piBusausg (4) npu a = 1,
b=0.1 (a > 3b)

[Tepeitaemo 10 j10C/TiI2KEeHHS ICHYBaHHSI TIEPIOAMIHIX PO3B’3KiB 11X crifikocTi. CriouaTky
posriigHeMo BUNaIOK 1epiopy 1" = 2, To6To Ko Nyyo = Ny nna t = 0,1,2, . ...
3 (4) maemo
a®N, (b+ N3)?

b 3\3 37 (5>
b+ NP)" + (alNy)

t =
abo aKIo 3anposajautu 3aminy NP = x, To pisuanug (5) nabysae BULJIsLLY
b’ + (3b* — a®) 2° + (30° — 2a’b + a*) x + b! — a®b* = 0. (6)

Binomo, mo 1e piBHAHHS Ma€ KOpiHb a — b, ockinbku N; = +/a — b 3a/I0BOJIbHAE yMOBY
nepioguaHoCTi Npyo = Ny
Pozaimusmmm (6) Ha © — (a — b), o/iepKy€eMO PiBHSIHH:

ba® + (20* — a® + ba) v + b° + b%a = 0, (7)

KOpeHAMU AdKOI'o €

a? — 20> — ba + va* — 3a2b? — 2a3b

2b ®)

T12 =

JuckpuminanT nporo pisHanus D = a? (a* — 3b* — 2ab) npu b < % JIOJIATHUH, OCKIJIbKA
2
a2—3b2—2ab>a2—3<2> —2(12:0.
Bokpema, ipub=1,a =4 (a>3b) D=5>0,anpua=2,b=1(a<3b) D=-3<0.
Kpim niporo, mpu a > 3b

2
a2—2b2—ab>a2—2<§> —%a:§a2>0,

a® —2b* — ab > \/(2()2 — a2 — ab)® — 4b (b® + b2a).
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Tomy piBasiaHs (7), B IIBOMY BHIIQJIKY, Ma€ JBa pi3Hi mogarThi Kopeni. lle o3navae, mo mpu
a ) . . .
b < 3 piBHsiHH (4) 3’gBJISIETHCS JIOJQTHUIT Iepioquanuii po3s’s30k Ni = ¥/x1, Ny = /T
. . * 3 .o
3 ntepiojioM 1" = 2, a cramionapna Touka N = v/a — b nepecrae 6yTn CTiifKoI0.
[IpoBeiemo JocTi/IzKEHHS 1IHOTO MEPIOINTHOTO PO3B’A3KY Ha CTifiKicThb. s nporo ob4uun-
CJIUMO MYJIBTUILTIKATOP

dF dF

AR dF| @ (b-2(N))) b—2(N)'  , b—2m  b—2m
~ dN|y. dN

2 g — @ 2 3
Ny (b+ (Nl*)g) (b+ (N2*)3) (b4 x1)" (b+x2)
Bpaxosytoun Bupasu (8), oJep:KyeMo 3HAUEeHHs MYJbTHILTKATOPa £ B KoedimieHTHil dopmi

9b? + 6ab — 2a>
= -

(LQ
b\? b
9() FPLA
a a

30K 3 nepiogom 1" = 2 crifikuit ipn

1

3 yMOBHU CTIHKOCTI < 1 BCTAHOBJIIOEMO, IO ICHYIOUHIT TIEPIOUIHUN PO3B s~

V2 -1
3

a
b< -. 9
a<b<yg )

e osnaugae, 1o mpu b <

a TIepiouYIHmi po3B’sa30K 3 mepiogoMm 1 = 2 nepectae OyTH
CTIMKUM 1 3'ABJISAETHCA CTIKNN TIEPIIMIHUN PO3B’A30K JIOBXKUHOIO YOTHUPH.

Bokpema, ipu b = 1, a = 4 jyist piBasiabsg (7) MaeMo KBaJpaTHe PIBHSIHHSA
2?2 — 10z + 5 = 0. BBigku 7, = 9.472, x5 = 0.528. Tomy Nj = 2.1158, N; = 0.8082 — e
3HAYMEHHS, 110 CKJIAIAI0Th HepiogudHuii po3s’sa30k 3 nepiogom 1" = 2. [lpu mpomy p = 0.0628,
[0 O3HAYAE CTIHKICTH MepioanTHOro po3s’a3Ky (puc. 3a).

IIpu b = 3, a = 10 xBajgpaTne piBnsanaa 32 — 527 + 117 = 0 mae Kopeni z; = 14.6759,
9 = 2.6504, To6TO MepiouYHMIT PO3B’A30K 3aa€Thcd JBoMa unciaamm: Ny = 2.4483, Ny =
1.3839. Mysnbrumiikarop g = 0.5879 < 1, mo 3abe3neuye CTifiKicTh 1Or0 po3B’sa3Ky (puc.

36).

3.0 1 3.00 4

2.75 4
2.5 4
2.50 4
2.25
£ 2,001
=
1.75 4

1.50 1

1.254

0.5 4

1.00 1

T T T T T T T T T T T T T T
0 2 4 6 8 0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Kpok t Kpok t

a 9
Puc. 3. IcayBanHus Ta crifikicTh nepiouuHux po3s’a3KiB piBHsiHHs (4) 3 mepiogom T = 2: a
~b=1,a=4, (a>3b), Nf =2.1158, N; =0.8082; 6 — b =3, a = 10, (a > 3b),
Ny = 2.4483, Ny = 1.3852
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[Tpu b = 0.1, a = 1 piBuganus (7) Mae BUTIAT
2® — 8.8z +0.11 = 0.

SBigkn 1 = 8.7875, o = 0.0125, mo mae Ni = 2.06358, N, = 0.23219. 3naueHHsT MyJIbTH-
wiikaropa g = 1.31 > 1, Tomy 11eil nepiojuuHmii po3B’d30K HecTiiikuil (puc. 4).

2.25

2.00 A N 2.063

1.75 A

1.50 A

N(t)

1.00 4

0.75 A

0.50 A

0.25 4

0 5 10 15 20 25 30 35 40
Kpok t
Puc. 4. Hecriiikicts nepioguanoro pos3s’asky (1T = 2) pisasuus (4) npu a =1, b = 0.1,
N# = 2.06358, N = 0.23219

BHaiieMo nepiouaHnii po3s’a30K piBHsHHS (4) 3 mepiogom T = 4 (ymoBa Nipg = Ny,
t=0,1,2,...). dkmo BBectn nosnavenns Ny = x, Nyyy = vy, Nyyo = 2z, Nypg = u, 10 s
3HAXOJ/PKEHHS MTePIOUIHOIO PO3B’ 3Ky 3 1epiogoM 1" = 4 MaeMO CHCTEMY BUTJIsILY

(4= = pla),

z= 'ty = o(y),
biy (10)

u = b1 o(2),

| T= 55 = P,

AKY MO2KHa 3BE€CTH JIO OJHOI'O piBHHHHH

z= (¢ (p(p (@) - (11)

Taxi piBHSAHHA MOXKHa& PO3B’sI3yBaTH, 3aCTOCOBYIOYHN YHCJIOBI MeTo . Maioun po3B’s30K
x, 3a dopmyramu (10) 3naxomumo ¥y, z, u. Tomi pisui unciosi 3navenns Ny = x, Ny =y,
N3 =z, Nf = v i Bu3naqaiors nepionudnuii po3s’s30K piBuanns (4) 3 nepiogom T = 4.

Y koMmm'torepHuX ekcrepumMenTax npu a = 2.67, b = 0.227 (BukoHyeTbcst ymoBa b <

2—1
V2 a) ofepxkayu mnepiognanuii poss’si3ok (T = 4), akuit 3amaerbest auncaavu 0.19087,

3.73198, 0.55059, 2.17832 (puc. 5a).
MysbTuiutikaTop 1mporo mnepiojguydnoro posp’s3ky p = 0.0399 < 1, mo osnadae itoro

crifikicts (puc. 50).
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N* = 0:19087 35

Puc. 5. I'padiku nepioguunux po3s’s3kis 3 mnepiogom 1 = 4 npu a = 2.67, b = 0.227: a —
N} =0.19087, Ny = 3.731982, Ni = 0.550598, N = 2.178315; 6 — itoro cTiiiKicTb

['padiune poss’a3yBanns piBusians (11) B nboMy BHUITQJIKY HaBeJEHO Ha pHC. 6.

0 -

0 1 2 3 a 5
Puc. 6. I'padiune poss’asysanus pisasians (11). [pu a = 2.67, b = 0.227 icHye 7 KopeHis
(0.190870, 0.285245, 0.550598, 1.346151, 2.178315, 3.045871, 3.731982)

Ak 6aunmo 3 puc. 6, piBagnus (11) Mae me Tpu Kopeni (Beboro cim). /IBa 3 HuX, a came
NI = 0.285245, N§ = 3.04587, BusHauaroTh nepionnyHuii po3s’a30K 3 nepiogoMm 1’ = 2. Bin
HecTifikuil, ocKijibKku Mysbruiikarop 4 = 1.4399 > 1 (puc. 56).

e onmu xKopinb NZ = 1.346151 BusHavae cTarioHapHy TOUKY, SKa TeXK HeCTiKa (BUKO-
HY€ThCsl yMOBa b < %) (puc. 56).

[Ipu mojasbiit BiamoBiiHi# 3MiHI TapaMeTpiB @ Ta b MOCTiIOBHO BiOyBaTUMeTbhCs Oi-
dypKallisi 10/IBOEHHS JIOBXKWHU ITUKJTY, TOOTO BUHUKAIOTH HOBI CTIMKI IUKJIN JIOBXKUHOIO 2™
(m > 2) i npu MBOMY BTPava€ThCsl CTIHKICTH MepioJMYHOrO IMUK/IY JOBXKUHOIO 2™ 1,

VY miit mpari me npakTUIHO 3HANIeH] IUKJIN JOBXKIHOO BiciM, 30KpeMa 1ipu a = 5.34, b =
0.227. PiBusinng tumny (11) masm 15 pisaux xkopewnis. Bicim 3 HUX 3aj1aBajm MUKIT JTOBKHHOKO
BiCIM, YOTHPH — IMUKJI JIOBYKHHOIO YOTHPH, JIBA — ITAKJI JIOB>KUHOIO JIBa& 1 OJIUH — CTAIllOHAPHUIA
PO3B’SI30K.
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[lepeiizieMo 710 3HAXOJZKEHHSI TIEPIOAWIHUX PO3B’si3KiB piBHsAHHsA (4) 3 mepiogom T = 3
(BukonyeTbest ymoBa Nyyg3 = Ny, t =0,1,2,...).
Taki po3B’d3KM CKJIAJIATUMYTh TPU PI3HUX YUCTA: T, Y, 2. I X 3HAXOZKEHHS MAeMO

CUCTEMY BUIJIAIY

axr
y=s = el),
_Va
i=a7 ==Y,
0

abo piBHSIHHSA
z = (¢ (¢ (p(2))))- (12)

[Tpu npoBejieHH] KOMIT'IOTEPHUX €KCIIEPUMEHTIB HaJ| PO3B’si3yBaHHSAM piBHsAHHs (12), He
BJIAJIOCS 3HAMTH TaKi 3HAUEHHsI TapaMeTpiB a Ta b, o6 piBustaus (12) MaJio Tpu pi3Hi KOpeHi.

IcnyBaB suiie eunMii KOpiHb, IO O3HAYAE ICHYBAHHS CTAI[IOHAPHOTO CTAaHYy, JIJIS SKOTO
TexK BUKOHYEThbCs ymMoBa Nyy3 = Ny (puc. 7).

3.0 1

2.5 1

2.04

> 1.5 A

1.0 1

0.5 A

0.0 -

Puc. 7. 'padiune poss’ssysanus pisasans (12) npu a = 1, b = 0.1. Kopiap N* = 0.9654

BazHaunMo, 110 JIJId Mojeseil BUTTIsTy

alN aN?
N = ——= N = —
t+1 b+ th7 t+1 b+Nt3

[IEePIOANIHUX PO3B’I3KiB HE iCHYE.

2  MOJEJIb 3BOPY BPOYKAIO 3 M’SIKOIO CTPATEIIEIO

Y3araJbHIMO MOJIeNh (4) Ha BUMAI0K ypaxyBaHHS 360Dy BPOKAIO 3 00EPHEHUM 3B’ SI3KOM,
TOOTO KOJIK 30ip ypozKaio 3a/1€:KUTh BiJl CTAHY HOIYJISIII.

[Ipu oMy 3 morrysisnii B MeBHI MOMEHTH 4Yacy BiJIOMPAEThCA KIJIbKICTh OCOOWH, sdKa
IPOIOPIIiiiHA 3arajbHIll 9HCeJTbHOCTI, TOMY MOJeb (4) HabyBae BUTIISLY

aNt
Nt+1:m—k’Nt> a,b>0, ke (0,1), t=0,1,2,..., (13)
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Je N, 9K 1 pamilne, — YUCEIbHICTD MOMYJIAII] B MOMEHT Jacy t, k — mapamMeTp iIHT€HCUBHOCTI
300py BpOZKalo.
. a

Pipusnus (13) mae nBa crann piBaoBarn Ny = 0 ta Ny = T h b. Jonarunit cran

> b.

N7 i a
icHye 3a yMOBH, 110

2 y y , 1 1 + k'
a ) a
7 < 1+k Ny = 0 criiiknii (puc. 8), a npu i
posB’s130k N; Brpadae crifikicrs. 3okpema, 1ie Mae micte npu a = 2, b =1, k = 0.05 (puc. 9).
Tyt N5 = 0.9672, naromicts nipu k = 0, N; = 1.0. TobTo nmpu iHTEHCUBHOCTI eKcILTyaTaliii

k = 0.05, BijiOyBa€eThCst 3MEHINeHHsI CTallloHapHOro piBHg Ha 3.28%.

[Ipn > 1+k, kom 3’aBserbesa Ny, HyJIbOBUIT

1.0 1

no

=z
I
e

0.8 1

0.6 1

N(t)

0.4 -

0.2 1

0.0 4

0 2 4 6 8 10
Kpok t

Puc. 8. CriiikicTb Hy/Ib0BOrO po3B’si3Ky pisasiaHs (13) npu a = 0.5, b =1, k = 0.05

s Bu3HadeHHd criiikocTi Ny 00UHCIIOEMO MYJIBTHILIIKATOD

dF a(b—2N3)

B WN;_ b+ (N;)®

1

3 HepiBHOCTI < 1 oxepzKyeMo YMOBU CTIiKocTl /Ng yV BULJIA]
2

142k b _ 342
1+k2 - "a S (A+h)2

Hng Bunazky, komw a =2, b= 1, k = 0.05 |u| = 0.05 < 1, mo gae criiikicrs Ny (puc. 9).
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1.00 A

0.99 4

0.98 A

N(t)

0.97 A

0.96

0.95 4

0 2 4 6 8 10
Kpok t

Puc. 9. CriiikicTs HenysboBoro po3s’a3ky Ny = 0.9672 npu a =2, b= 1, k = 0.05

Ilepionnunnuit po3s’a30K piBHaHHA (13) 3 nepionom 1T = 2 icHye, AKIIIO CUCTEMA
b

aNg i1
t= TZ\E”H — kN1 =9 (Nt+1) )
alV,
Nt+1 = rjiff — kN = ¢ (Nt),
abo Te K came, IO PiBHAHHS
Ne = (¥ (V) (14)

Mag€ J[Ba Pi3HUX J0jaTHUX po3B’sa3ku Ni # N .

[e piBasAHHS € ajareOpaldHUM PIBHAHHSIM JIEB’SITOrO MOPSIJIKY, AKe aHAJITUIHO HEe PO3B’s-
3yeTbest. Tomy mykaemo foro KopeHi YuCJI0BUMHE METOJAMK Ha KOMII FOTEpI.

Ipadianmit ananis poss’askis pisagnus (14) npu a = 1, b = 0.1, k = 0.05 nHaBeseHO Ha
puc. 10.

Puc. 10. I'padiune poss’asysanns pisasianst (14) nmpu a = 1, b = 0.1, k = 0.05. Kopeni
piBEaHHA N* = 0.94815 — cramionapue 3Havdennda, Ny = 1.837915; Ny = 0.199450 —
epioAndIHu po3B’sI30K 3 mnepiogom 1 = 2
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Ax Bugno 3 rpadika, 1Mo 3a yMOBU

b < 1 142k
a 3(1+4k)?
piBasiHHEs (13) Mae nepioguani po3s’s3ku 3 nepiogom 1 = 2.
30KpeMa, B HAIIOMY BHIIQJIKY MEPIOJUIHNI PO3B’SI30K CKJIAIAIOTh JIBa 3Ha4YeHHA N =
0.19945 i Ny = 1.83793 (puc. 11a), mpudaomy BiH mHecriiikuii (puc. 116), OCKIIbKE MyJIbTH-

IIiKaTop

dF
dN

dF
dN

NY

= 2.5779 > 1.
Ny

1.75 4 N=0ff995

Kpok t

2.5

0.1995

2.0 4

L5

N(t)

1.0+

0.5 4

0.0 1

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Kpok t

b
Puc. 11. I'padiku nepioguanoro poss’ssky (T'=2) npu a =1, b= 0.1, k = 0.05: a —
N7 =0.1995, N5 = 1.8379; 6 — itoro HecTifiKiCTb

Hecriitknit Takoxk crarioHapHuii po3B’sizok N* = 0.948152. Iy HbOTO MYJIBTUILIIKATOP
p=1.81945 > 1.
[lepioguuni po3p’sa3ku 3 mepiogoM 1’ = 4 3HAXOMUIN 3 PIBHIHHS

z=v W @) (15)
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Bokpema, ipu a = 1, b = 0.1, £ = 0.05, nobyayBasmu rpacdiku mpasoi Ta JiBoI 4a-
crunu piBusinas (15) (puc. 12), 3Haiigeno nepioguanuii po3s’si30k 3 nepiogom T = 4, gxuil
ckiaagaioTh ynciaa 0.128817, 1.25473, 0.571842, 2.064309.

0.0 0.5 1.0 1.5 2.0 2.5

Puc. 12. I'padiunnii ananis poss’s3kis pisasuaus (15) npu a = 1, b = 0.1, k = 0.05. Toukn
neperuny rpadikis: 0.128817, 0.199447, 0.541842, 0.948151, 1.254730, 1.837915, 2.064309

MyabTuiikarop 1soro po3s’asky p = 7.6214 > 1, mo o3Hauae fioro HectifikicTsb (puc.
13). Xova nipu k = 0 B pOMY BUIIAJIKY iCHYBaB CTIfiKuii mepioguaHuii po3s’sa30K 3 Mepioom
T =4 (puc. 14).

2.5 4

2.0 1

1.5 1

N(t)

1.0 1

0.5 1

0.0 4

0.0 2.5 5.0 7.5 10,0 125 15.0 17.5 20.0
Kpok t

Puc. 13. Ilepionmamnit po3s’s30k pisusmns (13) 3 mepiogom 1" = 4 Ta #oro HeCTIHKICTS.

a=1,b=0.1, k=005
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2.5 1
N[ 0.2323

2.01

154

N(t)

1.04

0.5 4

o] 20 40 60 80 100
Kpok t

Puc. 14. IenyBanus ta crifikictb mepiouaaoro poss’s3ky 3 mepiogom 7' = 4. (a = 1,

b=0.1, k=0) N = 0.3886, N} = 1.5842, N = 0.1656, N} = 2.4488

Posp’si3ku pisugnusg (13) 3 nepiogom 7' = 3 mrykasiu 3 piBHSIHH

=9 (2),

sIKe aHaJIi3yBajioch Tex rpadidaum Merogom (puc. 15).

2.5 1

— Yy =X

2.0 A

1.5 A

1.0 A

0.5 A

0.0 -

Puc. 15. I'padiune poss’asysanus pisastaasg N = ¢ (¥(¢(N))) mpu a = 1, b = 0.1,
k = 0.05. Maemo eaununit po3s’sa3zok N* = (0.94815

Y pe3ysibTaTi KOMII'IOTEPHUX €KCIIEPUMEHTIB He 3HaiiJIeHO TaKuX 3HadeHb a, b, k, 1mod
piBastHHS (13) MaJo mepiogmaHuil po3B’a30K i3 mepiogom T' = 3.

3ayBaKuMo, 10 B €KCIEPUMEHTaX OTPUMAHO PO3B’s3KM PiBHsAHH: (13), fKi MATh Xao-
TUYHY TOBEJIHKY, 30KpeMa mpu a = 1, b = 0.1, k = 0.05, Ny = 0.3 (puc. 16).
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2.5

N+0.3

2.0 1

1.5 4

N(t)

1.0 1

0.5 -

0.0

0 5 10 15 20 25
Kpok t

Puc. 16. Xaornana nose/inka po3s’si3kiB piBHsiHHs (13) mpu a = 1, b = 0.1, k = 0.05,

Ny =0.3

¢IK BHCHOBOK IPABOMIPHO KOHCTATYBaTH, 10 y3arajabHenus mozeni Ckemtama (4), (13)

MalOTh IMUPOKHUI CHEKTP MMOBEIIHKU PO3B 3KiB — BiJI CTaliOHAPHUX JI0 MEePIOJNIHUX i3 pi-

3HUM IepiogoM. Bouu mMoxyTh OyTu K crifikumu, Tak i Hecriiikumu. [Ipu BTpaTi criiiko-

cTi po3B’g3KiB 3 mepiojiom T = 2™, 3’gBJIAIOTHCA CTIWKI MEpPIioAUYHI PO3B’A3KHU 3 TEPIoIOM

T =2 m > 1.V nux piBHAHHAX MOYKINBI XaOTHYHI HOBEIIHKN PO3B A3KiB. XapaKTepHO

Te, IO NP eKCILIyaTallil MOMYJ/IsIii MOyKe BTpadaTHCd CTIfKICTh pO3B’A3KiB, siKa MaJja Mi-

cre B Mojiesiax 0e3 300py BpoxKaio. Taki Mojiesi 103BOSIOTh KiJTbKICHO OIIHUTH JOITYCTHMUM

piBeHb HaBaHTAXKEHHSI Ha OIOJIOTIUHI OMYJIAIIT, 11100 30eperTu iX iCHyBaHHS.

1]

2l

13l
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Difference equations are used in order to model the dynamics of population with non-
overlapping generations. In the simplest case such equations have the form Ny 1 = f (Ny) Ny,
t

where N; > 0 is the population size at a moment of time ¢, f (Ny) = N+1 is a coefficient of
t

natural reproduction.
In Skellam’s model this coefficient has the form of a decreasing hyperbolic function: f (N;) =

%Nt, a,b > 0. Parameter a here plays the role of the largest value of the reproduction
coefficient, and b describes the influence of self-regulating mechanisms on population dynamics.
For the Skellam’s model, both without harvesting and with harvesting, only regimes with
monotonic stabilization of the population size are observed. At the same time, as in other
discrete models, there are periodic and even chaotic solutions.
In this work, the following generalization of the Skellam model is proposed, which allows
the existence of periodic regimes. a

Namely, a function is taken for f(N;) = b NT This shows that at certain values of a
and b there are stable stationary states, that later lotse stability, whereas with a corresponding
change in a and b, cycles of lengths 2, then 4, 8 appear. That is, there is a bifurcation of the
doubling of the cycle.

Periodic solutions with period 3 where not found, although the existence of chaotic solutions
was established. It has been established that stable periodic regimes during harvesting can lose
their stability.
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MeanHCcbKun I. I1., ITAcryHuK I'. C.

®YHIAMEHTAJIbBHII PO3B’SI30K 3AJAYI KOIIII JIJId
VYJIBTPAITAPABOJITYHOTI'O PIBHAHHA 31 SPOCTAIOYNIMUA
KOE®IIIEHTAMMUA, SAJIE2KHVMWU BIJI ITAPAMETPA, TA 3
BUPO/IKEHHAM HA ITOYATKOBIN T'IIIEPIIJIOIIHI

Jjisi ysibTpanapabo ivHOro piBHSIHHS THIly KOJMOropoBa i3 3ajieXKHUMU BiJ mapamerpa
3pocrarounMu KoedillieHTaMu Ta 3 BUPOKEHHSIM Ha MOYATKOBIil rinepruromuHi mo0ymoBaHo
dbyamamenTagapbHuil po3B’g30k 3agadi Komri ta mocimkeno itoro BractuBocti. KoedimienTn
PIBHSIHHSA € JOCHATD TJIAJKUMHE, & IX PiCT 3a/I€KUTh BifI pocTy meskoi ¢pyukiii. Taki BmacTuBocTi
€ BaXKJIMBUMU JIJTs TTOOYI0BU (DYHIAMEHTAJIBHOTO PO3B 3Ky 3a/1a4i Kot /jist piBHAHHS TUITY
Konmoroposa 3i 3pocrarounmMu KoedillieHTUME, 3a/Ie2KHUME Bij 3MIHHUX OCHOBHOI I'DYIIH.

Karwwosi caosa i dpasu:  yabrpanapabosridde piBHsHHS Tuily KoJMOroposa, 3pocTarodi
koedirienTn, dbyHIaMEeHTAIBHII PO3B’I30K 3ama4qi Kori, BUPOKEHHS HA TOYATKOBI Timep-
TJTOTIMHI.

Hamnjonanbuuit yuisepcurer “JIbBicbka nositexnika’, M. JIbsiB, Ykpaina (Memuncbkuit I I1.)
YepuiBerpkuii Hamionajabanii yaisepcurer imeni FOpis @PenpkoBuua, m. YepwiBii, YKpaiHa
(Iaciuauk I'. C.)

e-mail: thor.pmedynskyi@lpnu.ua (Meduncoxut LI1.), pasichnyk.gs@gmail.com (IlacivnuxI.C.)

Bcrvin

Hocnimkenns KiaciB mapabo/ivHuX PIBHIHDB i CHCTEM PIiBHSHD, sIKi MAIOTh BUPOJIZKEHHS
Ha MHOXKWHI 3aJIaHHS TOYATKOBUX JIAHWX, 3all09aTKOBaHI B cepeauui 90-X poKiB MUHYJIOTO
croitrd y Yepnisigx. Humu oxoreno mapabostivuni 3a [lerposecbkum uu 3a Eitnenbmanom
cucremu 3 oOMexkeHnMU abo HeoOMeyKeHUMU TIpH || — 00 KoedilieHTamMu, BUPO/IzKeH] napa-
6outiuni Tumy Kosmoroposa (yibrpamnapabosiivuni) piBHIHHS 3 00MeKEeHUMHI KOebiIliEHTaMU.
BinbmiicTs BuIlieHA3BAHUX PE3YJIbTATIB yBIAIILIN TOBHICTIO, 800 9aCcTKOBO 710 MOHOTrpadil [1],
a orisiiim pe3ynbraTiB Mictarbes B |2, 3]. [Turanus mobymoBu, JociazKeH s 1 3aCTOCY BAHHS
dyHIaMEHTAJILHOTO PO3B 3Ky 3aJ1adi Ko it yiabrpanapabosiunnx tuity Kosvoroposa
PIBHSIHD 3 BUPOJIZKEHHSIME Ha TIOYATKOBI TIepIIoninhi, KoedilieHTn SKoro MoxKyTh 3pOCTa-
IOTh TIPH || — 00, 3a/MIIaeThes BiAKpUTHM. Mu posrisgiaemo yabrpanapabosiiaie piBHIHHS
tury KosMoroposa Jpyroro mopsjky 3 BUPO/KEHHAMU Ha, TOYATKOBIH IiIeprjonuHi, Koe-
inienTn sKOrO 3a/1eKaTh BiJ ITapaMerpa y; 1 MOXKYTbh 3pOCTAIOTh IpH |y;| — 0.

VYIK 517.956.4
2010 Mathematics Subject Classification: 35K45, 35K65, 35K70, 35A08.
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1 TIOCTAHOBKA 3AJIAYI

Hexait ny, ny — 3ajani HaTypajbHi 4muciaa Taki, mo ny < ny; n = ng + ng; M =
nymy + neMme, e my = 1/2, my := 3/2; 3minna © € R” cKIa1a€ThCs 3 JBOX I'PYIl 3MIHHIX
= (T, ..., T,) € R™, 1 € {1,2}, tak mo x := (x1,x2). Byaemo BukopucroBysaru Ie
nosHavdeHHs: o1 = (27, 2Y), 1e o) = (T11,. .., T1n,), ¥ = (Ti(nos1)s -~ T1ny); X1(t) = 21,
Xo(t) = x9 + t2; a1 B — menepepsHi Ha [0,7T] dyskuii, 1 akux at) > 0 B(t) > 0 npu

t>01a(0)3(0) =0, upudomy dyuknis S MoHOTOHHO Hecnajna; B(t, T) f b d@

Posrnggarumenmo B mapi g7y := (0,7] x R™ ckinuennoi Tosumun T’ > 0 PIBHAHHS

<s At (Z ajs(t, y1)0ry, Ony, + Zaj (t,41)0%,, + ao(t, y1>)> u(t,z) =0, (1)

7,5=1

B saromy S := «a(t)0, — B(t) Z 71j0y,;, Y1 — diKcoBama Touka 3 R™.

[Ipunyckaernest, 1Mo Ha KoedirienTn piBasiHHS (1) BUKOHYIOTHCS HACTYITHI YMOBH.

A;. Icuye menepepsra dyrkiis D : R™ — [1,00), fika 3a/10BOJIbHsIE TaKi yMOBU:

1) D(y1) — oo upu |y:| — oo;

2) dbynxuii bjs(t,z1) = ajs(t,v1), {45} € {1,...,n}, bj(t,y1) = a;(t,y1)D(y1)" Y, J €
{1,...,n1}, bo(t, 1) = ao(t, y1)D(y1) ™2, y1 € R™, 0 < t < T, obmexeni;

3) Jutst piBHsIHHS Ge3 BUPOJKEHHs Ha [MOYATKOBIH rinepruromusi

n2
(at - lejaxg Z bjs(t, Y1)0z,, 00y, Zb (t,y1)0 xlj '8%“) —
j=1

7,5=1

—bo(t, 1) (— 8%“)2) v(t,x) =0,

3 00OMeKeHNMU KOeiIli€eHTaMy 1 JOAATKOBOIO ITPOCTOPOBOIO 3MIHHOIO X, 11 BUKOHYETHCS YMO-
Ba MapabOJIiTHOCTI

46 >0 Yo, := (0_117-'-70—1711) e R™ V,u ceR:

Re(— Z bjs(t, xl)O'le'lS — Z bj(t,$1)01ju — bo(t, $1)M2> Z (5(’0’1|2 + /L2> (2)

js=1 j=1

A,. Icnyrors HenepepBHI TOX1HI 8511%8, {j,s} C{1,....,n1}, 8511%, jed{l,...m}, 8’;11%,
|k1| < 2, st sikux CHpaB,ZL}KyIOTI)Cﬂ OIIHKU

[Oytajs(t,y1)] < C(D(yr)) M09, 951 a;(t, yr)| < C(D(yr)) 10—,

|3’“ao(t y)| < C(D(yy))* M09 1 € [0, 7],y € R™,
Ae C > 07 €€ (07 1)7 Q)YHKHH bjs<t7y1)7 {j,S} - {17 "'7”1}7 bj<t7yl)7 j S {17 "'7n1}7 bO(t7y1>
sK (PYHKINI ¢ € HellepepBHUMHU PiBHOMIPHO 1Moo y; € R™.

As. Hoxinui O ajs, {j,s} C {1,...,n}, tay, j € {1,....,n}, Oitag, |ki| < 2, 3am0B0/bHS-
I0Th JIOKAJIbHY yMOBY lesibiiepa 3a y; 3 nmokasuukom A € (0, 1) pisromipao mmomo t € [0, 7],
TOOTO

VR>0 3C>0 V{y.z1} CR™, [jp—z| <R YVt [0,T): |AZa(t, ;)| < Clyr— 2|
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2 TIOBYIOBA ®VHIAMEHTAJIBHOI'O PO3B’A30KY 3A71A4I Kol (PP3K)

Posriiinemo jonomizkue piBHAHHS

(a(t)at = B Y w1300, = BO (D bss(t90)0r O, + D bl 0) 0, (i00,) +
j=1 j=1

7,5=1
+b0(t, yl) (—Zaxn+l)2>> 'U(t, x, anrl) = 07 (t, x, $n+1) € H(O,T] X R, (3)

Jie y; — dikcoBana Touka mnpocropy R™.

DyYHKIIIO ¢ BBaXKaTHMEMO TaKO0 (DYHKIIIEIO, IO BCI ORI MipKYBaHHS € 3aKOHHUM,
30KpeMa, Jia Hel ichye nepersopennst Dyp’e (o) := F, . [p], o€ R™

lykatoun po3s’si3ok 3amadi Korri i piBasians (3) y BUC/Isi

v(t, x, Tpy1) = Fl., [0(t,o,m)], t>0, (z,2,11) € R (4)

N—Tp+1

i BUKODUCTABIIM BJIACTUBOCTI 00epHEHOro meperBopenns Pyp’e, 0/1epKUMO JIJIsI HEBiOMOT
dyukii v 3agaay Korri

(a0 + 500X 02,0, + ) (3 bt oo~
j=1

7,s=1
—iij(t, yl)aljn - bO(t7y1)772))6(t7 g, 77) = 07 (t,U, 77) € 1_[(’r,T] X Ra (5>
j=1
ﬁ(ta g, 77)’t=r = 2W¢(0>5(n)7 o €R", neR. (6>

Pipustansg (5) — e JiiHiiiHe HeOJHOPi/IHe DIBHSIHHS 3 YACTUHHUMHU MOXIJHMMH TIEPIIOTO MO~
psiaky. 3astada Korrri jj1st TaKoro piBHsSIHHS PO3B’sI3yE€TbCsI METOJOM XapaKTEePUCTHK, 371 THO
3 SIKUM CKJIAJA€MO BiJIIIOBIAHY crcTeMy 3BUYAiHUX JudepeHIliaIbHIX PiBHSIHD

dt d0'11 d0'1n2 . dv

a(t)  B(t)os T B(t)owm, B(t) (— i bis(t, y1)ojo15+1 iljl bi(t,y1)o1;n+bo(t, yl)'rﬁ)ﬁ
iz

7,s=1

1 3HaXOAUMO 11 N + 1 HezayIe’KHUX 1HTerpaJiiB

Ulj—B(t,T)O'Qj:Cj jG{l,...,?’LQ};

V= C’exp{/ ( — Z bjs(e,yl)O'UO'ls +ijzlbj(9,y1)01j77 + b0(67y1)772) %d@},

. 7,s=1

ge C;, C' — nosinbi cras. 3a/10BOILHEBIIN HOYATKOBY YMOBY (6), B pe3y/IbTaTi O1epKUMO

U(t,:l}, anrl) = (27T)7(n+1) / exp{i((:t:, anrl)? (07 77>>+

t

+/<_ Z bis(0,y1) ([o1; — B(t,0)025]5 + 01;5) ([o1s — B(t,0)024]S + 01555) +

- 7,s=1
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+i > b;(0,41) ([0 — B(t,0)0,15; + 01;5;)1 + bo (6, y1)n2> @Cw} x

st ()
x1 (o — B(t,7)og; 0f; 02) (276(n))dodn, t>71, x€R", x,11 €R,
o 1, je{l,..,n}, - [0, 5e{l,...,na},
S Oa j € {n2+ 17"'7”1}7 A 17 j S {n2+ 17"'7”1}'

3pobuBIm 3aMiHy 3MIHHUX IHTerpyBaHHsS 3a (OpMyIaMu
/ / " "
Ul_B(tﬂ')UQ:Hl, 01 = Hq, 02 = U2, n=v,
3MIHUBIIN TOPSAJIOK iHTErPYBaHHS, IIPUHIEMO 10 POPMYIN

U<t7 xz, ‘Tn-i-l) = / G0<t7 x,T, 57 Tpt1 — £n+17 yl)@(é) dg dgn—i—lu

Rn+1

t>0, veR" x,.1 €R,

e

GO(t’xaTag)xn-‘rl - én-‘rl?yl) = (27T)_(n+1) / exp{i((:ﬂl - §17M1>+

Rn+1

+(xy + B(t, )2} — &, pi2) + (Tng1 — g1, V) +

+/<_E:%WWﬂWW+B@WWM%+M@NWB+BWJMM%+M&H—

- J,s=1

+i > bi(0,51) ([ + B0, 7)inajS + 11, G) v + bo (6, y1)V2) %de} dpdv =

- F/;—1>X(B(t,r))—§[v<t7 T, KL, V, yl)] (ta T, T, g? Tn+1 — gn—i—la yl)? (7>

V—=Tn41—En+1

=1

a PYHKITiST

t

V(t77_7 w, v, y1>: exp{/<_z bjs(e,yl)([M1j+B(0,T)M2j]§_j+M1j§?j) ([M15+B(97 T)M2S]§_S+

T 7,5=1

i) Z b;(0,y1) ([1ry + B0, 7) 2] G + ;G ) v + bo (0, yl)’/2> %d&}

€ PO3B’A3KOM 3a/1a4i

[Oé(t)at — B(t) <— Zl bjs(t, yl)([,ulj + B(t, 7) pa;]G; + N1j§:j) ([,uls + B(t, 7)p125)Gs + M1s§:s)+

7,8=1

ni
i) bt yn) ([ + Bt 7)o + p11;S) v + bolt, y1)V2>} V(t, 7, pr,pn) =0, (8)

=1

Vi, = 1.
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B inTerpasi (7) 3pobumo 3amiHy 3MiHHEX iHTerpyBaHHS 332 (DOPMYyIaMU
p1 = (B(t, 7))oy, po = (B(t, 7)) 20y, v=(B(t,7))"?y, B(O,7) = B(t,7)V.
B pesysbpraTti orpuMaeMo piBHICTH
Go(t, 2, 7,8, Tnt1 — a1, Y1) = (B(t»T))f(nﬁSnZHWX

x 1 o1 (B(t7)) V2 (51 —1) V@t 7.0,m,y)](t 7, 2, Zns1, 91) 2=(X(B(t;7) =€) B(t.m) , (9)
o2=(B(t,7)) 32 (2 +(t—7)2} —E2) Zn1=(B(t=7)) 72 (@n41—Ent1)
77_>(B(tv7-))71/2(xn+1_€n+1)

B axiit o, = (t7Y22,,t73/%2,), i 3 ypaxysannam obmexkenocti KoedirienTin bjs, bj, j €
{1,...,n1}, Ta by
1

ni

V(t,7,0,m,5)| < exp{/ (— > (lo1; + Vo;]s) + 0156 ([o1s + Doa]sl + o156 +

0 J,s=1

ni

1Y (s + Do+ o)+ 7 o)

j=1
Ak B [1], orpuMyeThCsT OIiHKA

V(t, 7,0 +iv,m,5)| < Cexp{=dilo|* + c1]]” = d[nl*},
0<7<t<T, {o0,7} CR" neR, y; € R™,

e C'>0,0; >0,¢,>0,6 > 0. Tomy

\V(t, 7,0 +iv,n,y1)| < Cexp{(=bi|o1|* + ci|n|*)B(t, 7) + (=61]o2] + e1]72|*) (B(t, 7))~
—0ln|*B(t,7)}, 0<7<t<T, {o,7} CR", neR, y; e R™, (10)

BHKiIU/IC>O,51>O,Cl>0,(5>O.
3 (7) ta (10) 3a ymoBu A ozep:kyeMo, sk B [1], ominky

|a§akn+lG0(tu Z,T, é-a Tpi1 — £n+17 y1>| S Ckkn+1 (B(ta 7-))7M7Mk07|kn+l|/2Ec(B<t7 T)a z, 5) X

Tn+1

xn _é-n 2 n n
xexp{—c%}, 0<7<t<T, {2,&} CR", {xp11,&1} CR, y € R™ (11)

e

Xi(t) = &) | Xa(t) — &)?
Eu(t,2,€) = exp{_c<| 1 )t STgnell 13 & )}

ake ZZL_, kn+1 € Z_li_ , Ckkn-H > 0, c > 0 — nmesiki CTaﬂi, My = (’k1’ -+ ]lll)m1+(|k2| -+ |lg|)m2
[Ipu mpomy, 30kpema, noximaa O*Gy(t, z, 7,€, 2,11), 2 = 2/ +i2" € C, ax dbynkuis aprymenty
(B(t,7))""22 npn dixkcosanux t,7,,£ i y € minoo GyHKIieo, IId AKOI CIPaBIzKYIOTHC
OITIHKH

/12 "2
EIAET
B(t,r)  B(t,T)

0<7<t<T, {2,6} CR", 2€C, y; € R™, (12)

’a];GO(ta x,T, fa <, yl)‘ S Ck(t - T)_M_MkOEC(B(t7 T)a L, f) eXp{_C
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e Cy >0,¢>0,¢ >0
Hexait Go(t, ;7. &viy) = Fonu[Go(t, 237, 25y1)]. Tond dynkuin Go(t, 237, & v y1),
O0<7<t<T, {z,§} CR" y; € R, v eR, e PP3K s piBHsIHHS

CUCET) SN0 SURIALRCES SIS
=1 =1

7,5=1

_%@yﬂﬂ>)ﬁ@m):0, (t.2) € Mo, (13)

Jutst JoBiIbHO bikcoBanux Touok v € R i y; € R™.
3 ominok (12) nma migcrasi gemu 1.1 3 [4, ¢. 35] npo nepersopentst Pyp’e BUIIUBAIOTH

TaKi OLIHKU:

8§G0(t,x;7,§; viyr)| < Ck(B(t,T))_M_MkOEC(B(t,T),l’,f) exp{—cu2B(t,T)},
O0<7<t<T, {z,§}CR", veR y €R™. (14)

Tenep, noxnasmu G(t,7;7,&y1) = Go(t, ;7,& D(y1); y1), 3 oninox (14) onepryenmo

4Gt . )< Cul Bt 7)) MM B (B(t, 7). 2.€) exp{—eB(t. 7) (D)),
O<7<t<T, {z,§,} CR" 1y €R™, (15)

nekeZy, Cp,>0,c>0.

HpH ObOMYy beHKHiH G<t7 T, §a yl) = Fa_%lX(B(t,T))fg[‘/()(t? T, 0, yl)] <t7 T, T, 57 yl): 0<7<
t < T, {x,&} C R, y € R™, B axiit Vy(t,7,0,y1) = V(t,7,0,D(y1),y1) 3rimHo 3 (8) €
PO3B’SI3KOM PiBHSIHHSI

ni

{a(t)(‘)t — B(t) (— Z ajs(t, yl)([olj + B(t, T)O'Qj]gjl. + gljgj’/) ([015 + B(t, T)oas)ss + 015§;’)+

J:s=1
ni

+1 Z aj(ta yl) ([Ulj + B<t7 T)U2j]§]l' + Uljgj{/) + a0<t7 yl))‘| %<t7 T, 0, yl) =0, (16>

Jj=1

e OP3K mg piasnns (1) misa koxHOT dikcoBaHol Toukn y; € R™.
Basnaanmo, 3 (10) BumIHBaE OIIHKA

Vol(t, 7,0+ iv,51)| < Cexp{(—=di|o1|* + c1|n1[?) B(t,7) 4 (=01|oa|* + c1]72|*) (B(t, 7))*—
—§(D(y))*B(t,7)}, 0<7<t<T, {o,7} CR", y € R™, (17)

e C'>0,0; >0,¢,>0,0>0.
3 BuacrtuBocT: ®P3K jiid PIBHAHHA (1)

Omninka (17) siekuTh B OCHOBI OTPUMaHHS TIOBHOTO aHAIITHIHOTO omucy G.
Hagsenenmo nesiki racrusocri ®P3K jyist pisastans (1).
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Buactusicts 1. Hexat xoepiyienmu pishanns (1) s3adososvharoms ymosu Aq i As.
Todi cnpasdorcyromves OUiHKY

040}, Gt 33, € )| < C(B(t, 7)) ¥ W02 B (Bt 7), 2, €)%

Y1

x exp{—cB(t,7)(D(y1))*}, 0<7<t<T, {2,6} CR", yy eR™, ke Z?, ||| <2 (18)

Josedenns. OmHUMO CIIOYATKy IOXIiIHI Bif G 3a Y1. STiIHO 3 BUINEBUKJIAJEHUM JOCUTD
onepxkaru omiuky Vo(t, 7,0,11), 0 <7 <t < T, p € C", y; € R™. Jludepentiowdu piBHiCTH
(16) 3a y15, j € {1,...,n1}, omepxKyemo

t

9y, Vo(t, 7, 0,11) =/Vo(t,9; 0; Y1) X

T

x <— > 9y,a55(0,51) (lor + B(0,7)035)s) + 0156) ) ([o1s + B(0, 7)2s]sl + 0105 ) +

7,s=1

—i—zz ,a;(0,y1) ([o1; + B0, 7)02]s; + 0155)) +3y1jao(9,y1))vo(9m 0, yl)g

BI/IKopI/ICTaBH_H/I yMoBy Ay, orinky (17), HepiBHICTB
r|* exp{—c|r|P} < Cpexp{—co|r|P}, 7 €ER, (19)
Bakiit k > 0,p>0,¢c>0,0 < ¢y < ¢, Cp >0, omepKIMO
0, Volt. 72 05| < Cexp{ (=l + esl?) Bt ) + (<ol + eal?) Bt 7~
~0(D())?B(t,7) } (D) + (D)) + (D)) Bt,7) <
< Coxp{(=dolon]? + esn?) Bt ) + (=duloral? + ealaf?) B, 7)° = 61 (D())?* B(t, 7) | x
x (B(t, 7)"7D2 4 B(t, )72 4 B¢, T)—<3—6>/2)B(t, ) <
< Coxp{(=&3lon|? + sl PV B, 7) + (=duloaf* + cala ) Bt 7)* = 8" (D(y0))* Blt, 7) b
x(B(t, 7)) 192 0<7<t<T, y€R™, p=0c+iyeC (20)
me 05 >0,c5>0,0,>0,cs >0,0<6 <.
Hudepenniooun pisuicts (16) 3a y1; ta yix, {J, k} C {1,...,n1}, orpumyemo

t
0
Dy Vot 7 0, 91) = /Vo(t,@; % y1)Q(0, 7, 0, yl)%

T

do,
e
Q(ta T, 0, yl) =

< Z e @ (6, y1) ([0 + B(t, 7) 025165 + 01567 ) ([01s + B(t, ) 02s)sk + 01560 )+

7,5=1

+1 Z @i (8 1) ([o1; + B(E,7) 03515) + 0155 ) + 9y, a0(t, yl))aylj‘/o(t7 T, 0,Y1)+
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( Z o, @is (1) ([01) + B(t,7) 035155 + 01557 ) ([o1s + B(t, 7) 02s]ss + 01557 )+
7,5=1

ni
+Z Z ay1jaj(t7 yl) ([Qlj + B(t7 T)QQj]gj,' + Qljgj,',) + aylja()(ta yl))aylk%(t7 T, 0, y1)+
j*l

( Z s o@is(t 1) ([01j + B(t,7) 03515 + 0157 ) ([o1s + (¢ — T)o2s]s! + 01557 )+
7,5=1

+1 Z i (6 ) ([01; + B(t = 1) ogsls) + 0157 ) + 05, ao(t, yl))Vo(tm 0.y1)/

Ba jonomoroio ymosu Ag, oninok (17), (20) ra mepisnocti (19) oxepxKyemo

82 ‘/O(t77-7 0, yl)

Y1591k

—5(D(y))?(t — T)}(B(t,T))_Q(l_E)/2, 0<7<t<T, yp eR", p=0c+iyeC" (21)

< CGXP{(—55’<71|2 + 5| [?)B(t, 7) + (—dsoa|? + colre|*) B(t, 7)°~

Oninkn (20) Ta (21) 703BOAAIOTH OIEPKATH HOBHUIT AHAJITHIHHN OINC JJIsT TOX1THAIX 38

Y1 Bl DyHKIT G , TOOTO ITOXiTHUX

alGAtjij7 7 :Bthi o Zalv t7T7U7 t7T7x’Z7
G &) = B(t,7) 210y, Vol yl( v) 2=(X(B(t,7)~) 51,

0<7<t<T, {2,6} CR", y € R™.

BayBakenHs 1. 3 omninok (18) BuimBaioTh OIiHKH
851@(75@;7‘,5;%) < C’(B(t,T))_(MJFM’flO)EC(B(t,T),x,g)x
x exp{—cB(t,7)(D(z1))*’}, 0<7<t<T, {x¢&}CR" |ky| <2,
Buactusicts 2. Hexatll xoedivyicnmu pishanns (1) sadososvnaomo ymosu Aj-As.
Todi cnpasdocyromves oUuiHKY
VR>0 3C >0 Y{yi,z1} CR™, |y3 —z| < R:
|A;i@’;8§lé(t,x;7,f;y1) < Cly, — a|NB(t, 7)) MHMotll0=€)2 B (B(t, 1), x, ),
0<7<t<T, {z,{}CR" keZ, |l|<L2, (22)
de C'>0,c>0, € (0,1] 3 ymosu As, e € (0,1) 3 ymosu As,.

Jlosederns. Jlnst orpuManis orinku (22) JI0CUTH OJepKaTH OIHKY |AZ§8§1VO(75,T, 0,y1)/,
{y1,1} CR™ |y — 21| < R, 0<7<t<T, p€ C" 3Brigno 3 (16)

t

AR Vo(t, T, 0,51) = /Vb(t,@;@; Y1) X

T

( Z AL ta;s(0, 11 ([Qlj + B(0, T)szkjl- + Q1j§J/-/) ([Q1s + B(0,7)02s)s; + legg)-i-

7,s=1
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p(0)
YOhG

—HZAZICLJ (0,91) Qlj + B(6, T)QQ]]g + Q1]§") + A ao(9,y1)>vo(9>7'> 0,21)

Ckopucrasinuch ymoBoo Aj Ta orinkor (17), maemo

‘AZI% t , T, 0, yl)

< Cly — 21| exp{ (=Galons|? + es ) B, 7) + (~dafonl™+
+C4|’72| )(B(taT))3}7 0§7—<t§T7 {ylazl} CBPw QEO_+Z’VECn
AHAJIONYHO OIIHIOEMO TPUPOCTH TOXITHUX 3a Y1, BUKopucToByoun (18). O

Baactusicts 3. Cnpasdorcyemuvces pisricmob

/@(t,x;T,f;yl)df = exp{/ao(ﬁ, 1)BEZ§CZ9} 0<7<t<T, zeR" y € R™. (23)

R™ T

Josedernna. Maemo
/G(t T, f yl)df U~>X( (t,T ),g[%(t77—7 g, yl)](t77—7xa£7y1)'
Rn
BificHuBI 3aMiHy 3MiHHUX iHTerpyBanHs & 3a dopmynamu X (B(t, 7)) —& = n, ojepKyeMo

/é(tax;Tag;yl)dé-:/(Fg—lm[%(uTvo-ayl)])(t777x7777y1)d77:
Rn

Rn

= Fn—>0[Fa—m[VO(t T,0,y1)|(t, T, m,y)] = Vo(t, 7,2,0,1) = exp{/ao(&yl)ﬁ(mde}

a(f)
O
BayBarkenus 2. 3 (23) BuruinBag, 110
1) gz gosimernx k € Z% \ {0}, 0 <7<t <Tiz eR" y; € R™
3’£/é(t,w;ﬂ§;y1)d§ =0;
R"l
2)
lim [ G(t,2;7,& ) dé =1
t—T1
R
piBHOMIpHO o0 * € R, a gakmo ag = 0
/é(t,x;T,f;yl)di =1, 0<7<t<T, {z,6} CR" y1 €eR™.
Rn
B macrymiiit sractusocti 21 = (21,3,), 22 = (21, 29), AZ f(-,x,-) == AX f(-, 2,0,

se{l,2}; Bp:={r € R",|z| <R}, R>0.
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Buactusicts 4. Hexat woediuienmu pienannsa (1) s3adosorvraiomo ymosu Ay i As, a
nenpepera gynruis o(t, x;7,8), 0 <7 <t <T, {x,£} C R"™, 3adosorvhse ymosu
o(t, 257, 6)] < C(B(t, 7)) M PE(B(t,7),2,¢), 0<1<t<T, {z,¢}CR"
VR>0 3xe(0,1), Nl <e, A2< g V{z, 2} C By
Az (57, €)] < Cla, — 2B 7)Y (BBt 7),2,) + BBt 7),29,9)),

0<7<t<T, €(€R", N=c—)\, )\gzg N, se {12}

Todi pyrxyis

t
do A
w(t,z;7,8) = /w/G(t,$;97y,x1)90(9,y;77§)dy, 0<7<t<T, {z,& CR",
Rn

T

MAE HENEPEPEHT NOTIOHT 8!;}11), k1| <2, u Sw, das axuz npasusvni Gopmyau

t
Opw(t, w5 7,8) = /de / LGt w30, y521)0(0,y; 7, €)dy, (24)

R
t1

do A
831 iz, W (t7 LT, 5) = / m / agljzllG(t7 x5 07 Y; fl)(ﬁ(e, YT, f)dy_{_
T Rn
t

d9 A

/ (J 2 Gt a0 y,x1>dy) (0,X<B<t,e>>;f,g>%, (25)

o
Sult,ir§) = elt. i) + [ S [ Sl 0. )plb. i 1y

T R™

t
do A
v [ [ SCtasa) AT ol i )+
t1 Rn

/ A do
" / Q/ SG@,x;e,y;mdy)¢<9,X<B<t,e>>;r,s>m, (26)

0<7<t<T, {x,&}CR" B(t,t;)= B(t,7)/2

Jlosederns. Jloeenenns (24) — (26) nposoauThest MojudiKkariero J0Be/ieHb AHATIOTTIHUX BJIa-
cTuBOCTEl JIst piBHSAHHs Ge3 BUPOJKEHHs Ha MOYATKOBIH rimepruionuui Ta piBHAHb 3 [1],
BUKOPHCTOBYIOUN BJIACTUBOCTI Orinunx yHKIHH F,. 3 [5]. ]
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4 BUCHOBKU

st BupomKeHoro napabosivHOr0O PiBHAHHS JIPYroro mopsiky tuiy Kosmoroposa 3i

3pocTarynMu KoedilieHTaMu, 3aeKHUMI BijT mapaMerpa y; € R™ | Ta 3 BUPO/ZKEHHAM Ha

IIOYaTKOBIill Tineprionuui modyI0BaHo 1 JI0C/IiKeHo (DyHIaMeHTaIbHIi PO3B 30K 3a/1adi

Kormmi. Anasoriani pe3yabraTi € IpaBUILHIMHA /T TOOY/I0BU (DyHIaMEHTaJIbHOTO PO3B A3KY

zajaqi Kol jj1g piBHsAHHA 3 KoedillieHTamMu, 3aJIeXKHUMI Bif ¢ 1 napamerpa ¥y, y € R™.

Orpumani pe3yJibTaTu MOXKYTh OyTH BUKOPUCTAHI JIJIsl JIOC/I/2KeHHs (DYHIaMEHTAJIHLHOTO

po3B’s3y 3ajadi Korri jiyist piBHSIHHS 3 BUPOJKEHHSIM Ha IMOYATKOBIH TilepIuionuHi i 3po-

cTaroIuMu KoedillieHTaMu, 3aJeKHIMA Bijl 3MiHHOT 1 € R,

[
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For an ultraparabolic Kolmogorov type equation with parameter-dependent increasing
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HazAapPuvk B.B., BACBKEBU4Y C.O., PATVIIHAK C.I1.

OJIH KOHTUHYAJIBHUI KJIAC ®PAKTAJIbHUX ®YHKIIIIA,
OBHAYEHUX B TEPMIHAX Q5-30BPAKEHHA

V crarTTi BBOIUTBHCS B PO3IVIAJL OJIMH KOHTHHYAJIBHUI KJ1ac bararornapaMeTpudHnx pyHKIT,
O3HAYEHUX B TePMiHAX ITOJIIOCHOBHOI'O S-CUMBOJIBHOIO ()%-300parkeHHs ducesl.
OOrpyHTOBYIOTBCS CTPYKTYPHI, (DpaKTaJIbHI Ta TOMOJIONO-METPUIHI BJIACTUBOCTI MHOXKWHA
3Ha4YeHb (DYHKIII I MHOXKUH PIBHIB B 3aJI€2KHOCTI Bij| mapaMmerpis.

Kaowosi caosa @ ¢pasu: Qr-300parkenns dmces, dpakraibhi GYHKII, mpoekTopu nudp,
dpaxTaabHI MHOXKUHNA, MHOYKUHA KAHTOPIBCHKOT'O THILY, iIHBEPCOP.

Institute of Mathematics of NASU, Kyiv, Ukraine (Vaskevych S.O., Nazarchuk V.V.)
Institute of Mathematics of NASU, Dragomanov Ukrainian State University, Kyiv, Ukraine
(Ratushniak S.P.)

e-mail: nazarchukvalentyna@imath.kiev.ua, svetaklymchuk@gmazil.com, ratush404@gmail.com

Boryn

Dynkiil, y skux bpakTaJlbHIMI € MHOXKIHA 3HaUeHb, rpadiku [2, 3, 7|, pisHi [4] abo ixmmi
BazKJIMBl Jyist (bYHKIT MHOXKUHM, MU BigHOCHMO 10 dbpakranbuux |1, 5|. Cepen dyukiiii 3i
CKJIQTHOIO JIOKAJILHOIO CTPYKTYPOIO 1 (bpakTaJbHUMK BJIACTUBOCTSIMU, BU3HAUEHUX HA BiJl-
pisky [0; 1], okpemoi yBarm 3aciayroByioTh (DYHKINI, SKi MalOTh 3Ti9eHHY MHOXKHHY TOYOK
PO3pUBY, & HA MHOXKHUHI PeITn TOU0K € HeriepepBHuMU. Came TakuM (DYHKITSIM TPUCBSIIEHA
Jana pobota. g 1X o3HaYEHHS Ta AHAJITUIHOTO BUBYCHHS BUKOPUCTOBYETHLCHA ITOJIIOCHOB-
He 300pakenHs quces ((Q*-300pakeHHs), BU3HAUEHE HECKIHUEHHOIO KiJIbKICTIO mapameTpis,
AKe € y3araJIbHEHHAM KJIACHIHOI'O S-KOBOI'O 300paskeHHs. Y poboTi (Q%-300pakeHHsT BBaxKa-
eThest (hiKCOBAHUM, a Kjiac (DYHKIIIH, M0 PO3IJISIAE€ThCs, € OJHONAPAMETPUIHUM ([IapaMeTp
a € [0;1]). YV poboTi BUBYAIOTHCST TOIOJOrO-METPHUHI BJIACTUBOCTI MHOKUHH 3HAYEHb Ta
MHOYKHUH DPIiBHIB (DYHKII BUBHAYEHOTO KJacy. 3ayBaxKUMO, IO J0 KJjacy (QyHKIH, dKi BHU-
BYAIOTHCs, BXOIATH JIBI HEllepepBHi (PYHKIII: TOTOXKHE ITEPETBOPEHHsT OJJMHUYIHOIO BiJIpizKa
Ta iEBepcop nudp ()i-300pazKeHHs YUCIIA.
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1 TIOJIIOCHOBHE :-30BPAYKEHHS JIMICHUX YUCEJ

Hexait A = {0,1,...,s— 1} — s-koBuii andasit, L = A X A X ... — mpocTip mocjioBHOCTER
esiemenTiB andanity A; ||¢i,|| — croxacruuna marpung, taka mo 0 < ¢, < 1, qon + ¢ +
..+qs_1n:1,nENi

H Izneax{qm} = 0. (1)

Toni Bimomo (6], mo mist gosiibHOTO 2 € [0; 1] icHye nmocainoBricTs (o) € L Taka, 1o

00 n—1
€T = 60411 + Z(/Bann H qajj) = Aglzaz...an...? (2)
n=2 j=1

anp—1
e Bann = Z Gin (TO6TO ﬁ[)n = 07 ﬁln = {on, 5271 = qon + qlnv"'aﬂsfl,n =1~ qsfln)-
—
Posknan uncia x B psaj (2) HasuBaeThest (QF-IpeicTaBIeHHSIM IOI0 YHCJIA, 8 CKOPOUYEeHH
*
BAIINC Aanaz_,,an,,_ — foro Q%-300pazKeHHsIM.

Ao ¢, = ¢ Vn € N, i € A, 10 Q%-300pazkenus € caMonoi0HNM ()-300pazkKeHHAM,
[IpH IIBOMY SIKITO ¢; = % Jst Oyb-sikoro ¢ € A, To (Q%-300parkeHHs 30iracThCs 3 KJIACHIHIM
S-KOBHM 300Pa’KEeHHSM.

Icnyiors 4ncita, 1mo MaoTh JBa (Qi-300paxkenns. Lle uncia 31 300pazkeHHIMNI

N = A% . (3)

Q102...0m—10m (0) Q102...0m—1[oem—1](s—1)

Bonn nasuBatorbcs Q% -61naprumu. MHOKIHA TaKUX 4duce € 3jideHnon. Pemra ancesr onn-
HUYHOI'O BiJIPi3Ka MaloTh €JUHEe 300pazKeHHs. BOHN Ha3MBAIOTHCA () -YHAPHUMU.

.
Oznavenns 1. [[uwrinapom Agiz,,cm DaHI'y M 3 OCHOBOIO C1Cs...Cp, HA3UBAETHCSI MHOXKHUHA,
qrces

Agzz om €T m_ZﬁckkHQCj]+HQClz' Z Bann H QOch

n=m+1 j=m+1

V(ety ooy Cn) 1 VYm € N mutiagpu QQF-300pakeHHsT MAIOTh BIACTHBOCTI:

s—1

_ Q3 .
) AClCQ - ! Aclcg .Cm 1)
) A0162 = [a b] a = Zﬂczz H Qija =a+ H Ge;is
=1 i=1
) ﬂ ACICQ A01C2 . =T

4) 1A%, o] = T Gevi = Genm|Ats e 1|, AZS = go1][051]).
=1
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BayBaykennd 1. /laii mu posrisgigacMo ():-300pakeHHsI, sIKe 3a/[0BOJIbHSIE YMOBH:
0<e< miin{qm} i miax{qm} <d<1VneN,

SIKI rapaHTYIOTh YMOBHU HYJIb-MIPDHOCTI MHOXKHUH KaHTOPIBCHKOT'O THILY
ClQs Vol ={z:z= Ag}...an...van €V, C A},

kosin V,, # A HecKiHYeHHY KLIbKICTH pasis [6].

2 OCHOBHUI OB’€KT JOCJIIKEHHS
Hexait @ — dikcoBane unc/io 3 opuangHoro Biapiska [0; 1], mo Mae s-KoBe 300pazkeHHsI

aiaz...an..

aq a9 a
a=A? =—+ =+ +—+., 1ge(a,) €L
S S s™
OcHoBHIM 06’€KTOM PO3IJIsLy ¥ JaHiil pobori € dyukuis f,, o3nadena Ha [0; 1] piBHiCTIO:

faz =A%, . )=A% . (4)

a1o2...0n.. la1—a1llaz—az]...|an—amn]...

OueBuHO, MO @ € OJHUM 3 ITapaMeTpiB, 10 BU3Ha4aI0Th dyHKIio f,. Kiac Takux dynkiiit
mo3HauYnMo vepes F'.
Haitnpocrimuvu mipejicTaBHIKaMI Kaacy F' e Taki pyHKIII:

folz = A% ) =A% = A%

a1 2Q3...0n..

(s 1) (5)

Dynkis, o3uadena pisnicrio (5), HazuBaeThes iHBepcopoM 1udp Qf-306paxkenus. Bona e

—l—ai][s—1—ag][s—1—a3]...[s—1—an]...

HEIIEPEPBHOIO CTPOT'O CIIA/IHOIO CHHIYIAPHOIO PYHKILEIO, KOMH in, 7 (s—1—ijn V12 € N, 1 € A.

falz = AZ; )= AQS A [s 1]0)* (6)

Q103,210 —l—ai]az[s—1—as]...[s—1—aok_1]ask...”

OckinbK1 Ma€ Miclie HepiBHICTD

AY: A A% AP

S S J— S

fa( aj...an(0) ) lar—at]...|an—an|ant1... 7£ fa( al...[anfl}(sfl)) - Tai—ail...lan—an+1||an+1—s+1]...?
TO JIUI O1IbIIOCTI (bYHKII Kitacy F' KOpeKTHICTh 1X 03HaYeHb BUMAara€e JIOMOBJIEHOCTI BUKOPH-

CTOBYBATH JIMIIIE OJIHE 3 JBOX 300pakenb (Qi-6Ginapuux quces. Hexaii e, mo micturs (0).

BayBarKuMo, 1110 3HaUeHHd PYHKIIT f, BiJ ABOX pi3HUX 300parkKeHb OJJHOIO 1 TOTO 2K IUCTIA
30IralOThCsI JIUIIE Y BUIIAJIKY, KO Gyt = S — 1 — |4 — S+ 1| a1t gosibaoro ¢ € N U {0},
TOOTO IPH Apyj = S — 1 @00 ayy; = 0 i Vn € N.

Jema 1. Jng uncer a = A%, . ib=A;, . raknx, mo (“$) € L mae micne
PIBHICTH
. . ay + by,
f ( Acsz ) = fb(xo Acsz ..)7 Cn = T
ﬂoee(?emm Hexait 3amano quciao a = Aam .. Bubepemo uncio b € [0; 1] rake, mo b =

Able by % € AVn € N (oueBujHo, mo Take uncio icaye). Tomi

fa<A?§:_.c ) =A% =AY =

|‘11 bl‘ \an*bn| Ibg—aq| al‘ \bn*an\
3 . 5

_ AQE _
A|2b1 (a1+b1)| |2bn*(an+bn)‘ - A _”‘l+bl _an+bn - fb(xo) D
2 by — SLFL| [, — 2ntbn )
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. @ _
Hacmainok 1. fkmo a = Af2d1}[2d2]‘..[2dn]‘..7 10 fo(t =A% 4,.) =T
: : Qs _ AQE _
Crpapni, jns a = Afzdl]...[zdn]... mae mice fo(z = A58 5 )= A|2d1—d1|...|2dn—dn\... =

Teopema 1. @yukuii f, xiracy F e HenepepBHHMH Ha MHOXKHHI (Q%-yHADHHX dHCeJI, & HA
MHOXKHHI (Q%-OIHapHUX 4qucesl HellepepBHUMH (QyHKIIsMH € jatie f,, Ko a = 0 abo a = 1.

Josedenns. s a = A? 1 BigmoBiguol yHKIIT f, JOBegeMo HenepepBHICTBL y ()i-

a1G2...0x ..

o . N6 5
yHapHiit Touri. Hexait ¢ = Aala}__%_”

x # xo. Jdna wel icaye Takuit HoMep n, Mo o, = a,(Tg) # a,(z), ane ag(r) = ag(xg) npu

— Q:-ynapHa Touka. PosrissHeMO TOUYKY = Taky, IO

k < n. ¥YmoBa n — 00 piBHOCH/JIBHA T — (. BUKOPHCTOBYIOUH O3HAYEHH: HelePepBHOCTI
dbyuxiil f B Tourni, Tooro lim f(z) = f(zo), maemo lim |f(x) — f(xo)| = 0. [lokazxkemo, 110
T—x0 T—T0o

lim |fu(z) — fulzo)| = 0.
T—T0
POBFHHHGMO BUPa3

[fa(@) = fal@o)| =[fal(AL o ran) = FalAL 0 )] =
_IAQsE Q3

_’ — A , ‘ =
la1—ail...lan—1—an—1l|lan—an]... lai—at]...]an—1—an—1|lan—al,|...

n—1

=[] i W, ie0<W <1

i=1
Tomi
n—1 n—1
Jim [ fo(w) = fa(wo)| < lim 1_1 Gois < lim 1_1 max{ga,i} = 0.
A orxke, lim fa(x) = fo(zo) B KOXKHIIT Q¥-yHApHIH TOUIL.
Ban(fB;}(())qH JIOMOBJIEHICTh, 1110 3HaYeHHs GyHKIl f, y Qi-6inapHiii Touri (3) obunc-

J0€eThest 3a popmysioo  (4) 3a meprmm 300pazKeHHsIM, y Iiff TOYIl BOHA Ma€ HeyCyBHUii
pO3pUB. O

3 CTPYKTYPHI BJIACTUBOCTI ®YHKIIN KJIACY F

Teopema 2. Muoxkunoro snadenb Ey, pynkuii fq, qe a = AF ., € MHO)KHHa BUJLY
ClRQu V) ={ze[0]:a=A%,, . .a,€V,={0,1,...max{s — 1 —a,,a,}},n € N}.
osedenns. Hexalt zanano dbynkuioo fo, 1e a = A; . . Toni snavennsa dbynxuii f, mae
300parkKeHHs A%_m'm'an_%'m, ne (ap,) € L. 3posymijo, mo n-ta nudpa @QF-300paxkenHs
qucsia y Moxe HabyBaru 3HadeHb V, = {an, |a, — 1|, ..., |a, — s + 1|}. Ockinbku a, € A, TO

MHOXKHUHI V), Hajexkarh mocaigoBHi mudpu anadasity A, okpiM THX, IO B CyMi 3 a, Iepe-
BuIyoTh (s — 1), To6ro nudpu Big 0 mo Giabmoro 3 (s — 1 — a,) a6o a,. Takum drHOM,
MHOKIHA 3Ha9€eHb JJOBLIBHOI Iudpn ():-300pazkeHHs ¢y BU3HAYAE MHOKUHY 3HAYEHb (DYHKIIT

Jfa- O
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*

Hacainok 2. Muoxknna 3Hadenb QyHKLil f, € migvmaOMKIHOWO Bijgpiska [0; ACQISCQ_,CH.._], Jie
¢, =max{s — 1 —ay,,a,}, n € N.

. As ,
Teopema 3. Hexait s > 2. Muoxuna snadens Ey, ¢yl f,, e a = A; , € ob'ei-
HAHHSIM BIJIPI3KIB, SIKIIO JUIsI CKIH9eHHOI KiTbKocTi Micnb a, € {1,2,...,s — 2}, abo KOH-
THHYaJBHOIO HiJIe He IJIHLHOIO HYJb-MHOXKHHOIO, SIKIIO JIJIS HeCKIHYEHHOI KIJIBKOCTI MICIlh

a, €{1,2,....,s — 2}.

Jlosedennsa. Jlia noBeeHHA KOHTHHYaJIbHOCTI MHOXKUHE Ff, TOKazKeMo, IO I JI0BIIBHOL
mudpu QF-300pazkenns 3Hadenus dynkimii maokuna V, = {0,1,..., max{s — 1 — a,,a,}},
ne a, € A ckiagaerbes npuHaiiMHL 3 7BOX esemenTiB. OcKiibKu exeMeHTH (s — 1 — ay,)
i a, € iHBepcHUMH B S-KOBOMY aJjihaBiTi, TO HaliMeHIIe 3HAYEHHs, AKOTO MOXKe HadyBaTh
max{s—1—ay,,a,}, 10piBHIOE 5, AKIIO 5 — Hapue, abo %, AKITO § — HenapHe. TakuM 9uHOM,
JIJIST TOBLJIBHOTO 1 MHOXKUHA, V,, MicTuThb 0 Ta 1 1715 OyIb-sKoro § > 2, a TOMY KOKHa 1udpa
(Q:-300parkeHHsT 3Ha4YeHHs (DYHKII Mae npuHaiiMui 18I anprepHarusu. Ockiibku mudp y
300parkeHHi 9ucjia y 3/Ji9eHHa MHOXKIHA, TO PI3HUX MOCJIIOBHOCTEN 1udP, M0 BU3HATAIOTH
3HaveHHs (PYHKIIil, KOHTUHYyaJbHa MHOXKIHA, TOOTO MHOXKIHA Ff, KOHTHHYyaJIbHA.

Hexaii icaye k micib ny, ng, ..., g, JUid 9KUX a,,, € {1,2,...,s—2} Vi = 1, k. s npocroru
MipKyBaHb OyJeMO BBayKaTH, MO a,, = 1 Vi = 1,k. Toxi V,,, = {0, 1, ..., s — 2}, To6TO

E, =01\ | U - U A%,

Ty #s—1rn,7#s—1 rnk;és—l

Ockinbku nuaisap (Q%-3006pazkeHHs € BIAPI3KOM, TO IiC/IsS BUJIyYeHHS 3 OJIMHUYIHOTO BiJ/Ipi3Ka

s* neneperunuux Biapiskis (MUIHAPiB BULY A?lj, T

i = {ny,ng,...,nk}), 6auumo, 1o
MHOKMHa [y, € CKiHUeHHIM 00’ €IHaHHAM IUJIH/IPiB (ng+1)-ro panry. A Tomy € CKiHUeHHIM
00’eTHAHHSIM BiJIPi3KiB.
Hexaii icHye HecKiHueHHA KUIBKICTH MiCIb, It SKUX a,, € {1,2,...,s — 2} Vi € N. To-
4

* *
J1 PO3IIAHEMO NOBLIBHUN ITUAIIHID A?@,,,m. [cnytoTh TMITIHIPH A%«erm,,,rm + C A%m,._rm,

s
T1T2---7’m~-~7’7n+j710

OckKiIbKI M — JIOBLIbHE HATypaJbHE UHUCJIO, TO s OYIb-sIKOIO Bi-

AKi He MicTATh TOUOK MHOXKUHN Fy, . Taknmu mutingpavu, nanpukaal, € A
P A% .
172 Tme Tt j—1[5—1]
pi3Ka, KiHIIl KOro HaJexkaTh MHOKHUHI Fy , icHye Il iHTepBas TOYOK, IO He HaJIezKaTb
E;,. A romy Ey, € Hine He IOIJIBHOIO MHOXKIHOIO.
s epictianoro nosejenns Hynb-Mipaocti C[QF; V;,] mokazkemo, 1o 11 Mipa piBHA HYJIIO
38 YMOBH ([s_1],, = Min{¢s, }, fKa He HOPYIITye 3arajibHiCTh MipKyBaHb. Po3risHemMo MHOKHIHY
(2

BHJLY
ClQ5 V] ={r €[0;1] : 2 = A ya, €V, ={0,1,...,s —2} Vn € N}.

Q1ag...0n...

Muoxuny C[Q%; V,] MmoxHa ogaTn y BAIIIsI:

cluvi =\ JU - U A%, .-

m=1 c1eVp cm€Vim
Toni 3a aguruBHOIO BiIacTuBicTIO Mipu Jlebera

oo m—1

(H QCiiQ[s—l}m) =0.

m=1 =1

/\(O[Q:7 Vn]) =1
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Ockinbknu Mipa Jlebera "HajiMacuBHIIION MHOXKIHI PiBHA, HYJIIO, TO 3p0O3YyMiI0, 1o Mipa Jle-
Oera MHOXKUHU 3HAYEHDL JIJId Oy/Ib-9KOI'O @, TaKOro IO Ha HECKIHYeHHi#l KLIbKOCTI MicIlb
a, € {1,2,...,s — 2}, piBHa HyJIIO. ]

BayBaxkennsd 2. Skmpo s = 2, o Ey, = [0;1].

Hara taemo, 1o MHOXKUHOIO PiBHA Yy PYHKIIT HA3UBAETHCA MHOXKIHA

fa (o) = {2 €[0:1] : fa(x) = o}
Ipuxsad 1. Hexait a = A?314). Toxi MuoxkuHa PiBHSA Yy = Af(%) € MOPOXKHBOIO; MHOYKIHA,
piBHA Yy = A%’S MICTUTB JIMIIE OJHY TOYKY f,° 1(A%’3) = {a = A%M)}; MHOKHMHA PIBHS
Yo = AﬁO...llO © MiCcTUTDH 4" TOYOK; MHOXKUHA PIBHS Yy = Aﬁgm) € KOHTUHYaJILHOIO.
3n
Teopema 4. Hexaii s > 2. Muoxuna f; ' piBus yy = Al?ﬁag...bn.., ¢yukii f,, mopojKeHor

N S
1apaMeTpoM a = Aala%an_._, €

1) HOpOKHBOIO MHOYKHHOIO, SIKIO b, = s — 1, a, € {1,2,...,s — 2};

2) CKiHYeHHOIO0 MHOXKHHOIO, SIKII[O JIHIIIE JI/IST CKIHIeHHOI KIJIBKOCTI N Mae MicIie

an + b, € A,

abo b, =0Vn € N,
a, — b, € A,

3) KOHTHHYAaJIbHOKO MHOXKHHOIO, SIKIIO JIJIsI HECKIHYEHHOI KIJIBKOCTI 1. Ma€ Miciie

b, # 0,
a, +b, € A,
a, — b, € A.

. A : .
osedenna. Hexalt samano uucno a = A7 - i dbynknia f,, HIM 1opojzKena. Posriis-

JIAETHCA 1y = Ale;;me . Toxi MHOXKUHOIO DIBHS ¥y € KOPEHI PiBHAHHS fa(ASf(x)...an(m)...) =

n

.
AleS...bn...' 3rifHo 3 o3HAYeHHs (DYHKIT MAEMO CUCTEMY PIBHSHDb

|a1 - Oé1| = 51,

.......... ;., (7)

Ockinbru b, € A, To piBHsHHS Buiy |a, — a,| = b, PIBHOCHJIbHE CYKYITHOCTi DiBHSHB
a, — o, = b, 1 a, — a,, = —b,,, T006TO0 O,y = @, — b, abo «,, = a, + b,. Ilpu HLoMy, AKIIO
a, — by 1 a, + b, HANEXKUTH 10 A OJHOYACHO, TO PIBHSIHHA |4, — | = b, Mae He GiibIie

JIBOX PO3B’SI3KIB, SIKIIO K I1e BUKOHYEThCS /Il HECKIHUEHHOI KIIBKOCTI piBHSAHB cucTemu (7)



160 Haszaruyk B.B., BAcbkEBU4 C.O., PATVIIHAK C.IT.

i b, # 0 HeckiHUeHHY KiIbKICTb pa3 (B MbOMY BHUIAJKY DIBHSIHHA |a, — «,| = b, Mae J1Ba
PO3B’SI3K1), TO BOHA Ma€ KOHTUHYAJbHY MHOXKUHY DO3B’sI3KiB.

Sxmo smmme ojHe i3 3Havyenb o, = a, — b, abo «, = a, + b, nanexxurh 1o A abo b, =0
Vn € N, To jaHe pIBHsAHHA Ma€ JIUIIE OJUH Po3B’si30K. [Ipu 1mibomy, SKIMO JIHIne CKiHIeHHa
KUIbKICTh PIBHSIHb Ma€ JiBa PO3B’3KH, a yci perrra — ojuH, TO cucreMa (7) Mae CKIHYEHHY
KUIBKICTh PO3B’si3KiB. fKImo Jtst piBHSHHS |an, — | = bp, b, = s — 1, a a, # s — 1 abo
a, # 0, To JaHe DIBHSIHHS He MA€ PO3B’sA3KiB, a ToMy i cucrema (7) IX TAKOXK He Mae.

Kinbkicts po3s’sskis cucremu (7) Bianosigae Kigbkocti mpoobpasiB piBHS Yo, 1O i 10-
BOJ/IUTH TEOPEMY. O

4 JIEAKI YACTKOBI BUITAIKU

Hexait QQ%-306pazkenns € (J3-300pakeHHsIM 3 mapameTpaMu (qo, ¢1,G2)-

[Tpuknam 1. dxmo a, = 1 jia Oyas-saskoro n € N, To:
1) MHOXKHHOIO 3HaYEHDb (DYHKIII € caMomo/fiona MHokuHa KanTopiscskoro tuiry C[Qs, {0, 1}]
3 ppaKTaJIbHOIO PO3MIPHICTIO, IO € PO3B’A3KOM pIBHAHHA ¢f + ¢] = 1;
2) MHOXKUHOIO PiBHS Yy = A((Ql
¢dpaxTansbHa PO3MIPHICTH AKOI € PO3B’S3KOM PIBHAHHA ¢ + ¢5 = 1.

3; e camornoibra MHOKMHA KauTopiseskoro Tuiy C[Qs, {0, 2},

BayBarKnuMo, 10 JIJI IIbOI'0 BUIIAIKY JIET'KO BUIIICATH GppaKTaabHiI BJACTUBOCTI BCiX PiBHIB
dyHKIIIT.
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Nazarchuk V.V., Vaskevych S.O., Ratushniak S.P. One continuum class of fractal functions
defined in terms of Q%-representation, Bukovinian Math. Journal. 12, 2 (2024), 154-161.

In the paper we study one class F' of multiparameter functions defined in terms of a polybasic
s-adic @%-representation of numbers by the equality

* *

faol# = ASiayan.) =

s
a1 —ail|as—az]...]an—an]...”

where (a,,) is a sequence of digits for s-adic representation of the parameter a € [0;1],
0o n—1
Q; _
Aa1a2“.an... = ﬂall + Z(ﬂann H Qajj)
n=2 j=1

is Q}-representation of real numbers generated by the positive stochastic matrix ||gi;||, Ba.n
ail Qin- For a fixed @Q%-representation of numbers the function f, is defined by the parameter
al,_r(;ake the class of functions f, continuum. In this paper we investigate the continuity of the
function f, on the sets of Q¥-binary and Q%-unary numbers. We prove that the functions in this
class are continuous on the set of numbers with a unique Q%-representation, furthermore we
show that all functions, except fo and f; have a countable set of discontinuities at Q%-binary
points. We provide a classification of the topological types of the value sets of the function f,
depending on the parameter a, we prove that if the value set is of the Cantor type then it is
zero-dimensional. These properties reveal the fractal nature of the functions in the class F'. We
describe the structural properties of the level sets of the function in terms of the digits of the
s-adic representation of the parameter a. In particular we establish that the level set of the
function f, can be an empty set, a finite set, or a continuum. For certain values of s we provide
examples of fractal level sets and calculate its fractal dimensions.
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HecTEPEHKO B.B., ®otIiit O.T.

ITPO CJIABKY I'OPU3OHTAJIBHY KBASIHEITEPEPBHICTDH TA
CYKVIIHY KBASIHEIIEPEPBHICTHb MHOI'OSHAYHUNX
BIJJOBPAZ2KEHD

HocnimKyerbesi CyKylHa KBa3iHellepepBHICTb 3BepXy (3HU3Y) MHOIO3HAYHUX BioOpasKeHb
Big nBox 3MinHuX. [lepeneceno Ha BHITa 0K MHOIO3HAYHUX BioOparkeHb JEsKi Pe3yJIbTaTH PO
CYKYIIHY KBa3iHellepepBHICTh (DYHKINH Bij nBOX 3MiHHUX. J[JIsl IBOrO CIIOYATKY BBOJIUTHCS II0-
HATTs CJIAOKOT rOPU30HTAJBHOI KBa3iHelepepBHOCT] 3Bepxy (3Hu3y). 3 JIOMOMOIOI0 ILOTO II0-
HATTS BCTAHOBJIIOTHCH JOCTATHI YBOMH 3a fKAX MHOTO3HAYHE BiOOpaKeHH: Bij IBOX 3MiH-
HUX € CYKITHO KBa3iHerepepBHUM. 30KpeMa BCTAHOBJIEHO, 10 Ko X — GepiBchbKuil mpoctip,
npoctip Y mae 37ivyenHy rcesnobasy, Z — peryisipHHil IPOCTip i MHOIO3HAYHE Bit0OparkeHHs
F: X XY — Z ciabko ropu3oHTAJIbHO KBa3iHeNlepepBHE 3BEPXY Ta 3HU3Y Ta KBa3iHelepepBHe
3HHU3Y BITHOCHO JPYTOI 3MiHHOI IPX 3HAYEHHSX MIEPITO]l 3MIHHOI 3 IeSTKOl 3aJTUMTKOBOI MHOXKIHUI
B X, To F — cykynHo KBasinemepepBHe 3HN3y BimoOparkenus. [lomiOuuit pe3ysbrar BCTAHOB-
JIEHO 1 JIJIsT CYKYITHOI KBa3iHemepepBHOCTI 3Bepxy: AKio X — OepiBchbKuil mpoctip, mpoctip Y
Mag€ 3JiveHHy 1ceBobasy, Z — HopMasbuuii, mpocTip i F' : X X Y — Z 3aMKHEHO3HAYHE Bijl-
obpakeHHsl, sike TOPU30HTAJILHO KBa3iHeIlepEePBHE 3BEPXY Ta 3HU3Y Ta KBa3iHENepepBHE 3BEPXY
BIZTHOCHO ZIpyTol 3MIiHHOI ITPW 3HAYEHHSIX MEePINOol 3MIHHOI 3 AEAKOl 3aJIUINKOBOT MHOXKIHHA B X,
1o F' — cyKymHO KBaziHermepepBHe 3BEpPXY BiaoOparkeHHs.

Takox oTpumano HeOOXimHI Ta JOCTATHI YMOBHU TOTO, IO MHOTO3HAYHE BiTOOpaKeHHS BisT
JIBOX 3MIHHUX € CyKYITHO KBa3iHerepepBHUM 3Bepxy (3HH3Y). 30KpeMa BCTAHOBJIEHO, IO SKIIO
X — GepiBcbKHit IpocTip, MpocTip Y 3a10BOJIbHSIE APYTY aKCIOMY 3JIIY€HHOCT1, Z — METPU30BHUI
cenapabesIbHMIT TPOCTIP, TO KOMIIAKTHO3HAYHE MHOrO3Ha4YHe BimoOpaxkenust F': X XY — Z €
CYKYIIHO KBa3iHemepepBHE 3BEPXY 1 3HMU3Y TOMI 1 TLIBKKM TOMi, Kom F' cj1abKo TOpU30HTATIBLHO
KBa3iHernepepBHE 3BepXy 1 3um3y Ta F¥ KBa3iHemepepBHe 3Bepxy i 3HM3Y [/ BCiX X 3 JIeAKOl
3aJIUIIKOBOI MHOYKUHU B X .

Karuosi caosa i ¢ppasu: MuOrozHauHe BitoOpaskeHHsI, KBa3iHEIIEPEPBHICTD 3BEpXY 1 3HU-
3y, CYKyIIHa KBa31HEIIEPEPBHICTH 3BEpXy 1 3HU3Y, CJIa0Ka NOPM30HTAJIbHA KBAa31HEIIEPEPBHICTH
3BEPXY 1 3HUBY.

YepuiBerpkuii HaioHabHU yHiBepcuTer imeni FOpist @enpkoBuda, YepHisii, YKpalna
e-mail: v.nesterenko@chnu.edu.ua (Hecmepenko B.B.), o.fotij@chnu.edu.ua (@Pomit O.T.)

Boryn

[TorATTS rOpU30HTAIBLHOI KBa3IHETIEPEPBHOCTI, AIKe € y3araJbHeHHSIM Ha TOMOJIOTIIHI TPO-
cropu Biaacrusocti (A) 3 [1], 3acTocoByBasiocst B 6ararbox pesysbrarax Jijis OTPUMAHHSI CY-
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KYITHUX BJIacTHBOCTell BijoOpazkeHb. lle crocyBasiocs siK OJIHOBHAYHUX BijgoOpaskeHb, Tak i
MHOTO3HATHUX.

Tyr mu Gyaemo BiamroBxysarucst Bij ocHoBorosioxkuoro orsiy T.HoiGpyra [2| mpo
BJIACTUBOCTI KBa3iHEIIEPEPBHOCTI MHOI'O3HAYHUX BiJI0OpaskeHb. 30KpeMa TaM JIaHO JIOCTATHI
YMOBH TOI'0O, 1100 MHOT'O3HAYHE BigoOparKeHHsI BiJ JBOX 3MIHHUX OYJI0 CYKYITHO KBa3iHele-
pepBHUM 3BepXy 4u 3Hu3Y. Lleit pe3ysbrar y3araJbHIOBaBCA B IIpalldX Oararbox MaTeMaTUKIB
(muB. [4, 5, 6]). Cepen 1ux mpars ciij BigsaadnTu pobory |4, ne BcranoBieno HeoOXimHI Ta
JIOCTATHI YMOBHU TOT'O, III0O MHOTO3HAYHE BiJIOOpasKeHHs BiJl JIBOX 3MIHHUX € CYyKYITHO KBa3i-
HerlepepBHe 3BEPXY YN 3HU3Y.

B [3] 6y710 BBEseHO C1aOKy TOPU30HTAJIBHY KBa3iHENEPepBHICTD, M0 € GLIBII MIUPITM
MOHATTAM HiK NOPU30HTAJIbHA KBasiHenepepBHicTb. s Tonosorivaux mpocropiB X, Y Ta
Z Bimobpazkenust f : X X Y — Z Ha3sUBAETbCI CAQOKO 20PU30HMAALHO KEA3THENEPEPE-
HUM, SKIIO JIS JOBLILHUX BiIKpUTHX HenmopoxkHix mMuoxkuH U B X 1 V B Y Ta MHOXKU-
m A B X, mo U C A, icuye Bigkpura memopoxkus muoxkuna G 8 X, taxa, mo G C U i
f(Gx V) CTAX V).

TyT Mu y3arajbHIOEMO Jiesiki pe3ysbraru 3 [4], 1e oxHieo 3 JocTaTHix yMOB OyJI0 Te, 10
MHOI'O3HaYHE BijI00OparkeHHs NOPU30HTAJIBLHO KBa3iHeIlepepBHE 3BEPXY U 3HU3Y.

OCHOBHI TTOHATTA TA O3HAYEHHHA

Ham OyayTh morpioni HactymnHi o3HadeHHsi. Hexait X Ta Z — TomoJiorivai npocropu i
F: X — Z — mHOrosnavHe BijoOpakeHHs Bijl oiHi€el 3MiHHOI. MHOrO3HaYHe BijgoOpaskeHHS
F wmasuBaeTbesi keasinenepepsrum 36epry (3nudy) 6 mouyi xg € X, SKIIO JJIs JOBLIBHOL
Biskpurol muoxkunu W B Z, takoi, mo F(zg) C W (W N F(xy) # &), A0BIIBHOIO OKOIY
U rmouku x B npoctopi X icHye Bijkpurta Hermopoxkust muoxkuna G B X, taka, mo G C U
i F(x) CW (WnNF(z) # @) nia Beix @ € G. Muorosnaane Binobpaxenns F : X — Z
HA3UBAETBCA K6A3THENEPEPSHUM 36ePTY (3HU3Y), SKIIO BOHO € TAKUM B KOXKHI it Touri 3 X.

Hexait X,Y Ta Z — tonosoriuni npocropu i F': X XY — Z — muHOrosuaune Bijiobpa-
»kenHst. Ilepenocsaan moHSTTS ¢1aO0KOl TOPU30HTAIBHOI KBa3iHEIIepepBHOCTI Ha, MHOINO3HATHI
BiI0OparKeHHsT MU OTPUMYEMO TOHATTs CJIaOKOI TOPU30HTAIBHOI KBasinernepepsrocTi. MHo-
rozuadHe BijooOpaxkenus F' : X X Y — Z Ha3uBaeTbCs:

® CAa0KO 20pU3OHMAADHO KBA3IHENEPEPEHUM 36epTY (3nu3y) 6 mowyi (T, yo) € X X Y,
SIKITO Jist JOBLIbHOT BigkpuTol MuOXKUHE W B Z, Takol, mo F(xg,y) € W (W N
F(z0,y0) # &), noBiapaux okosis U ta V' To90K & Ta y BiamoBigHo B pocTopax X Ta
Y icuye Bigkpura Henopoxkus MuHokuna G B X 1 Bimobpaxkenus g : G — V, Taki, 1o
GCUiF(z,g(x) CW (WnNF(x,9(x)) # @) ang Beix x € G;

® CyKynHo Keasinenepepsrum 36epxy (3nusy) 6 mouyi (To,yo) € X X Y, gxmo s
JIoBLIBHOT BijikpuTol Muokuau W B Z, takol, mo F(zg,yo) € W (W N F(xo,y0) # 9),
JoBinbHUX OokKoIiB U Ta V' To4oK x Ta gy BiamoBiaHO B mpoctopax X Ta Y iCHYIOTh
BizkpuTi Henopoxkui MuokuEn G B X 1 H BY , raki, mo GXx H CU XV i F(z,y) CW
(W N F(x,y) # @) qa seix (z,y) € G x H.
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Muorozuaune Bijoopaxkennsa F' : X X Y — Z Ha3uBae€Tbcd cAabko K6a3iHenepepsHuM
36epxyY (3HU3Y) WU CYKYNHO KEa3iHenepepeHuM, SIKIIIO BOHO € TAKMM B KOXKHI i Todri 3
X X Y. 3posymisio, 110 CyKyIIHO KBasiHenepepsHe 3Bepxy (3HU3Y) MHOTO3HAYHE BijoOpake-
HHsI € CJ1a0KO TOPU30HTAJIBHO KBa3iHelepepBHe 3Bepxy (3HU3Y).

Hna Bimobpaxkennsa F : X x Y — Z posrngnemo Bimobpaxkenusa F* @Y — Z rta
F,: X — Z nna xoxxnoro x € X ta y € Y sianosigno. Harajaemo, mo cucrema BIIKpUTHX
HEMOPOXKHIX MHOXKWH V) MPOcTOpy Y yTBOPIOE 3A14eHHY ncesdobady, AKIO KOKHA BiIKPHUTA

HEIIOPO2KHA MHOXXKHMHa B Y micTturhb JeAKY MHO2KHHY 3 V.

1 CVYKVIIHA KBA3IHEIIEPEPBHICTbH 3HU3Y

Mu nounemo 3 pe3y/IbTariB Jjisd CYKYITHOI KBa3iHelepepBHOCTI 3HUZY.

Teopema 1. Hexait X — 6epiBcbkuii npocrip, npoctip Y Mae 3ji4eHHy 1ceBobasy, / —
peryisipauii npocrip, F' @ X XY — Z — MHOrosHauHe BIJJOOpa’KeHHsI, sIKe 3aJI0BOJILHSIE
HACTYIIHI YMOBH:

1) F — ciabko ropu30oHTaIbHO KBa3IHEIEPEPBHE 3BEPXY Ta 3HH3Y;

2) M ={z € X : F* — kBasineniepepBHe 3HH3Y} — 3a/IUIIKOBA MHOXKHHA B X .

Toxi F' — cykynHo KBa3iHelnlepepBHE 3HU3Y BiIOODaKeHHSI.

Jlosedennsa. Hexait pg = (xo,90) € X X Y. Ilokaxemo, 1o Bigobpazkentsi F' cyKymHo KBa3i-
HellepepBHe 3HU3Y B TOUIN po. BisbMemo Bigkpury Mmuoxkuny W B Z, taky, mo F(po) "W # &,
i U ta V — oo BiimoBiiHO TOYOK Tg B X Ta gy B Y. OCKIJIbKE HPOCTIp Z peryigapHui,
To icuye 3amkHeHna muOokuHa Wi, Taka, mo Wi C W i F(pg) NintW; # &. Binobpaxkenus
F' cirabko ropusoHTaIbHO KBa3iHeNepepBHEe 3HU3Y B TOYII Py, TOMY ICHYIOTH BIJIKPUTa MHO-
x)una Uy C U i Bigobpaxkenus g : Uy — V, taxi, mo F(z, g(x)) NintW, # & 11a KoKHOrO
z € U.
Hexaii {V,, : n € N} — ncesnobasza npocropy Y. Posrusinemo MHOXKUHI

Ay, ={zeUnNM:Vy eV, F(z,y) NintW; # &}.

o [o.¢]

[Mokazkemo, mo |J A, = Uy N M. Brmouennst |J A, C Uy N M € oueBUIHUM, OCKIIBKI
n=1 n=1

KOyKHa MHOXKWHa A, Micrurhes B Uy N M. dxkmo xx x € Uy N M, To Bimobpaxkenns F* e

KBasiHernepepBHUM 3HU3Y B o4l ¢(z). 3ayBazkumo, mo F¥(g(x))NintW; # &. 3 keasinere-
pepBHOCTI 3HU3Y BijoOpazkenHs F* B Touri ¢g(r) BUILUINBAE, IO iCHYE BIIIKPUTA HEMOPOXKHS
muaOKuHa V¥ taka, mo V¥ C V i F*(y) NintW; # @ mia koxuoro y € V*. Ockinbku
{V, : n € N} — nceBnobaza mpocropy Y, To icaye mHomep n, takuii, mo V, C V*. Tomi
F*(y) NintW; # & s koxuoro y € V,,. lle o3nauae, mo = € A, a tomy Uy N M C Ej A,.
Orxe, i

o0

A =tvinm

n=1

Ockinbku ipoctip X 6epiBchbkuit, To muokuua U; N M apyroi kareropil B X. Toxi icuye

HOMED ng, Takuil, mo A = A, mijbHa B Jedkiil Binkpuriit HenmopoxkHiit muoxkuni Uy C Uy,

to6T0 Uy C AV, C V.
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Otxke, MU o/iepKajIn BiAKPUTY HEMOPOXKHIO MHOXKHUHY Us B X, miibHy B Us MHOXKUHY
A i BigkpuTy Heropoxmio Muokuny H = V. B Y, taki, mo Us C Uy, Uy C A/ H C Vi
F(z,y) NintW; # & g Beix (z,y) € A x H.

[Mokazkemo, mo F(p) "W, # @ ma koxxuoro p € Uy x H. Hexait 1ie He Tak, i icHye Touka
p1 € Us X H, maka, mo F(p) N W) = @. Ockinbku MHOKUHA W) — 3aMKHEHA, TO MHOXKUHA
Wy = Z\W; —Binkpurai F(p;) C Ws. 3 ciabkol ropru30HTAILHOT KBa3iHEIIEPEPBHOCTI 3BEPXY
Ma€eMo, IO iCHYIOTh BiIKpuTa Hernopoxkug MuoxkuHa Us C Us i Bijmobpaxkenus gy : Us — H,
taki, mo F(z,g1(x)) € Wy qa koxnoro € Us. Ockimbkn Us N A # @, 10 icHye ToUKa
a € UgNA). Toni F(a,g1(a)) € Wy i F(a,gi1(a)) NintW; # @. OrpuMaiu cynepedHicTb.
Otxe, F(p) N Wy # @ s koxkuoro p € Uy X H, a 3uaqdurs i F(p) N W # &. lle o3nauae,
o BijoOpazkeHHs F' CyKyIIHO KBa3iHelepepBHE 3HU3Y B TOYII Dy. [

2 CVYKVIIHA KBABIHEIIEPEPBHICTH 3BEPXY

Tertep mepeiiieMo 10 BCTAHOBJEHHA BIIOBITHOTO Pe3y/IbTaTy i CYKYITHOI KBa3iHele-
PEPBHOCTI 3BEPXY.

Teopema 2. Hexait X — 6epiBcekuii npoctip, npoctip Y Mae 3jideHHY 11ceBrobasy, 4 —
Hopmastbauit, poctip i F' @ X XY — Z 3aMKHeHO3HAYHE BiJIOOpa’KEeHHS, sIKe 3aJI0BOJIHLHSIE
HaCTYIIHI YMOBH:

1) F — ropusonTabHO KBa3iHeIIepepBHE 3BEPXY Ta 3HU3Y;

2) M ={x € X : F* — kBasiHeriepepBHe 3BepXy} — 3aJHIIKOBa MHOXKHHA B X .

Toxi F' — cykynHo KBa3ineriepepBHe 3BepXY BIIOOPAXKEHHS.

Jlosedenna. Hexait pg = (x0,90) € X X Y. Ilokaxemo, 1o Bigobpazkenus F' cyKymnHo kBa3i-
HellepepBHe 3BepXy B TOUIN po. Bisbmemo Binkpury muoxuny W B Z, taky, mo F(py) C W
i U x V' — okin toukn pg. OckiJIbKE TpocTip Z HOpMaJbHUM, TO iCHYe 3aMKHEHa MHOXKWHA,
Wi 1 Biakpura muOokuHa Wh, Taxi, mo F(py) € Wy C W C W. Binobpaxenns F ciab-
KO TOPHU30HTAIbHO KBa3iHelepepBHE 3BepPXy B TOUIN Py, TOMY iCHYIOTH BiIKPUTa HEIIOPOZKHS
muoxkuua Uy C U i Bigobpaxenus g : Uy — V, raki, mo F(x,g(z)) € Wy masg KoxKHOTO
z e U.
Hexait {V,, : n € N} — ncesnobasza npocropy Y. Posrisremo MHOKIHI

A, ={xeUnNM:Vy eV, F(x,y) C W)}.

o0 o0

[Mokazxkemo, mo |J A, = Uy N M. Brmouennst |J A, C Uy N M € oueBugIHIM, OCKIIBKI
n=1 n=1

KoyKHa MHOKMHA A, Mmicturhes B Uy N M. Axmo xx x € Uy N M, To Bigobpaxkenns F'* € kBa-

3iHerepepBHIM 3Bepxy B TouIl ¢(z). 3ayBazkumo, mo ¥ (g(x)) C Ws. 3 kBasinenepepBHOCTI

3Bepxy Bijgobpaxkenus ¥ B rourni g(x) BUILIMBAE, MO ICHYE BIKPUTA HEIIOPOKHS MHOKUHA

VvV, raka, mo V* C Vi F*(y) C Wy ma xoxuoro y € V*. Ockinbku {V,, : n € N} — nces-

nobasa mpocropy Y, To icHye HOMep n, Takuii, mo V,, C V*. Tomi F*(y) C Wy s KOXKHOTO
o0

y € V,. le o3nauae, mo x € A, atomy Uy "M C |J A,. Orxe,

n=1

n=1
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Ockinbku ipoctip X 6epiBchbkuit, To MHOXKUHA U1 N M mapyroi kareropil B X. Toxi icaye
HOMED Ny, Takuit, mo A, mijgpHa B jedKiil Binkpuriit Henoporkuiit muoxkuni Uy C Uy, T06TO
Uy C Ay iV CV.

Otke, MU oJiepKajIn BIAKPUTY HeNOpoxkHIO MHOKUHY U B X, miisbny B Us MHOXKUHY
A= A,, i Binkpury nenopoxkuio muoxkuny H =V, Y, taki, mo Uy CU;, Uy C A HCV
i F(z,y) C Wy ma Beix (x,y) € A x H.

[Mokazkemo, mo F(p) C Wy ms koxuoro p € Uy x H. Hexaii 1ie He Tak, 70610 icHy€e TOUKa
p1 € Uy x H taka, mo F(p1) € Wi. Toui muoxuna Wy = Z\ Wy Bigkpura i F(p1) N W3 # &.
3 c/1abKol TOPU30HTAIBLHOT KBa3iHEIIEPEPBHOCTI 3HU3Y MAEMO, IO ICHYIOTH BiJIKPUTA HEIIOPO-
xkust MHOXKUHA Us C Uy 1 Bimo6paxkenus gy : Us — H, taki, mo F(x,g(x)) N W5 # & s
kozkHOro = € Us. Ockinbru UsNA # &, 1o icaye Touka a € UsNA. Tomi F(a, g(a))NW3 # @&
i F(a,g(a)) C Wy, Orpumasu cynepeunicts. Tomi F'(p) € Wy nys koxkuoro p € Uy X H, a
orxke, i F(p) C W. lle i o3navae cykynHy KBasiHenepepBHICTb 3Bepxy (byHKIIT F. O

3  XAPAKTEPUBAIISA CYKYITHOT KBA3IHEIIEPEPBHOCTI

JILnst BCTAHOBJICHHS XapaKTepHu3allil CYKYITHOI KBa3iHelepepBHOCTI HaM OyIyTh MOTPiOHI
HACTYIHI TeopeMHu, siKi BCTaHOBJIEH] B [4].

Teopema 3. Hexait X — rorosoriaauii npoctip, npoctopu Y Ta Z 3aJJ0BOJBHSIOTH JPYIY
akciomy sjidennocti 1 F' @ X XY — Z — MHOroznadne MHOIO3HaYHE BIJJOODa’KCHHSI, SKE
CYKYITHO KBa3inenepepBHe 30u3y. Toji MHOXKHHA

M = {x € X : F* — kBasinenepepBHe 3HU3Y}

3aJINIIKOBa B X .

Teopema 4. Hexait X — torosorianuii npoctip, npoctopu Y Ta Z 3aJJ0BOJBHSIOTH JPYIY
akciomy 3sidenocti 1 F' @ X XY — Z — KoMmnakTHO3HaYHE BIJJOODa’KeHHS, sIK€ CYKYITHO
KBasiHeriepepBHe 3BepXy. 1ol MHOXKHHA

{z € X : F* — kBasineniepepBHe 3HH3Y }

3aJIAIIKOBa B X .
Tertep Mu MOXKeMO BCTAHOBUTH OCHOBHUI pE3yJIbTaT ITEl CTATTI.

Teopema 5. Hexait X — 6epiBcbkuii mpoctip, npoctip Y 3a/10BOJIBHSE JAPYTY aKCIOMY 3JIi-
YeHHOCTI, Z — MeTpu30BHUI cerapabesbuuii npoctip i F @ X XY — Z — komnaktHO3HATHE
MHOro3Ha4dHe BijobOparkeHHs. Bimobpazkennst F' cyKyIHO KBa3iHellepepBHE 3BEpXY 1 3HU3Y
TOJI 1 TIIBKH TOI, KoJin F' cjabko ropusoHTa/IbHO KBa3iHeIlepepBHE 3BepXy 1 3Hu3y Ta F*
KBa3iHellepepBHe 3BepXy 1 3HU3Y JIJIS BCIX T 3 JICSIKOI 3a/IMIIKOBOI MHOXKHHU B X .

Josedenns. 3ayBazkuMo, M0 METPU3OBHUI MPOCTIp Z € HOPMaJbHUM, & OTXKE, 1 peryssip-
uuM. JlomarkoBa ymoBa cenapabe/lbHOCTI IPOCTOPY Z TapaHTye Te, IO Ieil mpoctip Oyie
3aJI0BOJIGHSATH JPYTY aKCIOMY 3JIIYEHHOCTI.



IIPO CJIABKY T'OPU3OHTAJIBHY KBABIHEIEPEPBHICTD ...

167

HeobxinnicTs BUILIMBaEe 3 TeopeM 3 i 4, OCKLIBKU MTEPETUH JIBOX 3aJUIMTKOBUX MHOXKHUH €

3aJIUIIIKOBOI0 MHOYKIMHOIO, 1 3ayBayKeHHs PO Te, 0 CyKYIHO KBa3iHerepepBHe 3BepXy (3HU-

3y) MHOIO3HAYHE BiJIOOpayKeHHs € CJ1abKO MOPU30HTAIBHO KBa3iHelepepBHe 3Bepxy (3HU3Y ).

ocrarricTh BUILIUBaEe 3 TeopeM 1 1 2.
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Nesterenko V.V., Fotij O.G. On weak horizontal quasi-continuity and joint quasi-continuity of
multivalued mappings, Bukovinian Math. Journal. 12, 2 (2024), 162-167.

The joint upper (lower) quasi-continuity of multivalued mappings from two variables is
investigated. Some results on joint quasi-continuity of functions of two variables are transferred
to the case of multivalued mappings. For this purpose, the concept of upper (lower) weak hori-
zontal quasi-continuity is first introduced. With the help of this concept, sufficient conditions are
established under which the multivalued mapping from two variables is joint quasi-continuous.
In particular, it is established that if X is a Baire space, a space Y has a countable pseudobase,
Z a regular space, and the multivalued mapping F' : X x Y — Z is upper and lower weakly
horizontally quasi-continuous and lower quasi-continuouswith respect to the second variable
for the values of the first variable from some residual set in X, then F is a joint lower quasi-
continuous mapping. A similar result was established for the joint upper quasi-continuity: if X
is a Baire space, a space Y has a countable pseudobase, Z a normal space, and F': X XY — Z
is a closed-valued mapping that is upper and lower weakly horizontally quasi-continuous and
upper quasi-continuous with respect to of the second variable at the values of the first variable
from some residual set in X, then F' is an upper quasi-continuous mapping . Necessary and
sufficient conditions are also obtained that the multivalued mapping from two variables is joint
upper (lower) quasi-continuous. In particular, it is established that if X is a Baire space, Y
a second countable space, Z a metric separable space, then the compact-valued multivalued
mapping F' : X X Y — Z is joint upper and lower quasi-continuous if and only if F' is upper
and lower weakly horizontally quasicontinuous and F'® is upper and lower quasicontinuous for
of all x from some residual set in X.
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[TeTPUHA [.O., CTAHZKULILKUN O.M., MAaPTHUHIOK O.B.

ITPO AITPOKCUMAIIIIO CTOXACTNYHUX PIBHAHD I3
SAIMNIBHEHHAM VYV HECKIHYHEHHOBUVMIPHUX ITPOCTOPAX

Y crarTi mpe/icTaBIEHO JIETATbHY CXeMy alpOKCUMAIIl ¥ CepeIHhOMY KBAPATUIHOMY JIJTs
€BOJIIOTIHAX CTOXaCTUIHUX PIBHIHD 13 3aMi3HEHHIM y HECKIHI€HHOBUMiDHUX MPOCTOPAX.

OcHoBHa yBara HPUILJISETHCS 3aMiHI IIOYATKOBOI CHUCTEMHU 3 MICJSIIE€I0 eBOJIIOLIMHOK CH-
CTEMOIO CTOXACTHYHUX DPiBHsAHBb 0e3 micssaii. 3anponoHoBaHwil mijxis nepegbdadae po3ouTTs
iHTepBAJTy 3ami3HeHHs HA MiIiHTEpBAJN Ta MOOYIOBY BiIMOBITHOI CHCTEMU DIBHSHB, SKa ampo-
KCUMY€E TOBEJIIHKY TOYATKOBOI cHCTeMU. BarkK/IWBO 3a3HaYNTH, IO KiAbKICTh PIBHAHB Y TaKiit
AMPOKCUMYI0Uiil cucTemi 36LIbITYEThCs 31 3POCTAHHAM KiTbKOCTI migiarepsanis. OcHOBHUI pe-
3yJIbTAT JOC/IL/IKEHHs [IOKA3Yye€, 10 338 yMOBH, KOJIU PO36uTTa crae aefasi Apibuimum (To6TO
KibKicrb HisiHTEpPBAIiB UPAMYE JI0 HECKIHYEHHOCT]), BIACTaHb Y CEPeIHbOMY KBAJAPATUIHOMY
MiXK PO3B’sI3KaM¥ PIBHSAHHS i3 3aIMI3HEHHAM i PO3B’sI3KaMM CUCTEMU 0e3 3aIi3HEHHS MPIMYE 10
HYJIS.

Teoperndna OCHOBA METOMY AIIPOKCHMAIll BHKOPUCTOBYE KJIIOYOBI HOHATTS Ta Pe3y/IbTaTH
31 CTOXaCTUYHOI'O aHAJII3y B HECKIHYEHHOBUMIPHUX IIPOCTOPAX, 30KPEMA, JIjisi BUPIIIEHH [IPO-
6J1eM, OB’ si3aHUX i3 (DYHKIIOHAIHHOIO TPUPO/IOIO0 MiCIsIil Ta HEOOMEKEHICTIO TTPOCTOPY CTAHIB.
JocaiazKeHHs He JIUIEe y3araJbHIOE MOMEPEeIHI pe3yabTaTh /I CKIHYEHHOBUMIDHUX BUIIQIKIB
JI0 HECKIHYEHHOBUMiPHOT'O CEPEJIOBUINA, aJle i PO3IIUPIOE METOIN, 3aCTOCOBAHI JJTA JeTEPMiHO-
BAHMUX PIBHAHD 13 3aIi3HEHHAM, HA CTOXaCTUYIHI cucteMu. Meromooris 6a3yeThbCs Ha KJIACHIHIii
imel po3kamy po3B’s3Ky PiBHAHHS 13 3ami3HeHHAM 3a ¢opmysioio Teisopa 3a JTOBXKHHOIO iH-
tepasty 3amizaenas h > 0 h>0. Taxwit miaxin K03BOJIsSE€ 3aMIHUTH MOYATKOBY 33a4y /It
PIBHSIHHSA i3 3ami3HEeHHAM CHCTeMOI0 3amad Ko misa cucreMu 3BHYAMHUX AudepeHiaIbHux
PIBHSIHD, TOOYIOBAHUX CIEIaJTbHUM THHOM.

Pesynprarr poboru MaioTh 3HAYHI MPAKTHIHI HACTIIKHA, OCOOJUBO JIjis CHCTEM, J€ 3alli-
3HEHHS € TTPUPOJHUMU, TAKUX SIK CTOXACTUYHI CHCTEMHU YNPABJIIHHSA, TUHAMIKA MOMY/ISIii abo
HECKIHYEeHHOBUMIPHI CHCTEMH, OMUCYBaHI CTOXaCTUIHUMU PIBHAHHAMHU B YACTUHHUX MTOXITHUX.
SaMiHIOIOYM CKIAIHI CHCTEMHU i3 3ali3HEeHHAME OiIbIl MPOCTHMH CHCTEMaMu 0e3 3ali3HeHb,
3aIpPONOHOBAHNN METO/I, HE JIWIIE CIIPOIIY€E YHCEJbHI OOYHMCIeHHs, aie i 3abe3medye TimdIe
po3yMinHg auHAMIKKA Takux cucreM. [oBejeHHsT yMOB, 33 SKHX AIPOKCUMAIS € KOPEKTHOIO,
CIIPHUSIE PO3BUTKY TEOPETUYIHOI 0A3U CTOXACTUIHUX PIBHSHD i3 3aMi3HEHHAMEU Yy HECKIiHUEHHOBU-
MIpHUX TPOCTOPAX Ta MPOMOHYE MOTYKHUM IHCTPYMEHT g iX aHaJIi3y Ta MOJETIOBAHHS.
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HAIIBrPyIla, allPOKCUMAIIis.
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Bceryn

Hana pobora € IpOIOBKEHHSAM JOCTIIKeHb poboT [5], e moaibHa 3a1aua po3rsiaiach
y CKIHYeHHOBHMipHOMY BUIAAKy. OCHOBHA ifest JAHUX TOCJIKEHb MOJIArae y 3aMiHi BUXi-
JIHOI'O O0’€KTY 13 HiCJIsIJIi€10, CUCTEMOIO PiBHsAHBL 0e3 micjisii. KijibKicTb piBHSIHL TaKOl CH-
CTEMH 3aJI€KUTH Bi/l KITHLKOCTI TOYOK pO3OUTTs iHTEepBa/ia 3ali3nenns. BugaBiagerbes, aKImo
KIJIBKICTh 1HTEPBAJIB PO3OUTTS CIPIAMYBATH JIO HECKIHYEHHOCTI, TO BIJICTAHb Y CEPEIHBOMY
KBaJIPATUIHOMY MiK BiIIOBIJIHUMHU PO3B’sI3KaMH PIBHSHHS i3 3alli3HEHHSIMHU 1 pO3B’I3KaMu
AIIPOKCUMYIOUOI cucTeMn 06e3 3ami3HeHb HpsIMye T0 HyId. YK gaHa pobora Tak i poboTta
[5] yzaranpioe Ha croxacTmunuii Bunajgok pesysabraru pobit .M. Hepeska Ta iioro yuuis
[6, 7, 8]. ¥V BKazauux pobOTaxX MOYATKOBA 3a/1a49a /Il CHCTeMH DIBHSAHb 13 3ami3HeHHSME 3aMi-
10€Thbca HabopoM 3aJ1ad Kot it cucremMu 3BUYailHuX JudepeHIiaIbHuX PiBHIHD, IO0Y/I0-
BaHOI CIleliaJIbHUM YMHOM 3a BUXIIHOIO CUCTEMOIO i3 3amiznenngaMu. Jdanuit migxin 6asyerbes
ua imzei M.M. KpacoBcbKoro, moB’st3aHOl i3 pO3KJIAI0M PO3B’SI3KIB CHCTEMH 13 3alli3HeHHIM
3a popmyioto Teitiopa 3a joBxkuuow h > 0 Bijpi3ka 3ami3HeHHs

Pobora ckiamaerhesd 3i BCTYIY Ta YOTUPHOX YACTUH. Y TEPIIiil 4acTUHI NpuBeJIeHi He-
OOX1JTHI Y MOJAJIBIIOMY IOHATTS Ta PE3YJIbTaTH OB s3aHi 31 CTOXaCTHYHUMHU PIBHAHHAMH Y
HECKiIHYeHHOBUMIpHHX ITpocTopax. /Ipyra dacTtuHa poOOTH NMpHCBIYEHA MOCTAHOBIN 3aJ1a4i,
dOPMYJIIOBAHHIO OCHOBHOI'O PE3YJIbTATY, Ta JIEeAKUM JIONOMIKHUM TBep/zKeHHdaM. JloBejen-
HsI OCHOBHOI TEOPEMHU IPHUBEJICHO Yy YACTUHI TPHU. Y 4YeTBEPTiil YACTUHI MPUBEICHO TTPUKJIAT

3aCTOCYBaHHA OTPHUMAHOT'O Pe3yabTaTy JJd CTOXaCTHYIHUX piBHHHb Y 9aCTUHHUX HOXLZLHI/IX.

1 IIPOCTOPU, OIIEPATOPU TA CTOXACTUYHI
OYHKIUIOHATBHO-TUGEPEHIIALHI PIBHSIHHS

Hexait H i K rins6eprosi mpocropu 3 HopMami || - || 1 || - || Bianosigno. Hexaii Takox
(Q, F,P) ¢ noauM AMOBipHiICHUM TpocTOpoM, a () miHifinuit, oOMekeHuit KoBapiarmiiinmit
oneparop rakuii, 1o Tr(Q) < co. Beejemo Q- sipepuuit K-3Haunuil BiHepiBCbKUIi 1POIEC

W(t) := i VB, t>0.

Tyt 5;(t) - cranmapTHi, OMHOBUMIDHI, He3aJIeXKHI y CYKYIHOCTI Mporecu 6poyHIBCbKOTO
pPyxy, l;,© > 1 oproHopMOBaHuit 6a3uc B K, MOCIIIOBHICTD HEBiI €MHUX YHCEJT A; 33I0BOJIb-
HSE€E YMOBH

Qli=Nl;, i=T1,2,...
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Ta
oo
i=1
Fi,t > 0 nopmasbHa digbTpaliis, 1Mo 3a0BlILHIE YMOBH:
1. W(t) € Fi-BumipauM;
2. W(t+ h) — W (t) ue 3amexurh Bif o-anrebpu JF; mnias Beix ¢ > 0 ta h > 0.

Yepes L) = EQ(Q%(K ), H) mo3umaanmo npoctip omeparopis L'insbepra-Ilmitra, mo mi-
I0Th 3 Q% B H 31 ckajsgpHuM JI00y TKOM

(®, W) g = Tr(®QP")

. Hexait A : H — H- neoGmerkenuii, 3aMKuyTHil, ginifinuii oneparop i D(A) C H- iioro
00J1aCTh BU3HAYEHHSI.

Bymemo BBazkaTw , Mo BiH € TeHEPATOPOM KOMIAKTHOI HamiBrpynu S(t),t > 0B H.
Jng LS- snaunux, Fy- BUMIDHUX BHIAIKOBUX Iporecis ®(t) Takux, 1o

T
P{ [ l19(0)| 3t < o0} =1,
0

BBEJIEMO, aHaJIoriqHO [1] H- 3HauHWil cTOXaCTHYHUI IHTErpas

/O t O(t)dW (s).

3HoBy aHasoriuno [1| 6yaeMo BUKOPUCTOBYBATH CTOXACTUYHY KOHBOJIIOIIIO

/OtS(t B dW(s),

IJIS SIKOl CIIpaBeaJInBe TBEPIAKEHHS.

Jlema 1. [1] Hexaiip > 2, T > 0 ta ® € LS- suaunuii, F;- pumipuuii uponec, mo

T
2
B[ 100 < .

Toxi icuye crana M = M(T) > 0, taka, mo

t

E sup || [ S(t—s)(s)dW(s)|]” < ME / 1 (s)][22ds

t€[0,T 0

Yepes C = C([—h,0]; H) nosmaunmo upoctip H-3uavqHuX, HemepepBHUX (DYHKINR ¢ :
[—h,0] — H i3 cynpemMHO HOPMOIO

lelle = sup [le()]],
te[—h,0]
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TyT h > 0- iHTepBaJI 3aNi3HEHHS.
B saniit podoTi po3riisila€TbCsl HECKIHYEHHOBUMIPHE CTOXACTUYHE PIBHAHHS 13 3alli3HEeH-

HAM BUTJIAY

u(t) = ¢(t),t € [=h,0].
Binnocuo Bijoopazkenb f i o 6yj1eM0 BBaXKaTH BUKOHAHUME HACTYITHI YMOBH:

1. f:[0,T)x Hx H— H,o0:[0,T] x Hx H — LY ¢ HenepepBHEM 3a CYKYIHICTIO

apryMeHTIB;

2. icuye crana L > 0, 1110 BUKOHaHa yMOBa JIiHIHHOIO POCTy

1w, o) [P+ Mo (t,u,0)[[7g < L+ [[ul? + ][0l ),

JIIST TOBUIBHUX ¢, U, v 3 00J1aCTI BU3HATEHHS;

3. Ta ymoBa Jlimmmurg
1f (8 ug, 01) = f (£, ug, v2)| P 4| (t, ur, v1) — o (E, us, U2)Hig < L(JJug —ug| P+ oy — vl ),
st t € [0, T] Ta 1oBLIBHUX Uy, Ug, U1, Ve € H;

4. mouaTkoBa HeBuUIAIKOBa (byHKIs ¢ : [—h,0] — H € HemepepBHOW.

Posp’a30k mouatkoBol 3a1a4i (1) Oymemo po3yMiTH y M’SIKOMY CeHCI.

Osunauennsa 1. Henepepsrmii F; ajanroanuii unagkosmii npomec u : [—h,T| x Q@ — H
Ha3BeMO M’SIKHM PO3B’si3K0M movarkosol 3aga4qi (1) ma [0, T skmro:

Lou(t) = ¢(t),t € [=h,0f;
2. Ha [0,T)u(t) 3az0oBosbHsI€ inTerpaibHe PIBHSHHS

u(t) = S(O)gp(O)—i—/o S(t—s)f(s,u(s),u(s—h))ds—l—/o S(t—s)o(s,u(s),u(s—h))dW (s),
(2)

3 [1]. Tyr mepmmii inrerpas po3ymierbest K iHTerpag BoxHepa, a Apyruii sk cToxa-

cruanuii inrerpaJy Ito.

3 poboru [3| BuminBae, 1mo 3a BUKOHaHHS yMOB 1-4, mowarkoBa 3amada (1) mMae eanumit
Ha |0, T| M’akwuii po3s’s30K, skuii Mae oOMexkenuii p-moment (p > 1).
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2  TIOCTAHOBKA 3AJIAYIL. OCHOBHUN PE3VJIHTAT

3a pisasHHAM (1) MOOYIYEMO HACTYIHY CHCTEMY CTOXACTHYHUX €BOJIONINHUX DiBHSIHb
Oe3 3ali3HeHHs, IKY MH HA3BEMO allpOKCAMYIOUOIO.

3adikcyemo HaTypaabHe m Ta po3ib’emo Bimpizok [—h, 0] Toukamu % 7,0 = 0,m ma m
qacTui. Busnaunmo nponecu z;(t) € H gx po3s’a3kn HacTynHux 3aaad Kormi

(d2(t) = [Azo + [ (L, 20(L), 2 ()] dE + (1, 20(1), 2n(t)) AW (2),

dzi(t) = (21 () = 2(1)) tef0,7], (3

Zj(O)ZSO(—%), 7 =0,m.

TyT 20(t)- PO3B’SI30K TEPIIOTO PIBHAHHS, PO3YMIETHCST Y M'STKOMY CEHC1, & PEIITa 1 PIiBHSAHD ¥
dz

3BUYAllHOMY CeHCl, j1e ( ) PO3LJISLJIAETHCS SIK CHIIbHA, 38 HOpMOIO ipoctopy H noxinna. 3 [1]

BUILIUBAE, 10 3312494 Konn (3) mae equnmii Ha [0, 7] po3B’s130K, e nporiec zo(t) 3a10BlIbHSIE

(3) y M'stkOMy cenci, a 2;(t) 3a10BUIBHSIOTh HACTYTIHI M PIBHSAHD y 3BHYAfHOMY CeHCI.

Oznauenns 2. Cucrema (3) HasHBAETHC anmpoKcuMyIodoio 1t (1) v cepeanboMy KBajpa-

THUIHOMY, AKIIIO

h _
sup El|u(t — —j) — z®)|* =0, m— o0, j=0,m.
t€[0,T] m

OcHOBHUM DPe3yJIbTATOM I1i€l pOOOTH € HACTYIIHA TEOPeMa.

Teopema 1. 3a BukonanHs yMoB 1-4 cucrema (3) € AIPOKCHMYIOUOI0 Y CEPETHBOMY KBaJIpa-
THYHOMY JIsI mo9aTKoBoi 3agadqi (1) pisrOMipHO 110 j = 0, m, T06TO
I

h
sup sup EHu(t——j)—zj() — 0, m — 0. (4)

J oth[O T]

B nogaibiomy HaM 3HaI00UTHCS JIeMa, [0 € aHAJIOToM Jiemu 1 3 poboTu [5| aist Heckin-
YeHHOBUMIPHOTO BUIAIKY.

JIema 2 (ITpo momysb HenepepBHOCTi). 3a BHKOHAHHS YMOB 1-4 1151 pO3B’I3Ky 1M0Y9aTKOBOI
3ayaqi (1) cupaBeTHBa HEPIBHICTH

sup B sup |u(tz) —u(t)|* < C(T]|¢lle, 1) =0, 10 (5)

t1€[—h,T] ta€lt,t1+]]

Jlosedenna. 3 o3nadenns: Po3B’si3Ky MAEMO

()] < 318t (0)]> + 3 ( [ 18— 8156t uts = )] ds)
’ ) (6)

+3 ‘ /OtS(t —s)o(s,u(s),u(s —h))dW(s)
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Ockinpku wanisrpyna S(t) e nanisrpynowo kiaacy Co, 1o ||S|| < M, npu t € [0,T] [2]. Toxi,
B CHJLy YMOBH 2, MaTHMEMO

lu(®)* <3M [lp(0)]” + 3TM/0 L (L + [lu(s)]* + llu(s — B)[I*) ds

2

+ 3 sup
s€[0,¢]

/08 St —71)o(r,u(r),u(r — h))dW (1)

2 ! 2 2 (7)
§3<M||30(0)|| #T1 [ 1(1+ s [+ sup fu(r = 1))

TG[O,S] ’TE[O,S}
| )

pU IIbOMY JIJIs OIIHKY IEePIINOoro inTerpaJja BUKOPUCTaHa HepiBHicTh Kotri-ByHaKOBCHKOTO.

+ sup /088(25 — 7)o (T, u(T),u(r — h))dW(7)

s€[0,¢]

OueBHIHOIO € HACTYIIHA HEPIBHICTH

2 2 2
sup [lu(s —h)||” < [[ellc + sup [[ul(s)]”. (8)
s€[0,1] s€[0,¢]

Bpaxysasmm (8) ta Jlemy 1, maTumemo

t
E sup [u(s)|* <3(M 0(O)]+ T*LM llplc+ T*ML+2TM | LE sup [lu(r)]” ds
0

5€[0,t] T€[0,]

t
+ QT lelle) + CalT. el LM [ B sup flu(r)|* dr).
0

T7€[0,s]

3BiJicH, B CHJIy HepIiBHOCTI ['poryossna, oTpuMaeMo OIMIHKY

E s u(s)|* < Cs(T' ||l 7). (9)
s€|0,
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Hexaii to =t + r. Jlaxi, axmo ¢, > 0 7o i3 (2) maTuMemo

u(tz) —u(ty) = (S(t2) = S(t1))p(0)
+ / S(ta —s) — S(t1 — 9)) f(s,u(s),u(s — h))ds

[ st
A

S(ty — s) — S(t1 — s))o(s,u(s),u(s — h))dW(s)

o

(s,u(s),u(s —h))ds

+

‘l‘/Sg—S

=(S(t1 +7) = S(t1))»(0)

+/ S(t1+r—s5)—8(t1—9))f(s,u(s),u(s — h))ds
J
/"

t1+r
+ / Sty +1r—s)o(s,u(s),u(s — h)) dW(s).

o

,u(s),u(s — h))dW(s)
(10)

[e=]

t1+r

+ S(t1+1r—3s)f(s,u(s),u(s —h))ds

+ S(t1+r—s5)—8(t1—9))o(s,u(s),u(s — h))dW(s)

[e=]

Toui

E sup [u(ta) —u(t)|* =E sup [Ju(ty +7) — u(t,)]|*
to€lty,t1+] re(0,]]

< 5( sup [|S(t +7)¢(0) — S(t1)p(0)|”

rel0,l]

1 TE sup / ISt 47— 8) — St — )| (5. u(s), u(s — hY)|? ds
1J0

T€[0,

t1+1
+Esup/ LISt +7—3)|° (1+E|yu(s)u2+Ey|u(s—h>\|2)ds (11)

T€[0,l] Jt

+E s /0 (S(t 47— ) — S(ts — 8))o(s, uls), uls — b)) dW(s)
+E sup / 1 rS(tl +1r—s)o(s,u(s),u(s —h))dW(s) )
T7€[0,]] t1

=L+ L+ I3+ 14+ Is.

Onirnmo kozken nofanok B (11). Ockinbku Hanisrpyna S(t) € nanisrynoro kaacy Cp, TO
B CHJIY PIBHOMIpPHOI HellepepBHOCTI BUpa3 [; piBHOMIpHO 10 t; HpsaMy€e 0 nyjas mpu r — 0.
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Jani, jra ominku [y MagMo

I < TIE( sup / IS(ty + 7 — ) = S(ts = 5)|* ds sup | f(s,u(s), u(s — h))|!2>
/o (12)

T€0,] s€[0,t1]
T 2
<7 [ S(e+r) - SO deL(1+ 26T )
0

B cuty (9). Ockinbku namisrpyna S(¢) KOMIAKTHA, TO B CHiy [2|, BOHA € HEIepepBHOIO B
piBHOMIpHI# oneparopHiil Tonostorii npu ¢ > 0, a ToMy Bupa3s y npasiit vactuni (12) npsimye
1o 0 mpu r — 0, B cuy teopemu Jlebera npo Mazkopopany 30ikHicTh. Oninumo Bupas 3.
Maewmo B cuy (9)

t1+1
I3 < L(1+2C5(T, ||<P|!h))/ IS(ts+ 7 = $)|* < LM?(1+ 2C5(T, ||oll,)l = 0, (13)

t1

npu | — 0. Jlua oninku I, Bukopucraemo dakropusaniitny dopmymy [1], 3rigxo 3 skomo

/ 1(S(tl +7r—35)—8(t1 — s))o(s,u(s),u(s —h))dW(s)
’ (14)

sin T

= /Otl ((tl +r—8)* ISt +r—8) — (t — 5)* ISt — s)>y(s) ds.

e
V(s) = /0 (s —v)"*S(s —v)o(v,u(v),u(v — h))dW (v),

ac(0,1)
Bubepemo jutst p > 1, o € (QLp’ %) Toui, i3 nepisuocti ['esibjepa /st OMIHOK JI0JIAHKY [y
OTPHUMYEMO
p

tl 2q q
I, <E[ sup / ds | x
r€f0,1] 0
2

></01||37(8)||2pd8> = sup (/0 1\(s+r)a‘18(s+r)—sa—ls(s)Iqus) x

I3

(t1+1r— s)a_lS(tl +r—s)—(t1 — s)a_lS(tl —s)

rel0,1]
t1
XEA|W@W%& (15)

Aure, ockinbku namisrpyna S(t) kommnaktaa mpu ¢ > 0, TO BOHA HellepepBHA B PIBHOMIpHIil
onepaTopHiii Tomostorii. Orzke nepuii criBMHOKHEK y (15) mpsiMye /10 HyJIsT B CUILy Teope-
mu Jlebera npo mazxkopoBany 30ixkHicTh. [lokazxkeMo, 1110 Jpyruil CHiBMHOKHUK OOMEKEHUI.
Maemo

2p

E ||y(t)||2p =E ‘ /0 (t—s)"*S(t —s)o(s,u(s),u(s —h))dW(s)|| <

p

i ([ (=9 lots.us)uts — 0y )
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3Bifcu, BUKOpUCTOBYIOYH HepiBHICTh FOHTA, oOTpuMaemo

t1 T p T
[ e e ([Ta-o) e [ lotus.ut - ni
0 0 0
T
< 03/ Lt (1+ E|lu(s)|]P + E|lu(s — h)|P) ds < C4.
0
Omnirroemo HaperTi goganok [5. Maemo

t+r
Is < E sup || Sty +1—38)o(s,u(s),u(s —h)dW(s)||* <
rel0,]] t1
t1+1
<E M2||o (s,u(s),u(s — h)|2gds < G510, 1 — 0.

t1

dAkmo x t; Ta t; + | Hagzexkarh |—h, 0|, To B cui1y 03HAYEHHS PO3B A3KY MAEMO, IO
b ) ?

E sup lu(ts) —u(®)|* = sup [o(ts) = o(t2)|]* =0, 1 =0,
to€lt1,t1+] to€lt1,t1+]
B cuily piBHOMIpHOT HenepepsrocTi Ha [—h, 0] dynkuii ¢(t).
ko 2x ¢y € [=h, 0], a ty > 0, 10 [[u(tz) — u(t)|| < [[u(tz) = @(0)[| + [lu(tr) — ©(0)].
OueBnano, mo t; — 01ty — 0, akmo [ — 0. Toxai, BpaxyBaBIin, 10 BCi OTPUMaHi BUIIIE
OIIHKH PIBHOMIpPHI 1O t1, OTPUMYEMO JIOBEJIEHHS JIEMU. O

3 JIOBEJEHHSI OCHOBHOTO PE3VJIBTATY

3ayBazKuMo, 110 IPUHITUIIOBOO BiAMiHHICTIO qaHol poboTu Bix [5] € moBeaeHHst Jemu mpo
MOJyJIb HepiBHOCTI. B pemrti pobortu ifei fgoBeaeHHst cxoxi 3 [5], ToMy Mu jerasbHO He
OyaeMo HOro mOBTOPIOBATH, & 3YNMHUMOCH JIMIE HA TUX BIAMIHHOCTAX, 9Ki 3 IBJIAIOTHCA
3aBIJKU HeCKIHYeHHOBHMIPHOCTI.

Basnaunmo, 1mo 3 |1| BumuBae wenepepsricTh TpackTopii u(t) B HOpMmi mpocropy H. Bre-
JeMO HACTYIIHUN 3IVIaJI2KCHUNA BUIIQAKOBUN IPOLEC u“(t) 00y I0BaHUI J/Isi KO2KHOI'O MaJIOTO
@ > 0 HACTYIHUM YUHOM

1 t+p
u,(t) = ;/t u(s)ds, te[—h,T]. (16)

[pu upomy s t > T upouec u(s) UPOJOBKEHO K CTAJLy BUIIQJKOBY BEJUYUHY 34
HernepepsHicTO. [3 BacTuBoCTEll iHTErpasy BoxHepa BUILIMBAE CHIbHA TVIAJIKICTH TPOIECY
w,(t) i3 [5]

qu:iwu+m—u@L (17)

OrmiHEMO PI3HHINO y cepeaHbOMY KBaIpaTHIHoMy Mix u(t) i u,(t). Maemo
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1
s Efu(t) ~ w0 = 5 s E / u(t))ds| <
te[—h,T) w2 [—h,T)
1 t+p 1 t+p 9
<1 E( [t ||ds) L sup / E || (u(s) — u(t))|? ds <
K= te[—h,T) t M te[—h,T)

< C(T, el m) =0, p—0,

B CHJIY JIEMH MPO MOJIYJIb HEIePePBHOCTI.

Ockinbku B cucreMi (3) BCl PIBHSHHS HOYUHAIOYH 3 APYTOrO € JIHIHHUMEI PIBHAHHIMH i3

OOMeZKEHUMU CTAJIUMU OlEPATOPaMH, TO BOHH MAIlOTh €IUHUI CHIbHUNI PO3B’A30K.

Jani cucrema (3) posbuBaerhest Ha ABI cucremu, i po3s’s3ok z;(t) = z](»l)(t) + zj(»z)(t)
MO/IAEThCs B JlaHiil dopwmi, 1e z( ) PO3B’SI30K CHCTEMH

( h
. (1) (1)
- — ult
mzl u(t) — 2
hoo_ o _ o . _1—
E’Zj :Zj—l_zj , jzl,m, (18)
(1 _hy
400) = u(-2)
a zj(.2) PO3B’SI30K CHCTEMU
h .
Ezf) A2 4 (z0 — 2)
h.@ (@ @ . 19
Ezj =z, —%, Jj=1m, (19)
2
A20)=0
Tomi
hj 2 hj
sup E (t——j)—zj(t) <2 sup E u(t——j)—zj(.l)(t) + sup IEH :
t€[0,T] m te[0,T] m t€[0,T]
(20)
Mosnaunyo (y;(t) = u(t — 2, iiN;(t) = E ‘ y;(t) — z H Jj=0,m.
Hani, anasoriaso [5], ays mepioro n0Aauky y (19) OTPUMYETHCSA HEPIBHICTH
2 2h h 1
sup \[E [l - 0 < 2@ gl ) v 3CHT el ). c2)
te[0,T7] % m

slkmo B ocranmiit mepisrocti noxaactu pu = Ci (7T, lelle, L), To marumenmo
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sup \/ E ‘
t€[0,T

2 2h 1 h 1 1 h
w0~ "0 < 2T el 1)+ 3CHT. el CHT: el 1) =

h
= (T, glos o) = 0, m = oo,
(22)

Binnosigni oniaku ayst cucremu (19) HaGUpaTh BATISILY

2
< sup No(t). (23)
t€[0,T]

2
22(1)

E

Tomy, anasoriaso [5| oTpuMyeThCst HePIiBHICTh

sup /N0 < (Tl 12 )+ [sup Nl 21

te[0,7) t€[0,1]

Hapernri orianmo Ny(t). Maemo

2o(t) — u(t) :/0 St —5)(f(s,20(8), zm(s))ds +
+ /0 S(t—s)(o(s,20(8), zm(s)) — a(s,u(s),u(s — h))dW(s).

I3 BiracTuBOCTEH CTOXACTUYHUX IHTErPAJIB TOJAI OTPUMYEMO

No(t) §2T/0 LM? (E ||z0(s) — u(s)|]* 4+ E || zm(s) — u(s — h)Hz) ds <

t
h
< oPLM? / AL sup No(s)ds +20°C(T, o], 2).
0 m

T€[0,s]

3Bizcu, 3 ypaxyBanusM jgemu [ pOHYO/LIa, MATHMEMO

h
sup No(t) < 20°C(T, ||l —)e" M -0, m — o
te[0,T] m

OcraHHs OIIHKA 13 ypaxyBaHHsM (24) TOBOJSITH TEOPEMY.

4  TIPUKJIAJ 3ACTOCYBAHHSI

[IpoimocTpyemMo oTpuManuii pe3yIbTaT HACTYITHHM CTOXACTUIHUM (DYHKITIOHATBHO-
nupepeniaTbHUM PIBHAHHAM THIY peakilisg-audy3id.

Hexait D-obmexkena obmacts B RY i3 mexkero 0D, mo 3a10BOabHAE yMOBY JIgmyHOBa
H = L*(D) i oneparop A € qudepeHiiajbHUM ONEpaTopoM JAPYTroro HOPsIKY eJinTHYHOTO
THILY
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d

Au=Y (a;(x)uy,)s, = div(a(z)Vu).

i.j=1
TyT a;; € HemepepsauM 32 leapaepom Koedinmientamu i3 moxasznukamu [enbaepa 8 €

(0,1), cumerpuaHIME, OOMEKEHUMH, 110 33/ [0BOJBHIIOTH YMOBY PIBHOMIPHOT €/IiIITHIHOCTI

d
> aymin; > Colnl’, neRY,

ij=1
iCo>0,]-]- i R¢. Hexaii - i
st jgesakoto crajiol Cp > 0, eBKJIioBa HOpMa B R, Hexaii e, (x)- opronopMmoBaHuit
basuc B H Takuit, mo e,(x) € L>(D), su enllLoo(p) < 00. BBememo koBapiariiinmii omepa-
s 5 n (D)
top @ € L(H) raxwuii, mo () € Hepig'emunm i Tr(Q) < 0o, a Takox Qe, = A\ e,. [Ipn npomy
A, € IOCJIIOBHICTD HEBIJI €MHHX YHCEJ, IO

o0
Z Ay < 00.
n=1

Tenep Buznaunmo H-zunaunuii (QQ-sjaepuuit nporec Binepa

W(t) := Z Vi Bit)ei(x), t>0.

ITpu mboMy BBazKaeMo, 110 npocTopu K i H B 03HaUeHH] BIHEPIBCHKOTO MTPOIECY CITiBITA-
na10te, 10610 K = H = L2(H). Tlosnawnmo V := Q2 (L3(D)). Sk suniusac 3 [4](Jlema 2.2)
V C L*(D).

Toui MoxkHa BBeCcTH MyJibTuiuiikarusuuii oueparop V : V. — H nacryunum yunom. [lis
kozkHOro ixcosanoro ¢ € L*(D) nokragemo ¥(p) = @-1), nas ¢ € V. Ockinbkn p € L?(D)
ta ¢ € L>®(D), to oneparop W KOpeKTHO BH3HAa4YeHWii, a TakoxK W o Q3 : L*(D) — L*(D)
Bu3Ha4vae oneparop l'inpdepra-llIMinra i3 omiHKOMO HOPMHK

[0 Q23 < Tx(@) sup lleal’, llel3a(py -

Posrngmemo HacTymHe piBHAHHS

(

d(u(t,x)) = [Au+ f(t,ult),ult — )] dt + > 02, VAo (t,u(t), u(t — h))e;(z) dBi(t)
u(t,z) = p(t,z), te[=h,0], u0,z)=po(z) BD,

u(t,z) =0, x€dD,t>0.

(25)

Tyt nificnoznauni Gynkuii f: [0, T] xR xR — R o : [0, T] xR x R? — R, suznaueni,
HeepepBHi 3a CYKYMHICTIO 3MIHHUX Ta, 3aJ0BOJBHAIOTH 3a JAPYTOI0 Ta TPEThOI 3MIHHUMHA
raobaibay yMoBy Jlimmmurs Ta yMoBy JiHiiiHOro pocry. I3 [2]| Bumiusae, mo omeparop A
€ TeHepaTOpOM KOMIAKTHOI HamiBrpymu omepartopis S(t) : H — H. HeBaxko Gauntn, 1m0
ymoBH 1-4 111 piBHsHHs (25) BUKOHAHI, & TOMY 171 (25) cipaBe/inBe TBep/IZKeHHs TEOPEMH.
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Haditiwao 16.12.202)

Petryna G., Stanzhytskiy O., and Martynyuk O. On the Approzimation of Stochastic Delay
Equations in Infinite-Dimensional Spaces, Bukovinian Math. Journal. 12 (2) (2024), 168-181.

The article presents a detailed scheme for the mean square approximation of evolutionary
stochastic delay equations in infinite-dimensional spaces. The primary focus lies in substi-
tuting the original system with delay by a system of evolutionary stochastic equations wi-
thout delay. The proposed approach involves partitioning the delay interval into subintervals
and constructing a corresponding system of equations that approximates the original system’s
behavior. Notably, the number of equations in the approximating system grows as the number
of partition subintervals increases. A significant result of this study demonstrates that, as
the partitioning becomes finer (i.e., the number of subintervals approaches infinity), the mean
square distance between the solutions of the delay equation and the solutions of the delay-free
approximating system converges to zero.

The theoretical framework of the approximation method leverages key concepts and results
from infinite-dimensional stochastic analysis, incorporating tools to address the challenges
posed by the functional nature of the delay term and the unboundedness of the state space. The
study not only generalizes earlier finite-dimensional results to the infinite-dimensional setting
but also extends the methods used for deterministic delay systems to stochastic systems. The
methodology builds on the classical idea of decomposing the solution of the delay equation
using a Taylor expansion in terms of the delay length A > 0. This decomposition allows the
construction of an approximating system that replaces the original delay equation with a system
of Cauchy problems for ordinary differential equations (ODEs).

The results have significant implications for practical applications, particularly for systems
where delays naturally arise, such as in stochastic control, population dynamics, and infinite-
dimensional systems described by stochastic PDEs.

The ability to replace complex delay systems with delay-free approximations not only simpli-
fies numerical computations but also provides insight into the underlying dynamics of these
systems. By rigorously establishing the conditions under which the approximation is valid,
this work contributes to the theoretical foundation of stochastic delay equations in infinite-
dimensional spaces and offers a robust tool for analyzing and simulating such systems.
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[TortoB M. M., VKPATHEIL O. 3.

OIJIOYMCJIEHHI TOBAPHI BEKTOPU ¥ MOJAEJII EKOHOMIKHN
EPPOVY-JIEBPE

Mu po3riIgmaeMo HeBiT €éMHI IHTOYUCICHHI TOBApHI BEKTOPU y MOJE eKOHOMIKE Eppoy-
Hebpe. Ham ocnoBHUit pesyabrar € Bepcicio Teopemu Eppoy-Zlebpe mpo piBHOBaXKHY ITiHY,
aJIAITOBAHY JIO0 BUIAJKY IIJIOYMCJIEHHUX TOBAPDHUX BEKTOPIB. /loBejeHHsI Oa3yeThcsl Ha reoMe-
TpuuHiii ¢popmi Teopemu ['ana-Banaxa Ta iCTOTHO BUKOPHUCTOBYE CIENUMIKY ILJIOYHCIEHHOTO
poctopy ToBapis. Harrre moBeieHHs mIpaltioe jue Jjist OJJTHOTOYKOBOI MHOYKWHY areHTiB, 1 MU
He 3HAEMO, UM MOXKHA HOro MomudiKyBaTH s 3arajbHOIO BHUIIAJIKY, BHKODHUCTOBYIOYH Ty K
caMy iJiero.

Karwuosi crosa i gpasu: monens Eppoy-/lebpe, BiaHOLIEHHST I1epeBaru, TOBAPHUNA BEKTOP,
GbYHKITIS TTOTHUTY.

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine (Popov M. M.)
Yury Fedkovych Chernivtsi National University, Chernivtsi, Ukraine (Ukrainets O.Z.)
e-mail: o.ukrainets@chnu.edu.ua (Ukrainets O. Z.), misham.popov@gmail.com (Popov M.M.)

Boryn

Knacuuna mogzens ekonoMmiku Eppoy-/ledpe mobynoBana 1me B cepeauHi MUHYJIOTO CTO-
gitTsa. He3Barkarouum Ha 1ie, BOHA 3aJIUINAETHCS aKTYAJIbHOIO TEMOIO CYYaCHUX JIOC/i/IZKEHb,
mus. [4], [5], [7]. Aropu namol 3amiTku y HemaBHiil crarTi (8] H0CiKyBaIM MOJETbL TUILY
Eppoy-/lebpe na ocnoBi HOBOro hba30BOro MpocTopy, KUl HA3UBAETHCS KOMILIEMEHTAPHUM
IIPOCTOPOM, 1 KUl y3araJibHIOE TpocTopu Picca Ta Oy/eBi KijibIid.

B namniit crarTi po3riiggaeThesd Bepcid KiaacuaHol mojeni Eppoy-/lebpe, B sKiit po3riisia-
IOThCS JIUIIE TIJIOYUC/IEHH] KIJIBKOCTI TOBaPiB, IO € IPUPOIHUM OOMEKEHHSIM JIJIs TTPAKTH-
qHUX 33/1a4. Take oOMexKeHHs JI03BOJISIE TIO-HOBOMY OCMUC/IUTH 3a/1a4dy ICHyBaHHs PIBHOBa-
»xHol minu. Jloseienns mitounciennoi Bepcii reopemu Eppoy-/ledpe, 3 ojiHoro 60Ky, BUTISIa€
npoctimmM. Ajte, 3 iHIIOro OOKY, JIOBeIeHHS, TKe 6a3yeThCsl Ha TeOMETPUIHIi Bepcil Teope-
mu ['ana-Bamaxa, roguTbes Juine [y BUNAJKY OJIHOTO areHTa. JajIUIIacTbCd BIIIKPUTHM
NIATAHHA, YU MOYKHA JIAHY 1JI€I0 JIOBEJIEHHS 3aCTOCYBATH JI0 BUIIQJIKY JIOBLJIBHOI CKIHYEHHOL
KIJIBKOCT1 areHTiB.

VIIK 519.865
2010 Mathematics Subject Classification: Primary 47B38; Secondary 47B65.

(©) Tlomos M. M., Vkpainenp O. 3., 2024
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1 TEPMIHOJIOT'IA MOJIE/T EPPOY-/IEBPE

BaraJbHONPUAHATY TEPMIHOJIOTIIO Ta IIO3HAYEHHS 3 T€OPil BEKTOPHHUX I'PDATOK MU 3aI10-
s3ugmiIn 3 Tmapyanuka AsinpanTica i Bypkinmasa [2].

Haramaemo, mo 6iHapHe BiJHOIIEHHs >~ Ha MHOXKHHI P Ha3suMBaeTbCst 610HOULEHHAM
nepesazu (nus. [1, Definition 1.1.1]), SKI0 BUKOHYIOTHCSI HACTYTIHI YMOBH JJIsl JOBLIBHIX
Y,z € P:

1. x = x (pedekcuBHICTD);
2. x =y abo y = x (iniiiHicTb);
3. FKINO T >~ Y Ta y = 2z, TO T > 2 (TPAH3UTUBHICTD).

OueBnIHO, IO KOXKHE BiTHONIEHHSI HECTPOTOI'O JIHIHOTO MOPSAJIKY € BiTHOIIEHHSIM ITepe-
Baru, aje, HAIPUKJ/Ia/], MakKcuMaJjbHe BigHomenns P2, to6ro, (Vo,y € P)x = y € BinHore-
HHSIM ITIepeBaru, sike He € BiIHOIIEHHSM IMOPsAJIKYy. 3 iHIIoro 60Ky, Ha (pakTop-MHOXKHWHI 10
BIJTHOTIIEHHIO €KBIBAJEHTHOCTI & ~ ¥ TOMi 1 JIWIE TOJi, KO & >~ Y Ta Y >~ X, BIHOIIEHHS
[epeBaru iHyKy€e BiHOIIEHHS TOPSIKY. 3aINC X ¥ Y o3Havae 3amepedenus © ~ y. “Crpora”
BepCis BiIHOIIEHHS ITepeBard BU3HAYAETHCA TaK: X > Y O3HAYAE, M0 T >~ Yy Ta y 7 x. Bxu-
BAIOTh TAKOXK Y = T, sIK PIBHOCHJIBHY BepCilo 3amucy & = y (aHAJOrIYHE TIPABIIIO CTOCYEThCS
BiJHOMIEHD >~ Ta %). BigHomenns x % y o3Havae 3aliepevdeHds T > .

Hexait > — BijHomenus nepesaru na muo)uHi P. Enement gy € () mipmuoxunu (Q C P
HA3UBAETHCA - MAKCUMAALHUM (T TIPOCTO MAKCUMAABHUM, SKITO 3PO3YMLIIO, TIPO SIKe
BiJIHOIIIEHHS TIepeBAry HIeThest), KO He icHye x € () TaKoro, o & > qo.

Knacnana Mozgens ekoromiku Eppoy-/leGpe [3], [1] 6asyerbea ma mosaTHOMY KoHycl RY
d-sumipnaoro mpocropy Picca R, ne d € R — me xinbKicTh ToBapis gamoi exkonomiku. Be-
KTOpH X = (1,...,24) € R% posrspalorses sk Bublpku Kimbkocreil ToBapis I HasHBAIO-
ThCA MOBAPHUMUY B8EKMOPAMU, AKI MOXKYTb BUPOOJIATUCH, ITPOJIABATUCH, OOMIHIOBATHCS
Ta CIOKUBATHCS.

Jnst enementis u = (uq, ..., uq) Ta v = (v1,...,vq) npocropy Picca R? ppazkaerncs, 1m1o:
e u<v, gKmo u; < v; JJId KOXKHOTO ¢ = 1,...,d,;

e u<v, gkmo U<V Tau#v.

Bigmormenns mepeBaru > Ha ]Ri Ha3UBAETHCH:

® MOHOMOHHUM, SIKIIO JIJIs1 JTOBLIILHUX X,y € R‘i 3 YMOBH X > y BUIUIMBAE X =~ Z;

® CMP020 MOHOMOHHUM, SIKITIO JJIS JIOBUTHHUX X,y € R‘i 3 YMOBHU X > Y BUILJIUBA€E
X > Z.

Enementu gyanbhoro mnpocropy Picca (R?) seix simiitnux na R? dynkiionanis, akumit
OTOTOXKHIOEThCA i3 camuM R?, HasmBaloTbcad UiHamu. TAKUM UHMHOM, KOXKHA I[HA P =
(p1,...,pa) € RL, sk dbynkuisn wa ET, BusHauae niny jposiabHOro crany x € R sa mo-

. : d
IOMOTOI0 Bupasy P(X), AKuit JopiBHIOE P(X) = Y 1| Diy-
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. . d . o o d o

Koxwna dikcosana nina p € R} ta dikcopannii Toapuuit BekTop w € R (axwuit Hasusa-
ETHCS MOYAMKOBUM 3GNACOM) BUSHAYAIOTH O100HCETMHY MHOHCUHY TOBAPHUX BEKTODIB
38 JOIIOMOTOIO0 PIBHOCTI:

B,(p) = {z € R} : p(x) < pw)}.

l'eomerpuano, O0/IKeTHa MHOXKHHA — IIe ODaraToBUMIpHA Iipamijia, ska 3a ymoBu p >> (0
€ KOMIIAKTHOIO IiaMHOKnHO0 R?, i fKa IiJIKOM IPUPOIHO Mae > -MaKCHMAJIbHI eJIeMEHTH
JIJTsl TMUPOKOTO KJIaCy BiJIHOIIEHD IIepeBaru =~ Ha Ri (muB. [1, Subsection 1.2]), a nipu nepuux
YyMOBaX Ha BUIHOINIEHHs IepeBaru MakcuMasbhuil ejement exunuii [1, Theorem 1.2.3] (na

npocropi Picca R? signomenns (xq,...,24) >> (y1,...,Yq) O3Ha4aE, MO Ty > Yp I BCIX

d
4

JTHO, HEeOOXITHOW J1jist 06MesKeHOCT Oro/zKeTHOT MHOXKUHI B, (p), w € Ri, TO MaKCUMaJbHI

k=1,...,d). Ockinbku ymoBa p >> 0, gka piBHOCcHIbHA 70 ymMoBH P € Int R, €, ouenn-
eJleMeHTH OI0J/IZKETHUX MHOYKUH PO3IVISAIAIOTHLCS JIUINE JJId [iH P 3 BHyTpimHocTI Int Ri.

Hexait = — BijgHOIIEHHA IIepeBaru Ha Ri Ta W € ]R‘fL — pnoyarkosuil 3amac. Ilosnaqu-
Mo depes DS — MHOXKHUHY Beix 1in p € Int Ri, I AKX 1CHY€ €IMHUN >~-MaKCUMaJTbLHII
eJIEMEHT y OIo/KeTHiNt MHOKUHI B, (p), AKWil HA3UBATHMEMO SEKMOPOM TONUMY BiTHO-
IIIEHHSI IePEBArH =~ IPU Jil IHU P 1 Mo3HaYaTHMEeMO Yepe3 X, (p). Biamnosinue Bimobpaxkenus
Xy: Dz — ]R‘i Ha3UBAaETHCA PYHKUIEIO NONUMY, 110 BiAIOBIIa€ BiIHOIIEHHIO [IEpEBArN >~ .

[Toznaunmo 4vepe3 P MHOXKMHY BCIX BITHOIIEHDb IIepeBaru Ha Ri.

Hexait A — ckindeHHa MHOXKHHA (€JEMEHTH sIKOI Ha3MBalOTbcsi areHTamu). JloBiibHe
BimobOpaxkenns £€: A — ]Ri X P Ha3MBaeThcd EKOHOMIKOIO OOMIiHY.

SHavueHHsT eKOHOMIKM OOMIiHY 3allUCYIOTh B iHAEKCHI# (opmi: jijist KoyKHOTO arenra k € A
sHadeHHs & = (Wg, k) XapaKTepu3ye MOYATKOBHI 3amac k-ro areHTa Wy Ta BiIHOIIEHHS
repeBaru =, dKe BiH obpaB. /layi yBOJUTHCA MOHATTS MOBH020 3aNACY EKOHOMIKU, STKE
JIOpiBHIOE W = Y, wy. [ koxkHOro k € A QyHKIg IONATY X, Dglj — Ri BU3Ha~
YeHa Ha CBOIil obsiacti. Tomy posriigneMo criibHy 00J1ACTh BU3HAYEHHS €KOHOMIKU OOMiHy
& pisnictio D := (e DE:. Hapemri, gpynruia nadavwrkosozo nonumy (: De — R?
YBOJIUTHCSA 38 JOIOMOTOI0 (pOpMY/In

((P) =) (Xkwy(P) —wk) = D X, (P) —w. (1)

keA keA

Bekrop nin p € D¢ HasuBaeThes pieHosasrcHum, skino ((p) = 0. OcHoBHe muTaHHS
MoJiesri ekoHoMiku Eppoy-/lebpe mosisrae y HacTyITHOMY.

ITpobnema 1. 3a ssKkux yMOB Ha €KOHOMIKY OOMIHY iCHY€ DIBHOBasKHHUI BEKTOD IIiH?

Knacuuna teopema Eppoy-/lebpe j1ae mo3uTuBHY BiJIIIOBi/IbL JIJIsd, TaK 3BaHOI, HEOKJIACH-
1nol exkonomiku oominy (mus. [3], [1, Theorem 1.4.9]).

2  BUNAJOK HIJIOYUCJTEHHUX TOBAPHUX BEKTOPIB

Y maHOMy PO3JIiJIl MU PO3IJISIATUMEMO BUIAJIOK, y AKOMY KiJIbKICTb TOBapiB HE MOXKe
OyTu POOOBOIO, IO € BEJIHBMHU IIPUPOJIHOI0 BUMOTOIO JIJIs 3HAYHOI KiJbKOCTi ToBapiB. OTxke,
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TOBapHi BEKTOPU PO3IIsIATUMY Thes y MHOKuHI NY 3anmicTs Ri, 1e Ny := NU{0}. Tozi posb
BHyTpimHocTi Int Ri st Nd zamicrn Ri Binirpasarume N¢. Pemira HOHSATDH 3 HONIEpETHHOIO
IPO3/ILTY 3aJIAIAI0ThCA 0e3 3MiH. 30KpeMa, IIHH, sK 1 paHile, po3r/isaIaloThCsd 3 J0aTHOIO
KOHYCY p € ]Ri.
[osnaunmo e; = (0,...,0,1,0,...,0) e NOCR: npui=1,....,d.
——
i—1

TBepazkenunst 1. /liist JOBIIBHOTO HEHYJIHOBOI'O MOYaTKOBOIO 3allacy w € Ng 1 JIOBLJIBHOI
ninn p = (p1, ..., p4) € R macrynni ymosn pisHOCHIBHI:

(i) 6romkerna muoxunua B,(p) ckindenna;

(17) p>>0.
Jlosedenna. (i) = (it). Hexait, naBnaku, icaye aucio i € {1,...,d} rake, mo p; = 0, ze
p = (p1,--.,pa)- Toni misa nosibroro n € N maemo n - e; € B, (p), mo cynepeants (i).
(i7) = (i). Jna moinmbroro x = (z1,...,24) € B,(p) Ta mosiisnoro ¢ € {1,...,d}
MaEMO

d
Pi%i < ijxj <pWw).

j=1
Ockinbku p; > 0, TO 3 HoEepeIHbOl HEPIBHOCTI OTPUMYEMO T; < —p(“'). Bepyuu 1o ysarn
1 ) T = Di ]
3

mo z; € Ny, orpumyemo x; € {0, 1,..., [%] }, Jie depes [z] Mmo3HAYAETHCS 14 YacTHHA

qncia 2z € R. Tomy KibKicTb €/1eMeHTIB OI0/[KETHOI MHOXKIHU MA€ OIHKY

Bu(p)] < H ([p“")] +1).

Di

]

TBepazkenunst 2. Hexait >~ — BIJIHOIIIEHHS IIepeBaru Ha R‘i ta w € N¢ — wenysbosuit mova-
troBuii 3anac. Toxi mrs koxuol ninn p € N? icuye >=-MakcuMaIbHIIT eTeMEHT y GIOKeTHIlT
MHOKIHI B, (p). SKio, KpiM TOro, BiJHOIIIEHHST [IePEBATH = € JIIHIHHUM ITOPSIIKOM, TO TaKHIi

MAaKCHMAaJIbHUH eJIeMeHT €JUHUH, a OTKe, DE = N9,

Jlosedenns. 3rimHo 3 TBepRKeHHsIM 1, GI0/2KeTHA MHOKUHA B, (p) ckinuenna. Bukopucro-
BYIOUM JIHIHICTH BIIHOIIEHHsT TIepeBaru =, iHIYKIHE0 3a KUIBKICTIO efeMeHTiB B, (p) 10BO-
JINMO ICHYBaHHST MaKCUMAJILHOTO e/leMeHTy. €InHICTh MaKCUMAIbHOTO eJIleMeHTy € Ge3moce-
pPeHIM € HAC/TIJIKOM TOTO, IO BIHOIIEHHA TIEpEeBAru € BiTHOMIEHHAM JIHIHOTO MOpAIKy. [

3 KOPOTKE JOBEJEHHSI BEPCII TEOPEMU EPPOV-/IEBPE /ISl BUITAJIKY
ITOYNCJEHHUX TOBAPHUX BEKTOPIB

Haranaemo, mo nizmaoxuaa K C RY HasuBaeTbcs OnyxA010, SKINO IS JIOBLIBHEX
X,y € K rta gosiabroro ckaiasapy A € (0,1) maemo Ax + (1 — )y € K. Onyxaa oboaonka



186 [TortoB M. M., YKPATHEILG O. 3.

conv K posinmsuoi migmuoxuan K C RY BusHavaeThed, K MepeTHH BCiX OMYK/IMX ITiIMHO-
i R, mo mictats K. Omykiia 06010HKa TOBIIBHOT M AMHOKIHE € KOPEKTHO BU3HAUEHOIO.
Besnocepeinbo jerko jgoBectu, Mo conv K € OIyKJIOI MHOXKUHOIO.

Binnomenns nepeBaru > Ha Ri Ha3WBAETHCA ONYKAUM, AKIIO JJIs JTOBLIBHOTO Z € R‘i
muoxkuHa {x € RY : x = z} € onykmoro B RY,

Herro inakime 1aeTbest 03HAYEHHsT CTPOTO OMYKJIOTOo BiHoIeHHs epesaru (nuBs. |1, Defi-
nition 1.1.5]). BizHomenus nepesarn = Ha Ri Ha3WBAETHCA CMPO20 ONYKAUM, SKIIO T
JIOBUIbHUX X,Y,Z € Ri 3 YMOB X =~ Z, Y > Z Ta X # Yy BUILIUBAE, IO JJisd JOBLIHHOIO
A€ (0,1) maemo Ax+ (1 = Ny > z.

Hagesiemo Bepcito OCTAHHHLOTO O3HAYEHHH, JIAIITOBAHY JI0 BUIAJIKY IIJIOYUCTEHHUX TO-

BapHUX BEKTOPIB.

Osnavenns 1. Biguomenus nepesarn = na N& HazupaTuMeMo CTPOTO OIYKJIUM, SIKIIO
JLTsT TOBITbHAX X,y,Z € N¢ 3 yMOB X = 2,y = z Ta X # y BHILUIHBAE, IO JIsT JJOBIIBHOIO
A€ (0,1) 3 ymoBu Ax + (1 — \)y € N¢ pummupae, mo Ax + (1 — \)y = z.

[Toznaummo vepe3 Py MHOKHUHY BCIX CTPOrO MOHOTOHHUX i CTPOTO OIYKJIMX BiTHOIIEHD
nepesaru Ha Ng.

Teopema 1. Kosxna ogroarentna exonomika oominy €: {a} — Nd x Py 3 ymoporo Dg = N?
Mae PIBHOBaKHHI BEKTOD IIH Po € Int R‘i.

HoBenennsa 6a3yeTbcsd Ha reoMerpudHiii ¢popmi Teopemu 'ana-Banaxa.

Jlema 1 (Teopema lana-Banaxa, [6], c. 280). Hexaii A, B — HernepeTuHHi OIyKJI ITIIMHO-
JKHHH JIIHCHOrO HOpMOBaHOIrO mpocropy X, npudoMy A — Bigkpura maO:KHHA. Toxi icHye
HeHysiboBHI JTiHifiHUE HertepepBHuii yrkiionan f: X — R rta gificHe aucsiao vy taxi, 1o
f(z) <~ mast moBiabHOTO © € A Ta f(y) > 7y At goBiabHOTO Y € B.

Hosedenna meopemu 1. Toswaummo E(a) = (w, =); w = (Wy,...,wg). Toxi cyma (1) cxma-
JIAE€THCST 3 OJIHOTO JIOJAHKY, & OTYKe, O3HAYEHHS DIBHOBAsKHOI'O BEKTOPY P 3BOJUTHCS JI0
PpiBHOCTI

Xw(po) = w, (2)

SIKY MOTPIOHO JTOBECTH.
Busnaunmo muokuan A = {x € R? : x <w}, By := {x € NI: 2 = w} ta B := conv B,.
3 OIyKJIOCT] BiJIHOIIEHHS [IEPEBATU >~ OTPUMYEMO:

BN N =By (3)

3riiHO 3 O3HAYEHHSIM,
(Vp € RY) xu(p) € Bo N By(p), (4)
a ore, nokiaasnm B = {x € N¢ : z = w}, orpumyemo, 1o ymosa (2) piBHOCHIbHA J10

HaCTYITHOI:

Bi N By (po) = @. (2")
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Posrianemo R?, sk HOpMoBaHmit MpOCTIp, HAIPUKIA 3 €BKJIiI0BOIO HOpMOKO ||x||? =
x% +...+ xfl st X = (1, ...,24) € R?. Bigkpuricrs Ta OIYKJIICTh MHOXKHHHU A JTOBOJIATHCS
CTaHJAPTHO, BUKOPUCTOBYIOUN JIUIIE O3HadeHHs. Bubepemo, 3riaHo 3 jemoro 1, dhyHKiionas
q = (q1,...,q5) € R? Ta niiicae uncio v Tak, mob q(x) < v Jada JosintbHOro X € A Ta
q(y) > v aus gosinbroro y € B. Ockinbku 0 € A, To 0 = q(0) < . Orke, 7 > 0.

[ToknaieMo A, = 1 — % Ta Xy = Apw g m = 1,2, ... Toxi lim,, o [|w — X =0
Ta X, € A. 3 HenepepBHOCTI q Ta HepiBHOCTI q(X,,) < 7 orpumyeMo q(w) < 7, a 3 yMOBH
w € B — mepiBHicTs q(w) > 7. OTxe,

d
Z qiw; = q(w) = 1. (5)
i=1
Ockinbku jiyisg KoxkHOro @ € {1,...,d} Mmaemo w — w;e; € A, 1o
Y = qiwi = qlw — Wie;) <7,
3BiJIKH JicTaeMo, 1o ¢;w; > 0, a otke, ¢; > 0. Takum qunOM,
q > 0. (6)

[Mosnaunmo uepes X, (q) = (T, ..., Tq) BIANOBLAHUI BEKTOP MOMUTY, SIKUl € KOPEKTHO
Bu3HAaUeHuit, 3rigHo 3 (6). 3 MAKCMMAJILHOCTI BEKTOPA HOIUTY BUILIUBAE, 110 X, (q) € By, a
orke, (Xw(q)) > 7. 3 inrmoro Goky, ocKiIbKE X4 (q) € By (q), To 3 (5) aicraemo q(xu(q)) <
q(w) = ~. Takum amHOM,

CI(Xw<CI)) =7 (7)

OTKe, BEKTOP HOMUTY X,,(q) JexkuTh Ha rinepmonmui {x € R?: q(x) = v}. Byxysaru
IIyKAHUl BEKTOD IiHU P 3 YMOBOIO (2) Oy/ieMo 3a paxyHOK “Majioro” 36ypeHHsl BEKTOpa (.
Axmo x,(q) = w, To Py ;= q € NIyKaHUM BEKTOPOM IiiH 3 ymoBow (2). Posrisgnemo
BUIAJIOK X4, (q) # w. Tozi 3 MakcuMaIbHOCTI Ta €IMHOCTI MAKCHMAJIBLHOIO BEKTOPa X, (q)
BUILIUBAE X, (q) > w. 31 cTPOrol MOHOTOHHOCTI BiJTHOIIEHHSI [IEPEBAI'M BUILIUBAE, MO iICHYE

koopauHata i € {1,...,d} raka, 1o
T; > W;. (8)

BekTop 11iH py NIyKaTUMEMO Yy BHUIJIA]
pa:(ql)"'aqi—ly(h+€7Qi+17"-7Qd)7 e>0. (9)
I posinbaoro € > (0 MaeMo

©) _m _® ) ()
P:(xw(q)) = a(Xw(q)) +€T; = v+ eT; > 7+ ew; = q(w) + ew; = p-(w),

10610, X,,(q) ¢ Bu(pe), a oTKe, X, (q) HE MOKe OyTH BEKTOPOM HOIUTY X, (Pe) TP il iHI
p.. AHasiorivso, jjist A0BUIbHUX X = (Z1,...,%,) € By Ta € > 0 BUKOHYETbCS IMILTIKAITS

(2, > @) = (x ¢ Bw(p5)>. (10)
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JloBeieMo BKJTIOYUEHHSI

() (Bs N Bu(p.) € By N Bu(a). (11)
€€(0,1]
Hiiicro, nexait y = (Y1, . . ., Yq) — JoBlabHuil eement B, fkimo s nosinshoro € € (0, 1]
BUKOHY€eTbCA Y € B, (p:), TO
d d

(Ve € (0,1]) pe(y) = Z%’yj +ey < Z%wj + €W,

j=1 J=1

3BijKu 1pm € | 0 jicraemo
d
aly) = > ¢u; < aWw),
j=1

a orxke, (11) nosemeno. OckinbKu Bei MHOXKUHH, sKi (irypyors B (11), € miaMHOKUHAMY
cKiHueHHOT MHOKUHU B, (P1), TO BCl 1i MHOKMHU TeK CKindeHHi. ToMy 3 04eBHHOIO BKIIIO-
qenns By (pe,) 2 Bu(Ps,) Ipu £ < €9 BUIIHBAE, MO cepel; MHOXKHUH JiiBol gactuan (11),
AK1 CTOATH B IepeTnHi, € Haitblibinmit (B po3ymMinHi BkitodenHs) eaement. Orxke, ymosa (11)
MOKe OYTH PIBHOCUJILHO TIeperncana Tak:

(3eo € (0,1]) (B; N Bu(pey)) € B; N Bu(q). (11')

3 (11') BummBae, MO KOJIM 3a JOIOMOTOI0 30yPEHHST ¢; Ha £9 MU BUKJIIOYAEMO 3 MHOXKI-
I B} enement X, (q) # w, SKAil He MOTPAILISE [0 MHOKIUHU OFOJ[ZKETHUX BEKTODIB 30ype-
HOTO BeKTOpa B, (Ps,), MU HE OTPUMYEMO HOBUX OIOJIZKETHHUX BEKTODIB, a OTXKe, KiJIbKiCTh
esieMenTiB MHOXKUHU Bj N B, (q) 3Menmryerbes Ha 1. 3aauInaeTbCsd PO3MIAHYTH DU IHO-
MYy MOKJIMBICTH ITPU HOBOMY BUKJIIOUYEHHI Y€PrOBOI'O €JIEMEHTY MOBTOPHOI'O OTPUMAHHS BIKe
BUJIyYEHOT'O paHimie. Ko Ha gKOMYCh €Tall BUJIyYeHHs BEKTOpa Z Npu 30ypeHHi MeBHOI
KOOpAMHATH (s Ha JoBinbHe € € (0,¢') y BiANOBIIHINA MHOXKUHI GIOJZKETHUX BEKTODIB 3'sIB-
JIETHCS ByKe BUJIYUEHMI Ha IOIEePeHIX eTallaX BEKTOP U, TO B IIbOMY BHIIQJIKY BEKTOD U €
JiHIHOI KOMOIHAIIEI BEKTOPIB w Ta z (iHakIe BeKTOpH U 1 z MoxkHa 6ys10 6 BIIOKpeMuTH
[PSIMOIO, ITI0 MIPOXOUTD Yepe3 BEKTOPH W, Ipu IieBHOMY 30yperHi €). OCKIIbKI Ha KOKHOMY
eTarri BUJIyYeHHs BiJIIOBIIHI KOOPIMHATH BEKTOPA Z 3aJI0BOJIbHSIIOTH YMOBY (8), a 3 iMIutika-
ii (10) BuminBae, MO KOOPJAMHATH BEKTOPA U HE MOXKYThb 3aJI0BOJIbHATH aHAJOIIYHY YMOBY,
TO BEKTOPHU Z Ta U 3HAXOJIATHCS O Pi3Hi OOKM mpsamol Biji Touku w. Ile o3navae, mo icuye
A€ (0,1) Take, mo w = Az + (1 — A\)u. Ockinbku z,u € By ta z # u, 3i cTPOroi omykaocTi
BIJIHOIIIEHHSI TIepeBaru »= BUILUIUBAE, 1m0 w = Az + (1 — A\)u > w, — cynepeunicrts. Orxe,
CTpora ONYKJICTh BiHOIIEHHS > TapaHTye, IO MPU MoeTanHoMy 30ypeHHi BeKTopa IiHA q
Ha KOXKHOMY eTari Oy/[yTh BHKJ/IIOUATHCS O OJHOMY BeKTOpy 3 Bj N B,(q), npudomy e
JINITIe HOBUX €JIEMEHTIB He 3'SIBUTHCH, aJle i He TIOBEPHYThC ByKe BUJIYUeHI BEKTOPHU. 3a pa-
XYHOK CKIHUEHHOCTI MHOXKUHE BB, (q) MPOIeC BITyYeHHsI IIPU3BE/IE J0 TIOPOKHBOI Y 3aJIHIIKY
muOKUHE B N B, (po). Takum dauHOM, TEOpEMy J10BEJIEHO. ]
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Popov M. M., Ukrainets O.Z. Integer commodity vectors in the Arrow-Debreu model of
economy, Bukovinian Math. Journal. 12, 2 (2024), 182-189.

We consider nonnegative integer values of commodity in the Arrow-Debreu model of
economy. Our main result is a version of the Arrow-Debreu equilibrium price theorem adapted
to the setting of integer commodity vectors. The proof is based on the geometric form of the
Hahn-Banach theorem and essentially uses peculiarity of the integer-valued commodity space.
Our proof works for one-point set of agents only, and we do not know, whether it can be
adjusted to the general case using the same idea.
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[TpAlIbOBUTUI M.B., YEPUYVK H.B.

HIJE HE MOHOTOHHA ®VYHKIIA TUITY CEPIITHCBKOTI'O,
ITOB’A3AHA I3 3OBPA2KEHHAM YVCEJI PAIJAMNA KAHTOPA

YV poboti 03HaUEHO Hijfle HE MOHOTOHHY (DYHKINIO, apIyMEHT SKOI IPEJICTABICHUN Y
KAHTOPIBCHKIA cucTeMi YUCIEHHS 3 MOC/IIOBHICTIO HATYDAJIBHUX OCHOB (Sk), ze s = 2k + 1:
Qa2 Ak

aq
o=t 4+t +o =AY
S1 S1 82 S1°82 ... Sk

e ag(z) € Ay, ={0,1,...,s, — 1}, s = 2k + 1. 3uavenns byHKII] BUSHAYAETHCSI JAHIFOTOBOO
zaJjiexkHICTIO P Q-300paskeHHst Ynuc/ia Bij nudp 300pakeHHsl apr'yMeHTY 1 MatoTh
HACTYITHUH BUTJISIIL:

g(x) = Q(Aslk()x)az(x),,,a,c(x).,,) = A§1352___5kma Br € A3 ={0,1,2},

ne 1 =vy(a1) i Br = v(a), axmo ¢ = 0 abo [y, = 2—7(ax), akmo c; # 0. Takox ¢; = c3 = 0,
Sg—1—1 Spg—1—1 -
Ck = Ck—1, AKIO Q1 # S5 abo ¢y =1 —cx_1, 9KmMO g1 = 55— i7y(a) € As.

Omnwucano BjacTuBOCTi 11 piBHIB, JMudepeHIiaibai Ta (ppaKTaabHI BJIACTUBOCTI.
Karuosi caosa i Ppasu: Qs-300parkeHHs JHC/Ia, HEIIEPEPBHA Hijle He MOHOTOHHA, (DYHKIIis,
KAHTOPIBChKA CHCTEMa YUCJICHHSI.

Institute of mathematics NAS of Ukraine, Kyiv, Ukraine
Dragomanov Ukrainian State University, Kyiv, Ukraine
e-mail: prats444@Qgmail.com, nadiacercuk@gmail.com

Boryn

Binbmicrs dynkuniit 3 merpudnoro mnpocropy Clo.y), y TOIOJIOTIYHOMY CEHCi, € Hije He
MOHOTOHHUMU Ta Hijle He JnudepeHniioBHIMHA. fICKpaBUM IPHUKJIAIOM ABJIAETHCA (PYHKITiSA
Ceprincbkoro [4], 1yist 3aaHHs sIKOT BUKOPHUCTOBYEThCSI TPIiKOBe Ta I'sITIpPKOBE 300paskeH-
H Jificaux unces. PisHi cucremu 300parkeHHd UKCes Ta IIePeTBOPIOBatdi CUMBOJIB OIHOIO
300paxkenus y inmie |9],[7], [6] mo3Bossiiors posmupuTy Kiaacu Takux (yHKIIH Ta BUBYATH
ix Bractusocri (3], [8], [14],[13],[15].

Y naniit poOOTI pPO3TJIAIAETHCA HEIepepBHA Hijle He MOHOTOHHA (DYHKIlS — aHaJIor
dyukuii Ceprincskoro, fxa gociipKyBataca y poborax [1], [3], [5], [10],[11], [12], [14]. duaa
3aJIaHH4 11 apIyMeHTy BUKOPUCTOBYETHCS KAHTOPIBChbKe 300pazKeHHsI Ynces 3 TOCIiTOBHICTIO

VIK 519.21
2010 Mathematics Subject Classification: 60Exx.
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OCHOB (Sg), Jie S = 2k + 1, k € N, a 3HavenHst DYHKIT BUBHATAECTHCS 3aJI€KHICTIO DD (3
— 300parkKeHHAM YHCJIA.

(sx) — 3amana nocinoBHiCTh HaTypaabhux duces; Ay = {0, 1, ..., sp — 1} — nocuigosuicrs
agdapitie, L = A; X .. X Ay X .. — mpocrip mnociuigoBHOCTEl ajdaBiTis,
L ={(ou) : ar € Ay, k € N}. 5k Bigomo [2], noganus uncia x € [0; 1] psom

aq o) A
r=—t4 Ft————— L =AP (1)
S1 S1 S92 S1 892 ...° Sk
& A(Sk) o 6
HA3UBAETHCA (Sk) - UPEJICTABICHHSM, a (hopMabHuil 3a1UC Ag b, ay... — (Sk)-300pazkeHHs

qucsta & (300pakeHHs YUC/Ia & Y KAHTOPIBCHKIN CHCTeMI YHCJIeHHST 3 MOCJOBHICTIO OCHOB

(1))

Yucna, 1 aKux

AE) | = ALK A k)
1

o1...0m (0 o1...om—1|am—1][smt+1—1][Sm+2—1]... 1. [am—1](sm4r—1)’

MaIOTh J1Ba (S) — 300pazkeHHs Ha3uBaIOThCH (si) — OimapaumMu. Pemrra — MaioTs e/umne
(sk) — 300pazkeHHsI 1 HABUBAIOTHCS (Sg) — YHADHUMIL.

Posrisinemo uncsio x , mo HajexuTh Biapisky [0; 1]. Vloro poskia

0 k-1
_ — A@s
r = 6{11(1‘) + Z ﬂak(x) H Qaj(x) | = Aal(a:)ag(x)...ak(a;)...7
k=2 j=1

i—1

ae ag(r) € Ay = {0,1,...,5 — 1}, By = 0, i = 3. q; masuBaerncsa Q, — posxiazom 9], a
=0

- QS - 306pa}KeHHHM qucJia T.

Qs
a1(z)az(x)...ar(z)...

Hexait (¢q, g, . . ., ) — ynopsiiKOBaHmit HAbIp esieMenTiB andasity Ag. Hurinapom panry
M 3 OCHOBOIO C1C3 . .. Cp HA3WBAIOTHL MHOXKUHY uncest x € [0; 1], mo MaoTh () s-300pakeHHst
AQS Atk € As.

C1C2...CmAm+1---Om+ k-

BnactuBocTi mustinapis:

; s SN Qs . A@s

1. Huninap ACQMM% € BiJIpiZKOM [AclcQ...cm(O)v ACICQ.”CM(S_D].

s _ AQs Qs
2. A% =A7 U U AL enlot

. m
3. Hoexuna nuingpa [A9: | =TT qe.
i=1

Qs _ s

4. |Acl...cmi| - ql|Agcm|
Binpizkok [Afjl’f_)_am(o); ((li’f?_am([sm+k_1])] e mumirmpom AYY), 3 ocrosoro (ay,...,am),

1

ay € As,, akuit Biamosigae (Sg) — 300pazKeHHIO, Ma€ JTOBKHUIIY T
P



192 ITpAaniboBUTHUIT M.B., YEPUYK H.B.
1 OB’€KT OOCIIXKEHHA

Hexait As, ={0,1, ..., s — 1} — nocuigosnicrs andasiris. Busnaunmo ua A, auckperhy

dyukIio
0, gxmo o = 0,

v(a) =< 1, gaxkmo « € Ag \ {0, s, — 1}, (2)
2, gKmo o = s — 1.
st koxxuol nocmigosaocti () € L = Ay X ... X Ay X ... BUSHAIMMO MOCJIIOBHICTE (C):
c1=c=0,c,. =1—cp_1, g9KmoO «ap_1 =k —1 Ta ¢ = ¢;_1 B yCiX IHIIUX BUIAIKAX.
Ha Binpisky [0; 1] posrisimaersest hyHKINSA g, 3HAUEHHS SKOT Ma€ (J3-300payKeHHSI:

(@) = gAY o) = D%, s Br € Ay =1{0,1,2}, (3)

v(ag), gk ¢ = 0,

(4)
2 — (o), dgxmmo ¢ # 0.

B =), Br= {

2  KOPEKTHICTh O3HAYEHHSA ®VHKIIII TA iif HEIIEPEPBHICTb

[MTokazkemo, 1Mo (YHKIiS ¢ KOPEKTHO BU3HAUYeHA B (Sg) — OiHapHiil TodIi, TOOTO st
OJIHOTO I TOTO K apryMeHTa, AKWil Ma€e JiBa Pi3Hi 300pazKeHHsd

A(Sk) A(Sk)

T = araz...ap—1ak(0) T Taraz..ap—1[ap—1](sgri—1) — = T2,

sHavensst g(x1) i g(za) crHiBIAIAIOTS.
_AWs _AWs
Ouesnano, mo 9(21) =A83" 5, 6.6, 1. fppn.r IO ZBG 5 gegr

Tomy
k—1
l9(21) — g(x2) = [] g,
i=1
Hust i <k, ¢;(z1) = ¢;(xe). dximo i > k, T0 MOXKJ/IMBI BULIAIKH

{ Ck:Ck+1($1), { Ck#ckﬂ(l’% { Ck:CkH(I)

7
CkZCkH(ﬂUQ); Ck:CkJrl(x*); Ck?’éckﬂ(l"*)-

Q3 Q3
A Bk+n Aﬁk ﬂk+n |

Posriissnemo KoxkeH i3 BUIIAIKIB.
1) dxmo cpyq(r1) = cx = cry1(2), Tomi ag(z) € Ag \ {%}
Axmo ¢, =0, To B} =L —1, a axmo ¢, =1, To [, =} —1,

0 mpu ¢ =0, | 0 npu ¢ =1,
6k+n: 6k+n:
2 mpu ¢ =1; 2 ipu ¢ =0.

Ockinbku 0, = 0, _, + ¢3,—1, TO OTPUMAEMO

¢

—1
Q Q
Hqﬁ,- R6e0) ~ A1 )‘ 0,
l9(21) — g(x2)| =
Hq@ e AQ3<o>’ =0.
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2) dkmo cp1(x) # g = cpr1(x), Tomi ag(x) = % abo ag(x) — 1 = %= Ockinbku

_ (sk) Q
g(z) = g(Aa1k(m)a2(fﬂ)~--ak($)~~) AB13,32 Bre--

ne B € Az = {0, 1,2}, upuuomy

v(ag), skmo ¢ = 0,
2 — y(ag), gxmo ¢ # 0,

B =7(n), B = {

orpuMaemMo [, = % g Beix n =k, k+ 1,k +2.... Toxi, g(z) — g(z*) = 0.

Bumnaiok kot ¢ 1(x) = ¢ # Cpy1(T*) po3IIsiiaeThesi AaHAJIOTIYHO.

3Binku, oueBnno, 1o g(r1) = g(x2). Tobro, y (si) — 6inapwiit Touri dbyHKIisa BU3HAYEHA
KOPEKTHO.

Y (sy) — yHapHiit Touni KopekTHi#icTh GyHKIIT 0YeBUIHA.

Teopema 1. Dymkiiis g € HeriepepsHOO Ha Biapisky [0; 1].

Jlosedernsa. Jlns noBejieHHst HermepepBHOBCTI (DYHKINT ¢ B J0BLIbHIH Touni 2o € [0; 1] noka-
JKEMO, 1110

lim |g(z) — g(0)| = 0.

T—rx0

Crepiity po3ryisiHeMO BUIIAQJIOK, KO o — (Sg) — yHapHa Touka. s mosiabaoro xy € [0; 1]
icaye m(x) rake, 1o
{aj@) = aj(z0), j=T,m—1,
am(aj) 7é O‘m@jo)a

MIPUYIOMY yMOBa T — Ty PIBHOCHJIbHA yMOBiI m — oo. Togi,

Q3
| (x) :UO | - ’Aﬂlng ﬂm716m~~~ﬁm+k~“ B ABlBQﬁmflﬂ;n ;n—‘—k
m—1 m—
Q
qﬁl /Bm ﬁm+k A ::’L 'm+k S H QBz — O HpI/I m — OO)

i=1

Qs
ne g< ) AB152 Bm—1Bm--Bmsk-? 9( ) Aﬂfﬁz Bm-1p,,

mﬁ;n-q—k
Otxke, GyHKIIisE ¢ € HEMEPepBHOIO B (S;) — yHAPHIH ToUII.
Hns (sy) — GimapHOl TOYKM HenepepBHICTH (DYHKII ¢ BUILUIMBA€E 13 JOBeJeHHs 11
KOPEKTHOCTI.
O

3 HIAE HE MOHOTOHHICTbH ®YHKIIIT

Harataemo, 1o nenepepsHa (pyHKINA ¢ HA3UBAETHCA HiJle HE MOHOTOHHOIO, SKITIO BOHA
He Ma€ YKOTHOTO MPOMIiKKY MOHOTOHHOCTI.

Teopema 2. Dymkifisi g € Hijje He MOHOTOHHOIO Ha BLIpIi3Ky [0; 1].
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: (sk) R : : (sk)
Josedenna. Posragnemo numinaap Ag i, a,,, KIHIIL SKOTO BIAIIOBIIHO g(Aala%am(SmM_l)) Ta

(sk)
g<Aa1’;2 am(O))'

Bimomo, o npupocrom byHKINT ¢ Ha TUTIHJIP Aa1a2 .a,, HABUBAETHCS PIZHUATIS
(A(Sk) ) = (A(Sk) ) — (A(Sk) )
Hg ai1ag...am/ 9 a1a2...am (Sm+yr—1) 9 aiaz...am(0)/"
ot ILOBGZLGHHH Hme HE MOHOTOHHOCTI (DYHKIIT ¢ ,J:LOCTaTHbo IToKaz3aTu, Mo JJIs JTOBIJILHO-
ro IMIHIpa Aa1a2 ., PAHTY M 3HANIETHCS TUIIHID Aalaz an,j DAHLY (m + 1) rakwuit, 110
IPUPOCTH ug(AELl@L._,am) i /Lg(A((“aL «ay,j) HAOYBAIOTH DI3HEX 3HAKIB.
Bukopucrapimm o3HadeHHs (DYHKIIT, PO3IVISTHEMO BCi MOXKJIMBI BHUIAJIKU JIJIsI 3HATCHHS
Hg-
1) dxmo ¢, =0, To

s Q
Mg(Ac(zll;z)z...am) Abﬁ)z bm(z) b1b2 bm H Qb
2) dkmo ¢, = 1, 10

s Q Q
(Agﬁu am) Absz bm (0) _Abl??u bm (2 H%

OueBujHO, IO /IS KOXKHOT'O i3 BUIAJIKIB, 3aBXKJM MOYXKHA BKa3aTH IUJHJAD DPaHTy
(m + 1) npupocTn Ha SKOMY B KOXKHOMY 3 BUIAJIKIB HaOyBaTHMYTb pisHOro 3HaKy. OTKe,

yHKIA g € Hijle He MOHOTOHHOIO. O

Hacuigok 1. Ilpupicm ¢dynkyii g na uuaindpi Aam am  PAMRY M BUSHAMAEMDCA 30
Ppopmy.noro

m

Ho(ALY, o) = (=D [] a

=1

4 JIM®EPEHIIIAJIBHI BJJACTUBOCTI ®YHKIIIT

Teopema 3. Qyukiiist g € Hijle He UpEpPeHITiFHOBHOIO.

Jlosederns. 1) Posrisinemo zg = Afj{ﬁQ ag..— (Sg) — yHApHY TOYKY.
Ipupict dynkuii ¢ ma murinapi ASY, o susnauaerbes pismicTio

m

MQ(A((XS;CO)Q...O[W) = <_1)cm H Qbi-

i=1

Tomi

m

ASH, .o
(a0) = tim PalSnon) (e T o,

Sk
m—00 | A((ll an iy
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Ockinbku s;q5, > 1,9 € 1,m, 33 BHIHATKOM, MOXKJINBO, CKIHYEHHOI KiJIBKOCTI sl SIKOI

Siqr, = 1 abo s;qp, < 1, TO

g (z0) = +o0.
2) Hexait zg = Agffw ax..— (8g) — 6iHapHa TOUYKa, TOOTO
_ (2) — A(sk) _ A(sk)
Lo =25 = A0 smr—1) = Doran(0) = xo ' keN
Posrusiemo noctifosuicti (z5), (2):
(1) 1 (s1)
a: =z =A
0 +31'52"--'5n+j al...ano...()l(())’
j—1
v () 1 (st)
J 0 S1°82° ... Sptj 011~~[C¥n*1}£8n+1 - ].] Ce [Sn—i—j—l —
i1

/ "
r; = 2o+ 0,2; = xo

Brigao dhopmyi (3)-(4), maemo

(s
) _ {Aﬁ1lf32.-./6’n(0) P Cp (2

(sk)
@)y = { Db y(2) TP Cn(T

\

(

9(950
gla;) =
gla;) =3

TakuMm ynHoM
g(z}) — g(x)

— 0, mpu 7 — o0.

(sk)
A/3152~-~,3n(2) IpH Cp T

(sk)
A/3152~-/341(0) HpH Cp (T

(sk) B
ABlBZn,BnO- .. Q1) P enlzg’) =0,
-1
(sk) 1),
Bsrpntn?. .. 21(2) TPB (g ") = 15
i1
(8k) -
Aﬁlﬁz-ﬂ’ 2 21(2) pn C”(‘TO ) =0,

n
qé H dp;, AKIIO Cn(x((ll)) = 07
=1

7—1
a3 1_

@ H @by, AKIMO Co(xf) = 0,

1—C]2

— qg H Qb;s AKIIO cn(x(()2)) = 1.
i=1

1(snss=2(snsjer—1)’

-, akimo o (z)) = 1;
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Posrinanemo
( ) n+j n
! (1) % H Sm ( 51’%) , AKIIO Cn(l’(()l)) =0
B _ g(z;) —g(xg’) et ol
a ZZ'/~ - x((]l) B q n+j n
. ) 1
— |
\ m=n =1
Ta
) n+j n
” q%_ll o H Sm (H Sini) , AKIITO Cn(l‘éz)) =0
g = 9@o) —g(x;) @, i
J o — :L';/ ] n+j n ,
— % H Sm Hsz‘% , axmo ¢, (z5)) = 1.
\ m=n =1

Jlerko GauuTH, SIKIIO cn(xél)) # cn(x((f)), TO

lim B, # lim B’ .

Jj—o0 J Jj—o0 J
Skmo x cn(a:(()l)) = cn(x(()2)), TO, OCKIJIBKHA S;,qo > 1 Ta S;q0 > 1, m € nyn+ 7,7 € N,
OTPUMAEMO, IO

. ’ . 1z .
lim B, ta lim B.e HecKiHYeHHUMMU.
Jj—o0 J Jj—o0 J

Tomy g(ASfl’“o)Q_uk__) y (sg)— Gimapuiit Touni € nemubepenmniiiopron. Orxke, byHKIIA g €
BCIOJIN He JinpePeHITiiOBHOIO. ]

5 MHOYKWHU PIBHIB ®YHKIIIT

Oznavenns 1. MuoxKuHOIO PIBHS Yo (DYHKINI § HABUBAETHCS MHOXKHHA!

9 (o) = {z: g(x) = yo}

Jlema 1. 1) fxmo yy = AdQl3d2...dk...7 ae dip € A\{1},k € N, 1o muoxkuna g~ (yo) micTurs

€IUHY TOYKY T = Aﬁi’;%w,,,mkm, (sx) — muhpu 3006parkeHHst SIKOI BA3HATAIOTHCST 38 (POPMYJION0:

0, skmio dy =0,
mk:{ mo di -

Sk — 1, AKIITO dk = S — 1.
2) ko Q3—300pazkeHHsT TOYKH Yo MICTHTH CKIHYeHHY KLIbKicTh ugp " 17, aki posra-

moBaHi Ha MicUsX Kpy, Knyy .-y kn,,, TO MuOkmHA ¢ '(yo) € CKIHYCHHOIO 1 MICTHTB
N = (2k,, —1)-...-(2k,,, — 1) To4ok.
3) Sxmo yo = AdQlSdQ...dk...: ze

{ dr, (o) =1, neN
di(yo) # 1, 7 & {kn},

TO MHOKHHA ¢~ (1) € KOHTHHYAJIBLHOIO.
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Jlosedenns. Hexait yy = A%@...@...a e dp € As\{l},k € N, rozxi srigao dopmyn (2)-
(4) cnigye, mo ¢ = 0, a Tomy MHOXKHUHa f~1(yp) MicTUTH €IuHYy TOUKY Z, 1UdpPH AKOL
BU3HAYAIOThCs 32 dopmystamu (5).

Hexait B 300pazkeHHi TOYKH ¥y MICTUTBCA CKiHYeHHA KUIbKicTh 1udp "17, gki po3rario-
BaHi Ha MicUgX Ky, Kny, ..., kn,,. 3 O3HadYeHHd (YHKII g ciijgye, MO I KOXKHOI nudpu
dy,, (yo) = Licnye (2kn, —1) mudp ay, (). Tomy saranbiy KiIbKICTD €1€MEHTIB, 0 BXOAUTE
10 MHOKIHE ¢ (Yo ), MOKHA BusHaunTH 3a dhopmynoo N = (2k,, — 1) ...+ (2k,, —1).

AnajiorivHuMu MipKyBaHHSIMHU, MOXKHA TPUUTH JI0 BUCHOBKY, IO KiJbKICTH €JIEMEHTIB

MHOKHUHE ¢~ (o), IPH BUKOHAHHI YMOB IIYHKTY (3) TEOpeMH, BUBHAYAETLCSA 3a (POPMYJIOI0
[e.9]
_ -1
N = .H1<2k”1 — 1), a MHOKUHA ¢~ (Yo) € KOHTUHYAJIBHOIO.
i

]

Hacainok 2. Skmpo y, = A(i?‘”’ 1dm+1dm+2..., g€ dmy; € As\{1},7 € N, 1o maOKHHA

m

g (yo) € cximaennoro i micrare N = (2m — 1)!! Touok.
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Pratsiovytyi M.V., Cherchuk N.V. Nowhere Monotonic Function of the Sierpinski Type Associ-

ated with the Representation of Numbers by Cantor Series, Bukovinian Math. Journal. 12, 2
(2024), 190-199.

In the paper, is defined a continuous nowhere monotonic function such that its argument is
represented in Cantor numeral system with a sequence of natural bases (sy), where s = 2k+1:

o Q2 Qg
— +

+o+ +...= Al

Tr = A1QQ...Q ...

S1 51 S2 8182 ... Sk

where ay(z) € Ay = {0,1,..., s, — 1}, s = 2k + 1. Value of the function is determined by a
chain dependence of digits of QQs-representation of a number on digits of representation of the
argument and given in the following form:

g(x) = g(AS1k()I)042($)~~~ak(1)~~~) = A§13132---5k-~’ ﬁk € A3 = {0’ 1’2}’

where 1 = (1) and B = v(ag), if cg =0 or B, =2 — y(ag), if g # 0. Also ¢; = ¢o =0,
Spg—1—1 Spg—1—1

ek =cp—1, if a1 # PF5—orcpg=1—-cp1, if a1 ="5— and y(a) € A3.

We describe properties of level sets of these functions, differential and fractal properties.
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[Tvkanbchbkut 1.J1., dman B.O.

OIITUMAJILHE KEPYBAHHSA B KPAVMOBIN 3AIAYI /14
2B-ITAPABOJITYHUX PIBHAHDLb 3 IHTETPAJIBHOIO HEJIOKAJIBHOIO
YMOBOIO

HocutiryeTbest 3a1a4a BUOOPY OIMTHMAJBHOIO KEPYBaHHsI CHCTEMOIO, IO OIUCYEThCS Kpar-
HOBOIO 3a/1a9ero it 2b-mapabosiivHuX PIBHSHB 3 IHTErPAJIHLHOI0 HEJIOKAJIHHOI0 YMOBOIO 1 0OMe-
JKEHUM BHYTPIIIHIM, MEKOBUM Ta CTAPTOBUM KepyBaHHAM. Kpurepiit SKOCTI 331a€ThCS CyMOIO
006’eMHUX Ta IIOBEPXHEBUX iHTerpaJis. 3a jonomoror ¢GpyHkIl ['pida 3araabHol KpaitoBol 3a1a4i
J7s1 2b-11apabosiiiHOro PiBHSHHS BCTAHOBJIEHO iICHYBAHHS, €JIMHICTD Ta IHTErpaJbHe 300parKeH-
HeI PO3B’SI3KiB HEJIOKAJLHOI KpaioBol 3amadi Ay 2b-mapabosiaHOro piBHAHHS 3 IHTErpaJbHOIO
YMOBOIO 3a JaCOBOIO 3MIHHOIO. 3HAMIEHO OIIHKU PO3B’sA3KYy HEJIOKAIbHOI KpailoBoi 3a/1ati Ta ffo-
IO MOXIIHUX B TeJIbJIePOBUX pocTopax. OepKani pe3ysibTaTu BUKOPUCTAH] JIJIsi BCTAHOBJIEHHS
HEOOXiTHUX 1 JOCTATHIX YMOB iCHYBaHHS ONITUMAJILHOTO PO3B’SI3KY CUCTEM, IO OMMMCYIOTHCS Ta~
paboJIiIHOI KPaloBOK 3a/1a9€0 3 HEeJIOKAJIbHOK IHTErPaJIbHOI YMOBOIO 33 YaCOBOK 3MIiHHOIO.
PosrisinyTo Bumaikn 06MeKeHUX BHYTPIIITHIX, CTAPTOBUX Ta MEYKOBUX KEPYBaHb.

Karwuosi caosa i ¢pasu: dyukuisg ['pina, craproBe KepyBaHHs, MEXKOBE KepyBaHHsI, HEJIO-
KaJbHa 33J1a4a, 3ajlada ONTUMIi3allil, Te/ibIePOBl MPOCTOPU, METOJ, MOC/IiIOBHUX HAOINKEHD,
P€e30JIbBEHTA IHTErPAJIBHOT'O PIBHSHHSI.

Yepmuisenpkuii nanjonaabuuii yaisepcurer imeni FOpis @enprosuda, Yepnismi, YKpaina
e-mail: i.pukalsky@chnu.edu.ua (TTyxarvevxut 1./].), b.yashan@chnu.edu.ua (wan B.O.)

Boryn

Teopisg onTUMAJILHOTO KEPYBAHHA CUCTEMAMM, IO OMUCYIOTHCA PIBHAHHAMU 3 YaCTUHHU-
MU TOXiTHUMH, Oarata pe3yabTaTaMu 1 aKTUBHO PO3BUBAETLCA B Harl vac. [lomynsapuicTsb
TaKOI'0 POJIY JIOCJIJIZKEHD TIOB d3aHa 3 1X aKTUBHUM BUKOPHUCTAHHSAM MDY BUPIMIEHH] TTPOOJIEM
IIPUPOJIO3HABCTBA, 30KpeMa, IiIpo- i ra3oanHaMiku, dpiabrpariil, audysii, dizuku Teruia, Te-
opii Giosioriunux momysIsiit. 11 OCHOBH BIEpIIe CHCTEMATHYHO OIMCAHO B MOHOrpadii [1].
Baxxmmsi pe3ysibTaTu T€Opil ONTUMAJIBLHOTO KEPYBAHHSA CUCTEMAMU Y BUIAKY €BOJIIOIIHHIX
PIBHSHD, IO 3aJIaHl Ha OOMEXKEHOMY YaCOBOMY IPOMIXKKY, OTPUMAaHi, 30KpeMa, y IPaIldTX
2, 3,4, 5, 6].
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Y poborax [7, 8, 9, 10| BuBUaOTHCs 3a/1a9i ONTUMAJIBHOIO KEPyBaHHS CHCTEMAMH, IO
OIKMCYIOThCs HeJIHIHHUME DIBHSIHHSIMU 3 YaCTHHHUME MOXigHUME. 30Kpema, y npaii [10]
IIpeJICTaB/ICH] aHAJTITUYHI 1 YUCeIbHI PO3B’I3KHU 3a/1a4i ONTUMAJILHOTO KEpyBaHHs /I KBa-
3imiHiftHuX mapabo/ivnux piBHgHb. /oBe/IeHO icHyBaHHd 1 €IMHICTH PO3B’A3KY M€l 3a/1adi.

Bajiatuam BUOOPY ONTUMAJIBHOIO KEPYBAHHS CUCTEMaMU, 110 OMUCYIOTHCS TTapabOo/ i THUME
KpaloBUMH 3a/[a9aMu 3 0OMesKeHUM BHYTPIIHIM KepyBaHHSAM npucBsieno npari [11, 12, 13].
QYHKITIOHAJIM KOCTI BU3HAYAIOTHCS OOMEXKEHUMU 1HTerPaJIaMHu.

Y wmiit ctaTTi pO3IVISIAETHCA 3a/iada BUOOPY ONTHMAJILHOIO KEPYBAHHSA CHUCTEMOIO, ITI0
OIMCYEThCS KPAMOBOIO 3a/1a4€I0 JijIsd 2b-11apabosiitHOro PiBHIHHS 3 iIHTErPAILHOI0 HEJIOKAJIb-
HOIO YMOBOIO 1 OOMEKEeHUM BHYTPIITHIM, MEKOBUM Ta CTAPTOBUM KEPYBAHHSIM. 3a JIOTIOMO-
roto ¢dyukii ['pina 3arajabHol KpaitoBol 3ajia4i Jijisd 2b-11apabo/iaHOro piBHAHHS JIOBEICHO
icHyBaHHsI €JIMHOIO PO3B’g3KYy MNapaboJidHOl 3a/1a9i 3 iHTerpaibHOI yMOBOIO 3a YaCOBOIO
sMminnoro. OjiepkaHi pe3y/IbTaTu BUKOPHUCTAHI J/I BCTAHOBJIEHHS HEOOXIJIHUX 1 JIOCTATHIX
YMOB iCHYBaHHSI OINTHMAJILHOIO PO3B 3Ky CHUCTEMU, IO OIMCYEThCS MApabOiIHOI0 Kpaiio-
BOIO 3a/Ia¥€i0 3 HEJIOKAJbHOIO 1HTErpajbHOI0 YMOBOIO 33 YacOBOIO 3MIHHOIO 1 OOMEKEHUM
BHYTPIIIHIM, CTADTOBUM Ta MEKOBUM KepyBaHHAM. Kputepiit sKocTi 3a/1a€ThCs CyMOIO 00’-
€MHHIX Ta IIOBEPXHEBUX IHTErPaJIiB.

1 ITIOCTAHOBKA 3AJIAYI TA OCHOBHUI PE3VJIbTAT

Hexait T, Ty, Ty, T3 — dikcosani mogarui uncaa, Ty < T, A € {1,2,3}. D — obmexeHa
obiactb B R" 3 mexeo 0D, dimD = n. B obnacti Q = [0,7) x D posrisiHeMo 3ajady
sHaxo/KeHHst GyHKIHH (U, q), ¢ = (q1, q2, q3), Ha SIKUX DYHKIIOHAI

— /dt/F1 t T, u t T, Ch( ) QQ(x)aQ:%(IF)),%(I))dx-}-

+ / dt / Fyt, @ ult, 3 1 (), 45 (), a5 (2)), gol) )+

0 D

Ts
—l—/dt/Fg (t, z;u(t, z; 1 (x), g2(x), g3(2)), q3(x))d,.S (1)
0 oD
Jocsirae MiHiMymy B Kjaci dyHknin g € Vo= {q]ql € CYD), ¢ € C¥*(D), ¢3 €
C?=r+(T), vy (z) < gr < vao(w), i3 axkux u(t, z; 1 (), ¢2(x), g3(x)) 3am0B0IBHSE TIPH (X, T) €
() piBHSIHHS

Lu)t,2) = [0 — 3 At )0 | u = folt, 2 01()), (2)

|k|<2b
IHTErpaJbHy YMOBY 3a 9aCOBOIO 3MiHHOIO
T3

u(0, 75 q1(x), g2(), g3()) —|—/a(7', r)u(T, 2;q1(x), g2(2), g3(x))dT = (75 g2(7)), (3)

0
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a Ha Mexi obmacri I' = [0, 7] x 0D kpaiioBi ymoBu

i (B _ ko, _ —
:r:—PZIEn@D (Bu'™ — f,) (t,z) = x_l)lzrélaD l; B (t, )0 — fo(t,z;q5())| =0,  (4)
k| =K1+ ...+ kn, 8;{:85;---8’;2,p:{l,...,b},r:minru.
m

By/ieMO BBazKaTh BUKOHAHUMHM TaKi yMOBH:

a) koedinientu pisustnug (1) Ax(t, ) € C(Q), a(t, x) € C?**(Q), b,(f) (t,z) € CPFl=rute(T),
0D € C?Fotl | = 4b+ 1 — 27 i 3a7a4a

(Lu)(tz) = fo(t,z), w(0,2) = @(x), lim (Bu fu> —0

r—2z€0D

3a/10BOJIbHsIE B 0bJtacTi () piBHOMIpHY yMOBY mapabosianocti ta ymoBy #.B. Jlonaruncbkoro
[14];
6) dymxuii p(z; Q2( )) € C®* (D), fo(t,z;q1(x)) € CQ), fult, x1g3(w)) € CH*7F(T),

lim {fu(O x5 q3(x)) + f 7) fu(T, 73 g3(2))dr — B”@(%CD(«T))}, x € OD;

r—2€0D

B) fo(t,x;qi(x )) = do( )90(x: q1(2)), fult, 3q3(2)) = du(t)gu(z; as(@)), Fi(t, x5 u; i),
Fo(t, x;u; o)), F3(t, z;u;g3(x)), @(x; ¢2(x)) MaooTh HOXiIHI APYrOro MOpsiiKy 3a 3MIHHAMU
(u; q15 g2; q3), Kl HajexkaTh, gk GYHKIHNT 3MiHHUX (t, ), * BiamosigHo mpocropam C*(Q),
C#=rute (), C?+(D), vy, € CQ), 1o € C*T(D), vy; € C? (D), 5 € {1,2}.

3a yMoB, HakJIaJeHux Ha KoedilienTn piBHsaHHs (2), KpaiioBux ymos (4), icHye dyHKIist
Ipina (Gy, G, ..., Gp) Kpaiiosoi 3azadi ([14], Teopema 1)

(Lv)(t,x) = folt,z;q1(x)), v(0,2) = ¢(x;g(x)), lim (Bv(“) — fu) (t,z) =0, (5)

r—2z€0D

3a JIOTIOMOTOI0 sIKOI pO3B’si30K 3a/1a4i (5) BusHAYAETHCsT HOPMYJIIOH0

ot q) = /dr/Gothg)fO(qul d§+/G0t;z:O§) G

0

+3 / i [ Gt 1,6 €) e ©)

oD

[Ipu BukonaHi ymoB a), 6) 3rigHo 3 Teopemoro 1 [14] icuye enunuii pos3s’s30k 3amadi (5)
B IIPOCTOPI C’2b+o‘(Q) IpHu JOBLIBHUX ¢ € V' 1 1719 HHOTO MPaBUJIbHA OITIHKA

b
||U||C2b+a(Q) <c (||f0||ca(Q) + ||90||O2b+a(D) + Z ||fu||c2bm+a(r)) . (7)

p=1

[IpaBuibHa Taka Teopema.
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T3
Teopema 1. Hexaii Bukonani ymoBu a), 0), /]a(T)]dT/|G0(t,a:,O,§)|d§ <d < 1. Tomi
0 D
icaye pynkiis I'pina <é, E) = (Go,G1,...,Gy; Eo, Er, ..., Ey;) 3agaui (2)—(4) equauii it
PO3B’SI30K 300parKacThCsi (hOPMYJIO0

t

U(t,LE) :/dT/GO(tax7T7£)f0<7—7£;Q1(£))d£+/GO(tvx;0;5)90(57(12(5))6%4_

0

t T3

b
+3 [ar [Gutmmnr s n©)es + [ dr [ BTt hir a(©)de+
0 0 D

p=1 oD

b T3
+/E0(T3;t,m; 0;§)¢(§,QQ(§))d§+Z/dT/EM(T:;;t,x;T;é)fu(ﬂé;q:a(ﬁ))dss
D =19 ap

1 JIJIsT HBOT'O TTPaBUJIbHA OITIHKA

b
lullc2vrag) < (IIfollca(Q) + llellcasap) + ) ||fu“c%w+°‘(r)> : (8)

pu=1

Jlosedenna. Posp’s30k 3ama4i (2)—(4) mykaemo y BUDIA

uwxm%:/Gdu%wamme§+Mt%®, (9)
D

ne v(t, x; q) — po3B’s30K Kpaiiosoi 3ajadi (5).
3a/10BOJILHUBIIN IHTErpasIbiy YMOBY (3), MATHUMEMO

UQ%®+/Mﬂl/%@%Q&WKM% ﬁ:—/wmwmmﬁszm.am

Posp’si30K iHTerpasbHoro piBHsHHA (10) MIyKaeMo METOIOM MOCJIOBHUX HAOJIMKEHb.
Bpaxosytoun HepiBricTh d < 1, oiepKyeMo pO3B’s130K iHTerpasbHoro pisusuus (10), ms
AKOTO IIPaBUJIbHA HEPIBHICTH

b
c
[u(0,z; q)] < T4 (||f0||C(Q) + lellew) + Z ||fu||C(F)) -
pn=1
BamnuieMo po3B’si30K iHTerpaabHOro pisasitns (10) y BUrsm

U@a@:F@®+/R@wﬂwwm (11)



204 I[Mykanbcbkuii 1.J1., dman B.O.

ne R(x,y) — pesosibBeHTa, sIKa 3a/I0BOJIbHSE IHTErpaAIbHE DIBHSIHHS

R(l’,f) :/a(t)GO(twr? Oaf)dt_/R(xay)dy/a(t)GO(taya 0,5)(#

3BIJIKU OTPUMYEMO OIIHKY

| B < -5

D

[lincrasnsroun y pisaicts (10) 3amicts F'(x,q) 3HadeHHS

F(xa(J) = _/a(t) |:/dT/GO(ta‘Tava)fO(Taf;QI(g))df+/GO(t7xa 075)@(5) q2(€))d€+

+3 far / txfﬁ)fu(féqg(ﬁ))ng] dt

p=1
1 3MIHIOIOYH TTOPS/I0K IHTErpYBaHHS, OTPUMAEMO

T3

u(0,73q) = / dr / Co(Ty, 2,7, €) folr, € g1 )dE + / To(Ty, 2,0, €)p(E: ) dé+
D D

0

b L3

+Z/dT/FM(TQ,:U;T;f)fM(T,fS q3)deS,

n=1% b

e
T3 T3
FO(T?)vxaT) 6) - - @(t)Gg(t,$,T, £>dt - dt a(t)R(Z’,y)Go(t,y,T, f)dy7
/ J«]
T3 T3
(T, 2,7,8) = — [ at)Gu(t, 2, 7,8)dt — [ dt [ a(t)R(2,y)Gu(t,y, 7, )dy
/ J«]

[Tincrapnsroun 3navenns u(0,x;q) y piBHicTb (9) Ta 3MIHIOIOYH TOPSJIOK iHTErPyBaHHS,
OTPHMAEMO JIJIst PO3B’sA3Ky 3aadi (2)—(4) 3006parkenHs

t

ult, z,q) = / dr / Golt, x,7,€) folr. € q)dé + / Golt, x,0,€)p(E: ) dé+

0 D D

Ts

—I—Z/dT/ (t,z;T; f)fung—i-/dT/EO(T37t>$a7'ay)fO(Tay§CI)d3/+

n=17 0 D
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+/E0(T3,t 7,0, 9)0(y; dy+20/d7/ (Tys 1,55 75 9) fudy S, (12)

D p=l
e
EM(T?ntal‘yT)y):/G0<t7x7Tvg)ru(T&gaTvy)dé—'
D

SHaiiIeMo OIIHKY HOPMH ||| c2bta(q).-
BpaxoBytoun oninkn kommonerT ¢yukiii I'pina sagadi (5) i3 [14] i piBasuns (10), maemo

[u(0, 75 g) || c2vra(p) < (IIfollca @ T llellczrap) + Z [ full 2o=rue >> - (13)

pn=1

Ha mincrasi Teopemu 1 i3 [13|, BpaxoBytoun BiactuBocti dbyskiii Go(t, x, 0, &) i dopmyry
(9), 3HaxomuMO

[ullozs+a(q) < e (lu(0, 2, @)llczvra(p) + IVl c2ra(g)) - (14)

Hincrapnaroun (7), (13) B (14), omepxkumMo OMiHKY HOPMH |[ul|c2b+a (). O

2 3AJIAYA OIITUMAJIBHOIO KEPYBAHHSI

B obsacti @ posrustremo 3amaay (1)—(4). Byaemo BBazkaTu, 1o BUKOHAHI yMOBH a)-B).
[Toznaunmo gepes

t

T T T3
F F
/d/do )dT/MGOtxrﬁdm—l—/dt/do /81(“““11)
ou ou
0 0 0

0 D

G(0(7(;7 €, T, g)dl‘—f—

/ 8F2(t7 xru, q?)
ou

T t
XEO(T3,t,:E,T,§)dm+/dt/dO(T)dT
0

D

T T3

/ / dr/—aFQ(t ) Tyt )t
ou

0 0

T: t

™)

+/dt/d0(7)d7/waoa,x,r,g)%ﬁ
0 0 oD “

Ty Ts
+/dt do(T /aF?’(tafL“ Q?’)EO(Tg,t,x,T,g)de

dt

(Go(t,,0,8) + Eo(T5,t,2,0,8)] de+

/aFltmuql)
D

St~
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+/dt/w [Go(t,2,0,€) + Eo(Ts, t,x,0,8)] de+
)

Ts
/ / t ) (G, ,0,6) + BT t,,0,6)] do
0 oD

A T T
Pu(é):/dt/ dT/ Fltxuqu th&dm—k/dt/d# /aFl(t;uuqﬂx
0 D 0 0

T t
F5(t, x:
XEH<T3,t,ZE,T,§)dI+/dt/du<7>d7/—8 2( ’;’u’qQ)Gu(t,x,O,ﬁ)dx—i-
w
0 0 D

+

—5

T35
Fyt, a:
dt/d#(r)df/M&(Bt,x,oéwﬁ
u
0

D

+

o
—

dt/dﬂ /8F3(tazu q3)Gﬂ(t,l’,T, €)d, S+

0
7 OF
t
dt/du / s(t, ai“ OB v ts) o oy oz 6)d,s,
0

oD

+

o\”@ 5

T
H1(57U7)\17Q1):>\1(f fO §,Q1 +/F1t§u Ch t
0

T

Hy (&, u, A2y q2) = Xa(&)(&5q2(8)) + | Fa(t, & u, qo)dt,

o —

b

Ts
HB(S? u, P7 qS) = Z Pu(é)gu<57 QB<£)) + /F3<t7 67 u, Q3)d§>
0

p=1

¢ = <q§0), qé ), q§ )) — ontuMasbie Kepysanus, u(t, z;¢") — onTuManLbHMit PO3B’A30K 3a-

nadai (1)—(4).

[IpaBuibaa Taka Teopema.

Teopema 2. Hexaii Bukonani ymosu Teopemu 1 1 ymosa B). Tosui
1) sxmo Dy, Hy > 0, 1 € {1,2,3}, To onrnmassre kepysanms ¢\° = (111, va1, v31);
2) sixmo Dy, Hy > 0,1 € {1,2}, Dy, Hs < 0, To omrnmastse kepysanis ¢0) = (v, Va1, 139);
3) saximo Dy, Hy > 0, Dy, Hy < 0, Dy, Hs < 0, T0 ontumassae kepysantsa ¢0) = (v11, vag, U32);
4) sxmo Dy, H; < 0,1 € {1,2,3}, To ontumanphe kepysanns ¢ = (vyy, vag, 3p);
5) sikmo Dy, Hy < 0, Dy, Hy > 0, Dy Hs > 0, To onTnMa/ibHe KepyBaHHsT ¢ = (v1g, 101, 131).
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Jlosedernsa. Posrasimemo sunagiok 1). Hexait Aq = (Aqy, Age, Ags) — gomyctumMuii mpupict
kepyBanus ¢ = (qi, ¢, q3). depes Au = Ay u+ Ayu + Ayu mosnaunmo npupict GyHKIG
u(t, z;q1, g2, q3). Toml Ay u B obmacti () GymyTh pO3B’sI3KaMH BIAIIOBIIHIX KPAHOBHUX 3a/1a4

(LA u)(t,x) = dparo(t) A fo(x, 1),

B(Agu)(r) = 0pAp(z, ga), (15)
(BYWAu) (t,2)| = Ss fu(, as)ru(t),

Jie O; — cumBost Kponekepa, i, k € {1,2,3}.
3a Teopemoro 1 iciye dymukiia ['pina 3amadi (15) 1 mpupoctu A, u 306pazkaiorses $Hop-

MyJIaM#
t

A= / ar / Golt, 2.7, €) A folE, 0 (€))rol(r)dé+

0

+ 0/ ar / Eo(Ty,t, 2,7, ) Afo(E; 1 (€))ro(7)de
/ (Golt,,0,€) + Eo(Ts, £, 7,0, €)] A€ 2())de (16)

Agu=3" / ir / Gt 2, 7, )AL (€, 43())r(7)de S+

n=11%9  &p

N / ir / BTy t, 2,7, €)AF(€, q3(€))ru(r)deS

0 oD

Posrnsinemo npupict dyHKIioHaTY
Al(g) = Ag 1(9) + Ag 1 (9) + Ay, 1(9)- (17)

Cropucraemoch dpopmysioro Teitopa, Tosi

T
OF; OF:
ou Iq
0 D

T
[OF: OF: ]
+/dt/ a—;Aqku—FO(HAqkuHQ) + 0o <—2Aq2+o(|Aq2|2)) dz+
/ I ]

2 02
i rror OF '
+/dt/ a—quku—i—O(HAqkuHQ)—i—ékg (a—quq3~|—O(\Aq3\2)> d,S. (18)
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Iigcrasmsroan (10), (18) y (17) i 3miHio0un Ipu IOMY IOPSIIOK IHTErPYBaHHS, 3HAXO-
JIAMO

/ Dy, Hi (&, u, M, 1) Aqy + 0y, Ha (€, 1, A2, g2) Aga + O (’A(h’ ) +0 (’A(h’Qﬂ dz+
D

+/ [Dgs H3 (&, u, A3, 3)Ags + O (|| Agyull®)] doS
oD
Axmo g, = v (x) 1 Dy, Hy, > 0, To upu gocurs Mamux Agg, maemo Al(q) > 0,k € {1,2,3}.
Hexait ¢(¥) — onrumasbhe kepysamms, 10610 Al (¢) > 0. IlepeBipuMo BUKOHAHHST YMOBU
1) Teopemn 2. flkmo supasu D,, Hy, D,,Hs, D, Hs 3nako3minni sesmanan, tobro Dy, Hy > 0
8D, CD,D,Hy >08Dy CD,DyyHy >08111D,H <08D\ Dy, DjyHy < 0 B
D\ Dy, Dy ;Hs <08 0D \I'y, TO BHKOPUCTOBYIOUN TEOPEMY LIPO CEPEJIHE BHAUEHHS, MAEMO

Al(q) =Dqul(xﬂUﬂAf,ql*)/Aqldfc— | Dy Hy(z™ u™, AT, qy)| / Agidz+

Dy D\D;

+quH2(~’U+,U+7)\2+,q;)/AQQdQJ — | Dy, Ha (2™, u™, 0y, q5)] / Agadr+

Dy D\D,

+Dq3H3<x+’u )‘3 1 43 )/Aq3d:r5 - |Dq3H3(x7’u7,)\g,q37)‘ / Aqzd, S+

1—‘1 8D\F1

= [1008aP) + 0 (3aP)] dr+ [0 (1807) dos
D oD
[Ipu mocuts mamux Agg 3nak Al BUBHAYAETHCS MEPITUME TTCTHMA JOJaHKaMu cymu. Pi-
3HUIA MEPINUX JIBOX 1 HACTYITHUX TIap JBOX JIOJIAHKIB 3MIHIOE 3HAK B 3aJI€2KHOCTI BiJl BEJTMINH
mesDy, mes(D \ Dy), mesDsy, mes(D \ Dy), mesl'y, mes(0D \ T'1), Aqx, k € {1,2,3}. Ilpu
JOCUTh MaJux BesmauHax mesDy < 0, mesDy < 0, mesI';y < 01 Ag, > 0 maemo Al(q) <0
i masmakun Al(q) > 0, axmo mam Bemuaunn mes(D \ Dy), mes(D \ Ds), mes(0D \ T'y) i
Agy > 0. Orxke, dyuxiionan I(q) He pocsarae MiHiMyMy. 3HAXO/KEHHST ONTHUMAJILHOTO Ke-
pysanus ¢\°) y immmx Bumajkax, gKi 3ajeKaTh BiJ 3HAKY BeJIHIHH D, Hy, k € {1,2,3},

JIOBOJIITHCST aHAJIOTIIHO. ]

Hexait ymoBU TeopemMu 2 He BUKOHAHI.
Tosi mpaBuIbHA TaKa TEOpEMA.

Teopema 3. Hexaii Buxonani ymosu reopemu 1. s Toro, mo6 kepysanus ¢©) = <q§0), qé ), q§0)>

OyJI0 OITHMAJJILHUM, HCOOXITHO Ta JIOCTATHBHO, I[0O0 BUKOHYBAJIUCH YMOBH:
1) ¢yukmir Hl(f u, N, q), I € {1,2}, H3(&, u,p,q3) 3a aprymenramu qi, k € {1,2,3}
MakTh B TOYII qk MIHIMAJIbHI 3HATCHHST;

2) JUIsT TOBLIBHOTO BEKTOPA (l W (2)> # (0 BUKOHYETHCST HEPIBHICTH

D2F, (t xu, qk ) (l(l > +2D,D,, F} (t,a:;u,q,(go)> l,(cl)l,(f)jL
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2
+D2 F, (t,a;;u,q,io)) (l}?) >0, ke{1,23).

JloBeiennsi TeopeMu 3 TMPOBOJIUTLCA 34, JIONIOMOTOI0 METOJIMKH JIOBeJIeHHA Teopemu 2.14

i3 [15].

[

2]

13l

[10]

[11]

[12]

[13]

[14]

[15]
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Pukalskyy I.D., Yashan B.O. Optimal control in a boundary value problem for 2b-parabolic
equations with an integral nonlocal condition, Bukovinian Math. Journal. 12, 2 (2024), 200-
210.

The theory of optimal control of systems described by equations with partial derivatives
is rich in results and is actively developing nowadays. The popularity of this kind of research
is connected with their active use in solving problems of natural science, in particular, hydro-
and gas dynamics, filtration, diffusion, heat physics, theory of biological populations.

The problem of choosing the optimal system control described by the boundary value
problem for 2b-parabolic equations with an integral non-local condition and limited internal,
boundary and starting control is investigated. The quality criterion is given by the sum of
volume and surface integrals. Using Green’s function of the general boundary value problem
for the 2b parabolic equation, the existence, uniqueness, and integral image of the solutions of
the nonlocal boundary value problem for the 2b parabolic equation with the integral condition
on the time variable have been established. Estimates of the solution of the nonlocal boundary
value problem and its derivatives in Holder spaces are found. The obtained results are used
to establish the necessary and sufficient conditions for the existence of an optimal solution of
systems described by a parabolic boundary value problem with a nonlocal integral condition for
the time variable. The cases of limited internal, starting and boundary controls are considered.
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Ceprmiko /I.M., PaTrviiadaxk C.I1.

CHUHTIVJISAPHI ®YHKIIII, IIOB’I3AHI 3 MAPKOBCHKIM
S3OBPAKEHHSAM YUNCEJI

V craTTi BBOAUTHCST B PO3IJIS)l TPUCAMBOJIbHE MapKOBCbKE 300parKeHHsI YHCeJI, IO
TPYHTYETHCS HA PO3KJIAJ] YHCTIa B PIT

a;—1 ap—1

00 k—1
T = Z qi + Z qo, Z Qo H Q(xjoz]url = Aaloq...ozk...v Qg € A= {07 1; 2}3
=0 k=1 1=0 j=1

1€ ||gij|| — momarms croxacTHdHa MaTpuis (MaTPUIL IepexifHux iiMoBipHOCTEil), (g0; ¢1;g2) —
JomaTHui croxacTudHuil BekTop. Jlane 300paykeHHs € y3araJbHEHHIM KJACHIHOIO TPIHKOBOTO
300paKeHHsI YUCeI 1 CIiBIAIAE 3 HUM IIPU ¢; = % = ¢;; Vi,j € A. Ouncano ToIoJI0ro-MeTpudHi
BJIACTUBOCTI MUIIHIAPIB MapKOBCHKOI'O 300parKeHHsl, 30KPEMa BUIIMCAHO OCHOBHE METPUIHE
BiTHOTIIEHHST MOBYKUH IIMJIIH/PIB MTOMEPEIHBOTO i HACTYITHOTO paHTiB. BBemeno mouaTTs
MapPKOBCHKO-HOPMAJIBHOI'O YHUCJIA 1 JIOBEJIEHO, 10 MHOXKUHA YUCEJI, ACUMIITOTHYIHA YaCcTOTa KO-

»KHOT nudpu ¢ AKUX BIANOBINHO piBHA Y ¢;¢i, i,J € A, Mae moBuy Mipy JleGera.
€A
Beenena B posruisiy dysKis (imBepcop 1mdp), o3HaUEHA PIBHICTIO

I(.’L‘ - Aalaz...an...> = A[2fo¢1][27042]...[27an]...-

Hosenero, mo ¢yHKIiis I € HenmepepBHOIO cTporo cnagHow dyHKHiEHn Ha Biapisky [0;1]. Ha
OCHOBI IIOHSITTSI IMJIIHAPUYIHOI MOX1THOT 3HAMIEHO BUpPa3 MOXiHOI (PyHKIHT [ B TOYII.
BukopucroByioun HOpMaIbHY BIACTHBICTD YMC/IA 33 HOTO MapKOBCHKUM 300DarKEHHSIM 1
OTPUMAaHU BUPAa3 MOXIJIHOI 3HANIEHO YMOBHU, PIBHOCTI TOXIiTHOT HYJIIO Maiiyke B KOXKHINl TOYIN
OJIHUYHOI'O BiZipizka y po3yminni mipu Jlebera, To06T0 ymMoBU cHHIYIsApHOCTI byHKILT 1.

Karuosi crosa i ppasu: cuHryaspHa pyHKIlsS, HOPMaJIbHA BJACTUBICTD YKCJIa, MAPKOBCHKE
300parkeHHsT JfCHUX Iuces, iHnBepcop 1udp 300parKeHHs.

Dragomanov Ukrainian State University, Institute of Mathematics of NASU, Kyiv, Ukraine
e-mail: 21fmf.d.serhiiko@std.npu.edu.ua, ratush404@Qgmail.com
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HOBY CHCTeMY KOJyBaHHsI JApOOOBOI YaCTHHU JifiCHOTO umciia (MapKOBCHKE TPUCHMBOJIbHE
300pazkennst) [5]. Ile € anamorom BijIoMOro JIBOCMMBOJIBHOINO MapPKOBCHKOTO 300payKeHHs, 110
BUBYAJIOCH y poborax [1, 2|, sike 3aciayroByBajo Ha OKpeMy yBary B CHJIYy MiHIMaJIbHOCTI
asiasiTy. ['eomeTpis 1poro 3006parkeHHsi IUCeJI, MOPOJZKEHA 3aJIEYKHICTIO UM, MPOLyKYE
CKJIQTHIMT TOMOJIOTO-METPUYHI BJIACTUBOCTI MHOYKUH PI3HOTO POy 0COOJMBOCTEN (DYHKIIIM,
BU3HAYECHUX aBTOMATAMU 31 CKIHYECHHOIO ITaM ATTIO ¥ MPOCTOPAaX MapKOBCHKHX 300parKeHb.
CrarTs npucBsgdena ojHiil cuHrysspHiit GyHKIH (HenepeppHiilt DyHKINT, BiAMIHHIA Bij
KOHCTAHTH, MOXi/IHA SKOI JIOPIBHIOE HYJIIO Maii>kKe CKpi3b y posyminai mipu Jlebera), o3ma-
YeHil B TepMiHaX MapKOBCHKOTO 300paxkeHHs uucesi. PosrisayBana OyHKIS BiJIHOCUTHCS
710 Kitacy "iHBepcopiB 1udp NpuKIagaMu Takux € iHBepcop mudp (Jo-300pazkents quce [6),
inBepcop mmdp Q5-300pakenns [3|, imBepcop mudp @Q3-306paxenus qucen |7| Tomo. s
JIOBEJICHHS CUHTYJIAPHOCTI iHBepcopa 1udp HOrIUOII0ETHCA eProJIndHa Teopil MapKOBCHKOI'O
300pazKeHHsI YUCesI, a caMe BBOJUTHCI MapKOBCHKO-HOPMAJIbHA BJIACTUBICTH YUCIIA.

1  MAPKOBCBHKE TPUCHUMBOJIBHE 30BPAKEHHSA AIMCHUX YUCEJI

Hexait A = {0,1,2} — andasit, L = A X A X ... — IpocTip HOCJIIOBHOCTE! e/leMeHTIB
2

andasity, qo,q1,q2 — PikcoBanuii HabIp IOJATHUX HUUCEJ TaKUil, 110 5 ¢ =1, |lajll —
i=0

2
CTOXACTUYIHA MATPUILA 3-T0 TTOPSJIKY (Z ¢ =1,Vie A q; >0).
§=0

Teopema 1. /[aa dosinviozo wucaa x € [0;1] icnye (o) € L maka, wo mae micue pisnicmo

00 k—1
T = Bal + Z Bakak_H H qaja]url = Aalag...ak,...7 (1)
k=1 j=1

ar1—1 ap—1

e ﬁoq = Z qi, ﬁakak+1 = Qal Z QOzki-
i=0 i=0

Jlosedenna. JloBesemo icHyBaHHsT PO3KJIALy Jyisi joBlabHOrO wmcsia © € [0;1]. Sasnaumnmo,
o Mmae Mmicne pisaicte x € [0;1] = [Bo; B1] U [B1; B2] U [Ba; Bs] = Uiy [Bi; Bita). Toxi icmye
a1 € A Take, IO T € [6045 Bal—i-l]? TOOTO

5&1 §x</8a1+1703x_ﬁa1 =T <ﬁa1+1_6a1 :qu :>'r:/8041 +I1‘

Axmo x1 =0, To = B4, = Aq, (o). TobT0 vy = 0Vn > 1.
dAxmo ;1 > 0, To MOYXKHa 3HOBY 3aIlyCTUTU aHAJJOTIYHUN ITPOIIEC:

2

T € [0§Qa1) = U [5a1i;ﬁa1(i+1)v

1=0

TO icHy€E (g € A Take, 1o
Balagqa1 <z < 5&1(042—1—1)(]a17
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TOOTO

0< (371 - BalaQQQl) =22 < (o (ﬁal(ag—l—l) - ﬁalag)
O S ) < Qa1QO¢1o¢2-

OT)Ke) T = /Balagqoq + T2, & T = /8061 + ﬂoqozgqoq + Zy.
Axmo x93 = 0, T0 T = Ba;, + Paraslar = Daras(0)Vn > 2.
[Tpo1oBKyI0oun Tieil mporiec, 3HalJIeMo YuciIa (g, O, ..., Oy 1 T3, T4, ..., Tp, TAKi, M0

0 < Zpn—1— Bap_1aner@aras--Gan_san_y = Tn 1

T = /Bal + /6()[10[2q041 + cee + ﬂanflanqoqqoqag~--Q£xn72an71 + xn‘
AHaJIoriuHo, 3aIUCyeMO, IO OCKLILKI

2

n—1
Ty € [O§ Go, H Qakak+1) = U [Bani; /BOén(i+1))7
k=1

=0

TO iCHYE (11 € A, Take, MO

n
0 S Tp — /BOénOén+1qOél(.ZOéla2"'qOén—IOCn = Tptr < qOél(:ZOéIOéQ“‘qak—lakqakak+1 = Gy H qOékOék+1'
k=1

Leit mporec € HecKiHUEHHUM, aJjie 361KHUM, OCKUIbKHE Z,41 < (max {qoo, o1, 10, ¢11})" — 0
(n — 00). Orke, po3kias dncia x B psj (1) icHye, 1m0 it JOBOIUTH TEOpeMYy. O

Bamuc wncna x y dopmi paay (1) Ha3HBAETHCS MAPKOGCHEUM NPEICMABAEHHAM TIHOTO
quciaa, a GopMaIbHuil 3aHUC T = Ay 0. 0. — HOTO MAPKOBCOKUM 300PANCEHHAM, €JIEMEHT
(v, HA3UBAIOTH N-010 MUMPOIO (CUMBOJIOM) MAPKOBCHKOI'O 300pazKeHHsT IHCIa .

[cnytors gncia, mo MaloTh jiBa 300pakenus. Lle uncia Buy:

Aa1a2...ak_1i(2) = Aalag...ak_l[i+l](0)7i € {07 1}

Ix HazmBaTHMEMO MaAPKOGCHKO-OIHAPHUMU. PelrTa dnces MalTh €auHe 300parkeHHs, 1X Ha-
3UBATUMEMO MAPKOBCHKO-YHADHUMU.

2 T'EOMETPISI MAPKOBCBHLKOT'O 30BPAYKEHHS YUCEJI

[Ti reomeTpiero MapKOBCHKOI'O 300paKeHHdA YUCEST MU PO3YMIEMO T'€OMETPUYHUN 3MICT
mp, METPUYHI CIIBBIHOIIEHHST Ta, T€OMETPUYHI BJIACTHBOCTI MHOXKHMH 4dncest (diryp), 1o
MaloTh Ha (DIKCOBaAHUX MICISIX 3adaHi MApPKOBCHKI mudpu. TakuMu MHOXKIHAMUI € IIAJHHIPH,
HAINBIUIHPY, XBOCTOBI MHOXKUHU TOMIO [4].

Osnauenns 1. Hexaii (¢1,ca, ..., ¢,) — QikcoBanmii Briopsiikopanmii Habip mugp aagasity
A. Intisgpom paHry n 3 OCHOBOIO (€1Cs...Cp) HA3UBAETHCS MHOXKHHA A ., .. BCIX dHces

x € [0; 1], sxi MarOTh HACTYIIHE MAPKOBCHKE 300DaKeHHS & = N ¢, . Oy € A.

CnOn41.-.Ontm...
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Huminap A, .., € Biapiskom 3 kinnamu a = Ag .0 1 b = Ac ¢, (2), T00TO Ap) o, =
[a; b]. oro BHYTPIIIHICTE Oy/IeMO IO3HaYaTH 4Yepe3 V., .. 1 Ha3WBaTUMEMO IUJIIHIPHIHAM
inTepBasioM, 10610 Vi, o, = iNtA. ., = (a,b).

Bupunmo BIacTHBOCTI MUJTIH/IPIB.
Buactusicrs 1. /laa dosiavnozo (¢, ...,c,) € A" mae micye pishicmo

Acl,..cn = Acl...cno U Acl,..cnl U Acl...cn2~

Bunupae 6e3mocepeHbo 3 0O3HAYEHHST IIUJIiHIPA.

Baactusicts 2. Vi = 0,1 sukonyromwvca pisHocmi:
max Acl...cni = mn Acl...cn(i-i-l)u max Acl...ch = max Acl.”cn7 mim Acl...cno = Imax Acl...cn-

BaacruBictb 3. Ochosne mempuure 810HOWEHHA 0ONUCAIOEMBCA 36 HOPMYN0IO:

|Acl...cnij|
|AC1---cni|

3 Bitactusocti 1 jyist mutisgpis (n+1)-ro panry maemo:
Acl...cni = Acl...cnio U Acl...cnil U Acl...cni27i e A
3 BpaxyBaHHAM BJIACTUBOCTI 2, TEPEIUIIEMO OCTAHHIO PiBHICTD Y BHUIJISAII:

‘Acl...cnil = |Ac1...cni0’ + |Ac1...cnil‘ + ‘Acl..,cni2|7

o ‘Acl.,.cni| o ’Acl...cniO’ + |Acl...cni1‘ + ‘Acl...cnﬁ’

1= = .
‘Acl...cnil ’Acl...cni| ‘Acl...cni‘ |Ac1...cni|

Tomi

|Acl...cni2| |Acl...c i1| |Acl...c i0|
|Aclmcni| qdio — 4i1 qi2, |Aclmcni| qdi0o — 42 qi1, |A61mcni| di1 qi2 dio

Baacrusicts 4. Josorcuna yuaindpa Ay, o, 00MUCAI0EMBES 30 HOPMYAOIO

n—1
Aaian| = Qo H Qovioiys -
=1

3 BJIACTUBOCTI 3 MUIIHJPIB N-I0 PAHTY MAEMO:

|Aa1...an| - QQ[n_I]an‘Aal...a[n_g]a[n_ll’ = = QQ[n_llanQQ[n_Qa[n_l]‘-‘Qa2a3QQ1a2|Aa1| =

n—1
= QOtl | | Qaiai_,_l-
=1

Buactusicts 4. /[aa dosiavroi nocaidosnocmi (o) € L: |Aq, . a,] = 0 (n — 00). Buum-
~1
Bae 3 TOro, o |Ay, .| < (Max;es ¢;)(max; jea {¢;;})"" = 0 (n — 00).
Buactusictb 5. [[uaindpu 00noz20 paney me nepemunaomuves abo 36izaromuea (pieHi), npu-
/s 1T
WOMY Deyoy.cn = Dty & ¢ =i =1,m.

Buactusicts 6. /aa dosinvhoi nocaidosnocmi (¢,,) € L, icnye eduna mowka x € [0; 1], ma-
oo

K@, WO HANEHCUMD 6CIM YUAMHIPaM nocaidosrocmi, moomo = (| Aciey..en = Dereg..on...-
n=1



IHBEPCHI PO3PSIN MAPKOBCBHKOT'O 30BPAYKEHHS YUCEJI 215
3 MAPKOBCBHKO-HOPMAJIBHI BJIACTHMBOCTI YUCJIA

Hexait N;(z, k) — xiabkictb mudp ¢ B MAPKOBCHKOMY 300parkeHHi ducia  jio k-ro mi-
= lim ==~

k—o0
(ACUMIITOTHYIHOIO YacTOTOI0) 1P i B MAPKOBCHKOMY 300pazKeHHI Juca .

cust BKJrouHO. Tosi rpanuig (gKio BoHa icHye) v;(x) Ha3UBAETHCA JaCTOTOIO

Jlema 1. SIkmio B MapKOBCBKOMY 300paskeHHI dnca x IcHyIoTh v;, (x) 1 vy, (T), 16 iy # iz Ta
Q1,92 € {0,1,2} 10 icaye v3_; ().

Jlosedenia. 3riano o3HaUEHHs 3 BBEJICHUX TO3HAYCHD MOKEMO 3allUCATH:
No(z, k) + Ni(x, k) + Na(x, k) = k,

TOJII

NO(:EWI{;) NQ(ka) N2<x7k)
K k&
Ny (z,k) i lim N, (z,k)

=1.

Toui, K10 iCHYIOTH I'paHUII klim ,
—00

k—o00
Ni(z, k N; (x,k Nai (1. k
lim M —+ lim M = lim (1 _ 3—i1 22(x7 ))’
k—so0 k—so0 k—so0 k
TOOTO
Viy () + vip (x) = 1 — 134,55 (). O

OznavenHs 2. Yucio v = Ay ay..qp... HABUBAETHCS MapPKOBCHKO-HOPMAJBHHUM, SIKIIO LIS
FOr0 9acTOT CIIPaB/KYIOTHCS PIBHOCTI

i€A
Teopema 2. Mipa Jlebera MHOXKHHH BCiX MapKOBChKO-HOpMaJbHHX duces Biapizka [0;1]
JiopiBHIoE 1.

Jlosedenna. Jloenemo, 1o Jyist Maiike Beix (y posywminai mipu Jlebera) wmcesn & oMMHIIHOTO

BiJIpi3Ka BUKOHYETbHCS PIBHICTH

—r Z(h‘%‘ja Vje A

1€A

lim
k—o0

Posrisinemo dyukiio f(x), Taky 1o

f(x = Aalag...an...) = AQ3 5

Q1Qag...0n...

n—1

oo

Qs — ad / I Qs

e AL, o = 01 o T D nqy o, I] G, — @3-300parkenHs [mcen 3 mapameTpammu
n=2 k=1

9o = qogo0 + q1910 + 2420, ¢4 = Gogo1 + Q1q11 + Gaga1, G5 = Gogoz + Q112 + Gagoe-

Bigomo [7], mo mipa Jle6era tux unmcen & = A¥S | 1Is 9acTOT SKHX MAOTh MicIe
piBrOCTI 1o(Z) = qo, 11(z) = q1, v2(x) = @2, € NOBHOW, a TOMY BJIACTHBICTH YHCJIA MATH
qactotu nudp 0, 1, 2 BiAMOBIIHO PIBHUMUA (g, ¢1, §2 € HOPMATBHOIO.
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Ockinbku pyHKITsT f € TPOEKTOPOM (P ABOX TOIMOJOTIIHO €KBIBAIEHTHUX 300parKeHb
(TPECHMBOJILHOTO MapKOBCHKOIO 300pazkeHHsI B ()3-300pasKeHHsI IHCes1), a TOMY € BIEKITEr0
[0;1] B [0;1], 10

vi(y) = lim —Ni(x’ n)

n—00 n n—o0 n

=q.,i=1{0,1,2}.

OTzke, MHOYKIHA TUX YHUCEJI, AKi B MAPKOBCHKOMY TPUCHMBOJILHOMY 300pazkeHHI MalOTh Ja-
croru nudp BiIOBIIHO piBHI ), ¢}, ¢5, € MHOKHUIHOIO TIOBHOI MipH. H

Beegemo raki dixcoBani wacroru g mapu nudp (ij), Vi,j € A. Hexait N;;(z,n) —

KimpkicTs Tux k < n jug gxkux ag(xr) = i1 apy1(x) = j B MApKOBCHKOMY 300parkeHHi
unciaa ¢ 10 n-ro Micig Bkitodno. Toxai rpamnns (skimo BoHa icmye) v;(z) = lim Nij(@in)
n—oo

HA3UBAETHCA 4aCmMomoto napy (i,j) B MAPKOBCHKOMY 300pDayKeHHI YUC/IA T.

Oznavenns 3. Yucio v = Ayyay..a.., VIS 9ACTOT AP UMD SKOTO CHPABIXKYIOTHCS PiB-

HOCTI

vi(z) = voj + v1j + 125 = Qoqoj + (1q15 + ©2G25, 1€ Vij = Giqij, (i, 7) € A,

Ha3uBa€cTbCAd MapPKOBCHKO-HOPpMaJIbHUM.

4 THBEPCOP IIU®P MAPKOBCBHLKOT'O 30BPAYKEHHS

Posrisiiaerbes dbyukiis (iaBepcop mudp), o3HaueHa PIBHICTIO:

I(l‘ - Aalo@...an...) - A[2—041][2—042]...[2—0@]...~

OueBniHO, 10 O3HaYeHHsT (DYHKINT [ € KOPEKTHUM Ha MHOXKWHI IHCeJI, M0 MAOTh JiBa (op-
MaJIbHO PisHUX 300pazKkeHHs: [(Ag s, .an(0)) = {(Daras.. [an—1)2))-

Teopema 3. Qyukiiisi [ € HerrepepBHOIO cTporo cnajHoo QyHKIieo Ha Biapisky [0; 1].

Zosedenns. Henepepsrictb dyHkIiil [ y MHOXKWHI MapKOBCHKO-OIHAPHUX TOYKAX € HACJIi/I-

YHApPHUX TOYKAaX, TOOTO 110 BUKOHYEThC piBHicTh lim |I(2') — I(z)| = 0, 1e & — MapKOBCBHKO-
' —x

yrnapue uunciao. Hexait © = Ayy ., © = A c,... YMOBa &' — o piBHOCHIBHA TOMY, IO

m — 00, 1€ A (T) # cn(2'), are aj(x) = ¢;j(2’) upu j < m. Hexait a,, = 1 1a ¢, # 1 — m-1i

mpu MApKOBCHKOTO ducIa Bignosignao mst I(x) ta I(z’). Tomi

m—1
i N — = 1 . g
i 1) = 1) = Jin TT oo iaca - 4] =0

A = Bo—cnliz—emii] —Bi—ami] FB2—cmil2—cmsal A2—cm]2—cms1] —BlR—amsi][2—cmr2] A[2—am 1] T
Orxe, I(x) Henepepsra B ycix Toukax Biapiska [0;1]. Temep mosememo, 1o iHBepcop €
craguo0 dyHKIe Ha Biapisky [0;1]. Posrisremo 1 i xo Taki, mo 1 = Agy oy jom.. <
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o = Aq, . an_ral,..., IPHIOMY Qi < ), TOTE 2 — vy, > 2 — o

I(x1) — I(x2) = Ap_ay]2—as)..2—an1]2—an].. — Dp—a1]2—as]..[2—an_1]2-a/]... =
n—2
= (Bo-an-sl2-an] = Bo-an-sjiz-ag)) | [ do-asip-aga+
j=1
n—1
+ (B[Z—Qn}[Q—Othrl] - B[Q—a’,b][Q—a;LJrl]) H d[2—a;][2—aj11] +...>0.
j=1
Tomy I(x1) > I(x2) npu x1 < x9, TOO6TO byHKIsA | € MOHOTOHHO criajHo0 Ha [0; 1]. O

Teopema 4. Skmo I'(x) icaye, T0

Nij ((L',TL)*N[277:] [2—4] (z,n)

]Aazaxozz —« . —il[2—7 n
[/<x) — _ lim | ( 1(z)az(z)...an( ))| _ _Q[2 1] lim H (q[2 112 ﬂ)

=00 |Ao¢1 (x)ozz(x)...an(x)| Qo T qij

ijeA

Jlosederns. Ockinmbku dbyukiis [ € monoronnown ua [0; 1], To 3rigHo 3 teopemoro JleGera
BOHA Ma€ CKiHYEHHY IOXiJHY MaiizKe CKpi3b y posyminui mipu Jlebera. CkopucraemMoch 1u-
JHHJAPUIHOIO TToXigHoI0. Tosi

(@) = lim [ (Aa; @)az(@)..an@)] |Ap—a1@)2—0z@).. 2-an@)]| _

= lim =
n—00 |Aa1 (z)az2(x)...an(z) | n—00 |Aa1 (z)a2(x)...an(z) |
n—1
iy Z2ei] Hz-:i_cllp—amz—aim _
n—reo qal Hz’:l qaiai+1
Naa(z,n) No2i(x,n) Noo(x,n) Nis(z,m) Nip(x,n) Nig(xz,m) Noa(z,n) Noi(x,n) Noo(z,n
— lim Q[2—oc1].90022( )%121( )90220( )91012( )91111( )91210( )q2002( )92101( )Q22OO( :
Noo(z,m) Noi(x,n) No2(x,n) Nig(z,m) Nii(x,n) Nia(xzm) Nog(x,n) Noy(x,n) Naa(zm
n—0o (g, qoooo( )q0101( )q0202( )q1010( )qllll( )q1212( )(]2020( )(]2121( )(]2222( )
L G2—on] qé\(f)ﬁ(w,n)*Noo(w,n)qé\im(x,n)*N(n(UML)qé\;o(ﬂﬁ,n)*Noz(wm)q{\(f)lz(x,n)*]\/lo(w,n) B
= llm . g
n=00  (u, q{\;m(x,N)—N1o(xm)qé\(f)zo(x,n)—NOQ(xm)qé\im(x,n)—N(n(Ln)qQJ\;zz(x,N)—Noo(Ln)

Nyj(@,n)=Nig_4j2— 41 (@:n)

_ ey <q[2—i][2—j}> " . 0

n—00 i
oy ijeA qij

Teopema 5. fIkmjo npunaiiMul 1151 OJHIED 3 1P Goo 7 22, o1 7 G215 o2 7 G20 @00 Gio 7 G2,
To iHBepcop I € cunrysspaoro (yHKI€ (ToOTO HerlepepBHOIO (DYHKIE MOXIIHA SIKOI DiBHA
HYJIIO Mafi>Ke CKpi3b y po3yMinHi Mipu Jlebera).

Jlosedenns. Hexait W — MHOXKWMHa TOYOK, Jyisl sIKHX icHYye moxigaa ckimdenna ['(z), a B
— MHOYKHHA MapKOBCbKO-HOpMaJIbHUX duces. Ockinpku mipu Jlebera A\(W) = A(B) = 1, 1o
AW NB) = 1. Iokaxkewmo, mo I'(x) = 0 ayist 6y1b-9K0ro £ = Ay, s..an... € WN B. Ockinbku
r € B, T0

vij(x) = qiqij, 1,7 € A.
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Bzsgsim 710 yBaru Teopemy 4, 00UUCIUMO TOXiJTHY

Nyj (17")*N[2,i][2,j] (z,n)

() = 2l i T ((J[zm2j]> ’ _ o)

Qoy N qij o

1,j€EA

422 g21 920 12
= q2—a] lim (((;1(2)_2)%2@2_1) %)‘120)42 ) (@)QI(QDCHO))n
((220)™ (22)™ (22)™)" "2 '
922 921 920 92
OmnianMo 3HaYEHHST BUpa3y EE‘EE%;CIOO E%;qm gg%g;mgqo ) (%)m(qm—qm):
922 921 420

' hHl (@) N227(Lx,n)_NQ07(Lx,n) qu)N21(x,n)_N01(x,n) @ NQOT(Lx,n)_NOQT(Lx,n) @ ngflx,n)_Nlo(x,n) n
n—oo

Qal n—oo

® AKINO goo < 22, o1 < G21, o2 < G20, q10 < 12, TO
((%)Q22 (%)Qm (%)%0)‘12 (@)q1(q12—Q10)< 1.

((%_O)QOO(%_l)qM(qﬁ)qog)qo ) G1o ;

q22 q21 q20

e JKIO X04ua 6 OjIHA 3 YMOB (oo < G22, o1 < G21, Go2 < (20 TOPYILYETHCs (HE MOPYIIYIOUH
3araJbHOCTI, IPUITYCTUMO, IO (oo > QQQ), aJjie qi0 < q12 Ta g2 < qo, TO

q00 q2422 q01 q21 qo2 420\ 92
@ 1 (qE) <1 ((qg_l) (qg_()) ) ) (@ (I1(Q12—£I10)< 1:
22 ) (%)qoqoo ’ ((%)qo1(£_§)qoz)qo Q1o ’

® SIKIIO K yCi YMOBH IOIEPEIHBOI0 BUIAIKY 30epiraioThes, ajie ¢ > (o, TO

qo1 ) 921 [ qo2 \ 920 92
doo <] a2 <1 ((qg_l) (q2_0> ) ) (@)q1(q127q10)< 1
q22 ’ do ’ ((%)q01 (%)qOQ)qO q12 '

[eit BUIIa 0K aHAJIOITIHUM YMHOM IIPAIIOE 1 JJIsd 1HIITUX [1ap 3 YMOB
qoo < ¢22, 901 < G21, 902 < G20;

® SKIIO 2K IHOPYUILYIOThCHA KLIbKa abo BCi 3pa3y YMOBH (go < §22, o1 < §21,G02 < (20, aJI€
¢10 < 12, TO AHAJIOTTYHEM JIO MONEPEHIX JBOX BUIAJKIB YMHOM MOXKHA IOKA3aTH, 1110

(m)QZQQQ (%_1)612(121 (@)(D%o
922 921 920 <Q10 Q1(Q12*Q10)< 1

(%_O)QOQOO(%_l)qoqm(w)qoqoz ' q )
q22 q21 q20 12

m)th(qu—tho)< 1
q12 )

® SKINO X G190 > 12, TO q1(q12 — q10) < 0, TO (

Tomi maemo, 110

lim

n—o0

( ((2(2)_2)‘122 (%)qm (Z(z)_i)qm)(p (@)‘h(qw—mo))n: 0.

(™ @™ @™ o

q22 q21 q20

A romy I'(x) = 0 gzt ook muozkuan W N B. Otxe, moxinua dyukmii I #a Bigpisky [0; 1]
JIOPIBHIOE HYJIIO Maiizke CKpi3b y po3yMminai mipu Jlebera, To6TO (DyHKIlSA € CHHTYJIAPHOIO.
Teopemy j10BEIEHO. O
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In this article, we introduce the three-symbol Markov representation of numbers, based on
the decomposition of a number into the series

ar1—1 ) ap—1

k—1
= Z qi + Z qo, Z Qo H qOé]‘Oé]‘_'.l = Aa1a2...o¢k...7 Qg € A= {Oa 1; 2}3
i=0 k i=0 j=1

=1

where ||¢;;| is a positive stochastic matrix (transition probability matrix), and (go;¢1; g2) is a
positive stochastic vector. This representation corresponds to thee classical ternary

representation of numbers and coincides with it if ¢; = % = ¢;; Vi,j € A. The topological and
metric properties of the cylinders in this Markov representation are described. In particular, the
basic metric ratio between the lengths of cylinders of the successive ranks is derived. Moreover,
the concept of a Markov-normal number is introduced, and it is proved that the set of numbers

for which the asymptotic frequency of each digit ¢ equals to Y g;¢;i, ¢, € A, has full Lebesgue
i€A
measure. The function (inversor of numbers) is introduced and defined by the equality

I(l' = Aalag.,.an...) = A[Q—(xl][Q—ag]...[Q—an]...'

It is proved that the function I is a continuous, strictly decreasing function on the interval [0; 1].
An expression for the derivative of the function I at a point is foud based on the concept of a
cylindric derivate. Using the normal property of a number in its Markov representation and the
obtained expression for the derivative, conditions for the derivative to be zero at almost every
point of the unit interval in the sense of the Lebesgue measure are established. Therefore, the
conditions for the singularity of the function I are determined.
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