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OutmayK M.II., dutirnayk O.1.

BATATOTOYKOBA KPANOBA 3AJAYA OJId CUCTEMU

JANOEPEHIIIAJIBHNX PIBHAHD I3 BATATBMA INIEPETBOPEHUMMA

API'YMEHTAMMUI

YuceapHO-aHATITHIHIM METOJIOM JTOCTIIPKYETHCS TMTUTAHHS ICHYBaHHS Ta HaOJIMKEHOI I0-
OyJ0BU PO3B’sI3Ky 0araroTOYKOBOI KPaiioBol 3a1a4i jjis cucTeMu JudepeHiliajbHUX PIBHSAHD 13

CKIHYEHHOIO KiJTBbKICTIO MTEPETBOPEHUX apPTyMEHTIB.

3aIponoHOBAHO Ta OOIPYHTOBAHO TPAIUIINHY CXEMy METOIY 3 BU3HAYAJDHUM DiBHSIHHSIM.
OTpuMaHO yMOBH iCHYBaHHs PO3B’SI3KY PO3IJIsilyBaHOI KpailoBOl 3a/1a4i Ta OIIHKY ITOXUOKH

MMOOYIOBAHUX TTOCJIiIOBHIX HAO/IMKEHb.

Karwuosi caosa i ¢padu: <IuceTbHO-aAHAJITUIHIN METO, CUCTeMa TUQEepPEHIaJIbHIX PiB-

HAHB, IEPETBOPEHNUIT apryMeHT, KpaifoBa 3ajada, 6araTroTOYKOBI KpaifoBi yMOBH.

YepniBerpkuii HanioHabHU yHiBepcuTer imeni FOpiss @enpkoBuda, YepHisii, YKpalna
e-mail: m.filipchuk@chnu.edu.ua, o.filipchuk@chnu.edu.ua

Beryvin

Opme 3 4IBHUX Miclb B Teopil audepeHnialbHuX PiBHSHDL 3afiMaiOTh MUTAHHS JTOC/IIKEHHST

icHyBaHHs Ta HaOJIMXKEHO! TODYI0BY PO3B’s3KiB PI3HOMAHITHUX KpafioBux 3ajad. BaajimM KOHCTPY-

KTUBHHM METOI0M, SAKUAN JO03BOJIA€ ereKTI/IBHO pOSB’E{BYBaTI/I Hi IUTaHHA JIJIsd JOCUTH IMUPOKUX KJla-

ciB 3a/1a4, € ynceabHo-aHagiTHaHnil Meros A.M. Cawmoiiienka [II, 2, [3]. AkryasbHnm € nommpenHs

IIHOTO METOJIYy Ha HOBI KJIACH KpPaWOBUX 33J1a4, 30KpeMa, JIJI PiBHAHb 3 BIXWJIEHUM apryMeHTOM

.

YV nmamiit mparfi 3a J0MOMOTOI0 YHCEIbHO-aHAJITUYIHOTO METO/Y MOCJIKYyBAaTUMEMO ITHTAHHSI

icHyBaHHs Ta HAOJIUKEHOI OOYI0BA PO3B 3Ky 0araroTovKoBOI KpailoBol 3aadi Jjist CUCTEMU M-

depeHIiaIbHIX PIBHIHD i3 CKIHIEHHOIO KLIBKICTIO IEPETBOPEHUX apryMEHTIB BUIJIALY

.%‘(t) = f(t>m(t)7x()\1(t))v s 7$()\k(t)))7

VK 517.929.7
2010 Mathematics Subject Classification: 34K10.

(1)

(2)

@ Qinimrayk M.II., @iminayk O.1., 2025
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8 Ounnuyk M.II., ¢uimyyk O.1.

net € [0,T], T = const > 0; o, f € R*; \;:[0,7] = [0,T] (i = 1,k) — nosiibHi HenepepsHi
Bijobpaskenns; A; (i = 0,N) — crani n x n marpuri; N > 2: 0 =ty < t; < ... <ty =T;d -
BiJloMUil cTaJIuil N-BUMIPDHUI BEKTOP.

BayBaskKuMo, IO BUNAIKH JIHIHAX TBOTOYKOBUX Ta IHTErpaJbHUX KPAOBUX yMOB Il CHCTEMHI
(1) pamime 6ymu posrasmyti B mpamgx |5, 0] i [7] sigmosigmo.

Oyuknio f(t,x,y1,...,Yp) BBAKATAMEMO BU3HAYEHOIO Ta HEIIEPEPBHOIO B 00J1aCTi

(t,x, 41, ..., yk) € [0,T] x DFL

ne D — 3amkHeHna obmexkena obsactb B R™, obmerxkenoro Bekropom M € R"™ M; > 0 (i = 1,n), i

3a/10BOJIbHsAI0Y0I0 yMoBYy Jlinmmina 1o «, y1, ..., y, 3 marpuneo K = {k;; > 0; 1,5 = 1,n}:
|f(t7x7yla"‘7yk‘)’§M’ (3)
k
|f (T T1 - T8) — T T, T0) | < K (\x—x! +Zlm—w\>- (4)
=1
Tyr
|f(t7xay17"'7yk)’ - (‘fl(tvxvyla"'ayk)’7-~-7|fn(tax7y17'-~7yk>‘)

1 HEPIBHICTH MiK BEKTOPaMH PO3YMIETHCsSI TTOKOMITOHEHTHO.

CXEMA YUCEJIbHO-AHAJIITUMHOI'O METOIY TA ii OBI'PYHTYBAHHS

[IpunycTrmo, Mo BUKOHYETHCA YMOBa

N
i=1

TTosnauumo 4vepes Dg MHOXKUHY TOYOK Zp € R" aki mictarbca B obsiacti D pasom 31 ¢BoIM
B y 0 )

(B-oKoJ10M, J1e
B=T(E+ LM+ T|Hd(zp)|,

N -1 N N
H= <Zt1Az> y LZZE‘HA,", d(xo) =d— (ZAZ> xQ.
=1 =1

=0
Hexait

Ds+2 (6)

i HaiiblabIne BiracHe 3HavenHst Marpuii @ = (k + 1)T(E 4+ L)K He niepeBulilye ojuHuUI:

)\ma:c(Q) <L (7)

Posryisinemo mociioBHicTh DYHKINN, sIKi BUSHAYAIOTHCA PEKYPEHTHUM CITiBBiTHOIIIEHHSIM
t
xo(t, zo) = o, T (t,x0) = xo + /gml(s,ajo)ds -
0

N b
- tHZAi/gm_l(s,xo)ds+tHd(xo), m=12,..., (8)
=1 0



BATrATOTOYKOBA KPAMOBA 3ATAYA /IJIsI CUCTEMU 3 [TIEPETBOPEHUMUW APTYMEHTAMU 9

Jie
Im—-1(t,w0) = f(t, 2m—1(t, 20), Tm-1(A1(t), Z0), - - -, Tm-1(Ax(t), T0)),
a mapamerp xg € R,
Besnocepeinboio mepeBipKoio JIETKO MePeKOHATUCS, IO [/ JOBLILHUX Xg BCl PpyHKIHT 1€l mo-
CJTJIOBHOCTI 3a/I0BOJIBHSIIOTH KpaitoBi ymoBu (|2)).

Mae wmiciie HacTyIHe TBEp/KEHHsI PO 361KHICTH HOC/IIOBHUX HAOIMKEHb Ty, (t, To) BULJISILY

Teopema 1. Hexaii BHKOHYIOTHCSI YMOBH -. Toui nocioBHicTh QyHKIIH T (t, xo) BUDISILY
(8) piBHOMIpHO 36iracTbest mpm m — oo B obuacti (t,xg) € [0,T] x Dg mo rpanminoi yHKIl
x*(t,x0), sKa 38/[0BOJILHSIE KPAIOBI yMOBH 1 € pO3B’SI3KOM IHTErpaJibHOrO PIBHSIHHS

N tg

x(t) =x0+ [ g(s)ds — tHZAl g(s)ds +tHd(xp), 9)
[

Jie

g(t) = [t x(t), z(M (1)), - -, 2(Ak(2))),

sikuif npu t = 0 npoxogurs gepe3 touky x*(0,xg) = xo. Kpim mporo, z*(t, x¢) € po3s’si3skom KpaiioBoi

3a/adi
N
B(t) = f(tz(t), 2(M (1), ..., x(Ak(B) + Alzo), Y Aiw(ts) = d, (10)
=0
e
N t
Alwo) = Hd(zo) — HY A, / g()dt.
=1}
st Bigxumennst x*(t, xo) Bifg T (t, xo) opu Beix (t,z9) € [0,T] x Dg i m =1,2,... BipHa oninka

|2 (t, 20) — m(t, 20)| < Win(20), Win(2z0) = Q™ (E — Q) '8 (11)

osedenns. Tlokaxkemo, IO B IPOCTOPI HEllepepBHUX BEKTOP-(DYHKILH MOCTIJOBHICTD € QpyH1a-
MEHTAJILHOIO, & OT2Ke, 1 pIBHOMIpHO 306i2KHOIO.

Beranosumo crovarky, mo upu o € Dg Bei GyHKIT 2y, (£, 29) MicTsaTbes B obmacti D. Ha
micTaBl i3 BpaxyBaHHSIM 3HaXO/IUMO:

N
|1 (t, w0) — wo| < TM + T |HA;| Mt; + T |Hd(xo)| =
=1

N
=T (E + Zti yHAZ-|> M + T |Hd(xo)| =T(E+ L)M + T |Hd(xo)| = 5. (12)
i=1
Tomy z1(t,z0) € D, sik Tinbku xg € Dg. Innykiieio sierko nmokasar, 1o s Beix m =1,2,..., t €
[0,T] i 6yap-sikoro xg € Dg byskil xp,(t, o) Buriaamy (8) He BUXOAATH 3a Mexi obsacti D.
Mokmanaoan 141 (t, o) = |Tm+1(t, x0) — Tm(t, o)|, HA mACTABI i3 BpaxXyBaHHAM oTpH-
MY€EMO:

t
Tm+1(t, o) < K / (s, ds+tZ|HA\K/wmsxo)d (13)
0 i=1



10 Outmuyk M.IIL., dutmyyk O.1.

Je
k
wm (8, T0) = Tm (s, z0) + Zrm(/\i(s), x0).
i=1
Briguo 3 (12)), r1(t, z0) = |z1(t, xo) — 20| < B, ToMy i3 upu m = 1 3HaXOUMO:

N
ro(t, o) < K(k+ 18t +t Y |HA| K(k+1)8t; <
=1

N
<(k+D)TEB+ (k+1)TY t;[HA| KB = (k+1)T(E + L)KB = QB.
=1

Innykmieto MozkHa JoBecTH, 10 17Is Beix (¢, zg) € [0,T] x Dg

Tm41(t,xo) <QMB, m=0,1,....

Tomy maa j > 1 MaeMo HEPIBHICTE:

J Jj—1 Jj—1
@ity (t70) — Tt 20)] < Pt 20) < (Z Qm“) B=Qr (Z Q"> 8. (14)

i=1 =0 =0

Ymosa rapanTye BUKOHAHHS CIIiBBiTHOIIEHD

j—1
Jim Q" =0, Y Q' <(E-Q)" (15)
1=0

Toui i3 (14) Ta ((15) Ha migcrasi kpurepito Kot Buiimsae, 1o nocsiioBHICTb Ty, (¢, o) BULIsLY
piBHOMIpHO 306iraeTbcs mpu m — 00 B obiracti (¢, xg) € [0,T] x Dg i

lim 2., (¢, z0) = *(t, x0). (16)

m—o0

OckisibKr BCi 10CJII0BH] HAOIMKEHHST Ty, (, T¢) 38/10BOJIbHSIIOTH KPAHoBi yMOBI , TO 11 Tpa-
nnuHa byskiis ¥ (¢, xo) Takox ix 3a0BosbHsE. [lpn j — oo i3 , BPaxXoBYIOUNU Ta ,
amst Beix m = 1,2,..., (t,z9) € [0,T] x Dg orpumyenmo ouinky (LI). Kpim mporo, nepexonsan is
BPaxyBaHHAM y JIO0 TPAHUILl Ipu m — 00, 6adnmo, 1mo GyHKIa x*(t, £¢) € po3B’a3KOM iHTe-
IPAJILHOTO PiBHSHHS @, skuit nupu t = 0 mpoxoauTs Yepe3 Touky z*(0, zg) = xo. OTKe, rpaHmIHA
dbyukuis x*(t, z¢) cupasi € po3B’sI3KOM KpailoBoi 3a1adi . Teopemy moBeneHo. O

Ha mincrasi Teopemu[l], BUKOPHCTOBYIOUN CTaHAAPTHY TeXHIKY OOIPYHTYBaHHS YHCEIbHO-aHAIITUIHOIO
meroay [2, 3], HeckiazHO orpuMaTn HaBeJeHl Jasi TBEP/PKEHHS.

Heo6xini 1 jocraTHi ymMoBu j1ist TOro, o6 rpanuyna dyukiist ©*(t, xg) mocigosrocti (8)) Gymia
PO3B’sa3K0M KpaitoBol 3amacii , , Jla€ HACTYITHA T€OpeMaA.

Teopema 2. Hexaif BAKOHYIOTHCST YMOBH TeOpeMI/I Toxi s Toro, mo6 po3s’s3ok x*(t) mogaTko-
BOI 3a/1a41

l‘(t) = f(t’x(t)7x()‘l(t))v ce vm()‘k(t)))v m(()) = Zo,

OYB OJHOYACHO PO3B’SI3KOM KpaiHoBoi 3ajadi , , HEOOXITHO 1 JOCHTBD, 106 To 6yJ/I0 PO3B’SI3KOM
BU3HA4YaJIbHOI'O plBHHHHH

A(zo) =0, (17)
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J1e
N t
A(xo) = Hd(zq) — HZAi/g*(t,xg)dm (18)
=1}
g (t,xo) = f(t,x" (¢, z0), " (A1(t), z0), - .., ¥ (Ak(t), z0))-
IIpu npomy z*(t) = x*(t,xo) i st Beix m = 1,2,..., ¢t € [0,T] moxo BiAXuIeHHS TOTIHO-

ro possssky x*(t) = x*(t,z0) kpaiiosoi sazaqi (1), BiJT 1T HAGJIMZKEHOTO PO3B A3KY T (L, x0)
pursy (8) BipHa orinka .

Ha mnincrasi teopemnu [2] oTpUMyeMO HACTYHHHI YHCEIBHO-AHATITHIHUN AJITOPUTM NOOYI0BI
PO3B’s3Ky KpaitoBol 3aaadi , :

a) mpu o € Dg srigno 3 Oy LyEMO TOCIIIOBHICT (DYHKIN Xy, (¢, T0), 3a7I€2KHY Bl T sIK B
rmapamMeTpa;

6) 3HaxouMo rpaHuuHy (bYHKII0 x*(t, z() 1iel mocimoBHOCTI;

B) ckjajaeMo BusHadaabHy yHkiio A(xg) surasamy (18) 1 skuM-HEOyIb YMCETBHUM METOIOM
3HAXOJIMMO PO3B’fI30K T( = {, BU3HAYAJIBHOI'O PiBHAHHSI ;

I) HIyKaeMo po3B’si30K modarTkoBol 3amadi &(t) = f(t,z(t), x(A1(t)),...,z(A\e(t))), x(0) = xf,
abo, 1o Te came, rpanndny GyHKio (¢, zf) mocainoBHOCTI Ty, (t, 7).

Orpumana QyHKIIs 1 Oy/e TOYHUM PO3B’SI3KOM KpaitoBol 3ajadi , , a 3a 11 HaOIMKeHni
PO3B 530K, SIKHil Ja€ MOXUOKY, 110 He nepesutiye W, (), MoxKHa B3aTH BYHKILIO Ty, (T, () BUIIsLY
B.

lostoBHOIO TTPO6JIEMOIO TIPU peattizallil HaBeIEHOrO aJrOPUTMY € MOOY/I0BA B aHAJITUIHOMY BU-
syl byl ¥ (¢, z¢). KpiM 11poro, 3 Touku 30py MPaKTUIHOIO 3aCTOCYBAHHSI, BAXKJIMBO BMITH
3po0OUTH BUCHOBOK IIPO iICHYBaHHS PO3B’si3Ky KpailoBol 3ajati , HE 33 TPAHUYHOKI (DYHKINEO
x*(t, o), a 3a 1T M-TUM HABJIUKEHHSIM Ty, (L, 20).

JlocTaTHi yMOBH PO3B’sI3HOCTI KpaitoBol 3a1at4i , Ja€ HACTYIIHE TBEP/?KEHHSI.

Teopema 3. Hexaii Bukonyorbcst ymosu Teopemi [l a takox yMoBu:

1) icHye omykita 3amkHeHa 0b1acTb D1 C Dg, B sIKiii HaO/IM>KeHe BU3HAYAIbHE PIBHSHHS

Am(xﬂ) = Oa (19)
e
N by
Amn(0) = Hal(zo) — H'S" A; / gt 20) (20)
=1 0

Im(t,x0) = f(t, 2m(t, 20), Tm(A1(E), 20), - - -, Tm (Ak(t), 20)),

Mage It JIestkoro ¢pikcopaHoro m > 1 equnmii po3B’s30K Tg = Xy, HEHYJIBOBOI'O 1HIEKCY;
2) na mexki Sy obsracti D1 BUKOHYETHCsI HEPIBHICTH

inf |A,,(zo)] > (k+ 1) LKW, (z0).

CE()ESl

Toui xpaiiosa 3azna4da (1)), Mae po3B’s130K x*(t), moyaTkoBe 3HAYCHHS
2 (0) = 3 (21)

SAKOI'O BU3HAYAETHCA TaKUM L), AKe HaJIe;KHTh obsacti D .
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Ouinky 6im3bkocTi rpanmanux QyHKIi *(¢, z() 1 2* (¢, z() nis rouok xp, xy € D nae nacry-

IIHe TBEePA2KCHHA.

Teopema 4. Hexaii BHKOHYIOTBCS YMOBH TEOPEMH . Toxi jyist Gyab-sIKUX TOUYOK Ty, T € Dg mozno
BIIXH/IeHHsT rpaHnaHnXx QyHKii (¢, x() 1 2*(t, x)) nocainoBroCTelt T (t, ) 1 T (t, () BUIILLY
BIJIIOBIZIHO BipHA OI[IHKA

|2 (t,25) — 2" (t,20)| < (B — Q)" (E + Re) |ag — g,

e
N

Ry=T HZAi .
=0

Henepeperry 3asexuicts Busnadaabuol dyHKI A(xg) Bursay (18]) Bix xg nae macrymnne TBep-
JPKEHHS.

Teopema 5. Hexait BUKOHYIOTBCST yMOBH TeopeMH. Touxi pyukuist A(xy) Burusigy (18) Buznavena,
HenepepsHa B objiacti Dg 1 Ji1s BCiX 1'6, 1’6/ € Dg 3a10B0/IbHAE OLIHKY

1
|A(zh) — Azf)| < FRa+ (k+ )LE(E - Q) N(E+ Ry)| |z — (|

Heobxinni yMOBH po3B’sSI3HOCTI KpaiioBol 3a1adi , Ja€ HACTYITHE TBEP/ZKEHHSI.

Teopema 6. Hexali BHKOHYIOTbCSI YMOBH T€OPEMH . Toxi sys1 Toro, o6 sesika obracts Dy C Dg
MicTH/Ia TOYKY Tj), sIKa Bu3Hadae npu t = 0 nodarkose 3Hadenus (21) poss’ssky x*(t) kpatioBol
sajadi (1), (2), HeobxigHo, mO6 JJIsT BCix m 1 goBijibHOroO To € Dy BUKOHYBaJIach HEPIBHICTH

|Am(§0)| < sup %RQ + (k} + 1)LK(E — Q)_l(E + RQ) |l‘0 - fo’ + (k‘ + 1)LKWm(fo).

xroED>o

OuiHKy BiJXUJI€HHST HAOJIMIKEHOTO PO3B'I3KY Ly (t, Tom ), /1€ Tom — PO3B’SI30K HAOJIUZKEHOIO BU-
3HaYaIbHOTO piBHsHHA (1Y), Bix TouHOTO PO3B’sI3KY x*(t) = 2*(t, ) KpaiioBol 3amadi , ae
HACTYIIHE TBEP/KCHHS.

Teopema 7. Hexaii BukoHyroTbcst ymosr Teopemi |3 Tozi uist BIxuIeHHsT HAGIUZKEHOIO PO3B SI3KY
T (t, Tom), J€ Tom — PO3B’sI30K HAOJIIKEHOrO BU3HAa4YaabHOro piBastaus (19)), Big TounOro po3s’ssky
z*(t) = *(t, ) kpaiiosoi saza4i (1)), BipHa OIIHKA

2% (8, 25) = 2m(t, 2om)| < (B~ Q)7H(E + Ra) g — Tom| + Win(zom)-

Anagoriuno [2, B], npu nesxux mogarkoBux ymoBax IiiajgkocTi npapol dacturm cucremu ([1)
MOZKHA [IOKa3aTH, IO |T{ — Zom| — 0 Ipu m — 00 Ta J0BeCTH PIBHOMIpHY 3012KHICTH HAGJIHZKEHOIO
PO3B’SI3KY Ty, (t, Tom,) A0 TOUHOTO T*(t) = *(t, xf).

BigmiTiMo TakoxK, 10 Y 9acTKOBOMY BUIaJKy k = 1 (HasiBHICTH JIUIIE OJHOIO [IEPETBOPEHOIO
apryMeHTy B CHCTEMi) BCi HaBeJleHl B Iiif CeKI] pe3yIbTaTi TOBTOPIOBATUMYTH PE3yJIbTATH, PaHiIe
orpumasi B [§].
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ITPuKIAL

[IpoinrocTpyeMo BUKOPUCTAHHS PO3POOJIEHOT CXEMU IUCE/IbHO-aHAITUIHOTO METO/y Ha KOHKPEe-

THOMY TpuKJaa. Jag mpocToTn Ta KOMIIAKTHOCTI BUKJIAJIOK OOMEXKUMOCS PO3IJISIIOM CKAJISPHOIO
BUNAJIKY.

Ilpuknan. Posriasmemo KpaiioBy 3ajady

1

i) = g5 (o15) - 2(3)) .

—z(0) + (1) + z(2) = 5,
get e 0,2, D=[0,10].

Heckianuo nepesiputn, 1o B I[bOMY BUITAIKY

to=0,t1=1,4=2 Ay=-1, A;=1, Ay=1, d=5,

N

R 1 3
K=— t;A; =340, H==, L=1, =2
: 50 ; # 2 Q=

)

2
d(zo) = 5 — o, 5=2+§\5—$0|, Dg # 2,
a TOMY BHKOHYIOThLCS BCl yMOBH TeopeMu 1.

[Mocminosui Habmmkenus 1 (t, xo) 1 x2(t, o), 3Hadimeni srigno 3 (§)), marors BursT:

1
xl(t, :UQ) = X0 + 5(5 - xo)t,

1 143 1,
.%'Q(t, .%'0) =X+ 5(5 — .CC(]) <mt + 270t ) .

Binnosiznui im Habmzkeni Busnadaabi Gyl Aq(xg) i Ag(zg), 3naitaeni sriguo 3 (20), maorsb
BUTJIAL:

143 1

Ai(zo) = 144 3(5 — o),
51481 1

Ag(mo) = SR 3(5 — o).

Kopensimn nabmrkennx susnadagbaux pisasab Aj(xo) = 01 Ag(zg) = 0 € Bignosigmo xo; = 5
i o2 = D.

Toni nabmkKeHNM PO3B’SI3KOM PO3IJISIyBaHOI KPaioBol 3a/1a4i Oyre QpyHKITisT

{E1(t, xm) = xg(t, $02) = 5.

Besnocepeiboio epeBipKoIo JIEMKO MEePEKOHATHCS, 10 TOYHUM PO3B’I3KOM PO3IVIsiLyBaHOI Kpa-
ffoBol 3a/1a4i sikpas 1 € dyukmisa x* () = 5.
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Filipchuk M.P., Filipchuk O.I. Multipoint boundary value problem for a system of differential
equations with many transformed arguments, Bukovinian Math. Journal. 13, 2 (2025), 7-15.

A boundary value problem for a system of differential equations with finite quantity of
transformed arguments in the case of multipoint boundary conditions is considered in this
paper.

To investigate the existence and approximate construction of the solution of such boundary
value problem it is proposed a traditional scheme of the A.M. Samoilenko’s numerical-analytic
method with a determining equation.

A recurrent sequence of functions that depend on parameter, each of which satisfies gi-
ven boundary conditions, is constructed. It is shown that under typical for numerical-analytic
method assumptions, this sequence uniformly convergences to the limit function. It is establi-
shed the value of the parameter at which the limit function will be an exact solution of the origi-
nal boundary value problem. Approximate determining function and approximate determining
equation put into consideration, and on the basis of them sufficient conditions for the solvability
of this boundary value problem are obtained. The necessary conditions for the solvability of
the considered boundary value problem and an estimation of the deviation of the approximate
solution from the exact solution were also obtained.

The proposed scheme of the numerical-analytic method is illustrated by concrete example.
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MouaesnroBanHst KpaiioBux 3a4a4 JiJjist iHTerpo-audepeHiiiajibHuX PiBHIHb

HENTPAJbHOIO TUILY

JocmimreHo cxeMmy 3HAXOKeHHsS HAOJMKEHUX PO3B’A3KiB KPaoBUX 3a7ad I iHTErpo-
JudepeHIianbHIX PIBHAHD HEATPATHHOTO THUIY 3i 3MIHHEM BiAXWUTEHHSAM apryMeHTIB, 10 Oa-
3yEThCA HA 3aIPOIOHOBAHIM iTepariiiHiii cxeMmi i3 3acTocyBaHHAM KyOidHUX CILTAHHIB HedeKTy
aBa. s npakTHYHOrO MOZE/IIOBAHHS TAKUX KPAWOBUX 33/1a4 PO3POOJIEHO HPUKIAIHUAN 3a-
CTOCYHOK 31 3pyYHUM KOPHUCTYBAIBKUM iHTEpdEeiicoM Iad 3aJaHHs BXITHUX MapaMerpiB Ta
Bizyastizamii OTpIMaHUX Pe3yIbTATIB.

Karwwosi caosa i ¢pasu: KpaiioBa 3amada, iHTErpo-audepeHIiajibHe PiBHIHHS, HEATpAIb-
HUM TUl, KyOigHuit crmaiH nedexkTy aBa, MeTos CIIAfH-aITPOKCHMATITii.
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Bcervn

MareMaTwaHi Momesi, IO OMUCYIOTLCS iHTErpo-AudepeHINa bHIMA PIBHAHHAMI, BAHHKAOTD
OpU BUBYEHHI TPUKIAIHUX (DIBUYHUX, eKOHOMIYHUX, EKOJOTIYHUX MPOIeciB. 30Kpema, iHTerpo-
mudepenniasibai piBagaHsg Bosbreppu i3 3ami3HeHHAM BiIirpal0Tbh BayKJIMBY POJIb HPU MOZIE/IO-
BaHHi Gararbox peasbHux siBui B ekosiorii [I]. OcrannivMn pokamu 3pocrae inrepec 0 iHTErpo-
udepeHIialbHIX PIBHSHD, AKi € KoMOiHaIe audepermialbHIX Ta iHTerpaabHux piBHIHL Dpe-
arosabMma 9u Boabreppu. Boru BifirpaioTh BaXKIUBY POJIb ¥ NPUKIAIHUX 33a9aX TEXHIKH, aCTPO-
HOMIi, MPU MATEMATHIHOMY MOJIE/TIOBAHHI TTOITUPEHHS €ITiIeMill, B 3a7adax MaTeMaTudHoi 6iosorii
ta ximiunol kineruku |2, 3.

Kpaiiosi zamaui gas inTerpo-audepeHIiajbHuX pPIBHSIHB 13 3alli3HEHHSAM € JOCTATHBO CKJIa-
JHUM 00’€KTOM IOCimykeHHd. Bimomo, mo He icHye yHIiBEpCanbHHX METOIIB ITOOYIOBU IX TOUYHHX
po3B’a3kiB. Tomy OCHOBHUMY TEOPETUYHUMU ITUTAHHSIME IIPU JTOC/I/?KEHHI TAKUX 34724 € 00TpyH-
TYBaHHS KOHCTPYKTHUBHUWX TiIXOJIB JOBEICHHS ICHYBAHHS 1X PO3B’a3KiB Ta PO3PO0OKa eheKTUBHUX
MeToniB moOymoBu HAOIMAKEHWX PO3B’'A3KiB. BaxkInBo0 TakoXK € 3a7ada OIepKAHHS OIMIHOK TTOXH-
0ok s HabamKeHnx po3p’sizkiB. Ha mamnit wac misa 3HAXOMKEHHA PO3B’A3KIB KPaoBUX 33702 13

3aMi3HEHHIM BUKOPUCTOBYIOTHCI METOIN MOC/TIJOBHUX HADINKEHb, MPOEKITIHHO-ITepaIiiini MeTo I,

VK 517.956
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merogu crtaiia-dbyukuii [4, B 6 [7]. ikapumu masg npukiajHux 3acToCyBaHb BUSIBUIUCH CXEMH
ampoKcuMaliil andepenIiajThbHO-PIBHUIIEBUX PIBHAHB MOCIJOBHICTIO CHCTEM 3BUYANHNX andepeHIri-
anpHuX piBasgHb |8, 9, [10].

Meroto manoi poboTu € 3acToCyBaHHS ITepaIiiiHOl CXeMU 3HAXO/YKeHHS HAOJIUKEHUX PO3B’s3KiB
HOBOT'O KJIACy KpaioBUX 3a7a4 JJIs IHTErpo-IudePEeHINaJIbHIX PIBHAHL HEHTpaaIbHOro THITY 3 6ara-

TbMa, BAMI3HEHHSIMA 3& JTOIIOMOTOI0 KyDITHUX CILIaHHIB JedeKTy aBa.

1 TIOCTAHOBKA 3AJIAYI. ICHYBAHHSA PO3BA3KY KPANMOBOT 3ATAUI

Beenemo nosmauenns

@) = (v = 70@)...y(z = (@) ),
@) = (¥ (@ = r0(@), ..o/ (2 = mal@)) ) 1
[y(x)]2 = (y” (a; — Tg(x)), .. ,y”(a; - Tn(:c))>

Pozriianemo kpaitoBy 3amady

y'(2) = £ (@, @), @), [@)]) + 2)
b
T / 9(z, 5, [y()], (s, [y(s)]e)ds, @ € [a; ],
y(p) (J}) = Sp(p) (IL') , P = 07 1a 27 HAS [CL*; CL] » Y (b) =7, (3)

ne 3amiznensst 70 (x) = 0, a 7 (z), ¢ = 1,n — HenepepsHi HeBij emui dyHKil, Bu3HAYeH] Ha [a, b,

¢ (x) — 3azana aBivi HenepepsHo-udepeniiiiosHa gyHkuia va [a*;a], v € R,

o = guin { it o0}

0<i<n | z€[a;b]
BBeseMo MHOKUHE TOYOK, 110 BUZHAYAIOTHCS 3aII3HEHHAME T1 (L), ..., Ty (T):

Eﬂ:{xje [a,b] : :cj—Ti(:vj):a,jzl,Z...},

Eig = {Zb‘j S [a, b] LTy = a, .1‘j.|.1 — T3 (xj-l—l) = xj, j = 0,1,2,. . .},
n
Ey = U(Ezl U Es).

i=1

[Mpunycrumo, mo 3anizuenns 7; (z), ¢ = 1,n — raki GyHKil, mo Maoxuan Ejp, B, i = 1,n, €

CKiHYEHHUMU. 3aHYMEPYEMO TOYKU MHOXKUHU [ B IOPsiIKY 3pOCTaHHS.
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Bpenemo mosnadenns:

b

[ ot . T s

a

Yy (z — Ti(iﬁ))) < Py,

P =sup{ | (o WL Iyl o)) +

‘y(m - Ti(ﬂf))‘ < P,

y/’(x—ﬂ'(l“))‘ <P i=0,n, z,s € [a; b]},

J=l[a%;a], I =]a,bl,

Il == [(I,I’l], -[2 = [xluxQ]a ceey Ik = [xk_l,fk], Ik—‘rl == [$k7b]7

By (JUI) = {y(:c) Ly (z) € (C(JUI) N (cl(J)uclu))m
k+1

ﬁ(U c? (Ij)>>7 ly(@)] < P, Jy'(2)] < P, [y'(z)] < Pz},
j=1

ne Py, Py, Py — nomarHi cTaji.

Po3zs’a3kom kpaitosoi 3ama4i — BBaKaTNMeMO YHKIII0 ¥y = y (x), AKII0 BOHA 3a0BOJILHSIE
pipusans (2) va [a;b] (3a MOKIMBAM BHHATKOM TOUOK MHOKMHE Es) i kpatiosi ymoen (3). Byzemo
urykary po3s’a30k 3agadi (2)-(3), axuit manexxurs npocropy Ba(J U I).

I3 ozmauenna mpocropy Bo(J U I) BunmBae, mo po3B’si30k 3amadi — Oyme HemepeBHO-
mmdepenniiiosanM s Gyab-sikoro x € [a, b, ne ¥’ (a) — mpaBa moxifHA, & B TOYKaX MHOKHHN Fo
iCHYIOTH CKiHYEHHI OHOCTOPOHHI APYTi TMOXigHI PO3B’I3KY, TKi MOXKYTH HE CITIBIIATH.

Beegemo mopmy B mpocropi Ba(J U I):

- 8 2 , ,
I, = e 5y e o)l 2 (el (o). max /o))

reJ
/! /! "
o (el el o) e o))

[Ipocrip Ba(J U I) i3 1i€r0 HOPMOIO € GaHAXOBUM TIPOCTOPOM.

KpaiioBa 3amaga — ekBiBaJleHTHA iHTerpasbHomy pisugnuto [111 [12]

b b
v = [ [£ WL BN ) + [ ol O l€)a)de] x

a*

xG(xz,s)ds+1(z), ze€ JUI, (4)
G(x,s):{G(m’s)’ . x,s €l
0, B IHIIIOMY BHIA/JKY,

B v (x), x € J,
l(x)_{w(x—a)+cp(a), vel,

b—a

e G (x,s) — dyukuis ['pina kpaiiopoi 3amadi

' (2)=0,z€l, y(a)=y(b) =0.
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Busnaunmo oneparop Ty npoctopi Ba(J U I) HACTYIHUM 9UHOM
b
(1) @) = [ £ (6)) o), o)) +

a*

b

+ [ 9. WOL WO W) dE| G (a.s)ds + 1(z) € TUL
Hexait bynkuia f(z, [y(z)], [y(z)]1, [y(z)]2) — memepepera y G = [a;b] x G x G5 x Gyt
a 92,5, (), (N, [()]) — memepepema y Q = (] x G, ne Gy = {u € R+ |ul < P},
Gy = {v €ER: |y < Pg}, G3 = {w €ER: |ul < Pg}, Py, Py, P3 — noparsi cradi, 10 BXOAATh B
ozHaveHHs poctopy Ba(J U I).
Mag Micrie HACTYITHa TeopeMa.

Teopema 1. Hexaii BUKOHYIOTHCS YMOBH:

1 (b—a)zp < P
) max max lo (z)], —5 +maxq e (a)l, [yl < Pr,

}S-PQv

b— —¢(a)
2) o {max [/ (o), 4P + [ 170

3) max{max | (z)|, P} < P,
zeJ

4) ynxnii f(z, [y(@)], [y(@)), ly(@)]2) 1 (2, s, [y(s)], [y(s)], [y(s)]2) sanosomprsrors yyony Ji-
g y G za svimmmv [y(2)], [y(2)]1, [y(2)]2 3i crammumn LY ra L2, i = 0, 3n + 2, Bigmosigmo,

n 2n+1 3n+2
5) S (L p-aL)+ 52y (H+0-oL2)+ Y (L+p-a12) <1
s 1=0 ' ’ i=n+1 ’ ’ 1=2n+2 ’ !

Toai icaye eanmmii poss’asok sagadi ([2)-(3)) y mpocropi By(J U I).

JloBejienns TeOpeMU HECKJIA/IHO OJIEep’KATH 3aCTOCOBYIOUN MPUHIIUAI CTUCJIUX BioOparKeHb s

oneparopa 1" |7, [13].

2  OBYMUCJ/IOBAJIbBHA CXEMA. 3BIXKHICTbH ITEPALHI;IHOFO [MPOLECY

Bub6epemo mepisHoMipHY ciTky A = {a = 20 < 1 < ... < T, = b} Ha BiApI3KY [a; b], Taky 1m0
Ey; C A. Tlosnauumo uepes S(x,y) inreprnosaniiianii ky6iunmii critaiin gedexry msa Ha A s
dbyukuii y (), axuit magexuts npocropy Ba(J U I).

Baenemo mosnadeHns:

MJT“:S”(xj—i-O,y),j:(),l,...,m—l, (5)
M]-_:S”(:L'j—O,y),j:1,2,...,m. (6)
Cuuaita S(z,y) nedexry asa, mo inrepnosoe dyukiio y(z), mae surasy [6, [7]:
. )3 o 3
S P Gt M Y Gl o i 7
(z,y) i1 6, + M; 6h, + (7)

Y M;hh? R G Mj_h? T —xj1
yjfl 6 h] y] 6 h] )

€ xj_1;25, j=1,2,...,m.
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Bpaxosytoun BaacTrBOCTI KyGidHOTO CITaiiHa y BHYTPINTHIX By3aax citkm A, Ma€MO PiBHOCTI:
S}(:);’j—O,y):S;H(xj—i—O,y), j=1,m—1. (8)

Pisuocti , BPAxXOBYIOUN BUTJISIT CILIAWHA, TIEPEIUIIEMO Yy BUTJIAl CUCTEMHU JIiHITHIUX aaredpa-
TYHUX PIBHAHB, 9Ky 33J0BOJbHIIOTH BEJTMINHN thl i Mj_ (1=1,2,...,m).
h hj+h hjyjo =ttt
j+1¥i—1 — (hj + hjp1)y; + hjyjp = =X
+ - + -
x (s MGy + 205 M 4 2Dy M+ i My, ) 9)
j=1m-—1

Bynewmo mrykaru po3s’s30k KpaiioBol 3a1a4di — V BUTVISIT TIOCTIIOBHOCT] KybGiuHUX CriaifHiB
JnedeKTy Ba 33 HACTYITHOIO CXEMOTO:

A) BuGepewmo xyGiunnii craitn S (z, y(o)) = ng[(la) (x — a) + ¢ (a), akuil 3370BOJILHSE KPAoBi
yMOBI/IHpI/I(L':aTaCC:b.

B) BukopucroByioun BuxijHe PiBHSIHHS Ta Criaie S (x, y(k)), suaxoqumo aag k= 0,1,...:

MY = £ (), 1Sy + 0,5 ™)), [ (s + 0,51, [S (x5 +0,5®)]2) +
b
[ a5, 1505, ) 1505+ 0,5, 505 +0, 4 ),

MY = f (w18 (25 — 0,y ™), [S (s — 0,5®)]1, [S (x5 — 0,5™))]2),
b

+/g($j, S, [S(Sa y(k))L [S(S - 07 y(k))]lv [S(S - 07y(k))]2)d37

a

j=T,m. (11)

V cniseigromennsx ((10]), nigcrasnaemo S (x,y(k)) =o®(z), p=0,1,2 mpu z < a.

B) O6uncroemo y(-k+1), 7 = 0,m, po3B’a3yioun cucreMmy piBHSHB @

I') Oxepxyemo KyGiuHmit criraiin S (x, y(’““)) y hopmi , BUKOPUCTOBYIOUN 3HAMTEH] 3HATEHHS
y§k+1), 7 =0,m, Mjﬂkﬂ), 7=0m-—1, Mj*(kﬂ), j = 1, m. le#t crutaitn BucTymae B IKOCT1

HaCTYIIHOTO HaOJIMKEHH.

Bpenemo mosnadenns:

M= (LH+ (b - a)Lf), (12)

=0
2n+1 3n+2
No= > (L4 (0-a)L?), As= Y (L} +(b—a)L?),
i=n+1 1=2n-+2
K5 H? K® 2H
u=-—0b-aP+ ", v="(b—a)+ =~

8 8 2
1
u—5<1+2)\1H2+)\2H+)\3).
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Teopema 2. Hexait po3s’s30k Kpaiiosol 3ajgadi icaye Ta Hajsexkuth npocropy Bo(J U I).

Toni npy BUKOHAHHI HEPIBHOCTI
0=uM +vXa+A3<1 (13)

icaye take H*, mo npwu Bcix 0 < H < H* mocrigoBricTs criiaiifis {S (a:,y(k))}, k=0,1,...

PIBHOMIpHO 306iraerbcs Ha [a;b] 1 COpaB/IKYIOTHCS CIIBBIIHOIICHHS

klim S®) (2, y*)) — y®) ()| < Ryw (y" (z),H), p=0,1,2, (14)
—00
up 5H? vl
Ry = su +—, Ri = su —— +5H |,
I
Ry = su —+5],
2T e \1-0

w(y" (z),H) = max wy(y"(2),H),

1<r<i+1
ae wy(f, H) — ne moaysp werrepepsrocti yHKuil f Ha Bigpis3Ky Oy.

Hosenenns TeOpeMI/IHpOBO,ZLI/ITbCH AHAJIOTITHO 10 TeopeMu 1 s JiHiftHUX iHTerpo-andepeHItiaTbHIX

piBHgHb i3 3amizuennam [11].

3 YuCJOBI EKCIIEPUMEHTHU

g mMonesoBaHHs KpaifoBUX 3ajad /s iHTErpo-audepeHIiaibHiX PIBHSIHb 13 3ali3HeHHAM
Ta HEWTPAJLHOIO THUINB PO3POo0JIeHO KpOCIIaTdOpMHe IpOorpaMHe 3a0e3levdeHHs] 3aco0aMi MOBH
JavaScript i3 BukopucranusiM TexuoJsorii NodeJS ta dpeiimopky NW.js, akuil qae 3Mory HajaTu
nporpaMi 3pydHMl KOPUCTYBaIbKWi iHTepdeiic /Iist BBeIeHHs TTapaMeTpiB Pi3HOTO THUITY.

X 15707063267045066

" (z) = —0.25y" (z — 1.5707963267948966) +

y (s — 1.5707963267948966) ds + 0, « € [0;1.5707963267948966] ,

@ Heniniiina

o
y(z) =sin(z) + 1, ¥ (z) = cos(z), y" (z) = —sin(z), = € [-1.5707963267948966; 0], y (1.5707963267948966) = 0.75.

PIBHAHHA
@ |3 3anizHeHHAM
O HeiitpancHoro Tuny ITepauia Ne |x Ha6nukeHWi po3B'A3oK TouHWi po3B'A30K ABCONIOTHA NOXUGKA BigHoCHa NoxXuGKa
@ 3wmiwaxoro Tuny 1 o la 1 1 o 0%
B 3 iterpanom 1 5 |0.39269908169872414 0.8453359602465906 0.84893393143109 0.003597971184499338 0.42%
1 10 |0.7853981633974483 0.7583571734782967 0.7507287597009946 0.007628413777302057 1.02%
MeTog i pyBaHHs
.:' A IMTETRYBaHRA 1 15 |1.1780972450961724 0.7106610587978801 0.7136343063945409 0.0029738475966607503 0.42%
paneuii
9
© Cimncona 1 20 |1.5707963267948966 0.75 0.75 0 0%
2 o |0 1 1 0 0%
2 5 |0.39269908169872414 0.8510484517071263 0.84893393143109 0.0021145202760363135 0.25%
2 10 |0.7853981633974483 0.7467318951321821 0.7507287597008946 0.0039968645688125415 0.53%
2 15 |1.1780972450961724 0.7112452839770745 0.7136349063945409 0.0023896224174663194 0.33%
1.5707963267948966 2 20 |1.5707963267948966 0.75 0.75 0 0%

Pwuc. 1: Burngana BikHA 3aCTOCYHKY
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V OokoBiit yacTuHi BiKHA TPOTPAMU 33JAF0THCA TMapaMeTpr Kpaiopol 3a7adi, a caMe MOYaTOK
a Ta KiHemb Biapiska b, KiIbKiCTh TOUOK pPo30uTTd m, koedimienTn piBHAHHA a4, b;, ¢;, 3amiznen-
ua 7; (i = 0,n), Tounicrs obuucienns & romo. OyHKIIIO f MOXKHA BBECTH IPAMO B TEKCTOBOMY
HsIHHSI HeBiloMuil, MOKHA BUMKHYTH mpanopeis “IlokazyBaru Tounwmit po3s’sa30k”. 3a HASBHOCTI
IHTerpaIbHOTO [I0/IaHKA y PIBHAHHI KOPUCTYBaY MOXKe 0Oparu MeTon #oro obdnciieHHs: — KBajpa-
Typay dbopmyay Tparmeriii abo Cimmcona. MareMaTuaHuil BUT/IsAI KpaiioBol 3a1a4ui BioOparKaeTbCst
y BepxHi#l yacTnHI BiKHA.

VBiBIIN BCi mapaMeTpu, KOPUCTYBad HATUCKAE KHOMKY “Obuncauru’, mob nobauuTu pe3ybTar.

[Iporpama BHBOAMTL Ha eKpaH yCi iTeparil oO0YHCAIOBAILHOI CXeMH, ITOKH He JOCITHE [TOTPI-
6mO1 TouHOCTi. Y Tabsuii 3’dBUTHCA HACTYIIHA iH(OpPMAIlis: HOMEp iTepaliil, HOMep KOXKHOI TOYKHU
Biapiska Ta 11 3HaUYeHHd, HAOAMKEHHA po3B’si30K. fKIMO 3a7aH0 TOYHHN PO3B’I30K, TO BIH TEX
Oyae BimoOpaykaTucs pa3oM 3 abCOTIOTHOIO Ta BiIHOCHOI TOXMOKOK MiXK TOUHUM 1 HAOIMKEHIM

PO3B’sI3KaAMU.

IIpukman. Posrisinemo KpafioBy 3ajady:

WP

y'(z) = —ay” (ﬂc - g) + /y (t - g) dt, x € [0; g} , (15)

0
y(z) =sinz + 1, ¢/(z) = cosz, y’(z) = —sinz, x <0, (16)

/()10

[pun o = 0.25 icHye enmuuii po3s’s130k KPaoBOi 3a7a4i, & TaKOXK BUKOHYEThCst ymoBa (13))
reopemu [2] ockisbku npu h = 0.1 maemo, mwo 0 ~ 0.7357 < 1.
Tounuit po3B’sI30K JaHOT KPaioBoi 33,184l y(:zj) 3HANIEHO METOI0M KPOKIB:

2

™ x v T
- f—1)f—(f—1>f 1-a
y(x) ozcosx+(2 5 5 4:£—|— o'

Habsmxenuit po3s’s30k y?go (), omep:kanuii Ha 2-it irepamnii mpu 20 TOYKAxX po3OUTTS BiApi3Ka
ta o = 0.25, HaBegeHo B TabauI

Tab.1. 1: Peayabraru qucaoBux ekcnepuMeHTis g kpaitosol 3amaqi ((15])-(|16]).

x| Tounwit poss’a30k y(x) | Habmuxkennit poss’s3ok y2 () AY

0 1 1 0

2 0.848934 0.851048 0.002114
T 0.750729 0.746732 0.003997
3% 0.713635 0.711245 0.00239
z 0.75 0.75 0
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A scheme for finding approximate solutions to boundary value problems for neutral-type
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iterative scheme using cubic splines with the defect two. For a practical modeling of such
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MALIEHKO B.T.

Amnaniz monesi Ckesstama 3 apobo0BUM MTOKA3HUKOM y (DYHKITIT PO3MHOXKEHHS

3alpoOHOBAHO y3arajbHeHHsI JuckpeTHol mojesi CkejlemMa Ha BUIAIO0K, KOJM (DYHKILS
DPO3MHOYXKEHHSI MICTUTH JIPOOOBI MOKA3HWUKU I YHUCeJbHOCTI momyssiii NVy. JlocmimKyerbest
[TOBEJIIHKA PO3B’sA3KIB MOJIEJIl [IPU 3POCTAHHI TOKA3HUKA BiJ[ 3HAYEHHS TPU 0 3HAYCHHS IOTUPH.
Tlokazano, 1o mae micrie 6idypkartis mukaiB. IIpoBeneHo KOMIT IOTEPHI PO3PAXYHKHU PO3B’sA3KiB
MOJIEJTi.

Karuosi caosa i ppasu: momesib CKeJLIaMu, CTaIliOHAPH] TOYKY, [IEPIOJUIHI PEXKUMHU, CTifi-
KIiCTh PO3B’A3KiB, KOMII'IOTEPHI €KCIIEPUMEHTH.

Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

e-mail: v.matsenko@chnu.edu.ua

Bcryn

Mogeni Ckesitama MIMPOKO BUKOPUCTOBYIOTHCS JIJIst BABYEHHS TUHAMIKHA YUCEIbHOCTI TOIYJIATIN
i3 menepekpusaumu nokosinusaMu [1L 2]. To Takux momyssiniit ciin Bigaecrn npibHux rpusyHis, 6a-
raThboX KOMaX 3 OJIHOPIYHOIO TeHepalieo. Y HUX PICT YUCETbHOCTI BiIOYyBa€ThCsd B OKpeMi (bikcoBaHi
MOMEHTHU Yacy.

MaremaTuyni MOJEIi TAKUX MOMYJIAIIN — Ile MUCKPETHI PIBHAHHSA, SKi B IPOCTIIIOMY BHUIIQJIKY

MalOThb BUIVIAL

Nep1=f(N) Ny, t=0,1,2,...,

Jie N, — uncesbHicTb TOMyIIsinii B MOMeHT 4acy ¢, a dyHkuis f (V) onmucye mporec npupojHOro
BiZTBOpeHHs1 B HOIJ/IIil (KoedilieHT pO3MHOXKEHHS1), TOOTO Iie cepe/iHsl KiIbKICTh MOTOMKIB, 110
MIPUIAIAE HA OHY OCODWHY, fKa iCHyBaJia B MOMEHT Yacy t.

V npumnyierHi, o 3 pocToM YnceabHOCTi N; BIJIUB caMOpPEry/Iodnx (paKTOPIiB TLIBKHA ITOCH-
JIEOETHCs1, KoedirieHT posMuokeHHst f (Ny) OMUCYETHCST MOHOTOHHO CHATHUMHU (DYHKITISIMI.

VY kaacnusniit mogeni Crestama f (Ny) — 1ie cnajna rinep6bosiuna dbyukiis [1]

f(Ny)

_ a
b+ N

TyT napamerp a Bu3Hadae Hailblyibille 3HAYEHHS PO3MHOXKEHHS, & apaMeTp b OIucye BIUIUB CaMO-

perymodnx GakTOpiB HA IMHAMIKY JUCKPETHOI HMOILYJISII.

VK 519.87:574.3
2010 Mathematics Subject Classification: 34D20, 34K06, 34K20.

(©) Manenxo B.I'., 2025
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AHAJII3 MOJEJEN TUITY CKEJIJIAMA... 25

Cama momens Crejiama € JUCKPETHUM PIBHSTHHSIM BHUTJISLITY

G,Nt
Nyp = 2 4 —0,1,2,.... 1
= )
VY npar [3] BuBuatoThest sesiki ysaranbrenns (1)), a came
alNy aN?
Nppp = 25 Ny = 2% —0,1,2,...
t+1 b+Nt2 1 t+1 b+NtQ

ITokazamno, 110 1 IIUX MOJIesIeil Mae Miclle JIUIe MOHOTOHHA, cTabiIizallist YncenmbHOCTI 10 Ie-
SIKOT'O CTaI[lOHAPHOIO PiBHsA. AJie B IPUPO/IL YaCTO CIOCTEPIraloThCs 1 MepioAUYHI TOBEIHKI YNCE/Ib-
Hocti Ny. SIk nmokaszano B [4], nepioguani pexxumu iCHYIOTH JiJIsi MOJIEN 3 MOHOTOHHOIO (DYHKIIIEO

posmuoxkenns f (Ny) = LN 3 HATYypHHUX CIIOCTEPEXKEHDb BiIOMO, IO (PYHKINS IPUPOIHOIO Bill-
i
tBopennst f (Ny) He 3aBxkau monoronna. Tomy B [5] BuBuaeThest y3aranbuennst mojesni Ckeurama 3

aNt CL]\ft2

1 [Tpu oMy mozesib Ckejutama Nypp = ——— Mag sk
b+ N,

HEeMOHOTOHHOIO (yHKIIEw [ (V) =
cTaIliOHApHI, TaK 1 mepioanvHi Po3B’I3KU OyIb-SIKOr0 Mepioy.

SIKIo B 3HAMEHHUKY IMOHU3UTHU CTEIHb BesnanHu Ny J10 TPbOX, TO, sIK Moka3aHo B [5], B mipomy
aNt2
b+ N}
qacoM cTabii3yerThes 10 1ux cramjonapuux piBHiB. [lepioauyni pexkumu Temep MOBHICTIO BiACyTHI,

BUMAJKY MOAETb Nyyq BOJIOJII€ JIMIIIE CTAIliOHAPHUMHU PEXKUMaMH i YUCeJIbHICTH [Ny 3

XO4a, PaHille iCHyBa/l UK/IN Oy/Ib-SIKUX TIePioIiB.
[limkoM JOTiYHO TMOCTAE€ MUTAHHSI IPO JOCTIIXKEHHS MEPIOANIHIX PEXKUMIB Ta X BIACTHBOCTE
[IpH 3MiHi MOKa3HUKa Bif 3 10 4, TOOTO MOTPIOHO BUBYMTHU MOBEIIHKY PO3B’A3KIB JJIsT MOJIEJI

aN?

= YN 4 b>0,ae(0,1], t=0,1,2,.... 2

N1
IIpn o = 0 Ta o = 1 mocaimkenns momesi HOBHICTIO 1TpoBe/ieHo B [5].
[Tepeitemo 10 BUBUYEHHS MMOBEIIHKN PO3B’SI3KiB MO npu « € (0,1).

1 JoCHOyKEHHSI CTAIIOHAPHUX I IIEPIOAWYHUX PO3B’SI3KIB MO/IEJI

Monenb — 1Ie HeJIiHifTHe IUCKpeTHEe PIBHSHHS, 3arajbHi PO3B’I3KU SIKOTO B aHAJITHYIHIN dbopmi
He MOXKHA 3HANTH, TOMY 3HailIeMO IPOCTII PO3B’sI3KM 1 JOCTIAUMO TX Ha CTIHKICTH.

CranionapHi po3B’si3K1 PiBHAHHS 3HAXOJIMMO 31 CHiBBITHOIIIEHHS
N} = aN; —b. (3)

[IpoBesemo rpadivunumit aHa i3 icHyBaHHS JOJATHUX KOPEHIB IIHOI'O PiBHSHHSI.

Cnouarky 3Haitjemo Touku N*, B sIKMX IIpaBa Ta JiiBa YacTHHA piBHAHH: (3)) MAIOTH OJHAKOBHI
1
a

34+«

24«
kyToBuii koedinient. Ie Touka N* = < ) > (. Tenep, gKIIO B mifl TOYIN 3HAYEHHS TPABOL

Ta JIiBOI YaCTUH PIBHSIHHSA 36iraforbest, TOOTO b =
3+« 3+«

a2+« a 24a
(2+0) ( > = ¢, To piBusHHS (]3]
Ma€e equHuil po3p’st30k N*. A gxmo b < ¢, To Mae aBa JificHi pisHi gomarHi kopeni Ny i N
Akmmo b > ¢, To (3) He Mae AiICHUX TOJATHUX KOPEHIB.
Bokpema, nipu a = 3 a = 0.1 3naxomumo ¢ = 2.0008. Tomy, skmo b = 2.0008, To (3) mae
enunuii gonarauii Kopinb N* = 0.9845 (puc. 1a). Ilpu b = 0.1 < ¢ icHyIOTb J(Ba JIOJATHAX KOPEHI:

N{ =0.03334, Nj = 1.6712 (puc. 16) i upu b = 2.5 > ¢ Takux KopeHiB Hemae (puc. 1B).
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— ) =N — fiNg =NF*e — fivy =N

— g(N) =aNt—b — g(N)=aNe—b — g(Ne)=aNe—b

f(NE). g(NE)

Puc.1. I'padiunnit ananiz kopeuis piBusinus (3): a) a = 3, b = 2.0008, o = 0.1, Ny = 0.9845; 6)
a=3,b=0.1,a=0.1. Nf =0.03334, Ny = 1.6712; B) a = 3, b = 2.5, = 0.1. Kopenis Hemae

st JTocJtipKeHHs CTIHKOCTI CTalllOHapHUX PEXKUMIB 3HAXOIUMO ITOXiJIHY IpaBol YacTHHU PiB-
HsIHHS B CTAI[IOHAPDHUX TOYKAX

aN* (2b— (14 a)N*3+e)

A=F'(N)|.. =
( )|N (b+N*3+a)2

I1 Mmostysib mopiBHIOEMO 3 ofuHUIE0. Ko [A| < 1, To N* criiikuit, sikiio [A| > 1, To N* necriiikwuii.

[Tepiomuani po3s’sizku 3 mepiofgoM 1T = 2 3Hax0auMO 3 YMOBU Niro = Ny, Nyy1 # Ny, &t =

0,1,2,.... lusa ix 3HAXOIKEHHST MAEMO PIBHSIHHSI
Ny = F(F(Ny)), (4)
aN?
e F(N) = —F5—.
ae F (M) b+ Nt
BigmosimHo mst 3HAXOMXKEHHST MEPIOANIHNX PO3B’si3KiB i3 mepiomom 1T = 4 Tta T = 8 mMaemo
PiBHSIHHS
Ny = F (F (F (F(Ny)))) (5)
Ny = F (F (F (F (F (F (F (F (N)))))))) - (6)

Taxi piBHsHHS PO3B’sI3yIOTHCsI, B OCHOBHOMY, JIUIIIE YUCJOBUME MeTomaMu. Jljis mocimkenns cTiii-
KOCTI MEPIOAUIHNX PO3B’sI3KIB 3HAXOANMO 1X MYJIBTHUILIIKATOPH 1 MOPIBHIOEMO 3 OJIMHUIHUM 3HAUE-

HHAM.

2 KOMIT'IOTEPHUI AHAJII3 MOJEJII

Hasenmemo npukiiaam poss’si3KiB Moei IIPU Pi3HUX 3HAYEHHSIX IIOKA3HUKA (v, OCKIJIbBKH IIPHU
3poctaHHi @ Bij 0 j10 1 criocrepiraloTbesi pisHi TUMU MOBEIIHKHA YUCETBHOCTI Ny.

Komir’torepruit anai3 po3s’si3KiB PiBHsSIHHST B 3aJIE?KHOCT1 BiJl v IIPOBEJIEMO, 30KpEMA, IIPU
a =3, b = 0.1. Pesysnbraru ob0uuc/ieHb MOKA3yIOTh, 10 y BUNAJAKY, Koy ¢ = 3, b = 0.1 piBHsaHHA
Ma€ JiBa cranioHapHux pexkumu st o € [0, 1], amse jmme upu o € [0,0.06] icaye crifikmii
cTanioHapHuit po3s’s30kK. 3okpema, npu a = 0.06 maemo N{ = 0.0333, Ny = 1.6881, npuaomy N| —
Hecrifikmit, Ny — crifikuit (puc. 2), ockinbku X MysabTuiuiikaTopu A\; = 1.9976 > 1, a Ay = 0.996 < 1
BIJIIIOBIIHO.
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3.0

2.5 A

T
[T

1.0 A

N

0.0 ' ' ’ t ; t y t y t t ; t
0 4 8 12 16 20 24 28 32 36 40 44 48
t

N(t)

Puc. 2. Cramjonaphi pexkumn Ta ix crifikicTs npu a = 3, b = 0.1, a = 0.06. N{ = 0.0333,
N5 =1.6881

ITIpu o > 0.07 cramionapunit po3s’si3ok Ny nepectae OyTH CTIHKHM, HATOMICTDH 3 ABJISIOTBHCH
critiki mukau 3 nepiogom 1 = 2. llpu a = 3, b = 0.1, o« = 0.1 piBHsiHHS Ma€ JIBa HECTIMKUX
cranionapuux po3s’sa3ku N = 0.03334, N5 = 1.6712 ra nepioguunuil po3s’s30k 3 nepiogom 1' = 2,
AaKnil 3agaerbes 3HadeHHaMu N3 = 0.9353, Nj = 2.8757. lleit nepioguunuii po3B’sa30K CTiiiKuii,
OCKLIbKY Horo mysbruiiikatop A = 0.82 < 1 (puc. 3). Y KOMII'FOTEpHUX eKCIIepUMEHTaX [P @ = 3,
b = 0.1 criiikicTh HepiojuuHUX Po3B’sI3KiB ycTaHoBeHa npu « € [0.07,0.45].

[Tounnaroun 3 a = 0.46, nepioguvni po3s’ss3ku 3 nepiogom T = 2 xo9a iCHYIOTb, aJie IePEeCTaloTh
OyTH cTifiKuMu, 3aTe 3 SIBJIAIOTHCA TEPIOAUTHI PO3B’sa3KM 3 mepiogom 1’ = 4.

Bokpewma, pu @ = 3, b = 0.1, & = 0.5 ruk i3 nepiogom T' = 2 (N3 = 0.4302, Nj = 3.6474) —
yaxe nectifikuit. Moro mysprumiikarop nopismioe 1.196 > 1 (puc. 4).

3.00

2.75 A

2.50 4

2.25 A

2.00 A

N(t)

1.75 A

1.50 A

1.25 A

1.00 A

Puc. 3. Criitknit muxi i3 nepiogom 7' =2 npu a = 3, b = 0.1, o = 0.1. N3 = 0.9353, N = 2.8757



28 Manesko B.T.

4.0 4

3.5

L

N(t)

0.5 A

0 4 8 12 16 20
t

Puc. 4. Hecriitkmit muxi i3 nepionom T'= 2 npu a = 3, b = 0.1, o = 0.5. N3 = 0.4302, Nj = 3.6474

Bopnouac, sik BuiuuBae 3 piBHsiHHs ([5)), icHye nepiogmanuii po3s’s3ok i3 nepiogom T = 4, mio
BusHavaeTbes uuciaamu Ny = 0.3663, Ny = 0.5481, N7 = 3.1019, N§ = 4.0614. Bin criiikuii

(puc. 5), ockinbku fioro mysbruiuiikarop A = 0.267 < 1.

t

Puc. 5. Criitknit nmuki i3 nepiogom T' =4 npu a = 3, b = 0.1, o = 0.5. N5 = 4.0614, N¢ = 0.3663,
N7 =3.1019, Ng = 0.5481

B obuunciioBasibHIX €KCIIepUMeHTax y BHUIJKY, Koau a = 3, b = 0.1, criiikicTe po3B’sizKy 3
nepiogom T = 4 cuocrepiraiacs npu « € [0.46,0.56]. ounnaroun 3 o = 0.57 muksm 3 nepiogom
T = 4 nepecraiorh OyTU CTINKUMU, HATOMICTDb 3’dIBJSIOTHCA IuKJK 3 nepiogom 1 = 8. Bonu criiiki
upu o € [0.57,0.59]. Bokpema, npu « = 0.57 nepioguunnii poss’s30k 3 nepiogom T = 8, sKwuii
ckaagaoTh uncia Ny = 0.3209, Ny, = 0.3379, N{; = 0.5824, Ny, = 0.6536, N{3 = 2.6343,
Nj, = 2.8363, N{; = 4.0161, N{; = 4.1506 (puc. 6), criiixuii (puc. 7) (#foro MyabTuUIIIKATOD
A=0.62 < 1.
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w
L

F(F(F(F(F(F(F(F(N))))))
N

-
L

—— F(F(F(F(F(F(F(FND)N))

0*/ — y=X
0 1 2 3 4 5
N

Puc. 6. I'padiune mocmiaKeHHsT KOPEHIB PiBHAHHS @ mpu a =3, b=0.1, a = 0.57. Icaye 16
KOPEHiB

4.0 4

351

301

251

N(t)

2.0 1

1.5+

1.0

0.5 1

t

Puc. 7. CrifikicTs nepioguaaoro po3s’si3ky 3 nepiojgom 7' = 8 npu a = 3, b = 0.1, o = 0.57.
Ng = 0.3209, N{, = 2.6343, N{; = 0.6536, Ny, = 4.0161, N{5 = 0.3379, NJ, = 2.8363,
Ni5 = 0.58324, N{s = 4.1506

Hasi npu spocranni o (o > 0.6) nuksiau 3 nepiomom T = 8 mepecraiorh OyTu crifikumum, i
BUHUKAIOTH ITUKJ/IU HOBUX MEPIOJIIB.

IIpu @ = 3, b = 0.1, « = 0.57 piBHgHHSA Mag, KpiM CTalliOHAPHUX PO3B’S3KiB, IIe i JIBa
po3s’sizku 3 nepiogom T' = 3 (puc. 8). Boun mecriiiki (Ix My/asrumikaTopy 6L 38 OJUHALNIO).

124 ey

10 4 104

N(t)
N(t)

Puc. 8. Ilepionmuni poss’ssknu 3 nepiogom 1" =3 npu a = 3, b = 0.01, a = 0.8. a) N5 = 0.0369,
Nj =0.4112, N} =11.4904; 6) N3 = 0.0299, Nj = 0.2682, NZ = 12.9232
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A 11e o3HAUAE, IO PIBHSIHHS JIOIYCKAE [IepioinyHi po3s’si3ku Oy ib-sikux 1epiois [6], a Takoxk
PO3B’SI3KH 3 XaOTUIHOIO MTOBE/IIHKOIO.

Orxke, y3araJbHEHHS Mmojiesti CKesitamMa 3 HEMOHOTOHHOO (DYHKITIEI0 HAPOKYBAHOCTI 1 JIpO-
OOBMM TIOKA3HUKOM JIJIsi BeJIMIUHU [Ny BOJIOJIE€ CTAIIOHADHUMH 1 mepiogudaHuMu pexxumamu. [Ipu
3pOCTaHHI OKA3HUKA (v CIIOCTEPIraeThest OidypKariisi o iBoeHHsT 1UKJIy. st Beix 3Havens o € (0, 1]
ICHYIOTDb CTAITIOHAPHI PEXKUMHM, ajie BOHU MOXKYTb OyTH CTIMKUMU JIUIE IPU TOYATKOBUX 3HAUYEHHSIX
nokasnuka «. aji npu 3poctanni o 3’gBJISIIOTBCS CTiMKI mepioauyni po3s’s3ku 3 nepiogom 1 = 2,
sIKi 3rOJ0M BTPAvalOTh CTIMKICTh, HATOMICTh BUHUKAIOTH CTiHiKi rukn 3 mepiogom 1" = 4 i 1.1, Taki
PIBHSIHHS JIOIYCKAIOTH 1 IepiofantHi po3s’a3Kku 3 nmepiogom 1’ = 3, i 9K HACIIIOK OYIb-sIKAX [I€PIOIiB.

[Ipore icHyrOTHh Taki 3HaYEHHsI apaMeTpiB a, b, IpU AKUX PIBHSHHS He Oyze MaTu mepio-
JINYIHUX PO3B’s13KiB Jyist Beix « € [0, 1], manpukaan npu a = 2, b = 1. Ile mae micue Tofi, KoJu
piBasinas ([2) mpu o = 1 He Mae mepioAUIHUX PO3B’A3KIB.

VYV mamiit poboTi MPOLTIOCTPOBAHO, IO BiIHOCHO MPOCTi AUCKPETHI MOJEII MOXKYThH MATU JOCUTD

CKJIQJIHy TOBEIiHKY YnceabHoCTi Ny

CIIMCOK JIITEPATYPU

[1] Skellam J.G. Random dispersial in theoretical populations. Biometrica, 1951. 38. 196-218.

[2] Suba J., Kawata Y., Linden A. Properties and interpretation of the Skellam model. A
discrete-time contest competition population model. Population FEcolody. Online Version, 2023.
https://doi.org/10.1002/1438-390x.12169.

[3] Manenko B.I. Ananiz modeaetc Ckeanama i3 stcopemxoro cmpameziero 360py eposicaro. BykoBuHcbKuii
MmareM. xKypHas. 12(1). 2024. 74-83.

[4] Manenko B.I. Ananiz modeaets muny Creatrama 3 nepioduuHumy pescumamu. ByKOBUHCHKIH MaTeM.
KypHas. 12(2). 2024. 128-142.

[5] Manenko B.I. Ananis modesed muny Ckearama 3 HEMOHOMONNOW PYHKYIEI DO3MHOMCENHA. ByKO-
BUHCHKUIT MareM. )KypHaJ. 13(1). 2025. 52-65.

[6] MTapkosebkuit A. H. Cocywecmeosanue wukaos HENPEpuieH020 npeobpa3osanus npamoti 6 cebs.
VYxpauHckuit MmaTemaTuaeckuii xyprai, 1964. XVI (1). C. 61-71.

CIIMCOK JIITEPATYPU

[1] Skellam J.G. Random dispersial in theoretical populations. Biometrica, 1951. 38. 196-218.

[2] Suba J., Kawata Y., Linden A. Properties and interpretation of the Skellam model. A
discrete-time contest competition population model. Population Ecolody. Online Version, 2023.
https://doi.org/10.1002/1438-390x.12169.

[3] Matsenko V.G. Analysis of Skellam models with a rigid harvesting strategy. Bukovinian Math. Journal.
12(1). 2024. 74-83. (in Ukrainian)

[4] Matsenko V.G. Analysis of Skellam-type models width with periodic regimes. Bukovinian Math. Journal.
12(2). 2024. 128-142. (in Ukrainian)

[5] Matsenko V.G. Analysis of Skellam-type models with non-monotonic reproduction function. Bukovinian
Math. Journal. 13(1). 2025. 52-65. (in Ukrainian)

[6] Sharkovskii A. N. Coezistence of cycles of continuous transformation straight into itself. Ukrainian
Mathematical Journal, 1964. XVT (1). P. 61-71. (in Russian)



AHAJII3 MOJEJEN TUITY CKEJIJIAMA...

Matsenko V.G. Analysis of the generalization of the Skellam model with a fractional exponent
for the multiplication function, Bukovinian Math. Journal. 13, 2 (2025), 24-31.

Difference equations are widely used as models of population dynamics with non-overlapping
generations. In the simplest case, they have the form Nyiq = f(Ny) Ny, where Ny is the
population size at a given time ¢, f (V;) is the natural reproduction rate. This function, in
particular in the Skellam model, is monotonically decreasing. But as ecological observations
show, f (N;) is not always monotonic; for small values of Ny, the function f (V;) is increasing,
and for large values, it is decreasing.

Therefore, in paper [5], for f (N;), a generalization of the Skellam model for a nonmonotonic

multiplication function of the form f (N;) = 2 j_ & 1 is considered. It is shown that such a model
t
has stationary and periodic modes of any period.

If we lower the exponent of the value of en in the denominator to 3, then the model with

alV,
f(Ny) = b#—iNt‘? allows only stationary solutions, and periodic modes no longer exist.
¢
This paper considers a generalization of these models with an exponent for N; ranging from
G/Nt
b4+ N3t
parameter a increases from 0 to 1, the behavior of the solutions of this model changes, namely,
a bifurcation of the doubling of the cycle lengths occurs. In computational experiments, such

3 to 4, i.e. a model of the form Ny 1 = a,b >0, a € (0,1]. It is shown how, as the

solutions were found and their stability was studied. The existence of periodic solutions with
period 3 has also been established, which means that this model has periodic solutions of any
period and solutions with chaotic behavior.

31
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ITaAciyHuk I'. C.

3AJAYA KOIIII JJI HEJITHIMHOT'O ITIAPABOJITYHOI'O PIBHAHHSA
APYTOI'O IIOPAOKY 31 SPOCTAIOYVMU KOE®IIIEHTAMUN

VcTraHOBJIEHO iCHYBaHHS Ta €IUHICTD KJIACHIHOTO PO3B’sa3Ky 3asgadi Komr j1j1s HeiHIHHOTO
napabosiYHOro PIBHSIHHS APYTOro MOPSIKY 3 3POCTAIUUME IpU || — 00 KoedilienTamu JiHiii-
HoT wactuan. [leit po3B’30K HAJEKUTH 0 KJacy reqabaeposux GyHKIi 3 ¢ € (0;Tp], me mocurhb
madste Ty € (0,7T]. 3a 10MOMOrOM0 IIHOr0 PE3yJIbTATy JIOBEJIEHO ICHYBaHHS Ta €MHICTh PO3B’si3-
Ky 3aJiadi Ipo BU3HAYEHHs KoedilienTa npu HeBifoMilt (dyHKIIT y BiAMOBIIHOMY JIHITHOMY
mapabosiivHOMY PiBHSIHHI 3 He3aJIe2KHUMHU Bif ¢ KoedimienTamu.

Karwuosi crosa i pasu: HeminiiiHe mapaboJiiuHe piBHSHHS, 3pOcTaiodi KoedillieHTH, Kiia-
cr4aHit po3B’sa30K 3a1adi Korrri.

YepuiBerpkuii Harionajabanii yaiBepcurer imeni FOpis @enpkoBuda, m. YepHiBii, YKpaiHa
(TMaciuauk I'. C.)
e-mail: pasichnyk.gs@gmail.com

Bcryn

HaiimroBHirmi pesysibraTu 1po po3s’si3HicThb 3aa4di Ko myrst mapabosiidanx piBHAHD Ha CHOTOJIHI
OTPUMAHO JIJIs BUIIAJKY, KOJIU DiBHsHHS JiiHiiiHe [1]. Baromuii BHecOK y /ocsti/zKeHHsT HeiHITHIX
zayiaa 3pobus C.[. Eitnmenbman, unme 105-piuust 3 JHsI HapO/PKEHHS Bin3HadaeThes y 2025 pori.
[Mpamus [2] micturs orusin pesyasraris C. 1. Eiinensmana ta IX pO3BUTOK JI0 BUBYEHHsI KBA3LIHIHIX
mapaboiyHuX Ta YJIbTPanapaboJIiTHUX piBesHb i cucTeM piBHAHDL. Lli pe3yabraTu cTOCyBaauCh, B
OCHOBHOMY, HEJIHINHUX PIBHSIHL 3 0OMexKeHUMU KoedilieHTamu.

[MuranHust KOpekTHOI po3B’sizHOCTI 3aaax1i Kormi s pisastaEST O — Au+uKu = f, ne Ha omepa-
Top K HaKJIAQJA0ThCs CIeliaJbH YMOBH, BUBYAINCH y Ipall [3|. AHasioriusi nuraHHs Jyisi DIBHSHHST
a(t)opu(t, x)—(Lu)(t, z)+u(t, z)(Ku)(t,z) = f(t, ), ne (Lu)(t, z) = 0% ult, w)+x8xu(t,taf)+u(t, x),

a : [0;T] — [0,00) — nmenepepsHa dyukiis Taka, mo a(0) =0, a(t) > 0uput > 01 % < 00,
0

po3ryIstHyTO B [4].

V it craTTi MocimKyeThes po3B’a3HicTh 3agadi Kot mjis mapabosiaHoro piBHAHHS APYyTroro
nopsiKy 3 Koedinienramu JiHifiHOT yacTunm, siki 3pocrarorh 1pu |z| — co. JloBejeHHst orpuma-
HUX Pe3yJIbTaTiB 31IHCHIOETHCS 38 METOIMKOIO 3 [3] 3 BUKopucranusaMm pesyiabraris 3 [5]. HacrkoBo
pe3yJIbTaTh JIONOBLIAINCh Ha HAayKoBiil Kondepenriii [6].
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1 TIOCTAHOBKA 3AJIAYI

Hexait I1y := {(¢,z)|t € H, x € R"}, ne npomixkok H C R. Posrisagaernses 3a1aqa

(Lu)(t,z) + (u Ku)(t,z) = f(t,z), (t,2) € g, (1)
u(t,x)|t=0 = p(x), =R, (2)

ge T > 0, K — jokaJIbHO 0OMeKeHUil Ta, JIOKAJIbHO JIIIIUIEBUl OllepaTop y KJiaci E&\ (T') menepeps-

unx y Hjp 1) dyskuiil u, amst saxux

max |u(t,z)| < B

t€[0,T

(lz]* + 1)* ms X =0,
exp{a(|z[? + 1)*/2} i X € (0,2],

a >0, B > 0, i nudepennianbpuuii Bupa3

Lu—atu—za <a”ta;8 u+ai(t,z)u ) Zb — c(t, x)u.

i,7=1

[punyckaerbes, mo Jilicnoznadni GyHKIil a;; = aji, Oz, a5, aj, Oz a4, by, Oz,;b; i ¢ € renbieposumMu
B KOXKHIi#f KOMIIAKTHIN M 1001aCTi mapy I} 1) Ta icHy10TH JOAATHI CTadl i, Cj, j €{1,2,3}, i ancio
A € [0,2] Taxi, mo s 6y 1b-IKIX (t z)ellppioeR?
plo)? < Z aij(t,z)oi0; < Ci(|z]? + 1)(2 A) /2|0"2
1,7=1
max{|0z,ai; (t, z)], |a;(t, )|, [bj(t, )|} < Co(|x* + 1)1/2,
max{c(t, x) + Oz, a;(t, x), c(t,z) — O, bj(t,2)} < Cs(|w]* +1)M2.

3a chopMyIbOBAaHUX YMOB Ta, J0/aTKOANX yMOB Ha K BUBYAETHCHA IMUTAHHSI ICHYBAHHS Ta €JIM-
HOCTI KJIACUYHOTO po3B’s13Ky 3aza4i (1), (2) Ta icHyBaHHs Ta €JIUHICTD PO3B 3Ky 3a/1a4i PO BU3HA-
qeHHst KoedirienTa npu HeBimomiit dyHKINT y BiAnoBiIHOMY JliHifTHOMY HapabO/ivHOMY PiBHAHHI 3

He3aJIEXKHUMU Bin ¢ KoedimieHnTamm.

2 ICHYBAHHA TA €IMHICTH PO3B’A3KY

Hunst noinbroro o > 0, sik B [5], posrsinemo yHKIL0O

In (Jz|? ‘;) A=0 -
ot ) = ’ t,x) € g1,
RO = (@ el + 102, e, 00 Hom
ne B = fB(«), a Bemauna Ty, 6y/e osnadena numie. Hexait v*(t, ) = u(t, ) exp{—ga(t,z)}, (t,x) €
H[O;Ta]' TO,ZLI
(Lu)(t,z) = exp{ga(t,x)}(é?tv Z O (aw (t,2)0,v°(t, x))
,j=1
- Z aj (t,2)0x; v (t, x) — (¢, 2)v" (¢, x)) = exp{ga(t,z) } (L) (¢, x),
j=1
e

af(t, ) == a;(t, ) + bj(t,2) + Y aij(t, )0r,ga(t, ),
i=1
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n n

c(t,x) :==c(t,z) + Z Oz, a;(t, x) + Z aij(t, )0z, 9o (t, ©)0p; ga (t, ) + Z(aj(t, z) + b;(t, :c)) X

=1 ij=1 =1
n n
X 6wjga(ta .’,E) + Z amjaij(ta 'I)axjga(t, l’) + Z aij(ta :E)agzx]ga(ta CL’) - atga(tv l’),
i,j=1 h,j=1
Ouesntro, mo (Lu)(t,z) = 0 Toxi i Tinmexkn Toxi, xom (L*v®)(t,x) = 0, (t,7) € H,r,]. Kpim
Toro, Ko Z*(t,x;7,£) € dyHmaMeHTaJbHIM PO3B’si3koM piBHsiaHs (L*0®)(t, x) = 0, To

Z(t,ﬂ:’; T, 5) = exp{ga(t,a:) - ga(T7 5)}Za(ta L 7—75) (3)

e dynnamentaabauM po3s’saskoM pisusinas (Lu)(t, ) = 0.
[Ipu by 1081 DyHIAMEHTATEHOTO PO3B’I3KYy Z% BaXKJIMBY POJIb BiJirpae 3uak koedirienTa c*.
dAxmo A =0, To
p
1—-pt
i Tozi, sixmo B(a) = 2(4C1a2 +2(n + 2)(2C, + Co)a + Cs), a T, = min{T,1/(28(«))}, maemo, 1o
c*(t,x) <0, (t,z) € Il 1,). Axuo A > 0, T0

*(t,x) < 4C1a* +2(n + 2)(2C, + Cy)a + C3 —

At z) <(|lz]? + 1)M? (clv(a + Bt)* + (n + 2)A(C1 + Ca)(a + Bt) + C5 — ﬁ) <
<6 (t) (| + 1M,

Toni 3a § Tpeba Basru B(a) = 2(C1A%a? + (n + 2)AN(Cy + Cy)a + Cs, a T, = min{T,T,}, ne
T, — nonaruuii Kopiub piBHsHHsA 0%(t) = —[((a)/4, mob6 BukoHyBasach HepiBHicTb ¢*(t,x) < 0,
(t, ZE) S H[O,Ta}'

B obox sunajkax T, € He3pocTaouol (GpyHKIHEn 3MIHHOT « i t;lvg% T, = To(C1,Co,C3) < T,
lim T, = 0. Tomy 0 < T, < Ty, a € (0;00).

a— 00

VY mpami [5] auist 3aa4i Ko

(Lu)(t,z) = f(t,z), (t,z)€ 1_I(O,T]a (4)
u(t7$)’t:0 = SO(‘T)7 r € R”, (5>

JIOBEIeHO iCHYBAHHS 1 €IUHICTb PO3B’sI3KY Ta OJePXKaHO iHTerpajbHe 300parKeHHs I HbOTO

¢

uto) = [ 205090 d+ [ dr [ Zmn 07O G0) €Ny 6
R 0 R™

SIKIO (DYHKINS (o HertepepBHa B R™, f HemepepBHa 1 3a/1aBoJibHSIE YMOBY lejibjiepa 3a & piBHOMIpHO

B KOKHifi oOmezxxeniit obstacti mapy (g7}, a Takox ¢ 1 f HamexKarTh JI0 Kiacy ENT).

Posp’si30k 3amaqi (4), (5), axuii BusHauaeThest popmyiioo (6), Ipu 3aaHUX BUINE YMOBax Ha
dbyHKIIT f 1 ¢ HATEKUTH 10 KJIacy E(;\l (To,) 301 =2aupu A =01a; = a+ B(a)T, upu X € (0;2]
i BiH enuaUit B KJ1aci QyHKITiR EQ(T w) 3 JloBlIbHUM o > 0.

Y zobpaxkenni (6) Z e dyngamenTaabHuM po3s’s3koM piBHsnHa Lu = 0 mae Burisn (3), me
Z% e dyngamenTaabHUM pO3B’sa3KoM piBHsAHHA L*u®(t, x) = 0, skwii Busnadenuii aisa {x, £} C R™,
0<71<t<T,, npuaomy

/Za(t,a?;T, €)d¢ =1,
Rn
0< Z%t,2;7,6) <Ct—7)"2, {z,&d CR™, 0<7<t<Ty,
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e C — crana, sIKa 3aJIeXKUTh Bijt n 1 1 1 He 3aJIeKUTh BiI .

3 Toro, mo po3s’s3ok (6) Haxexkuts 10 Knacy FE)(T,), BUIINBAE HepiBHiCTD
‘u(tv .1‘)| < C(l + Ta) exp{ga(t, .1‘)}, (tv .%') S H(O;Ta]'

Posrisaruvemo o3uadeni 8 [4] mpocropu resbaeposux dyukmii Hb/2 (o)) i H HR™), me | —
HeIllJIe JoJlaTHe YUCJIO, 1 BiJIIIOBIIHI HOpMUA

)

lullory = sup [u(t,) exp{ga(t, )}
(tvx)GH(O;T]

liell = sup |o(z) exp{-ga(0,2)}

Baaxkarumemo, 1o omneparop K 3aJI0BOJbHSIE TaKi yMOBH:

1) [ Kullo;r) < Bi(llullo;r: 1),

2) [[Kuy — Kual|o;r) < Ba([lullo;r, [luzllosr), T) [lur — wall 077y
ne u € EXNT) i nenepepsna B Hjo,71, a dymxmii Bi(a,c) i Ba(a,b,c) obmexeni, Ko aprymenTn
3MIHIOIOTbCSI B OOMeXKeHiit 06J1acTi.

Teopema 1. Hexaii koecpiriearn piusiast (1) i omeparop K 3aJ10BOJIBHSIIOTE yMOBH, CHOPMY-
JIbOBaHs BHIE, f € Hl’l/z(H(D;T]) NENT), ¢ € HF2(R") N EXNT). Toxi icuye exumuii poss’s30K
sastadi Komii (1), (2) 3 npocropy HHQ’(HQ)/Q(H(O;T]) NE) (Tp), ae Ty — LocHTb MaJie JJ0NATHE HCIIO,
1€ (0;1), 1 =2ampu A=01ia; =a+ f(a)T, opu X € (0;2].

Josedenma. Jlosenenns nposoauThes 3a MeTomukoio 3 [4]. ¥ mpocropi C12 (11 g.qy) N ENT) zamaua
(1), (2) exBiBasIeHTHA PIBHIHHIO

u(t,z) = (Nu)(t,z), (7)

e

(Nu)(t, ) = / 2(t,2:0,)p(E) de + / dr / Z(t, 27, ) f (. €) dé
0 Rn

Rn
- / dr / 2(t, 27 €)ulr, ) (Ku)(r,€) e, (1) € Loy, ®)
0 Rn

ITepexonaenmocs, mo B npocropi C2 (Il g.7) N ENT) pisusmana (7) aas gocuts mamux T mae
po3B’s130K. CKOPHCTABIINCH BJIACTUBOCTSIMU IIOTEHILAIB, siIPAME KX € QyHIaMEHTATbHI PO3B -
30K /Z, OJIEPKYEMO

V)t 2)] < (el + Tall o + Tallullom 1K ull o)) explgat, )}

Tomy
INullora) < lloll + Tall fllo;r) + Tallullorg 1K ull o) - (9)
Hexait M = 2(|[¢||[+Ta |l fl(0;7.))- Tomi s (9), BuxopucTasim ymoBy 1), oTpuMaemo jjist po3B’ 3Ky

e 01,2(H(0;T]) N EX(T) Taxoro, mo |ull (0;7,) £ M, mepiBmicTs

M
INullr) < 5 + TaM Bi(M, Ta). (10)
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Bu6epemo T, tak, mo 27, B1(M,T,) < 1. Takuit Bubip moxsusnii, 60 B1(M,T,) € o6MeKeHOO
sesmmaunoio. Tomy 3 (10) orpumyemo || Nul| o7, < M.
Hexait {u1,u1} € C*'(Wg.y) N EL(T) 1wl o) < M. [Juzllor) < M. Toni

(Nup)(t,2) — (Nus)(t / dr / (t,:7.6) (12 (7,€) — ual(r, ) (K (7,€)+

+us (7, €) ((Km)(ﬂé) — (Ku2)(r,€) ) ) dé.

3Bijcu, 3riiHO 3 YMOBOIO 1), 0J1epXKYy€EThCsI

[Nu1 — Nuzll(o,1,) < Ta(||u1 — wa| o 1w [l 0;7] + w2l o) [ w1 — KU2||(0;TQ]) <

< Tallur = wll o) (B1 (M, Ta) + MBo(M, M, T,,) ). (1)
Basasmm Ty, Tax, mo6 2By (M, T,) + M By(M,M,T,) <1, 3 (11) orpumyemo
[Nui — Nuallo;1,) < *||u1 — ual|(0;7.]-

CKopuCTaBIIUCH IIPUHIIMIIOM CTHCHEHHX BiJ0GparKeHb, OJIep:KyeMo, 1o oneparop N Mae €IuHy He-
pyxomy touky B npocropi C12(IL(g.z) NEXN(Ty) 3 Ty maxum, mo 2T, By (M, T,) < 1i2B1(M,Ty,) +
MBy(M,M,T,) <1

Omxe, pisusinus (7) Mae equmuii poss’s30k u B mpocropi CH2(Ig.71) NEL(Th) 3 ocuTs Masmm
Th.

[IepeKoHAEMOC, 1110 Iel PO3B’S30K HAJIEKUTD 10 npocTopy HT2(+2)/ *(I o) NEXNTy). 3 pis-
HOCTI (8), BUKOPHCTOBYIOUH BJIACTUBOCTI IMOTEHIHAJIB, sApaMi SKUX € (yHIAMEHTAJbHI PO3B -
30k Z Ta fforo moximm, omepiyemo, mo (Nu) € HFLUD/2(TI o 70) N EXN(Ty). To;Li 3 (7) Bu-

mwmsae, mo u € HFLUHD2(M om0 N EMNTy), a tomy (Ku) € HYW2(I o)) N EXTy) i, or-
xe, (u(Ku)) € Hl’l/2(H(0;TO}) N EX(Tp). Tlpomosxytoun ui Mipkysanus, 3 (8) micraemo (Nu) €
HA2UEDR2 (0 01) N EN(TY). a oy it u € HF2UFD/2(T0 .1 1) N EX(To). O

Teopema 2. fkmio qist yukiiii f; € HZ’Z/Z(H(O;TO]) N ENTo) i ;i € HF2(R™) N EX(Ty) icaytors
PO3B’SI3KH U; € Hl+2’(l+2)/2(H(O;TO) N EXMTy), i € {1,2}, zanaui Komi (1), (2), a oneparop K
3a/I0BOJIBHSIE YMOBY 2), TO

|ur — w2l (o;7) < Callfr — falloyr) + Csller — w2ll0;m)5
ge crami Cy i Cs sanexats Bix To, [|uill (o), 7 € {1, 2}, [ Kuall (o7

Jlosedenns. Ockinbru ui, i € {1,2}, € posp’sizskamu 3amadi Komi (1), (2), o mist w = uj — ug
MAEMO 318y

(Lw)(t, ) + w(t, o) (Ku) (£, 2) = fi(t,x) — falt,z) — us(t, ) ((Kul)(t, ) — (Kug)(t, x))7

(t,[]ﬁ) € H(O,Tg}?
w(t, z)|i=0 = ¢1(x) — p2(x), x€R™ (12)
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Posp’s30k 3a/1a4i (12) MoxKHa HOIATH Y BUIJIsLI

w@@Z/ﬂmw@wﬁ%wﬁﬁﬁ+/m/HMWﬂx
0 Rn

R

<w(r O(Kun)(r € d + [ dr [ Z(t,zim ualr, ) ((Kun)(r.) - (Kua)(r,) de
0

R’VL
t
+/w/é@$ﬂ@mv@—ﬁv@ﬁm (t,) € oz,
0 R™

3 1poro 300parkeHHs, CKOPUCTABIINCH OIIHKAMU MOTEHIHaMIB 3 [5] 1 yMOBOO 2), 0/1epKy€eMO HepiB-

HICTDH

lwllo;) < (H@l — ol + Toll f1 — fall o) + 1K v [l osm) + Crllwallo:mn)s w2l 05107, To) X

To
<lualioz) [ Twlomar
0

Bacrocysasim JjieMmy ['ponyosiia 1], 3 octaHHBOT HEPIBHOCTI OTPUMYEMO OIIHKY

lwllom < (ler = w2ll + Toll fu = Felloy) %
x exp{ || Kui | ;1) + Crlluallo:z0)» 12l 0;7) 7o) w2l 0:7) 3

3 fKOI BUILIMBAE TBEPJ2KEHHSI TeopeMu 2. L]

3 BUBHAYEHHSI KOE®IIIEHTA IIPU HEBIJOMIN OYHKIIIT

Posriisiremo 3a1a4y Busnadens koediienTa Ipu HeBimoMii PYHKINT B TapabOiTHOMY PiBHSIHHI
JIPYTOro HOpsiKY. 3aada Hossirae y 3uaxozkenni dynxiiii u € Hit(+4)/2 (Ho,) N EMT)iqe€
H'F2(R™) N EN(Tp) 3 ymos

(Lu)(t’ x) + Q(x)u(t’ li) = f(tv x)v (t’ ‘T) € 1_I(O,T]a
u(t,x)|t=0 =0, u(t,z)lt=r =¢(z), zeR", (13)
ne f € HF2EA2(1 . 7) N EMNT), ¢ € HH(R™) N EXNT), f(0,2) =0, 1(x) > ¢ > 0, z € R™.
Baaxkarumemo, 1o koeditieatn L He 3ajexKaTh Bif t.
Beismm nosnavenns v(t, x) = Opu(t,x), ana dynxuiit v € HF22/2(I o) NENT) i g €
H'F2(R") N E)N(T) 3 (13) orpumyemo 3a1adqy

(Lo)(t, =) + q(x)v(t,x) = O f(t,x), (t,z) € o),
v(t,x) =0 =0, v(t,z)|t=r = (LY)(x) — q(x)(z) + f(T,x), =€ R™ (14)

fkmo 3 Tperboi ymoBu B (14) 3HaiiTé ¢ i mijcraBuTH #Oro B PIBHSIHHSI, TO OJEPXKHUMO, IO U €

POBB’sI3KOM 3aJatTi

(LU)(tv .’B) + U(t, x) ((Lw)(m) + f(T7 x) - U<Tﬂ x)) = 8tf(t7 x)? (t7 x) = H(O,T}y

v(t,z)|t=0 =0, =z €R™ (15)

1
()
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BacrocyBasim 110 3aja4i (15) Teopemy 1, orpumaemo, 110 BOHA Ma€ €IMHUI PO3B'SI30K v €
Hl+2’(l+2)/2(H(O;TI]) NEN(T1), ne Ty — j1ocuTh MaJie JI0JaTHe YHCI0. 3BiACH BUILINBAE, 1O i 3a1aua
(13) mae enunUil Po3B’A30K.

4 BHWCHOBKU

VYV mpocropax resb/iepoBuX (DYHKIIIH YCTAHOBJIEHO ICHYBAHHS Ta €IUHICTDL KJIACUIHOIO PO3B’sI3-
Ky 3aja4i Ko g HestiHiitHOro napado/ivHOro piBHIHHS JPYTOTO MOPSIKY 3 3POCTAIOUYUMU MIPH
|x| — oo koedinienTamu JiHIHOT YacTHHU. 3a JONOMOIOK OO PE3YJIbTATY JOBEJEHO ICHYBaHHSI
Ta €IUHICTb PO3B 3Ky 3a/1a4i PO BU3HadeHHs KoedillienTa pn HeBimoMilt GyHKIHT y BiamoBimHOMY
JliHifiHOMY MapabosidHOMY PIBHSIHHI 3 He3aJe;KHUMU Bij ¢ KoedirienTaMn.

OrpumaHni pe3ybTaTu MOXKYTb OYTH BUKOPUCTAHI JJIs JIOC/II2KeHHs PO3B’a3H0cTi 3a1a4i Korri
JUIs HeTiHIfHIX napabo/iYHuX PiBHSHD JOBIJIBHOTO MOPSJIKY, B TOMY YHCJI I 3 BUPOJKEHHSM Ha
[OYATKOBIH rinepruionuti, i 3pocraunmu KoedirienramMu npu |x| — oo.
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Pasichnyk H. S. Cauchy problem for a nonlinear second-order parabolic equation with increasing
coefficients, Bukovinian Math. Journal. 13, 2 (2025), 32-38.

The existence and uniqueness of a classical solution to the Cauchy problem for a nonlinear
parabolic equation of the second order with coefficients of the linear part increasing as || — oo
are established. This solution belongs to the class of H?lder functions with ¢ € (0;7p], where
Ty € (0,7T] is sufficiently small. With the help of this result, the existence and uniqueness
of a solution to the problem of determining the coefficient of an unknown function in the
corresponding linear parabolic equation with coefficients independent of ¢ are proved.
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HEIIEPEPBHUN ITIPOEKTOP ABIMKOBOI'O 30BPAXKEHHS YICEJI B
JIAHITIOTOBE A>-3O0BPAKEHH#]

YV poboTi BBOIUTHCsT B PO3TJIsi]] i BUBYAETHCs OHA HellepepBHA (DYHKIIis, 110 € IIPOEKTOPOM
undp KJIACHIHOIO JABIHKOBOro 300parKeHHsi yuces B HUMPHU JAHIIONOBOr0 As-300parkeHHs 3
HYJIOBOIO HAIJIUIITKOBICTIO, & camMe (PYHKITiS BUIY:

O %) =1/20 7 4 1/27 %2 4 1/208 7 4 1/27 M L 1/20 T 4 /2792 4y, € {0; 1}

n=1

B poboti obrpyHTOBY€ETBCS KOPEKTHICTH O3HadeHHs MYHKIIT f, sika Moria OyTu mOpyIeHa de-
pe3 icHyBaHHS YucesI, MO MaOTh JBa (GOPMAJILHO Pi3HI JABIKOBI 300parKeHHs, TOBOIUTHCA 11
HeIlepepBHICTh Ta MOHOTOHHICTH. BUKOPUCTOBYIOUYN HOpMAJIbHI BJIACTUBOCTI YnCes 3a TX JBiii-
KOBUM 300paykeHHsIM (BJIACTUBOCTI, SIKUMU BOJIOAIIOTH 300DayKEHHS UMUCE] MHOXKUHU [OBHOL
mipu Jlebera) i reopemy JleGera, sika KOHCTATYE ICHYBaHHS MalizKe CKPI3b CKIHUEHHOT HOXIIHOT
y HemepepBHOI MOHOTOHHOI (DyHKIIiT, 0BOANTHCH cHHTYIApHicTs DyHKIHl f. [lin currynsproio
byHKITIEI0O PO3yMieThcst HemepepBHa (DYHKITiS, BiMiHHA Bif KOHCTAHTHU, MOXiJAHA SKOI PiBHA
HyJIIO Maii>Ke cKpi3b y po3yminHi mipu Jlebera.

V crarTi BUCBITIIIOETHCS B3a€MO3B 130K PO3TJIsilyBaHOI (DYHKIIII, OllepaTropa MIpaBOCTOPOH-
HBOT'O 3CyBYy Imdp Ta iHBepcopa Iudp JAHIIOrOBOro 300parkeHHs unces. Ha OCHOBI JaHOrO
B32€EMO3B’I3KY OOT'PYHTOBYETHCS CHUHTYJIAPHICTH iHBepcopa Mudp JAHITIOIOBOTO 300parKeHHsT
qucest.

Karwuosi caosa i dpasu: JraHioropuii 1pio, As-300parkeHHsi YuUCeJI, IPOEKTOP Iudp, iH-
Bepcop Iudp, CUHTYIIpHA (DYHKIlisI, HOpMAJIbHA BJIACTUBICTH YHCEN 33 HOro 300paskeHHSIM,
CYIEPIIO3UIlisd CUHTYJISIPHAX (DYHKITIH.

L2Tnstitute of Mathematics of NAS of Ukraine, ?Dragomanov Ukrainian State University, Kyiv,
Ukraine
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He 000B’SI3KOBO reoMerpiero 300parkertst. Cepell MIKABUX MPUKJIAIB TakKuX (PYHKINH 31 CKJIaQIHUX
mudepeHIiaIbHIMI BJIACTUBOCTSIMI, O3HAYEHNX B TEPMiHAX JIAHITIOTOBUX 300parkKeHb UMCET MOXKHA,
HaBeCcTH Taki: cuHrysisipua ¢dyskiis MinkoBebkoro [8], cunrymsipna dbyskiis Tuiny Cengosa [2],
HelepepBHi Hije He MOHOTOHHI (yHKIUT Tuiy Tpubin-dbyuxnii [13, 12] Tomo. Busvyenus 1x mude-
PEHIaJbHAX BJIACTHBOCTEN B KOXKHOMY 3 BUIIAIKIB BUMAara€e CBOI iHANBIIya  bHi Miaxoan. 3arajJbHIX
METO/IIB JOBEJIEHHsT CUHTYJISIPHOC- Ti (PYHKIII, X049a 6 o/Ha 31 3MIHHUX SIKOI 3aIlMCaHa JIAHIIONOBUM
300parkeHHsIM 91CeJI, Ha ChOIOJHI HaM HEBiIoMi.

B poboti pociizKyerbes oqHa HelepepBHa (YHKIlisI, 3HAYEHHSI SIKOI 3allicaHe HeCKiHYe- HHUM
JIAHITIOTOBUM A9-300parKeHHSAM YUCE 1 JOBOAMMO 11 CHUHIYJISIPHICTD, YepIIalodn ij1el JOBeIeHHs pe-
asizosami B po6ori [2].

1 JIAHIIOI'OBE As9-30BPAXKEHHS JINCHUX YUCEJI

JlanioroBumM JpobOM HA3UBAETHCHA BUPA3 BUJLY

1
ao + P — =ao+1/a1 + 1/as + 1/as... = |ap; a1, a2, a3, . . ]
2 LA -

1
a3+

e a; € R, i € Nyjagp € Ny. 36iKHicTh HECKIHIEHHOIO JIAHIJIONOBOTO JIpoby 3abesledye TeopeMa
Beiimesst [9]. Bimomo, 1o 6y/b-sike aiiiche dncio x € R MOKHA 1OjaTH y BUIJIsII €JIEMEHTAPHOTO
JIAHIIOIOBOI'O APo0Y, TOOTO TAKOTO, JJIs IKOro a, € N.

BHaueHHs] CKIHYEHHOIO JIAHIIIOrOBOTO JIpody [ag; ai, ag, ..., ay| € palioHAJIbHUM 9YUCIOM, TOOTO
[ap; a1, ag, ..., an] = Z—:, HPUYIOMY JIpi6 ’q’—;‘ HeckopoTtuwuii. Ipi6 sumsy 2—: HA3UBAIOTH NIOTIOHUM OpOBOM
JIAHIFOrOBOrO Jpoby [ap; ai, ag, ..., ay]

Jtst mipxinamx apobiB MaioTh Miclie HACTYIIHI PEKYPEHTHI CIiBBIIHOIICHHSI:

= Qa _+ —2, :a’ _:1’
Pn nPn—1 T Pn—2 neN, e Po 0 P—-1

n = @nQn—1 + Gn—2, q =1, q-1=0.
CupaBeI/IMBUME € HACTYIIHI BJIACTUBOCTI THAXiqHUX Apo6iB [3]: das 6ydv-axozo k € N

1) qepr—1 — Prqr—1 = (—1)%;

e . )
2) B = laks ag-, ., a1;
. _ Pk—1Tk+Pk—2 _ .
3) [a07a17a27 ""7ak] = Gerritae o A€ TR = [ak7ak+17ak+2, ]
JJ1st HECKIHYEHHOrO JIAHIIOTOBOTO IPOBY [ag; a1, ..., Gy, ...| 1 BIANOBIAHUX MIXiTHUX TPOOIB 7;—" =
n
[ag; ai, ..., ap] Mae micrie piBHICTH
lim — = [ao;alv y An,y ]
n—,oo qn

Posrnsinemo onne KojiyBaHHS JIMCHUX YUCEJ BipizKa [%, 1] HeCKIHYEHHUME JIAHITIOTOBUME JPO-
bamu, a came As-mpobamu. Hexait Ay = {%, 1} — andasit, Ly = Ay X Az X ... — mpocTip MOCIIiT0B-
HOCTElN eleMeHTiB anidasiTy As.

Jlarnyrozoeum Ag-0pobom (KOPOTKO Ag-1pobGOM) HAZMBAETHCS JIAHIIOTOBUI PO BULY

0+1/a1+1/ag+ ...+ 1/ay + ..., ne a, € As.
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Teopema 1. [1] s posinbuoro uncia x € [3;1] icuye nocriosnicts (a,) € Ly Taxa, mo

A
r=1/a1+1/as+ ..+ 1/an+ ... = AJ2, . . (1)
Poskiaz uncita x B jtanmorosuii 1pib6 [0; aq, ..., Gy, ...| Ha3UBaeTbCs JanIorosuM Ag-npedcmasaenmam
y WLy -0y Umy 2 )
a 3alliC BULy Aal 9.y, — HOTO Janmioropum As-zobpasicennam.
Osnavenns 1. [1] Lniinapom panry m 3 OCHOBOIO €1 C3...Cr, HA3UBAETHCS MHOKHHA AffCQ o, THCET
By A2 ., T0O6TO

C1C2...Cma1a2
Affcz oy =1 = A?fcz emaraz...an..» An € A2 Vn € N},
Muminap ACI  ..Cyy, € BIJIDIBKOM 3 KIHIISIMH:
[0;¢1,...; ¢ms (€1,€0)] 1 [0; €1, -y Cms (€05 €1)]5

MIPUYOMY JIe JIIBHi, & Jie MpaBUil 3aJIeXKUTH BiJl TAPHOCTI 1 HEITApHOCTI M.

Hiamerp (moBKuHA) MUIIHAPA AClCz o, BUpaxKaeTpca dopmysoo [1, 10]:

1 (20 +1—|—2cqm L)

|ACA1262 ’ = dm—1
(@1 + @) @1 + 2¢m) (1 +cZz==t e )

AL (2)

ci1c2...cmcel”

3 TOI0JIOrO-MEeTPUIHOIO 1 HMOBIPHICHOIO TEOPISIMU JIAHIIOIOBOIO Ao-300paykeHHsl YUcesl MOKHA
osHaffomuTHCst B poborax [4, 5, 6].

2  OCHOBHUI OB’€KT JOCJIIXKEHHSA

s o3HadeHHs 00’ €KTY TOCTIIPKEHHS HATAIAEMO, IO 1111 KJIACHIHUM JBINKOBUM 300pa- YKEHHSIM
qucesl MU PO3YMIEMO 3allliC BUJLY Aalm .. On € {0;1} = A i iioro 3wmicr

o0

]

1

quag = § :% = ﬂ A?n...an? - Z 217 + 2n
n=1

Posrnsiaersest dyHKItist f, o3HAUEHA PIBHICTIO

f(z) = f(Agaocz asn100m..) = AAE o1 (D ) ¥

Osnauennst GyHKINT PIBHICTIO (3) € KOPEKTHUM, HE3BAXKAIOYH HA Te, M0 JBIHKOBO-paIio- HaJIbHi
2 _ A2 N
qrcsa (To0TOo Yrcsa BULy Aal...an,lo(l) = Aal..‘an,ll(o)) MAaIOTh Ba (POPMAJILHO Pi3HI 300parKeHHs.

Cupagni,

FOAZ, om0 = A2 =A% L= FAL )

2 A A 2
f(Aal-..CMZn—l(O)) A(f)[l o1 (%)[1*32n—1](1%) = A(%z)[l*aﬂ“ (1)2*6“271—1(%1) f(A lagn— 1*1}(1))'

2 \2

Teopema 2. Qynkuis f(x) € HemepepBHOIO cTporo cnajHoo ¢yukiiero, npudomy f(0) =11 f(1) =
1

3¢
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Losedenns. OOrpyHTYEMO OKPEMO HellepepBHICTh (DYHKINT f 110 MHOXKUHI JIBIfIKOBO-paIlioHa~ JIbHIX

Ta JBiiikoBo-ippamionanbanx uucesn. Hexait xg = qu...an.., — JIBiliKOBO-ippallioHa/IbHa TOYKa Bij-

piska [0;1]. DyuKuis f € HellepepBHOIO B TOYI T, SIKIIO JJIsi JOBLIBHOI IOCIIIOBHOCTI IBIIKOBO-

ippanioHaJIbHUX YKCeJl Ma€ Miclie PiBHICTD xlgn; |f(x) — f(xo)] = 0. 3 Toro, mo = # xo caiaye, MO
0

icHye Takuit HoMep M, WO () # am(zo) 1 ai(z) = a4(xo), © < m. Toxi ymoBa x — ¢ piBHO-

CHJIbHA TOMY, IO M — 00. He mopyrmyroun 3araibHOCTI, BBaXKATHMEMO, IO (o) = Qup, TOAL

x = A2

A1 [l=am]al, o’ Hexait

Tm+1Pm + Pm—1
Tm+19m + qm—1

flwo) =422 = s Tt = [bmt1i bt 2, bnts.. ]

!
— AA2 _ T'm+1Pm + Pm—1 / — 1y Y /
f($) - / y Tm1 = [ m—+1s Ym+2» m+3"']'
Tm+1Qm + gm—1

biba...by—1b,...

Toni

-1 + P
lim |f(z) — f(z0)] = lim \Terlpm TPm-1 7ln+1pm Pm—1
z—x0 m—=00 T 1qm + Gm—1 Thi1dm + Gm—1

|:
!
T -

— lim Irmt1 = T -0

m=00 (T4 1@m + Gm—1) (" 11Gm + Gm—1)

B cuny mosinbHOCTI BUOOPY X0, (DyHKIIs f € HelepepBHOIO 10 MHOXKUHI JBIKOBO-ippallioHa JIbHUX
auces. HemepepsricTs GyHKINT f 110 MHOXKHUHI ABITKOBO-PAIIOHAIBHIX THUCEJT € MIPSIMUM HACJIITKOM
KOPEKTHOCTI O3HavueHHsA (PYHKINN B JABIHKOBO-pAIliOHAJIBHIN TOYIIL.
. . _ 2 . _ 2 .
Posruanemo apa noBinbni wnena x1 = AZ o, a,.. 1 T2 = AF 5 5 Takl mo z1 < 22, T06TO
icHye Take HaTypaJbHE YUCJIO 1, IO MA€ MICIle O/THA 3 YMOB:

a; = Bii=1,2,...,2n, ame 0 = Qopi1 < ﬁgn_;,_l =1,

O(i :B’L?Z: 1,2,...,271—17 aJle ]' :a2n >B2n:07

TOJ JIJIsT BIIIOBIIHUX 3HAYEHB (DYHKIIIT MAIOTh MicCIle HEPIBHOCTI (3Ii/IHO 3 IPABUJIAMU IIOPIB- HHHSI
qucest 3a IX JIAHIIOrOBUM 306paxkeHHsAM [1]):
A2 A2
1) =A > A = f(x
(1) (Hbt-edd(dyez. (L)l . (Ht—edl(Zyez. (L)om1. f(z2),

A A
fla1) = A(g)[lfaﬂ(%)az,,_(%)aznq = A(;)U*O‘l](%)QQ,,,(%)Qanl%.“ = f(@2).

Orxe, 3 ymMOBH X1 < Xy Bummbae, mo f(x1) > f(r2), a 3HAUUTH BYHKINS € CTPOro CIAIHOIW,
mpisony f(0) = f(ATy) = A% =1, f(1) = f(A}) = Af%) = 5. O

Teopema 3. Qyukilist f € CHHIYISIPHOIO.

Hosedenns. Ockinpku pyHKIs f HellepepBHA i MOHOTOHHA, TO 3TiIHO 3 TeopeMoro Jlebera, BoHA Mae
CKIHYeHHY IOXiTHY y Maiike BCix Toukax objacTi BusnadeHHs. [[o3HAYMMO MHOXKUHY TaKUX TOUYOK
4yepe3 D. Posrisinemo unciio xg € D, Take, Mo € HOpMaJIbHUM 4ucjoM [2] (To6TO BUKOPHUCTOBYE
JIOBUIbHUI HAOIp HYJIB Ta OJIMHUIL HECKIHYEHHY KiJIBKICTH pa3 y CBOEMY JIBifIKOBOMY 300paKeHH,
sIK BijioMo, MHOXKMHA H Takux 4ducesi € MHOXKUHOO 110BHOI Mipu JleGera). Toui z9 € W = DN H.
Takum anrom A(W) = 1, sk Mipa mepepisy aBox MHOXKHUH 1TOBHOI Mipu JleGera.
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Hexait f(zo) = f(A2, ,..) = A2 . . BHKOPHCTOBYIOYH OBHAMEHHS MMHAPHIHOL HOXi-
qHol [10], maemo
A2 A2 AA2 1 2|AA2
_f/(xo) —_ hm |f( 2a1...ocn)| — hm | 2al...an| — hm ‘ a11...an‘ =~ lim H |Aa1...ak| —
n—00 |Aa1...an| n—00 |Aa1...an| n—00 on 2 n—oo k=1 ‘Aalz...ak_l‘
qn—
B EINIRE S
A 2 dn—1
2n]_|A2an 1| 2n:12a —|—1+2aqT

1 [e.9] 2 + QQn 1
—_ H 73 n 2Qn ) a < 5 1
OckisibKu ocTaHHIl BUpa3 mij J00YyTKOM He HpsMye 110 1, Koy n — 00, a TOMYy HeoOXiHa yMoBa

3612KHOCT] HECKIHIEHHOTO JOOYTKY HE BUKOHYEThLCsI, TO 3 TOTO, o Tg € W, maemo f(xg) = 0 maiike

CKpi3b y posyminai mipu Jlebera. A orke, dyHKIs f CHHTYIISIPHA. O

Jlema 1. I'paik I'y ¢ynKIIii € aBTOMOE/IBHOIO MHOXKHHOIO (TOOTO TAKOIO, IO MOKHA IIOJATH Y BH-

sl 06 €IHAHHST MIIMHOYKHH, SIKI €KBIBaJICHTHI yCilf MHOXKHHI BIJHOCHO J€sIKOI TPYIIN I€PETBOPEHD

I[JIOIIHHH) I'y= U 9 (Ff); Ae
(i,j)EAXA

/I x 2i+j

xr = 22 + 22 ) L. ’ ’ '

9ij * 4 1 (4,7) € Ax A, gij(M(z;y)) = M'(2';9).
y 2z 1+2 ]+ b
Yy

Josedenna. Posrisinemo posinbuy touky M(z';y') € Ty, moui M(x';y') € A?j X A?f) a1y A€
2

(i,7) € A x A. Brigso 3 o3HaueHHsSIM QYHKIIIT

_ A2 _ A
z' Al]aw@ agp1agn..0 Y= f( ) A( 2)1 A(Lyi(dH-eal(d)o2 ,_(%)[1*04271—1](%)0271...‘

Toni naa ' € A OYEeBHUJIHOIO € PIBHICTD

) i g1
2’ = Aljalaz Qon1Q2n... 9 + 922 + ﬁx’
ae =202 0 ar as.. € 10;1],05 € Aji €N;
1
As
y—A Qi (Ly\—ail(lyag  (y1—e2n_1l(lyag,  [LI\[1—i 1

(HU-A(5) (HEl ()2 (5 To2n—tl(F)e2n... (5)=1 + eSTEwy

ge y = AA2 € [%, 1], € A,1 € N. Orke, noBisbaa TOUKa rpadika

( )[l 041](2)042 (2)[1 A2n— 1]( )O‘Qn,,,
€ obpazom Jesikol Touku rpadika nig:g Jlie1o mepeTBopenHs g;;. Taxmm amnoM, rpadik dynki f e
aBTOMO/ICJILHOIO MHOYKIHOIO. ]

3 TIPUKIHLUEBI 3AYBAYKEHHSI

Teopema 4. Dymnkiriss, o3HaYEHA PIBHICTIO

_ _ AA2
f( ) f( a10.. azna2n+1...) (2) (%)[1 &2] (%)agn,l(%)[l—agn]mv (4)

€ HellepePBHOIO CTPOI'0 3POCTAIOYOI0 CHHTYJISIDHOIO (DYHKIIIEO.
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Josedenns. Jlame TBep/KEHHS € OUCBUIHUM B CHJIy B3a€MO3B 13Ky dyHKIl f 3 dyukmieo f:

f(@) = w(f(2)),

e w(x =A% . )y=Af =1_4q(z)- oneparop scysy mudp nanmorosoro s06pakeHHs

Tuced |7). O

BayBaxkeuus 1. OyHkIrisi, obepHeHa 10 (PYHKIII [, € HellepepBHOIO CHHIYJISIPHOIO (DYHKIIIEH.

SayBaxkenus 2. [lis iHBepcopa 1ugp JAHIIFOIOBOIO 300pa>kKeHHsT MA€ MICIe PIBHICTD:
A _AA _ -1
I(A(g)al(%)aQ(%)an) - A(g)[l—al]( )[1—&2]‘..(%)[1—(1”].“ - f(f (I))

Takum dunoM, inBepcop I nudp JaHIEoroBoro As-300parkKeHHsi YUCesI € KOMIIOZHIIEIO JBOX CHH-
rysnsipuux byHKIii (o He € B3aemHo obepHennmu dyHKismu) [11], a Tomy iHBepcop € cunry-
JAgpHOI0 PYHKITIEIO.
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Nikorak O.0., Ratushniak S.P. A Continuous projector from the binary representation of
numbers to the continuous As-representation, Bukovinian Math. Journal. 13, 2 (2025), 39—
46.

In this paper, we introduce and study a continuous function that projects the digits of the
classical binary representation of an arbitrary real number onto the digits of the continued
As-representation with zero redundancy. The function is defined by

1O
n=1

where a,, € {0;1}. We justify the correctness of this definition, which is nontrivial because

‘ 2

2)=1/207 4 1/2702 4 1/2% 7 4 1/27% 4 1/20 T 1 /270 4

[N)

some numbers possess two distinct binary expansions. Using the fact that almost all real
numbers have normal binary expansions, together with Lebesgue’s theorem on the derivati-
ve of continuous monotone functions, we show that the function f is singular. Here, a singular
function refers to a continuous, non-constant function whose derivative is equal to zero almost
everywhere with respect to the Lebesgue measure.

In addition, we reveal the relationship between the function f, the right-shift digit operator,
and inversor of digits of the As-representation of numbers. Based on this relationship, we also
demonstrate the singularity of the inversor of digits of the As-representation.
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CozMA D.

CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM WITH ONE
INVARIANT STRAIGHT LINE AND ONE INVARIANT CUBIC

In this paper the conditions for the existence of one invariant straight line and one invariant
cubic in a cubic differential system with a singular point of a center or a focus type, when these
curves have not intersecting points, are found. It is proved that the singular point is a center
if and only if the first five Lyapunov quantities vanish. The center conditions were determined
by using the method of Darboux integrability.

Key words and phrases: Cubic differential system, the center-focus problem, invariant
straight line, invariant cubic, Lyapunov quantity.

Ton Creanga State Pedagogical University, Chisinau, Republic of Moldova
e-mail: cozma.dumitru@upsc.md, dcozma@gmail.com (Cozma D.)

1 THE PROBLEM OF THE CENTER

We consider a planar system of differential equations

= Plr,y). B =Qw) )
where P(z,y) and Q(z,y) are coprime polynomials with real coefficients in the real variables z,
y. The degree n of this polynomial system is the maximum degrees of the polynomials P and @,
n = mazx{degP(x,y),degQ(x,y)}. Associated to this polynomial differential system there is the
polynomial vector field X = P(z, y)% + Q(z, y)%. If n =2 (n = 3), then the system (1) is called
a quadratic (respectively, a cubic) differential system.

Let O(0,0) be a singular point of differential system (1), i.e. P(0,0) = Q(0,0) = 0, and consider
the linearization of (1) at O(0,0):

dy

XL
— = a1or + a1y, I bioz + bory. (2)

dt

The most important question which is still open for planar systems of differential equations is
the following one [6], [19]: under which conditions do the original system (1) and the linearized
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system (2) have the same qualitative behavior and the same topological structure around a singular
point O(0,0) ?

This problem has been solved for (1) unless if the singular point O(0, 0) is of a center or a focus
type, i.e. the eigenvalues of the linearized system are purely imaginary \j o = +i8, i = —1, 8 # 0
and n > 3. In this case, by using a nondegenerate transformation of variables and a time rescaling,
the system (1) can be brought to the canonical form

Cc% =9+ ZP](m,y) = P(z,y), % =—x+ ZQJ(fL’v?J) = Q(z,y), (3)
j=2 Jj=2

where P; and @; are homogeneous polynomials of degree j with real variables and coefficients. A
singular point O(0,0) is either a focus or a center for (3), called a weak focus, a fine focus or a
monodromic singular point.

The problem of distinguishing between a center or a focus is called the problem of the center or
the center—focus problem. The interest in solving the problem of the center for differential systems
(3) arose as part of investigation of the local 16th Hilbert problem.

The problem of the center was solved for some classes of cubic differential systems with invariant
algebraic curves: four invariant straight lines [6], [17]; three invariant straight lines [6], [22]; two
parallel invariant straight lines [13], [20]; two invariant straight lines and one invariant conic [3], [4],
[5], [6]; two invariant straight lines and one invariant cubic [8], [9], [10], [15].

The goal of this paper is to obtain new center conditions for a cubic differential system with two
invariant algebraic curves. The paper is organized as follows. In Section 2 we present some known
results concerning the local integrability and the center variety. In Section 3 we discuss the relation
between the existence of algebraic solutions and the Darboux integrability. In Section 4 we obtain
necessary and sufficient conditions for a cubic system, with a singular point O(0,0) of a center or
a focus type, to have one invariant straight line and one irreducible invariant cubic such that these
curves have not intersection points. In Section 5 we prove that the singular point O(0,0) is a center
if and only if the first five Lyapunov quantities vanish. Finally, we give four sets of necessary and
sufficient conditions for a singular point O(0,0) to be a center.

2 LYAPUNOV’S QUANTITIES

An approach to the problem of the center is to study the integrability of a differential system
(3). Lyapunov [18] proved that the problem of the center is equivalent to the problem of local
integrability of a differential system (3) in the neighborhood of a singular point O(0,0). A singular
point O(0,0) is a center for (3) if and only if the system has in some neighborhood of O(0,0) a
nonconstant analytic first integral [1]

F(z,y) =2’ +y*+ > _ Fi(x,y) =C (4)
k=3
or an analytic integrating factor of the form
k=1

where Fj, pi are homogeneous polynomials of degree k.
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According to 18] the problem of the center can be reduced to the problem of solving an infinite
system of polynomial equations whose variables are parameters of the differential system. There
exists a formal power series F'(x,y) = > Fr(z,y), defined in a neighbourhood of the origin, such
that the rate of change of F'(x,y) along trajectories of system (3) is

dF
’r :Ll(x2+y2)2+L2(m2+y2)3+... . (6)
where the quantities Li, K = 1,2,... are polynomials in the coefficients of system (3) called the

Lyapunov (focus) quantities. The stability of the origin is determined by the first nonvanishing
Lyapunov quantity.

The origin is a fine focus of order m if Ly = 0, k = 1,m — 1 and L,, # 0. In this case at most
m small amplitude limit cycles can bifurcate from a fine focus of order m.

Theorem 1. The origin is a center for differential system (3) if and only if all the Lyapunov

quantities vanish (L =0, k=1, 00).

By the Hilbert’s basis theorem, there is a natural number N such that L; = 0 for all & if and
only if Ly = 0 for all £ < N. It is only necessary to find a finite number of Lyapunov quantities,

though in any given case it is not known a priori how many are required. We come to the following
Open Problem [6]:

Problem 1. For any degree n, n > 3, of the differential system (3) to find such N = N(n) that
vanishing the first N Lyapunov quantities implies the existence of a center.

The problem of the center was solved for: quadratic differential systems (N = 3); cubic sym-
metric differential systems (N = 5); the Kukles differential system (/N = 8).

3 ALGEBRAIC SOLUTIONS AND DARBOUX INTEGRABILITY

An important problem concerning the integrability of differential systems (3) is whether the
trajectories to (3) can be described implicitly by an algebraic formula, for example, ®(z,y) = 0,
where @ is a polynomial.

Definition 1. An invariant algebraic curve of system (3) is the solution set in C? of an equation
®(x,y) = 0, where ® is a polynomial in x,y with complex coefficients such that

0d

= K®
dy

X0 = P(r,y)5 + Q) , 7

for some polynomial in z,y, K = K(z,y) of degree n — 1 with complex coefficients, called the
cofactor of the invariant algebraic curve ®(x,y) = 0.

Definition 2. An invariant algebraic curve ®(z,y) = 0 is called an algebraic solution of (3) if
®(z,y) is an irreducible polynomial in Clz, y].

Let ® = 0 be an algebraic solution of degree m for system (3). Then this algebraic solution is:
1) an invariant straight line if m = 1, and it has the form ajox + ap1y + 1 = 0;
2) an invariant conic if m = 2, and it has the form

a2 + ajlry + 602y2 + ajox + agry + 1 = 0;
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3) an invariant cubic if m = 3, and it has the form
azor® + a1 z?y + arewy? + aozy® + az0r? + ar1wy + a2y? + a107 + ap1y + ago = 0.

Since Darboux found in 1878 connections between invariant algebraic curves and the existence
of first integrals of planar polynomial differential systems, the theory of invariant algebraic curves
is still full of open questions [21], [23].

Problem 2. Give a method to find an upper bound M to the degree of the algebraic solutions for
a fixed polynomial system (1) of degree n > 2.

Problem 3. What is the maximum number «(n) of algebraic invariant curves in the set of all
polynomial differential systems of degree n > 1 having finitely many invariant algebraic curves ?

For a given polynomial system (1) of degree n the calculation of the invariant algebraic curves is
a very hard problem because in general we don’t have any evidence about the number of invariant
algebraic curves and the degree of a curve.

Invariant algebraic curves are central object in the theory of integrability of polynomial differ-
ential systems. This motivates the growing interest of researchers in application and development
of the algebraic method of integrability for polynomial systems. This kind of integrability is usually
called Darbouz integrability, and it provides a link between the integrability of polynomaial differential
systems and the number of invariant algebraic curves they have [6], [21].

Suppose the polynomial differential system (1) of degree n has ¢ invariant algebraic curves
®i(x,y) =0, j =1,...,¢. Darboux proposed to search for a first integral (an integrating factor)
in the form

LSRL SRR A (8)

where ®; are invariant algebraic curves and ®; € Clz,y], a;j € C.

Problem 4. For polynomial systems of degree n determine the relations between the number q of
invariant algebraic curves, their degrees and the existence of first integrals.

A partial answer to this problem was given by Darboux in the following Theorem |[21].

Theorem 2. Suppose system (1) has q distinct irreducible invariant algebraic curves ®; =0, j =
1,...,q. If ¢ > %n(n + 1), then either we have a Darboux first integral or a Darboux integrating
factor.

The method of Darboux is very useful and elegant one to prove integrability for some families
of differential systems if we have "enough" invariant algebraic curves. This motivates the following
problem for polynomial differential systems (3).

Problem 5. Find the polynomial differential systems (3) with a fewer number of invariant algebraic
curves than n(n + 1)/2 for which a singular point O(0,0) is a center.

In [21] Schlomiuk proved that the method of Darboux can be applied to prove centers in all
cases of the quadratic systems: any quadratic system (n = 2) with a singular point of a center type
is Darboux integrable. The Darboux integrability conditions for some families of cubic systems
having invariant algebraic curves were found in [2], [11], [12], [14], [16].
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4 A CUBIC SYSTEM WITH TWO ALGEBRAIC SOLUTIONS

We consider the cubic system of differential equations {(3),(n = 3)} with a singular point
0(0,0) of a center or a focus type, written in the form

dx
i Y+ ax® + cxy + fy2 + ka® + mey —|—pzy2 + ry3 = P(z,y), )

d
di; = — (v + g2® + day + by? + sz® + g2’y + naxy® + ly®) = Q(z,y),

in which variables and coefficients are assumed to be real. For system (9) we study the following
problems:

(i) Find the subclass of systems (9) which has an invariant straight line /; = 0 and an invariant
cubic ® = 0, without intersections points, i.e. [ NP = .

(i) For this subclass find the integrability conditions such that the singular point O(0,0) is a

center.

In this section we give necessary and sufficient conditions for the existence of one invariant
straight line and one invariant cubic in a cubic differential system (9), such that 1 N ® = @.
Suppose system (9) has a real invariant straight line [ = ajx + b1y +1 =0, (a1,b1) # 0. Then by
rotating the system of coordinates (x — zcos¢ — ysinp,y — xsinp + ycosy) and rescaling the
axes of coordinates (z — ax, y — ay), we can make the line to be 1 —z = 0.

In [7] it was proved the following Lemma

Lemma 1. The cubic differential system (9) has an invariant straight line 1 — z = 0 if and only if
the following set of conditions holds

k=—-a m=—-—c—1,p=—f r=0. (10)

When conditions (10) hold, the cubic system (9) can be written as follows

dx
i (1—2)(y+axy+ az? + cxy + ny) = P(x,y),
(11)

d
d—i = —(z + gz? + day + by + 523 + g2’y + nxy? + 1) = Q(x, y).

We shall find the conditions on the coefficients of cubic system (11) under which the system has

one real irreducible invariant cubic of the form
O(x,y) = 2+ y2 + agozr® + agla:Qy + alga:gf + a03y3 =0, (12)

where a3, a1, a12,ap3 € R and (asg, a1, a12,ap3) # 0, such that these curves have not intersection
points, i.e. (1,y) # 0.
The equation
®(1,y) = aosy® + (a12 + 1)y* + a1y + ago + 1 =0 (13)

has not real solutions in the following cases:
(A) ap3 =0, a;2 = —1, ag1 =0, ago # —1;
(B) agp3 =0, ajo # —1, a%l —4(azp + 1)(a12+ 1) < 0.

Theorem 3. The cubic differential system (11) has an invariant straight line 1 — x = 0 and an
invariant cubic (12) without intersection points if and only if one the following sets of conditions
(c1)—(c7) holds:
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(c1) f=a+d, g=2b+2c+3)/2, k=—a,l=(—a—d)/2, m=——c—1, n=(-2b—c—2)/2,
p:(—a—d), q:a/27 71:8:0;

a=k=r=0,d=-2l, f=-2l, m=—-—c—1, p=2l,q=102b+ 2c— 29+ 3),
n=(-2b—c—2)/2, s=(8g — 4b*> — 10bc + 4bg — 14b — 6¢> + 6¢cg — 17c — 12)/6;

(CS)GZI{::T:Oa d:f7 l:(3f)/2a m = —c— 1, n:[3(6+1)]/27 p:_faq:
[f(2g — 20— 2c+1)]/2, s = (4bg — 4b*> — 10bc — 6¢2 + 6cg + 3¢ + 3) /6;

(ca) c=(fagzo—f—a)/(a+f), d=2(a+2f), g = (3aazo +2ab—2a+5fazo+2bf —2f)/[2(a+
Dl k=—a, 1 =2f, m=(—fas)/(a+ f), n = [f(8a® + 16af + 3az + 8f*)]/[2(a + f)],
p=—f, ¢=2ab—2a+5faz+2bf-2f, r =0, s = [azo(2ab—3a+3fazo+2bf—2f)]/[2(a+[)];

(c5) a=(=20)/(c+2),d=—a, f=p=r=5=0,g=02b—c-3)/2, k=—a, m=—c—1,
n=(2bc+2b—c*—3c—2)/2, g = (=1)/(c+2);

() d=2a, f=1l=p=r=0,k=-a m=—-c—1,n=1[20-c—2)(c+1)]/2, ¢ =
a(2b —c—3), s=1[(2b —c—2g — 3)(c —2b+4)]/6;

(c7) p=1r =0, a = (4a%, — 4carz — daiz + a2;)/(2a21), d = (a2, — 2a2, + 2caiz + 2a12)/az,
g = (3a3; — 12a3, + 8baiz + 8cai2)/(8aia), k = —a, 1 = [a12(1 — a2y + caiz + ¢)]/as1,
m = —c—1, n = (3—6a3,+2bais +5cais + a2+ 3¢)/2, ¢ = (4a3y — 9a12a3; — 4carz — 4az +
4ba3, + Teady + 3a3,)/(4az1), s = (daiy — 4a3, — dajpa3; + dcays + 2bad, + 3ca3;)/(8aiz).

Proof. We consider the cubic curve (12). By Definition 1, the curve (12) is invariant for (11) if
there exist numbers coq, c11, co2, c10, co1 € R such that

0o 0P
P(% y)% + Q(Jfa y)(ny = (I)(xa y)(020$2 + crixy + 002?/2 + c107 + Cmy)- (14)

Identifying the coefficients of the monomials 'y’ in (14), we reduce this identity to a system of
fifteen equations
{Uij =0, i+j5=3,4,5} (15)

for the unknowns asg, as1, a12, ags, 20, c11, o2, €10, co1 and the coefficient of system (11).
To prove the theorem we solve the algebraic system of equations (15) in Cases (A) and (B).

1) In Case (A), we suppose that
ap3 =0, aj2 = —1, a1 =0, azg # —1
and the cubic curve (12) has the form ®(z,y) = 2 + y? — 2y? + azo2® = 0.

When i + j = 3, from (15), we find that co; = —2b— 1, c19p = 2a, azp = (29 — 2b — 2¢ —
3)/3, f = a+d, and when ¢ + j = 4, we obtain that cyp = [a(29 — 2b — 2¢ — 9)|/3, c11 =
—c—2n—1, cppg = —a—d—2l, s = (3n — 2b%> — 5bc + 2bg — 4b — 3¢ + 3cg — Tc + 4g — 3)/3,
q = (3l — 2ab — 2ac + 2ag — 3bd — 3cd + 3dg — 3d) /3.

In this case, the equation Usy = 0 of (15) looks as Usg = afi fo = 0, where

fi=b+c—g, fo=2b+4+2c—2g+3.
Assume that f; = 0, then g = b + ¢. In this case the cubic curve (14) is reducible.
Assume that f; # 0 and let fo = 0. Then the equations of (15) yield
l=(-a—d)/2,n=(—c—2—-2b)/2, g=(2b+2c+3)/2.
In this case we obtain the set of conditions (c;) and the invariant cubic is
22+ 9% —2y? = 0.



CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM 53

Assume that fifo # 0 and let a = 0. Then the equations of (15) yield
n=(—c—2-2b)/2,d= -2l
In this case we obtain the set of conditions (c2) and the invariant cubic looks
322 +3y% —329° 4+ (29 — 20 —2c—3)x3 =0, g—b—c#0.

2) In Case (B), we suppose that
ap3 =0, ajp #—1, A= a%l —4(azp+ 1)(a12+1) <0
and the cubic curve (12) has the form ®(z,y) = 22 + y? + azoz® + a212%y + apzy® = 0.

When i 4+ j = 3, from (15), we find that cp1 = a2 — 2b, c190 = 2a — ag1, d = (3a21 — 2a +
2f)/2, g = (3azo — 3ai2 + 2b + 2¢)/2, and when ¢ + j = 4, we obtain that copo = faia — 21,
ci1 = (c+2 — az)arz — 2n, c0 = aaiz — 3ai2a21 — 3faiz + bagy + 2cay + 3fazo — 2f + 21 — 2g,
s = (2aa91 + 8@%2 — 8aj2a39 — 4bais — 6cain — a%l — 6fag + 4bagy + 6casy — 4c + 4n — 4)/4,
q= (2aa12 — 2aa3g + 4a — 9aisa01 — 6fa1e + asiasg + 4basy + 6casy + 6 fasg — 4f + 4l)/4.

In this case, the equation Uys = 0 of (15) looks Ups = faiz(aiz + 1) = 0, where ajo + 1 # 0.

Assume that ajo = 0, then Fo3 = (I — 2f)az; = 0. If ag; = 0, then agp(agp + 1) # 0 and
a=0,n=3(c+1))/2, I =(3f)/2. We obtain the set of conditions (c3) for the existence of the
invariant cubic

322+ 32 +2(g—b—c)z® =0, 2(g—b—c)+3>0.

Assume that as; # 0 and let [ = 2f. In this case we express n from the equation Uss = 0 and

calculate the resultant of the polynomials Usy and Uy; with respect to c. We obtain that
Res(Uso, Ust, ¢) = 2a2191924,
where g1 = a1 — 2f — 2a, g2 = a3y +ady # 0, A = a3, — dazo — 4.)

If ag; = 2(a + f), then g1 = 0. We get the set of conditions (¢4) and the invariant cubic

2?2+ v +azor® +2(a+ fla*y =0, (a+ f)? —az —1<0.

Assume now that a3 # 0 and let f = 0. If ag; = 0, then a # 0 and the equations of (15) yields
aig=c+1, a3 =0, a=(=20)/(c+2), n=[(20 — ¢ —2)(c+ 1)]/2. In this case we find the set of
conditions (c5) for the existence of the invariant cubic

22 +y>+ (c+Day> =0, ¢+2>0.

Suppose that as; # 0. In this case we express [ from U3 = 0, n from Usy = 0 and calculate the

resultant of the polynomials Usg and Uy with respect to ¢. We obtain that
Res(Usg, Uyt, ¢) = 4agyhihahsA,

where hy = a12 — ¢ — 1, hy = 4aisazy — a3y, hs = (a12 — az0)* + a3 # 0, A = a3y — dajpazy —
dayo — 4azg — 4.

If h1 = 0, then a12 = ¢+ 1 and the equations Usg = 0, Uy; = 0 yield ao; = 2a. We obtain the
set of conditions (cg) for the existence of the invariant cubic

3(x? +92) + (¢ — 2b+ 29 + 3)x3 + 6ax’y + 3(c + 1)ay? = 0,

where 3a? + 2bc + 4b — ¢ — 2cg — 8¢ — 49 — 12 < 0.

If hy # 0 and hy = 0, then a3y = a%,/(4a12) and the equations Usy = 0, Uy = 0 of (15) yield

a = (4a2y — dcayz — 4ar2 + a3;)/(2a21). We obtain the set of conditions (c7) for the existence of the
invariant cubic

daya(2?® + %) + a%lx?’ + daya0 Yy + 4a%2xy2 =0, a12(4a%2 + 4a1o + a%l) > 0.
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5 THE CENTER-FOCUS PROBLEM FOR A CUBIC SYSTEM WITH TWO ALGEBRAIC SOLUTIONS

In this section we solve the center-focus problem for a cubic differential system (11) with one
invariant straight line and one invariant cubic, in the case when these invariant algebraic curves
have not real intersection points.

Lemma 2. The following sets of conditions are sufficient conditions for the origin to be a center of
system (11):

(1) c=1-2b, d=2(a+2f), g= (3a—3ab—4bf +4f)/f, k= —a, | =2f, m =2(b—1),
n=4daf —3b+4f>+3, p=—f, q=8a—ab—bf +f), r=0, s = (4ab®> — Tab + 3a +
A’ f —8bf +4f)/f;

(i) c=2b-1),d=—a, f=n=p=r=s=0,1= —ab, g = (-1)/2, k = —a,
m=1-2b q=a/2;

(iii) d=2a, f=1l=p=r=0,k=—-a m=—c—1, n=1[20—c—2)(c+1)]/2, ¢ =
a(2b —c—3), s=1[(2b—c—2g —3)(c —2b+4)]/6;

(iv) a = [2(2b+ 2c+ 1)(2b — ¢ + 29 — 1)]/(9a21), d = [2(2b + 2¢ + 1)(c — 2b + 4g + 4))/(9az21),
k=—a, f=p=r=0,1=1[22b+2c+1)(c—=2b+2)(b+c+2)]/(27a21), m = —c — 1,
n=1[c—20+2)(b+c+2)]/3, ¢g=1[2(cg —2bg — 1)(2b+ 2¢ + 1)]/(9az21), s = [((c — 2b)(g +
2) +4g —1)]/9, 9a3; —4(2b+2c+1)(2g + 1) = 0.

Proof. In the case (i), the cubic system (11) has the algebraic curves
1—2=0, f(22 +y?®) +2f(a+ fla*y+2(a—ab+ f —bf)x3 =0
and the integrating factor

p=1—x)(f@?+y?) +2f(a+ fz’y +2(a —ab+ f — bf)z>)2.

In the case (ii), the cubic system (11) has the algebraic curves
1—2=0,224+y>+2bxy®> — 29> =0
and the integrating factor

1
1— 2)1/2(22 + 42 + 2bay? — xy?)3/2

"

In the case (iii), the cubic system (11) has the algebraic curves
1—2=0,32%+y%) + (c—2b+2g +3)2® + 6az’y + 3(c + 1)zy? =0
and the first integral
(1 — )21 (322 + 3y% + (c — 2b + 2g + 3)23 + 6ax’y + 3(c + 1)xy?) = C.
In the case (iv), the cubic system (11) has the algebraic curves
1—2=0,12(2b+ 2c + 1)(z% + y?) + 9a2,2> + 12(2b + 2¢ + 1)ag 2%y + 4(2b + 2¢ + 1)%xy? = 0
and the integrating factor

(1—x)"1/2
12(2b + 2¢ + 1) (22 + y2) + 9a2, 23 + 12(2b + 2¢ + 1)agx2y + 4(2b + 2¢ + 1)2xy?)3/2

P
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Theorem 4. Let the cubic differential system (11) have one invariant straight line 1 — x = 0 and
one invariant cubic (12) without intersection points. Then the singular point O(0,0) is a center if
and only if the first five Lyapunov quantities vanish.

Proof. To prove the theorem, we compute the first five Lyapunov quantities L;, j = 1,...,5 in
each set of conditions (¢1)—(c7) obtained in Section 4 by using the algorithm described in [6]. In the
expressions for L; we will neglect the denominators and non-zero factors.

In Case (c1) the first Lyapunov quantity looks L1 = 2ac + 3a — 2bd — d. Assume that a # 0,
then Ly = 0 yields ¢ = (d — 3a + 2bd + d)/(2a). The second Lyapunov quantity is
Ly = 32a* 4 48a3d — 32a%b? — 12ba? + 16a*d? — a® — 32ab?d — 22abd — 3ad — 8b?d* — 8bd? — 2d>.

Suppose that Lo = 0. This equation admits the following parametrization

a = (128u? —v? +1)/(128u), d = (v? — 64u? — 1))/(64u),

b= (128u%v + 128u? — v3 — 5v% + v + 5)/(1024u?).

The third Lyapunov quantity is L3 = ejes, where e; = v + 1, ey = 1684(3v — 1)(v — 5)u* +
192(3v2 + 16v — 3)(v? — 1)u? = 3(v +5)(v + 1)3(v — 1)?, e3 = 128u? —v? + 1 # 0.

If e, = 0, then v = —1. In this case the cubic system (11) has two invariant straight lines
1—2 =0, 1 —ay = 0 and one invariant cubic z? + 4> — 2y?> = 0. For this case the center-focus
problem was solved in [15].

Assume that e; # 0 and let e = 0. We calculate the Lyapunov quantities L4, Ls and the
resultant of the polynomials eo and L4 with respect to u. We obtain that

Res(Ly, e2,u) = (v —5)%(v+5)5(3v — 1)%(v — 1)1 (50 — 11)2e3252,
where j; = 66150° + 2005505 — 14584v* + 48731403 — 67208502 + 421350 + 188150.

If v =5, then e = 0 yields u? = 45/304 and Ly # 0. If v = —5, then ez = 0 implies u? = 9/640
and Ly #0. If v =1/3 or v = 1, then e = 0 has not real solutions.

If v =11/5, then eg = ryrors, where r| = 1225u? — 54, r9 = 10u — 3, r3 = 10u + 3.

When 1 = 0 we obtain that Ly # 0. If 7 = 0, then the cubic system (11) has two invariant
straight lines 1 — 2 = 0, 2 — y = 0 and one invariant cubic 2% + 32 — 232 = 0. If r3 = 0, then (11)
has two invariant straight lines 1 — 2 = 0, 2 4+ y = 0. The center-focus problem was solved in [15].

Assume that j; = 0. The equations j; = 0 and ey = 0 have real solutions, but L5 # 0. In this
case the origin is a focus.

In Case (c2) the first Lyapunov quantity looks Ly = [(2b+ 1). If [ = 0, then the cubic system
(11) has two parallel invariant straight lines 1 —z = 0, 1 + (1 4+ ¢)x = 0 and one invariant cubic
3(x? + y?) — 3xy® + (29 — 2b — 2¢ — 3)x3 = 0. For this case the center-focus problem was solved in
[8]. If I # 0 and b = (—1)/2, then L; = Ly = --- Ly = 0. In this case the right hand sides of (11)
have a common factor 1+ (¢+ 1)z — 2ly, in contradiction with assumption that P(x,y) and Q(z,y)
are coprime polynomials.

In Case (c3) the first Lyapunov quantity looks Ly = f(2b — 3). If f = 0, then the cubic (11)
has two parallel invariant straight lines 1 —2 =0, 14+ (1 + ¢)2 = 0 and one invariant cubic. The
center-focus problem was solved in [8]. If f # 0 and b = 3/2, then L; = Ly = 0. In this case the
right hand sides of (11) have a common factor 1+ (¢ + 1)z + fy, in contradiction with assumption
that P(z,y) and Q(x,y) are coprime polynomials.

In Case (c4) the first Lyapunov quantity looks L1 = f(2f — 2ab + 2a — fasp — 2bf). If f =0,
then we are in conditions (iii) of Lemma 2 (¢ = —1). If f # 0 and a3y = [2(a — ab —bf + f)]/f,
then Ly = Ly = --- Ls = 0. In this case we have the set of conditions (i) from Lemma 2.

In Case (c5) the first Lyapunov quantity looks L1 = 4i(c — 2b + 2). If [ = 0, then the cubic
system (11) has two parallel invariant straight lines = 1, and one invariant cubic. If [ # 0 and
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¢ =2(b—1), then have the conditions (ii) from Lemma 2.

In Case (cg) we obtain that Ly = Ly = --- Ls = 0. In this case we get the set of conditions (iii)
from Lemma 2.

In Case (c¢7) the first Lyapunov quantity looks L1 = (3a12 —2b — 2¢ — 1)(a12 —c —1). If
a1z = ¢+ 1, then we have the set of conditions (iii) from Lemma 2. Assume that a2 # ¢+ 1 and
let aj2 = (2b4 2c + 1)/3. We are in conditions (iv) of Lemma 2. O

Taking into account Lemma 2 and Theorem 4, and excluding the cases when the cubic system
(11) has two invariant straight lines and one invariant cubic, we give the necessary and sufficient
conditions for the origin to be a center in the following Theorem.

Theorem 5. The singular point O(0,0) is a center for a cubic differential system (11), with one
invariant straight line and one invariant cubic without intersection points, if and only if one of the
sets of conditions (i)-(iv) holds.
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In this paper the conditions for the existence of one invariant straight line and one invariant
cubic in a cubic differential system with a singular point of a center or a focus type, when these
curves have not intersecting points, are found. It is proved that the singular point is a center
if and only if the first five Lyapunov quantities vanish. The center conditions were determined
by using the method of Darboux integrability.
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Z? of inductive nonempty subsets of w. In particular we show that every injective endo-
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1 INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

We shall follow the terminology of 1, 2, 13]. By w we denote the set of all non-negative integers
and by Z the set of all integers.

A subset A of w is said to be inductive, if i € A implies i + 1 € A. Obvious, that @ is an
inductive subset of w.

Remark 1 ([6]). 1. By Lemma 6 from [5] a nonempty subset F' C w is inductive in w if and
only (-1+ F)NF=F.

2. Since the set w with the usual order is well-ordered, for any nonempty inductive subset F' in

w there exists nonnegative integer np € w such that [np) = F.

3. Statement (2) implies that the intersection of an arbitrary finite family of nonempty inductive

subsets in w is a nonempty inductive subset of w.

Let & (w) be the family of all subsets of w. For any F' € #(w) and n,m € w we put n—m+F =
{n—m+k: ke F}if F# @and n—m+ & = &. A subfamily . C P (w) is called w-closed if
Fin(—n+F) € .Z foralln € w and F1, Fy € .#. For any a € w we denote [a) ={z € w: z > a}.

A semigroup S is called inverse if for any element x € S there exists a unique z~! € S such
1 _ -1

that zz~ 'z = z and 2~ tzz~ The element 2! is called the inverse of x € S. If S is an

VIK 512.534
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inverse semigroup, then the function inv: S — S which assigns to every element x of S its inverse
element ! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If S is an
inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S) as a band
(or the band of S). Then the semigroup operation on S determines the following partial order <
on F(S): e < fif and only if ef = fe = e. This order is called the natural partial order on E(S).
A semilattice is a commutative semigroup of idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the following partial
order < on S: s < t if and only if there exists e € E(S) such that s = te. This order is called the
natural partial order on S [16].

The bicyclic monoid or the bicyclic semigroup € (p,q) is the semigroup with the identity 1
generated by two elements p and ¢ subjected only to the condition pg = 1. The semigroup operation
on € (p, q) is determined as follows:

qkpl . qmpn — qk+m—min{l,m}pl+n—min{l,m}'
It is well known that the bicyclic monoid % (p,q) is a bisimple (and hence simple) combinatorial
E-unitary inverse semigroup and every non-trivial congruence on % (p, ¢) is a group congruence [1].

W

On the set B, = w x w we define the semigroup operation “-” in the following way

o o (i1 — J1 + i2,j2), if j1 < ig;
11,791) - (22,72) = . ) : e ) 1
( ) ) { (t1,71 — t2 + j2), if j1 > da. (1)

It is well known that the bicyclic monoid € (p, ¢) to the semigroup B,, is isomorphic by the mapping
h: €(p,q) = B, ¢“p' — (k,1) (see: [1, Section 1.12] or [15, Exercise IV.1.11(ii)]).

Next we shall describe the construction which is introduced in [5].

Let B,, be the bicyclic monoid and .# be an w-closed subfamily of #(w). On the set B, x .#

(132

we define the semigroup operation in the following way

(i1 — J1 + 12, j2, (J1 —i2 + F1) N Fy), if 51 <ig;
(i1, 51 —i2 + jo, F1 N (ia — j1 + F2)), if j1 > ia.

(i1, J1, F1) - (i2, g2, F2) = { (2)
In [5] is proved that if the family .# C & (w) is w-closed then (B, x .#, ') is a semigroup. Moreover,
if an w-closed family .# C Z?(w) contains the empty set @ then the set I = {(i,7,9): 4,7 € w} is
an ideal of the semigroup (B, X .%,-). For any w-closed family .% C & (w) the following semigroup

g7 _ | BuxZ.)I, ifoe;
w (B, x Z,)), ifod¢F

is defined in [5]. The semigroup Bff generalizes the bicyclic monoid and the countable semigroup of
matrix units. It is proven in [5] that B;’)@ is a combinatorial inverse semigroup and Green’s relations,
the natural partial order on Biz and its set of idempotents are described. Here, the criteria when
the semigroup Bf is simple, O-simple, bisimple, O-bisimple, or it has the identity, are given. In
particularly in [5] it is proved that the semigroup Bg is isomorphic to the semigrpoup of wxw-
matrix units if and only if .% consists of a singleton set and the empty set, and Bf is isomorphic
to the bicyclic monoid if and only if .%# consists of a non-empty inductive subset of w.

Group congruences on the semigroup Bf and its homomorphic retracts in the case when an
w-closed family .# consists of inductive non-empty subsets of w are studied in [6]. It is proven that
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a congruence € on B;’ZZ is a group congruence if and only if its restriction on a subsemigroup of sz ,
which is isomorphic to the bicyclic semigroup, is not the identity relation. Also in [6], all non-trivial
homomorphic retracts and isomorphisms of the semigroup B;’? are described.

In [3, 14] the algebraic structure of the semigroup B is established in the case when w-closed
family .# consists of atomic subsets of w.

The set By = Z x Z with the semigroup operation defined by formula (1) is called the extended
bicyclic semigroup [17]. On the set Bz x.%, where .Z is an w-closed subfamily of &?(w), we define the
semigroup operation “-” by formula (2). In [7] it is proved that (Bz x.Z, -) is a semigroup. Moreover,
if an w-closed family .% C (w) contains the empty set & then the set I = {(i,j,@): i,j € Z} is
an ideal of the semigroup (Byz x .Z,+). For any w-closed family .# C & (w) the following semigroup

g7 _ ] Bzx 7)1 ifoe7
z (By x Z,-), ifo¢F

is defined in [7] similarly as in [5]. In [7] it is proven that B is a combinatorial inverse semigroup.
Green’s relations, the natural partial order on the semigroup Bif and its set of idempotents are
described. Here, the criteria when the semigroup BZ‘? is simple, 0-simple, bisimple, 0-bisimple, is
isomorphic to the extended bicyclic semigroup, are derived. In particularly in [7] it is proved that
the semigroup Bg is isomorphic to the semigrpoup of wxw-matrix units if and only if .% consists
of a singleton set and the empty set, and B? is isomorphic to the extended bicyclic semigroup if
and only if .7 consists of a non-empty inductive subset of w. Also, in [7] it is proved that in the
case when the family .# consists of all singletons of w and the empty set, the semigroup BZgj is
isomorphic to the Brandt A-extension of the semilattice (w, min), where (w, min) is the set w with
the semilattice operation z - y = min{z, y}.

It is well-known that every automorphism of the bicyclic monoid B, is the identity self-map of
B,, [1], and hence the group Aut(B,,) of automorphisms of B,, is trivial. The group Aut(By) of
automorphisms of the extended bicyclic semigroup By is established in [4] and there it is proved
that Aut(Bz) is isomorphic to the additive group of integers Z(+). In the paper [9] we prove that
for any family .% of nonempty inductive subsets of w the group Aut(BEfZ ) of automorphisms of the
semigroup Bg is isomorphic to the additive group of integers.

In [12] the semigroups of endomorphisms of the bicyclic semigroup and the extended bicyclic
semigroup are described. All types of monoid endomorphisms of the monoid Bf * for two-element
family .72 of nonempty inductive subsets of w are described in [8, 10, 11].

This paper is a continuation of |7, 9]. We describe injective endomorphisms of the semigroup
B? * with the two-element family .%?2 of inductive nonempty subsets of w. In particular we show
that every injective endomorphism e of BZ’@ *is presented in the form ¢ = ega, where ¢g is an injective
(0,0,[0))-endomorphism of Bgz and a is an automorphism a of Bg’ﬂ. Also we describe all injective
(0,0, [0))-endomorphisms eg of Biﬂ, i.e., such that (0,0,[0))eo = (0,0,[0)).

Later we assume that an w-closed family .#?2 consists of two inductive nonempty subsets of w.

72
2  ENDOMORPHISMS OF THE SEMIGROUP B WITH THE FIXED POINT (0,0, [0))

If .Z is an arbitrary w-closed family of inductive subsets in #(w) and [s) € % for some s € Z
then

B = {(i,4,[5)): i, € 2}
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is a subsemigroup of Bg and by Proposition 5 of |7] the semigroup B{Z[s)} is isomorphic to the
extended bicyclic semigroup.

Remark 2. By Proposition 1 of [9] for any w-closed family .% of inductive subsets in &(w) there
exists an w-closed family .#* of inductive subsets in & (w) such that [0) € .#* and the semigroups
Bg and Bg* are isomorphic. Hence without loss of generality we may assume that the family .72
contains the set [0).

An endomorphism ¢ of the semigroup Bg * s called a (0,0, [0))-endomorphism if
(0,0,[0))e = (0,0,[0)).

Remark 3. Theorem 1 of [8] state that for every injective monoid endomorphism e of the monoid
Bff ’ only one of the following conditions holds:

(1) there exist a positive integer k and p € {0, ...,k — 1} such that ¢ = oy, where the mapping
oy defined by the formula

(i7j7 [0))0%,10 - (ki’ kj, [0))7
(4,4, [1)okp = (p+ ki, p+ kj, [1)),
1,] € w;

(2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢ = f,, where the
mapping By, defined by the formula

(4,7, [0)Brp = (Ki, k3, [0)),
(i, 4, (D)) Brp = (0 + ki, p + k3, [0)),
1, € w.
For any integer k we define
B7 " (k,k,0) = (k, k,[0)) - B - (k, K, [0)).

By Proposition 2 [9], BZ‘?Q(k‘, k,0) is a subsemigroup of ng which is isomorphic to BfQ.
Fix an arbitrary positive integer k and any p € {0,...,k — 1}. For all 4,j € Z we denote the
transformation oy, of the semigroup Bg * in the following way

(ihj? [0))0%,}7 = (kl7 k.77 [0))7
(i?j? [1))ak,P = (p + ki,p + k]a [1))1

Lemma 1. For an arbitrary positive integer k and any p € {0, ..., k—1} the map oy, is an injective
endomorphism of the semigroup Biz .

Proof. By by Proposition 5 of 7] the subsemigroups B%[O)} and Bgl)} are isomorphic to the ex-
tended bicyclic semigroup. By Proposition of [12] we have that the restrictions of oy, onto the

)} )}
plies that for all ¢, j, s,t € Z the following equalities hold

subsemigroups Bgo and Bgl)} are endomorphisms of Bgo and Bgl)}, respectively. This im-

(<i7j7 [O>) ’ (37 t, [0)))04]@71) = (i7j7 [0))ak,p ’ <37 12 [O))akdm
(G5, [1) - (5,8, (1)) arp = (6,4, [1))anp - (5,8, [1)) ok p-
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For any ¢, j,p,q € Z we have that

i+s—74,t,(—s+1[0)N[1)ag, ifj<s;
((4,5,10)) - (s, 2, [1))) ok pp = ,[0) N [1)) etk p, ifj=s =
ih,j+t—s0)N(s—j+[1))agy ifj>s
+s—74,t (1), ifj<s;

2
,[1) ks ifj=s =
i,j+t—s5,00)agy ifj>s
p+k(i+s—j),p+kt[l), ifj<s;
p+ki,p+kt,[1)), if j =s;

(
(4,1
(
(1
=1 G
(
(
(
(ki,k(j +t—s),[0)), if j > s,

(ivjv [0))ak,p : (S)ta [1))akp (kﬂ, k]a [ )) : (p + k‘S,p + kt? [1)) =
(ki+p+ks—kjp+kt,(kj—p—ks+[0)N[1)), ifkj<p+ks;
(kiap + kta [0) N [1))7 if k] =p+ k?S; =
(ki,kj+p+kt—p—Fks, [0)N(p+ks—kj+][1)), ifkj>p+ks
(p+k(i+s—7),p+kt,[1), ifkj<p+ ks;

(ki,p + kt, [1)), ifkj=p+ks; =

(ki,k(j +t—s),]0)), itkj >p+ks

(p+k(i+s—j)p+kt[l), ifkj<ks;

(p+ ki,p+ kt,[1)), if kj = ks;

=< (ki kt,[1)), ifkj=p+ksandp=0; =
vagueness, if kj =p—+ ks and p # 0;
(ki, k(j +t — s),[0)), if kj > ks
(p+k(i+s—j),p+kt[1), ifj<s;

=< (p+ki,p+kt, 1)), if j = s;
(ki k(j +t —5),[0)), if j > s,

and

i+s—j,t,(—s+[1)N[0)aky ifj<s;

(1) N[0))akp, ifj=s =
g+t =510 (5= +[0))akp, ifj>s
P45 =t [0)any i) <s

(
((4,5,[1)) - (5,2, [0)))okp = (it
(
(
=9 (@t [1)okp, ifj=s =
©
(k@i +s—j),
(p+ ki,p+ kt,[1)), if j = s;
(p+ki,p+k(j+t—s),[1), ifj>s,

i,j+t—s,[1)agy ifj>s
kt, [0)), if j <'s;
1
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(i, 5, [1))okp - (5,1, [0)) oy = (p + ki, p + kj, [1)) - (ks, kt, [0)) =

(p+ki+ks—p—kjkt,(p+kj—ks+[1))N[0)), ifp+kj<ks;
=4 (p+ ki kt,[1)N]0)), ifp+kj=ks;, =
(p+ki,p+kj+kt—rks, [1)N(ks—p—Fkj+][0))), ifp+kj>ks
(k(i+s—j), kt,[0)), it p+kj < ks;
=1 (p+ ki, kt, [1)), itp+kj=ks;, =
(p+ki,p+k(j+t—s),[1)), ifp+kj>ks
(k(i +s—j),kt,[0)), if kj < ks;
(ki, kt,[1)), if p+kj=ksandp=0;
= ¢ vagueness, ifp+kj=ksand p#0; =
(p+ ki,p+ kt,[1)), if kj = ks;
| (p+Fki,p+E(j+t—s),[1)), ifkj>ks
(k(i+ s —j),kt, [0)), if j < s;
=1 (p+ki,p+ kt,[1)), if j = s;
L(p—kk:zp—i—k(j—kt—s) 1)), ifj>s,

because p € {0,...,k — 1}. Thus, oy is an endomorphism of the semigroup BZ"’@Q. O

Fix an arbitrary positive integer k > 2 and any p € {1,...,k—1}. For all 4, j € Z we define the
transformation Sy, of the semigroup Bg * in the following way

(4,5, [0)) Br.p = (Ki, k3,10)),
(4,7, (1) Brp = (p + ki, p + kj, 0)).

It is obvious that [, is an injective transformation of the semigroup Bg’z ’

Lemma 2. For an arbitrary positive integer k > 2 and any p € {1,...,k — 1} the map (), is an
injective endomorphism of the semigroup BgQ.

Proof. By by Proposition 5 of [7] the subsemigroups B%[o)} and Bgl)} are isomorphic to the ex-

tended bicyclic semigroup. By Lemma 3 of [12], the restriction of 3}, onto the subsemigroup Bgo)}
(0)} 1)}

, and the restriction of 3, onto the subsemigroup B% is a ho-

0

is an endomorphisms of B%
momorphisms of Bgl)} into B% ' This implies that for all ¢, j,s,t € Z the following equalities

hold

((i7j7 [O>) ’ (37t7 [0)>)5k,p = (i,j, [0))/816710 ’ (87t7 [O))/Bk,py
((i,j, [1)) : (37t7 [D))Bk,p = (iaja [D)ﬁk,p : (S’t’ [1))/816713‘
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For any ¢, j,p,q € Z we have that

(t+s—34,t,(—s+[0)N[1)Brp, ifj<s;
((4,4,10)) - (s, £, [1))Brp = (i,¢,10) N [1))Brp, if j=s =

(i, j+t—510)0N(s—7+1))Bkyp, ifj>s
(i+s— 4,8 [1)Brp, ifj<s

= (7 [))/kav ifj=s =
(10 4+t~ 5,[0) B 165 > s
(p+k(i+s—7),p+kt|0), ifj<s;

=< (p+ki,p+kt,[0)), if j = s;
(ki,k(j +t—s),]0)), if j > s,

(4,7:[0))Brp - (5, [1)) Brp = (Ki, k35, (0)) - (p + ks, p + kt, [0)) =

(ki+p+ks—kj,p+kt,(kj—p—ks+1[0))N[0)), ifkj <p+ks;

={ (ki,p+kt,[0)N[0)), ifkj=ptks =
(ki,kj+p+kt—p—Fks, [0)N(p+ks—kj+1[0)), ifkj>p+ks
(p+k(i+5—j),p+kt[0), ifkj<p+ ks;

=< (ki,p+ kt,[0)), ifkj=p+ks =
(ki,k(j +t—s),]0)), ifkj>p+ks
(p+k(i+s—7),p+kt]0)), ifkj<ks;
(p + ki, p + kt, [0)), if kj = ks;

=< (ki kt,[0)), ifkj=p+ksandp=0; =
vagueness, if kj =p+ ks and p # 0;
(ki,k(j+t—s),[0))), if kj > ks
(p+Ek(i+s—j),p+kt]0)), ifj<s;

=< (p+ki,p+kt,[0)), if j = s;
(ki,k(j +t—s),]0)), if j > s,

and

(t+s=5,t, (1 —s+[1)N[0)Bkp, ifj<s;
((i,j,[l))-(s,t, [0)))519,1): ( [) [)) k,p> ifj:S; =
(i, j+t—s1)N(s—7+[0))Bkyp, ifj>s

(i+5—7,[0)Bkp, ij<s

=4 (,6,[1)Brp, ifj=s =
(
(k
(
(p

i,j+t—s,01)Bkp, ifj>s

(i +s—7),kt, [0)), if j <s;
p+ ki,p + kt,[0)), if j =s;
+ki,p+k(j+t—s),[0)), ifj>s,
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(4,7, [1))Brp - (5,2,[0)) Brp = (0 + ki, p + k3, [0)) - (ks, kt, [0)) =

(p+ki+ks—p—kjkt,(p+kj—ks+1[0)N[0)), ifp+kj<ks;
= (p+ ki kt, [0)N]0)), ifp+kj=ks;, =
(p+ki,p+kj+kt—rks [0)N(ks—p—Fkj+][0))), ifp+kj>ks
(k(i+s—j), kt,[0)), it p+kj < ks;
=1 (p+ ki, kt, [0)), itp+kj=ks;, =
(p+ki,p+k(j+t—s5),00), ifp+kj>ks
(k(i +s—j),kt,[0)), if kj < ks;
(ki, kt,[0)), if p+kj=ksandp=0;
= ¢ vagueness, ifp+kj=ksand p#0; =
(p + ki, p + kt, [0)), if kj = ks;
| (p+Fki,p+E(j+t—s5),00)), ifkj > ks
(k(i+s—7),kt, [0)), if j < s;
=4 (p+ki,p+kt,|0)), if j =s;
L(p—kk:zp—i—k(j—kt—s) [0)), ifj>s,

because p € {1,...,k — 1}. Thus, , is an endomorphism of the semigroup BZ'JPQ, ]

Lemma 3. Let ¢ be a (0,0, [0))-endomorphism of the semigroup B;Q. Then there exists a non-
negative integer n such that (i, j, [0))e = (ni,nyj,[0)) for all i,j € Z.

Proof. By by Proposition 5 of 7] the subsemigroup Bgo)}

is isomorphic to the extended bicyclic
semigroup. By Lemma 3 of [12], the restriction of the transformation ¢ onto the subsemigroup B %[0)}

is an endomorphisms of B%[o) b Then Lemma 5 of [12] implies the statement of the lemma. O

Theorem 1. Let ¢ be an injective (0,0, [0))-endomorphism of the semigroup BZW. Then one of
the following conditions holds:

1) there exist a positive integer k and p € {0, ...,k — 1} such that ¢ = ay p;
¥
2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢ = Bj_,.
D

Proof. Tt is obvious that for any (i, 7,[l)) € BﬁQ, 1 =0, 1, there exists a non-negative integer n such
that (i,7,[1)) € BZyZ(—n, —n,0). This implies the equality

= U Bzyz(—n, —n, 0).

new

Also by the semigroup operation of BZJQZ for m,n € w we have that BZ“’@2 (—n,—n,0) C Bzy72 (—=m, —m, O)I
if and only if m > n.

Since ¢ is an injective (0,0, [0))-endomorphism of the semigroup B3 * Lemma 3 implies that
there exists a positive integer k such that (7, j, [0))e = (ki, kj, [0)) for all 4,j € Z.

Fix an arbitrary positive integer n. By Proposition 2 [9], B7 2(—n, —n,0) is a subsemigroup
of Bg * which is isomorphic to Bf . This implies that the semigroups Bg 2(—n, —n,0) and
B/ ’ (0,0,0) are isomorphic. By Corollary 2 from [6] every automorphism of the semigroup B ®is
the identity map, and hence every automorphism of the semigroup Bg ’ (0,0,0) is the identity map,
too.
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We define the isomorphism J;": Bzyz(—n, -n,0) — BZ‘QQ(O, 0,0) by the formula

(Z - n’j - n, [S))jan = (ivjv [S)))

for any positive integers i, j and s € {0,1}. The above arguments imply that so defined isomorphism
: . S . : 72

is unique. Hence we have that for any injective endomorphism e_,, of the semigroup By “(—n, —n, 0)
there exists an injective endomorphism ¢y of the semigroup BZy ’ (0,0,0) such that the following

diagram
32@2(—71, —n, 0) . BZJN(—n, —n, 0)
" "
BJ’(0,0,0) - — — — — — — - B7"(0,0,0)

is commutative. Hence, by Remark 3 we have that for any injective endomorphism e_, of the

semigroup Bg ’ (—n, —n,0) one of the following conditions holds:
(1) there exist a positive integer k£ and p € {0, ...,k — 1} such that eqg = oy p;
(2) there exist a positive integer £ > 2 and p € {1,...,k — 1} such that eg = S},
Ifeg = Qk.p then

(i =n,j—n,[0))e-

= (((i = n,j — n,[0))Ig")akp) (Fg™) 7F =
(5,4, 0) ek ) (3 ™) =

= (ki, kj,[0))(3,") " =

= (ki —n,kj —n,[0))

and

(6 =n,j —n, [D))Tg™")an,) (35" =
(4,5, [0) k) (Fg™) ™ =
+ki,p + k4, [1))(35") 7
+ki—n,p+kj—n,[1)),

(i —mn,j—n,[1))e-

= (
(
=(p
=(r

for any positive integers i, j.
If eg = B then

(i =, —n,[0))e—p = (i = 1, j — n,[0))I5")Bryp) (Tg") ™" =
(4,4 [00)Brp)(Tg™) ~F =

= (ki, kj,[0))(35") " =
=

ki —n,kj —n,[0))

and

(i =n,j =, [1)e—p = (i = 1,5 —n.[1))T5")Brp) (o) 7" =
(6,4, [0)Bip) (3™~ =
+ ki, p + k4, 10)(35") ™

= (
= (
=(p
=(p+ki—n,p+kj—n,|0)),
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for any positive integers 4, j.
This completes the proof of the theorem. O

72
3 ON INJECTIVE ENDOMORPHISMS OF THE SEMIGROUP Bg

Remark 4. 1. By Theorem 1 of [9] every (0,0, [0))-automorphism of the semigroup Bgz is the
identity map.

2. For every integer s the map b B%ﬂ — Bgﬂ, (i,7,[p)) — (i+s,j+s,[q)), 4,5 € Z,q € {0,1},
is an automorphism of the semigroup Biﬂ (Proposition 6 of [9]).

3. The map a: B] — B7 , (i,5.[p) = (i+q¢.j+¢[1—0q), i.j € Z, q € {0,1}, is an
automorphism of the semigroup BZW (Lemma 2 of [9]), and moreover a? = ;.

Lemma 4. For any endomorphism ¢ of the semigroup BZng * there exists an automorphism a of Bg ’
such that (0,0,[0))e = (0,0, [0))a. Moreover, a = a®* = b in the case when (0,0,[0))e = (s,s,[0)),

and a = a®*! = h,a in the case when (0,0, [0))e = (s, s, [1)) for some integer s.

Proof. Since any homomorphic image of an idempotent is again an idempotent, by Lemma 1 of [7]
there exist an integer s and ¢ € {0,1} such that (0,0,[0))e = (s,s,[g)). Simple verifications and
Remark 4 imply that (0,0,[0))a?* = 0,0,[0)) = (s,s,[0)) and (0,0,[0))a*>**! = (0,0,[0))(hsa) =
(5,5, [1)). O

Theorem 2. For any endomorphism ¢ of the semigroup thg22 there exist a (0,0, [0))-endomorphism
¢g of BgQ and an automorphism a of ng such that ¢ = ega. Moreover, ¢ = ¢qa>® = eohs in the
case when (0,0,[0))e = (s,5,[0)), and ¢ = ¢ga**! = ¢ghsa in the case when (0,0,[0))e = (s,s,[1))
for some integer s.

Proof. By Lemma 4 there exists an automorphism a of the semigroup B%ﬂ such that (0,0,[0))e =
(0,0,[0))a. Then the product ea=! is a (0,0, [0))-endomorphism of BgQ. Let be ¢g = ea”!. Since
for an arbitrary monoid S every right translation p,: S — S, s — su on an element of the group

1

of units of S is a bijective map, we conclude that the equality ¢g = ea™" implies that ¢ = ega. The

last statement follows from the second statemnet of Lemma 4. O

Since the composition of two injective maps is an injective map, Theorems 1 and 2 imply the

following theorem, which describes the structure of all injective endomorphisms of the semigroup
B7’.

Theorem 3. For any injective endomorphism ¢ of the semigroup Bg * there exist an injective
(0,0, [0))-endomorphism ¢ of Bgﬂ and an automorphism a of B‘Zy2 such that ¢ = ega. Moreover,
¢ = ¢pa®® = eohs in the case when (0,0,[0))e = (s,s,[0)), ¢ = ¢oa?T!

(0,0,[0))e = (s,s,[1)) for some integer s, and one of the following conditions holds:

= ¢ohsa in the case when

(1) there exist a positive integer k and p € {0,...,k — 1} such that ey = ay p;

(2) there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢g = By p.
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. . . . 2
T'yrik O., [Hosgasikosa 1. IIpo in’exmueni endomopdismu nanisepynu, BZ“Q 3 deoenemMeRMHO0

cim’ero F? indykmueHuT Henoposcniz niomrodicun Yy w // ByKOBEHHCHKHE MaTeM. ¥KypHas
— 2025. — T.13, Ne2. — C. 58-69.

Mu omnmcyemo iH’€KTUBHI €HIOMOPMI3MHU HAIIBIPYIIH BZy2 3 JIBOEJIEMEHTHOIO CiM’elo .72
IHAYKTUBHUX HETIOPOYKHIX Hi,ZLMHO}KI/IH vy w. 30Kpema, JTOBOINMO, IO KOKHUN 1H €KTUBHUN €H-
nomopdiam e Hamisrpymu B 7 300parKkaeThes y Bmmﬂm ¢ = ¢oa, ze ¢o — in’exrusnuii (0,0, [0))-
engomopdism i a — aBToMOpdizM a HaHIBI‘pyHI/I BZ . Takox Mu ommcyemo yci iH'€KTHBHI
(0,0, [0))-enmomopdismu ey HAIIBrpyIn BZ , T06TO Taki, mo (0,0,[0))ey = (0,0, [0)).
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OIIIHKA ITAPAMETPIB HEO/ITHOPI/THNX ITPUXOBAHUX
HAIIIBMAPKIBChKIX MOJIEJIEN

CrarTs TPUCBAYEHA JOCIIJIZKEHHIO HEOHOPIIHUX IPUXOBAHUX HAIBMAPKOBCHKUX MOJIEIE,
3aIlpOIIOHOBAHO METOJINKY OIIHIOBAHHS IapaMeTpiB y BHUIAJKY, KOJM 3MiHA PO3IIOJIIB Yacy
repebyBaHHsI y CTAHAX Ta MATPUIb HMOBIDHOCTEH ITEPEXOJIB € OOMEXKEHOIO 32 JaCOM.

OTpumani pesybTaT J03BOJISIOTH 3aCTOCOBYBATH MOJEb Il OMUCY CUCTEM 3i 3MIHHOIO
CTPYKTYPOIO. 3aIIpOITOHOBAHA METOINKA MOKe OyTH BUKOPUCTAHOIO B 38]a9aX aHAJI3Y IaCOBUX
PAAIB 31 CTPYKTYPHUME 3MiHAMH, & TAKOXK JJIs 33[a9 OITUMAJIHFHOTO KEPYBAHHS CTOXACTUIHUAX
CHCTEM, Jie BayKJIMBUM € BPaXyBaHHs 3MiH y ITOBEJIHII IIPOIECY BIIPOJOBK HacCy.

Karuosi caosa i ¢pasu: HEOTHOPITHI TPUXOBAHI HAIIBMAPKOBCHKI MOJIEN, CTOXaCTHIHE
MOJIETIOBAHHSI.

Yepmuisenpkuii nanjonaapuuii yaisepcurer imeni FOpis @enprosuda, Yepnismi, YKpaina
e-mail: i.malyk@chnu.edu.ua (Masux I.B.), ivasiuk.roman@chnu.edu.ua (Isaciox P.B.)

Beryvin

Y pobori Yu S.-Z. [I] posrisinyTo npuxoBaHi HaliBMapKOBCHKI MOJIEJI sIK PO3IINPEHHSI KJIaCH-
IHUX MPUXOBAHUX MapPKOBCHKHUX MOJIE/IEN TIJISTXOM BBEJIEHHS SIBHOTO PO3IIOJLITY TPUBAJOCTI CTAHIB.
Ile mo3BoOJIsIE MOmETIOBATH HEOMHOPIAHI IPOIECH, /e YACOBI IHTEepBAIN MiXK IMOIIIMU HE € eKCIIO-
HEHIIAHO pO3MOAiIeHNME. ABTOP CHCTEMATU3yBaB Pi3HI HMiAXOAW 10 MOOYIOBM TaKUX MOJeseil Ta
moaudikysas anropurm forward-backward mist ixaboi peasizarii. Y po6ori [I] posmupeno kinacu-
9HY MPUXOBaHy MapKOBCHKY MOJEJb, BBOIAAYN 3MIHHY #; — TPHUBAJIICTL HepeOYBaHHS CHCTEMH Y
npuxoBaHomy crani Y;. Hexait X; nmosnadae crocrepe:keHHsI B MOMEHT 4acy t, TOJI ITOBHa HMOBIp-
HICTh MOJEJI 33Ja€ThCS SIK

P(X4,Y1,0) = P(Yy | Y1) P(0; | Y2) P(X | Y, 00),

ne P(0; | i) onucye nosinbHUit HeBi'eMHMIT PO3IO/ILI TpUBAJIOCT] Yacy nepedyBaHHs B craHax. Lle
yCyBa€ eKCHOHEHIIIHEe TPUILYINEHHs KJIACUIHOI MOJIE.

Dong i He [2] sanpononysasu cermenranbuy moaudikariio HSMM (Segmental HSMM), opiento-
BaHy Ha aHAJI3 YACOBUX IIPOIIECIB y TEXHIYHUX cucTeMax. Mojesnb 103B0JIsi€ OJTHOYACHO BPAXOBYBATH
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Jac nepedyBaHHS B CTAHAX I XapaKTEPUCTUKY KOXKHOTO CErMeHTa, 1o 3abe3Ievuye Kpally TOYHICTD
JIHarHOCTHKMY Ta IPOTHO3YBAHHs Jlerpajaliiinux mporeciB. OIiHKa IapaMeTpiB BUKOHYBAJIACS 38 J10-
romoroo EM-ajaropurmy. B maniit poboTi moctitoBHICTD 3aMipiB IPOIecy MOIiIseThCs Ha CeIMEHTH
Xt,:ty11, MO BIANOBIIAIOTL OXHOMY cTany Yy i3 TpupasicTio ;. I7IMOBipHiCTL CIIOCTEPEKEHDb JIJIsI
KOXKHOT'O CErMEHTa MOJAEThCA Y BUT/IsAA DYHKINI IIPaBIOIoai0HOCTI

S
L=]]P(Xttoy, | Vs, dby),
s=1

1o 3abesrevuye THyIKe MOJIETIOBAHHSI IIEPEXiTHUX MIPOIECIB ¥ Yaci.

Y pobori [3] zacrocoBano HSMM it cTaTHCTUIHOTNO CHMHTE3y MOBJIEHHSI, Jie MOJIEJb 3abesIe-
qye KepyBaHHS TPUBAJICTIO (poHEM 1 IVIABHICTb 3MiHM akycTuuHuX mHapamerpiB. Ha Bimminy Bin
HMM, HSMM 1103B0JIsi€ SIBHO BPaXOBYBATU YaCOBY CTPYKTYPY CUTHAJY, IO ITiIBUIILYE TPUPOIHICTD
cuHTe30BaHOTO MOBJeHHs. OnruMisaris 3miiicHoBaach depe3 moaudikosanuit EM-mporec. ABro-
pu 3acrocyBasim HSMM y 3ajadi cuHTEe3y MOBJIEHHS, Jie X; — BEKTOP CIIEKTPAJbHUX KOeDIIi€HTIB
3BYKY, IO MOJIETIOETHCSA IayCIBCHbKUM PO3IOJILIOM

P(X¢ | Yy) ~ N(Xt; s X)),

a mapaMeTpH [ Ta 4 BIIMOBIMAIOTL CEpPeHIM Ta KOBapiallifHUM MaTPUIEM JJIsT KOYKHOTO CTaHY
Y;. Takuii miaxin n103BoJI€ TOYHO BiITBOPIOBATU JUHAMIKY MOBHOI'O CUTHAJIY.

Guedon [4] pospobus meros oninoBanus napamerpis HSMM jyist uckpernux mocsigoBHocTeit
CIIOCTEPEZKEHD. Horo X1/ TO3BOJISI€ TTPAITIOBATH 3 JIOBLIBHUMU, Y TOMY YHCJ HelapaMeTpUIHU-
MH, PO3MoiiamMu TpuBajocTi craHiB. e 3abe3nedye MOXK/IUBICTL MOIEIIOBAHHSA CKJIAIHUX ab0 He-
perynsapaux mporecis, ge crammaprai HMM needextusui. TyT po3risiHyTo OIIHKY HTPUXOBAHUX
HAIIBMapKOBCHKUX IMPOIIECIB, y SKUX PO3MOJLT TPUBAJIOCTI fy(f;) BU3HATAETHCS HETAPAMETPUTHO.
DyHKIA TPABIOIOMIOHOCTI MOl 3AMMCYETHCA HACTYITHIM YHHOM

PX0) =[] fal0) P(X: | o),
Z

10 POOUTH OIIHKY Yacy nepebyBaHHsd B CTaHAX THYYKIIIOO MOPIBHIHO 3 (hiKCOBAHUMU PO3IOIIIAMUA.

Apropu poboru [5] Bukopucramn HSMM jyist onucy biHaHCOBUX 4acoBUX DsiJiB, OCOOJIUBO JIst
MOJIEJTIOBAHHS 3MiH MiXK PEsKHMaMU BHCOKOI Ta HU3BKOI BOJIATHJIBHOCTI. 3aBJISIKU ypaxyBaHHIO TPU-
BaJiocTi puHKoBuX (paz HSMM Kpaiiie BiITBOPIOIOTH CTATHCTUYHI BJIACTUBOCTI maHuX, Hixk HMM.
[Tapamerpu Momei OIMIHIOBAINCS METOLOM MaKCHMAaJbHOI IpaBaomoaionocTti. B pobori mocmimxeno
zacrocyBanasg HSMM no dinancoBuX 4acoBUX psiB, MOJIETIOIOYN TPUBAJIOCTI O raMMa-PO3IIO/Ii/IOM:

P(0; | Y;) ~ Gamma(avy,, By,),

Jie napamerpu (ay;, fy,) Bu3Ha4Ya0Th GOpMY Ta MacuTad po3noiiay st KoxKHOro crany. Lle mo-
3BOJISIE€ BiITBOPIOBATH JIOBIi ab0 KOPOTKi (ha3u BOJATUILHOCTI HA PUHKY.

Y pobori [6] 3uificheno cucremarnynuii orvisiy gociiakenb, npucssdenunx HMM 1 HSMM, szoce-
PEIKYIOUNCH Ha, IXHIX MOAU(MIKAIIAX Ta MPAKTHIHUX 3aCTOCYBaHHSIX. ABTOPH IiIKPECIOIOTh, 10
HeoHOPIHI Ta y3arambreni Bepcii HSMM akTHBHO BUKOPHUCTOBYIOTHCS Y PI3HUX Taay3sax — Bif Gio-
indopmaTukn 10 (PiHAHCOBOTO aHAJII3Y — 3aBISKHU IXHIN 31aTHOCTI BigoOparKaTu CKJIAIHY JaCOBY
CTPYKTYypy JaHux. [loBHa HMOBIpHICTH MOJIENI MA€ BUTJISAT,

P(X,Z,0) = [[0:P(Y: | Yi1) P(6: | Vi, Xi) P(X; | V),
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IO OMHMCY€ HEOJHOPIIHI Ta KOHTEKCTHO 3aJIE¥KHI ITPOIIECH.

Y pobori [7] npencrabieHo ysarajabHeHHIl OIS IPUXOBAHUX MapKOBCHKUX Mojeseit (HMM)
Ta OafleCiBCbKUX MepexK, OKA3aBIIH, 9K 00M/IBA IiJIX0/IM MOXKHA IHTEPIPETYBATH Yepe3 CTPYKTYPY
rpadoBUX 3asieKHOCTEHl. ABTOD PO3TJISTHYB METO/M OIIHIOBAHHS MAapaMeTpiB, 30KpeMa AJITOPUTM
MaKCHMaJIbHOI TpaBonoaionocTi Ha ocHoBi EM-mporenypn, Ta IpoJIeMOHCTPYBaB 3aCTOCYBAHHS
HMM y samagax posmizHaBaHHSI MOBJIEHHs, OioindopMaTuku Ta dacoBux psiaiB. Lls pobora craa
dyHIaMEHTAJIBHOIO JIJIsi PO3BUTKY ineit 3acrocyBanuss HMM juist 6ibin ckiaguux 6aiteciBChbKUX
mogeseir. Ha BigMminy Bif iHmux pobit, y gaxiit pobori npescraieHo Kiaacuuny HMM sk okpemuit
BUIAJOK OalieciBChbKOI Mepexi, y sKiil criocTepexkennsa X; TeHepYIOThCA 3 TPUXOBAHUX CTAHIB Y; 3a
MMOBIPHICTIO

P(Xy,Y;) = P(Y; | Yi1) P(Xy | 7).

Taka cTpyKTypa 3akKjaaJae OCHOBY JJIsl MOOYIOBU CKJIAIHIMMX Mojesteit, 3okpema HSMM ta ixmix
balieCiBCbKMX BepCiii.

Scott [8] sanporonyBas GaiieciBChbKI METOIU JIJIsT OIIHIOBAHHS IIPUXOBAHUX MAPKOBCHKUX MOJIe-
Jiefl, y dKuX ycl napaMeTpH, BK/IIOYHO 3 KUIBKICTIO CTaHIB, PO3IVIAIAIOTHC SK BUIAJKOBL 3MiHHI.
ABTOpP BUKOPUCTOBYE ajiropuTMu cuMintidikarii 3a ['i6bcom ta metoau MonTe-Kapiio MapkoBCcbKux
JIQHITIOTIB JJIsi OTPUMAaHHs arocTepiopuux posmoaiitis. Takuilt miaxin 103BOJISE OIIHUTU AIPiOpHY
incdopMaIlito Ta YHUKHYTH ITPOOJIEMU IIePEOOIUCTCHHs IPpU Pi3HUX po3Mipax mogesti. [Tapamerpu
A = (A, B,7) omjntororbest He uepes MMII, a uepes anocrepiopauii po3mnoiin

POV X) x P(X | \)P(N),

AKUN alTpOKCUMYETHCS METOJIaMU 3a3HaYeHNMMHU BUITE, MO BiJpi3HAE Tel MijXij BiJI 1acTOTHOTO
anasizy Ghahramani.

Ryden i Titterington [9] posBunynm imero 6GaiteciBcbkoro orinioBanast HMM, 3acrocysasin
crpubkoBi mero i Monre-Kapsio mapkosebkux stanioris (Jump Markov Chain Monte Carlo, JMCMC).
Ixmiit migxin 3a6esmneuaye oniHKy CTPyKTYypH Mogei (KiZbKOCTI cTaHiB) Ta mapamerpiB MEepPexo/iB y
paMKax enuHOro ajropurmy. Ie mocsimkenns crajgo KJII0UM0OBUM KPOKOM JI0 iHTerpariii 6aiteciBCbKIX
METO/IIB Y JIuHaMIYHe MOJEIIOBaHHS IPUXOBaHUX IpoleciB. ABropu 3acrocyBaiu JMCMC, ne cran
MOJIeJIi MOXKe 3MIHIOBATHUCA Pa30M i3 KiJIbKIiCTIO mpuxoBaHUX cTaHiB K, TOOTO mpu mepexomi Mix

MOJIEJ/IAMU BUKOPUCTOBYETHCA KPOK
P(K'| K) P(0 | K'),

o 3abe3redye OaileciBCbKe MOPIBHSIHHS MOJIeJIell Pi3HOI PO3MIPHOCTI.

1 TIOCTAHOBKA 3AJIAYI

Ak Oys0 3a3HAYEHO y BCTYII, OCHOBHI POOOTH B HAIPAMKY IIPUXOBAHUX MOJICJIEH TDYHTYIOTHCS
Ha TPUIYIIEHHI OJHOPIIHOCTI B Yaci, TOOTO HE3MIHHOCTI HMOBIPHICHUX XapaKTEPUCTUK PO3IJISTHY-
TuX cucreM. /lame NPUIIYIEHHS SBJIAETHCI KOPUCHUM i3 JNEKITbKOX MPUYUH: IMO-TIEPIe, 3 TOYKH
30Dpy OIHKHU TTapaMeTpiB, JaHe MPUILYIIEHHS SBJIA€TbCs e(DEeKTUBHUM, OCKIJILKU IIPU OI[HIN mapa-
METPiB BUKOPUCTOBYIOTHCS ACUMIITOTUYHI METO/IN OIiHKM, TOOTO Ipu 30L/IbIIEHHI pO3Mipy BUOIpKH
TOYHICTD OIIHOK JIUIIIE 3POCTAE; MO-JIpyTe JTaHe MPUITYIIEHHS CIIPOIILYE OIIHKY IapaMeTpiB, OCKIIb-
KI HENOTPIOHO OIIHIOBATH TOYKM 3MiHM (y BUIIAJIKY KYCKOBO-CTAJIUX NapaMeTpiB) abo BU3HAUEHHSI

IIpaBUIa 3MIiHU JIJIS TapaMeTpPiB y BUIAJIKY HellepepBHOI 3MiHMU.
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Posrisinemo sunajkosuii uporec (7, Xy, Y:), t > 0, ge 74 — MOMEHTH 3MiHU BUIIAJIKOBHUX IIPO-
necis (X, Yy),t > 0, npudomy Hazami OyiemMo BBayKaTH, IO CIPABE/IMBE HACTYIIHE [PEeICTABICHHS
JIJISI MOMEHTIB 3MiHH T¢:

70 =0,7% =71+,

e 0 — wac mepebyBaHHsT y craHax Jus -1 3minm mporecy (X, Y:), upudomy 6; Mae po3momin
F(t); X € X = {s1,..., 8y} — upuxoBanuii juckperuuii janmor Mapkosa, 10 OMUCYE JIUHAMIKY
MIPUXOBAHOTO IIPOIECY Ta BU3HAYAETHCS MATPHUIEIO MTEPEXiTHNX WMOBIpHOCTE

AW = (az(';))i,jEX’a

af) = P(X, = j| X1 = i)t > 1, (1)

ne Y, € Y = {o1,...,0p} — BuIuMUIi Oporec, YMOBHI PO3IOJLIN SIKOIO BU3HAYAIOTHCSI HA OCHOBI
nportecy Xy 3riJIHO CIIBBIiTHOIIEHHST

B(t) = (bg‘))iex,jEY’?

bgz) =P(Y; =j|X; =i),t> 1. (2)

TakuM YMHOM, PO3IVISHYTHN BUIE HEOIHOPITHUI MPUXOBAHUN HAIIBMAPKOBCHKUN MPOIEC OITH-
CY€eTbCsl HADOPOM ITapaMeTpiB

A={F® 7 A® B} ¢ >1, (3)

Jie T — TOYATKOBUI PO3IMOLI miporiecy X¢, TOOTO
T = P(XO = i),i e X.

3posymisium € Toit hakT, 1o BijACyTHICTH OJHOPIIHOCTI TI0 Yacy mapaMeTpis (F (t), A(t), B (t)) IS
(4) yexriagaioe caMy 3ajiady OIHKU HapaMeTpiB i3 HACTYIHUX TPUIKH:

e 3a yMOBH BiJICyTHOCTI OZHOPIIHOCTI IapaMeTpiB MOTPIOHO POOUTH JIOJATKOBI IPUITYIIIEHHS
IIOJI0 TPUPOJM 3MIiH (F(t), A®) B(t)).

e Asropurmu oninku napamerpis [10] Ta amropurMu OIHKEH ONTHMAJIBHOI JMHAMIKH HPUXO-
Banoro Jsanmora [I1] pospaxosani Ha ommOpimHuil Bumagok. Tomy st oniHKM napaMeTpiB
HEOTHOPITHOT MOIesIi ¢Jiij po3duBaTn BUOIPKY Ha MiIBUOIPKH 3a YaCOM Ta MPOBOIUTH HADIU-
JKEHHsT HEeIIePEPBHUX MTapaMeTPiB O1IbIT TPOCTUMH XapaKTEPUCTUKAMEI, HAITPUKJIA, KyCKOBO-
cranuvu QYHKIIME. B pe3yabrari TaKoro MpUITyIIeHHS 3HUKYEThCA TOYHICTD OIHKHU TIapa-

METpPIB MOIeJi A .

VY nauiit poboTi pO3TJIAHEMO OIIIHKY ITapaMeTPiB HEOTHOPITHOTO IPUXOBAHOIO HAIi BMapPKOBCHKO-
'O IIPOITECy 13 OOMEXKEHHSIMU Ha MIBUJIKICTb 3MiHH ITapaMeTpiB Moiest . YMOBY 0OMEKEHOCTi 3MiHM
rnapaMerpiB A MoJiesti 6yIeMO BU3HAYATH Y HACTYIIHOMY BUTJISIIIL:

max dD(F(t),F(S)) <e,
0<t<s<T (4)
max_ [dar(AD, A®)) +dp (BY, BE))] <&,

0<t<s<T

Jie METPUKN B MIPOCTOPi PYHKINH PO3IOALIY Ta IPOCTOPI MATPHUIL OYIeMO BU3HAYATH HACTYIIHUM
YUHOM:

dp(F,G) = sup |F(z) - G(z)],

zeR4
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dy (K, L) = ||[K — L|[L. = H;E;X!Kz'j — Lij].-

Y 1poMy BUITJIKY, ONTUMI3aIliiHa 3a/1a9a OIIHKY IapaMeTpiB HEOJTHOPIITHOI MPUXOBAHOT HAITIB-

MapKOBCLKOI MOJIe/Ii BU3HAUAETHLCA HACTYITHIM YHHOM:
L(Xsyrr) - MAX, (5)
ne L(X\;y1.r) — dyskiis npasronoaibuocti muist uponecy (14, Xy, Y;), 10610

L\ yir) =

T-1

P(Xo = o) H P(Xip1 = 2441|Xe 1 = 1) P(Yepr = Y1 | X1 = 2441) =
=1

T-1

t t
o H a$t7$t+1b$t+17yt+1 : (6)
t=1

K MoxKHA 6aINTH 3 PIBHSIHHS @, IIPOIEC 3HAXO/PKEHHSI PO3B’I3KY IIJIKOM AHAJOTTIHAN KJIaCHIHO-
MY IIONTYKY ONTHUMAaJIbHUX MapamMeTpis. [IpoTe B manoMmy BUNaAKy, TPOIIEC sABISIETHCA HEOTHOPITHIM,
oTKe JIJIsl PO3B’si3aHHst 3a1a4i HeoOXiHo posbuBaTu Buxijuuii intepsas [0, 7] Ha migiHTepBAIY, BU-

KOPUCTOBYIOYN MOMEHTHU p036I/ITTH Tn-

2 AJITOPUTM OLIHKH

VY 3araJibHOMY BUIAJKY, 33Jiady, OIIMCAHY BUIIE, CKJIAIHO PO3B’d3aTH, OCKUIBKI OITHMI3aIliiiHa
3ajlada JUTSL OIIHKM ITapaMerpiB A He sSBJIATBCA 3aJa4ei0 ONYKJIOro mporpaMmyBaHHd. s
CIIPOIIIEHHS caMol 3a/1a4l TONIYKY ONTUMAJIbHUX ITapaMeTpiB 3a YMOB 3po0uMO IIIe JIBa J10-
JATKOBI IIPUITYIIIEHHS:

e uac repebyBaHHsI B CTaHI JIO3BOJISIE B CEPEIHBOMY OTPUMATHU JIOCTATHIO BEJIUKY BUOIPKY JIJIst

OIHKU IapaMeTpiB Mojiesii, To0To

E6, > N, (7)

e depe3 N Oynemo BU3HAYATH HEOOXiMHY KiIbKICTh 3aMipiB Ha OJHOMY iHTEpBAJI HElepepB-

HOCTI napamMeTpis (A(t), B(t));

e 3MiHa mapaMeTpiB BifOyBa€ThCsI MOCTYIIOBO, TOOTO MEPEBIPAIOTHCS JIAIIE TapaMeTPH Ha CYCi-
JHIX iHTepBasax. JaHy yMOBY MOXKHA 3allMCATH y HACTYIHOMY BUIJISI

() Py <
Orélta%XTdD(F L FUD) < e

(8)
max [das(AD, ACTV) 4 dy (BY, B ] <e.
0<t<T

YMOBH, BU3HAYECH] BUIIE He JIHIIe 3a6e311e9yI0Th KyCKOBY CTAIiCTh PO3IJISHYTOTO miporiecy (¢, Xy, Yy),
a 1 JI03BOJISIOTH PO3IJIsiIATH OLIBIN MIUPIIHiL jiana3on napaMerpiB. OCHOBHOIO poOJIeMy MpU aHa-
Jiizi TpobsieMu onTUMizAIil 3a yMOB , SABJISIETHCS TPODJIEMATHKA BU3HAYEHHST MOMEHTIB
[IePEKJIIOYUEHHS] CUCTEMU Ty, OCKIJIbKHN 3HAYEHHS MIPUXOBAHOI'O MpoIecy X; — HEBiJOMI Ta OIiHIOIO-
ThCsI HA OCHOBI ONTUMI3aIlil.

Posrnsinemo jy1a orinku mapameTpiB A HACTYIIHHUIT aJITOPUTM.
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1 Omieka mapaMerpiB A JiJIst OJHOPIJTHOTO IPOIECY ()A(t,f/}), 10 BU3HAYAEThCS MTapaMeTpaMu
(m, A, B).

2 OniHKa MOMEHTIB IIEPEKJIIOYEHHSI T,, Ha OCHOBI OI[IHEHUX 3HAYEHD IIPUXOBAHOI0 JiaHIora Map-

KOoBa X; = I; 3 MOIEPEIHBOTO IIYHKTY.

3 IlepeBipka BUKOHaHHSI yMOBHU . Akmo ymosa BUKOHYETBCS, TO MEPEXOINMO MYHKTY O,

B IHIITOMY BUIIQJIKY — J0 II. 4.

4 Hexait i1, ..., 1} — iHIeKCH IHTEPBAJIIB, JJI IKAX HE BUKOHYETHCS YMOBA abo . st mmx
iHTepBaJIiB BUBHATUMO CYCiIHIH iHTepBaJI, SKUit MICTUTDH MiHIMaJIbHE 3HAYEHHsT 3aMipiB, TOOTO

iy = argmin{|ri;—1 — Ti;—2|, |Ti;+1 — ;[ }.

[Ticst mepeobuncents iHTepBaJiB, MOBEPTAEMOCS 10 KPOKY 3.

5 O1iHoeMo apaMeTpr A Ha OCHOBI ONITUMIZAIITHOT 38124l , BUKOPHUCTOBYIOUH Dail€CiBCHKUI
MeTon abo anroputMm Bitepbi. Ilepesipsiemo ymoBu @ abo . SKImo ymMOBM BHKOHAHI, TO
BHUXOJIUMO 3 &JITOPUTMY, B iHIIIOMY BUIIAJIKY — MEPEXOJIUMO 10 KPOKY 4.

HPI/IKIIA,ZL MOJAEJIFOBAHHSA HEOJHOPIAHOI'O HAIIIBMAPKOBCBHKOI'O ITPOLIECY

YV sgrocti imrocTparltii pobOTH 3aIIPOIOHOBAHOI METOAUKM IIPOBEIEHO MOIETIOBAHHSI HEOIHOPI-
JIHOTO NIPUXOBAHOIO HANiBMAPKOBCBLKOIO IIPOIECY 3 JIMCKpeTHUM Ipocropom cranis S = {1,2,3}
Ta asdasiToMm emiciit posmipy M = 4. I'opuzonTt momemioBannga craHoBuTb I = 600 muckpeTHHX

KPOKIiB, iICTHHHI MOMEHTH 3MIHU HapaMeTpiB 33/[aH0 HACTYITHUMHU TOYKAMH 3MiH
T = [0, 200, 380, 717,

III0 Bi/IIIOBiZIa€ TPhOM KYCKOBO-CTAJIMM iHTEpBaJjiaM Ha dacoBiit oci. TakuMm YuHOM, MOMEHTH IEpe-

OyBaHHS OHOPIIHOCTI CHCTEMHU MAIOTh HACTYIHI YACcOBi iHTEpBaJIN
[0,200), [200, 380), [380, 600].

st MomeioBaHHsST MaTPHUIN TTEPEXOIiB A® 1 MaTpHUILl eMiciit B BUKOPUCTAEMO IIiJIXiJI, pea-
nizosanuit y po6ori [10]. BusHaunmo ocHoBHI nmapaMeTpu Ha iHTepBaJaX CTAJIOCTI: JJIs CErMEHTY
t € [1,200]:
0.60 0.20 0.15 0.05
BW =10.10 070 0.10 0.10 |,
0.25 0.25 0.25 0.25

Jutst cermenty ¢ € [201, 380]:

0.20 0.20 0.20 0.40
B® = [0.05 090 0.02 0.03],
0.40 0.20 0.20 0.20

Jutst cermenty ¢ € [381,600]:

0.30 0.30 0.20 0.20
B® = 1020 020 020 0.40
0.05 0.15 0.60 0.20
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Jlist BU3BHAYEHHST TEPEeXiTHuX WMOBipHOCTEMH A(t), B®) BUKOPUCTAEMO TIOHSITTS 1HTEHCUBHOCTEM
nepexoais — Tabur. [I] sike uacTo 3ycrpivaersbest B TeOpil cucTeM MacoBOro 0OCAyTrOBYBAaHHSL. 3a1aMO
IHTEHCUBHOCTI IEPEXOiB MiK CTaHAMU I JAHOTO IPUKJIATY, IO 331al0ThCs 33/ IAI0ThCsT (PYHKITIEIO

TpuBaJiocTi mepedbysanus 6 € N y crani
Aij(0) = exp(0 + By In(d + 1) + i),

ne «;j, Bij,vi; € R — mapamerpm nns nepexomy ¢ — j. Ilporec imimiamizosano y crami iy = 1 3
[1o4YaTKoBOIO TpuBasticTio #1 = 1. Ilapamerpu Mozeni miaibpaHo Tak, mob 3a0e3MeYnTH PI3HI PEXKUMU
IIEPEXO/IiB Ta IITKO BUPAKEHY HEOIHOPIIHICTD y Faci, TOOTO 3a/Ie2KHICTh MATPUITH A(t), B® BiJT gacy.

Tabur. 1: Ictunni mapamerpn iHTeHCHBHOCTEl HEPeXOiB A;j(d).

[epeximi — j | ag; By Vi
1—>1 0.80 1.15 0
1—2 1.20 1.05 0.01
1—3 1.00 1.10 0.02
2—1 0.90 1.25 0.01
2—2 0.70 1.20 0
2—3 1.10 1.30 0.015
3—1 1.00 1.05 0.02
3—2 0.95 1.10 0.01
3—3 0.85 1.20 0

AsnropuT™ rerepariil TpaekTOPil HAIIBMapKOBCHLKOTO MTPOIIECY peasi3oBano y cepeaopurmi Python.
JJ1sT KOYKHOTO MOMEHTY Yacy ¢ BUKOHYETHCS TaKa MOCiTOBHICTD:

1. JIj1st TOTOYHOTO CTaHY %y 1 TPUBAJIOCTI §; 0OUUCTIOIOTLCS IHTEHCHBHOCT] IIEPEXOJTIB A;, j(Ht) TJIST

BCIX j # iy Ta HOPMaJI3yIOThCsI IHTEHCUBHOCTI JIJTsT BCIX IHIMUX CTaHIB:

)‘itj (075)

> Nk (6)
)

Pij (Ht) =

2. Hacrynmuit craH 4441 reHepyeThCs BUIIQIKOBO 3TiIHO 3 PO3HOIIIOM {p;,; }-

3. TpusasicTsb mepeOyBaHHS B CTaHI OHOBJIIOETHCS 3T1AHO HACTYITHOTO IIPABUIA.

et + 13 itJrl - itv

Opr1 = . ,
1, G117 U

OrniHOBaHHST BUKOHYBAJIOCS Ha 3MOJIE/IbOBaHiil TpaekTopil joBxuuoio T = 600. Orpumani oris-
KM JIEMOHCTPYIOTh KOPEKTHE BIITBOPEHHS KYCKOBO-CTAJUX CTPYKTYP IIapaMeTpiB: BCEpeJMHI KO-
JKHOTO iHTepBajy MOXUOKU € MAJUMU, TOAl IK Y OKOJI TOYOK 3MiHM IIapaMeTPiB CIIOCTEPIraloThCs
XapaKTepHI TPaH31E€HTHI BIAXUICHHSI.

Posriisinemo mozemtoBanns ganoi cucremu. Ha Puc. (1] Bimo6parkeno Tpaekropito mporiecy Yy, t €
[0,600]. gk Mu MoxkeMo GaduTH i3 JJAHOO PUCYHKY, IIPU MEPeXOJi Yepe3 TOYKU T; BiJIOYBAEThCs

3MiHa& CTPYKTYPH CaMOl CHCTEMU.
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MocNiAoBHICTL CNOCTEPEXKEeHb

3.0
2.54
S: H
= 2.0
I
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E 1.5 1
Al | |
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Q
0.5 1
0.0 1 L
(I) 160 260 360 460 560 660
Yact
Puc. 1: IlocnimoBHicTh criocTepekeHb
BinxuneHHs napaMeTpiB y TOYKax 3MiHW CErMeHTIB
0.6 -
0.5
S —o— |Byy — B
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= --- £=0.15
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0.2 4
i e . S S s e— ]
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Yac t (MOMEeHTW NoYaTKy CErMeHTiB)

Puc. 2: Iloxubku oIiHIOBaHHS [apaMeTpiB 3 HACTYNHUMU JIOBXKUHAME 1HTEPBAJIB
[42,35,37,32,78,75,38,45,68,33,117] upu N = 30

Ha Puc. [2] BigobpaxkeHo pi3HUIIO MIXK ITapaMeTpaM# OJHOPIJIHOI Ta HEOSHOPIAHOI cucTeMu. 3
IOI0 PUCYHKY MOYKHA, 3pOOUTH BHUCHOBOK, ITI0 TIapaMeTpu puxoBaHoro Jjanmiora Mapkosa X; sB-
JITIOTHCST O1JIBIN CTIRKUMU TIPU IIePEX0/Ii Bill OMHOPIIHOTO 10 HEOTHOPITHOTO BUIIAJIKY, 3 IHIIIOTO OOKY
JJIsI MaTpUIli mepexoay B (®) JaHl BIAMIHHOCTI SIBJISIIOTHCSI OLJIBIN CYyTTEBUMU.

VY pesyibraTi poOOTH AJrOPUTMY CErMEHTAI]l Ta OIIHIOBAHHS ITapaMeTpiB Oy/I0 OTPUMAHO TakKi
3HadeHHsi. MoMeHTH PO3/IiJIeHHs, BU3HAYEH] [IPOIIE/IyPOI0 KJIaCTEPU3allil IIapaMeTpiB, CTAHOBJISATH
0, 200, 380 Ta 600, MmO y3romXKyeThcs 3 MOBEIIHKOIO icTmHHOI Mozeni. Ha koxkHOMy 3 iHTepBaJIiB
OIliHeH] MmapaMerpu JEeMOHCTPYIOTH CTabiabHy 30ikHicTb. OIiHeHa MATPUIlS HEPEXOJIiB JIJIsi OJHO-
PiTHOTO BUITAJKY MA€ HACTYIHUI BUTJIS]T

0.70 0.15 0.15
Apom = [ 0.15 0.70 0.15 |,
0.15 0.15 0.70

TOJII SIK eMiciliHa MaTPUIlA Ui THOTO YK OJHOPITHOTO BUIIAJAKY Oyiie TaKoro

0.4762 0.2381 0.0952 0.1905
Bpom = | 0.0025 0.0025 0.0025 0.0025
0.0025 0.0025 0.0025 0.0025
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[TopiBusiHHs 3 iCTHHHUMM 3HAYEHHsIME B 1Mokasye HaOLIbIN BiIXWIEHHS y APYTrOMY Ta TPEThO-
My PsJIKaX, IO BiZJOOpaskeHo y MaTpHIli HOXHOOK Bsee — B. AsroputM cdopmysas 30 modaTKOBIX
JIOKQJIbHUX CErMEHTIB, AKi micjs iabrparil Ta 3JMTTd KOPOTKUX IHTEpBaJIiB Oy/in arperoBaHi 10
11 dinanbaux cermentis nosxunamu [42, 35, 37,32, 78, 75,38, 45,68, 33, 117]. Orpumani pesyabraTu
MATBEP/KYIOTh KOPEKTHICTh BUSIBJIEHHS 3MiH apaMeTPiB MOJIEJ Ta Y3rOoXKEHICTh OIIHEHUX Xapa-
KTEPUCTHUK i3 TVIOOAJBHOIO JIMHAMIKOIO HIPOTIECY.

BucHoOBKU

OCHOBHOIO METOI0 POOOTH SIBJISIETHCSI CTBOPEHHST aJITOPUTMY OIIHKM HapaMeTPiB HEOTHOPITHOT
ITPUXOBAHOI HaIlIBMAapPKOBCHKOI MOJIE, /sl KOl Ma€ Miclle KYCKOBO CTaJia CTPYKTypa HapaMeTpiB
i3 OMHOYACHOIO 3MIHOIO TPHOX OCHOBHHX IApPAMETPIB CHCTEMHU — dacy epe0yBaHHsI B CTAHAX F(t),
MaTpHII Mepexojy JJIs MPUXOBAaHOro JaHIora Mapkopa Xy Ta HMOBIpHOCTENW TEPEXOJIiB Jjsd Y;.
[IpoBeieHe eKciepUMEHTAJIBLHE JIOCTIIPKEHHS T ATBEP/IKYE, IO Peai30BaHUN aJrOPpUTM aIeKBATHO
BiJITBOPIOE YACOBY HEO/IHOPIHICTD IMapaMeTpiB MPUXOBAHO! HAIIIBMAPKOBCHKOT MOJIe/ Ta 3abe31edye
CTINKI OIIHKHU IapaMerpiB A i3 3aylaHo0 TOUHICTIO €. Meromuka Moxke OyTH BUKOPUCTAHA JIJIsT
POBPOOKHM aalITUBHUX IIPOIEIyP KepyBaHHS Ta IOJAJIBINOI OaileciBCbKOI OIIHKY ITapaMeTpiB HaIliB-
MapKOBCHKUX IPOIIECIB.

B mactymaux poboTax B IbOMY HAIPSAMKY ILIAHYETHCS PO3TJISTHYTH OLJIBIN 3araJibHAN BUIAIOK,
AKUN XapaKTEPU3YETHCS CYMICHIM PO3TOJIIJIOM PEYKUMIB JIjIsI MATPHITL A®) ta B®), Hani mocmimxe-

HHS JTO3BOJISITEH OLIBIN TVIMOOKO PO3YMITH MPUPOIY HEOIHOPIIHUX MPUXOBAHUX MOIEIEN.
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Malyk I.V., Ivasiuk R.V. Parameter estimation of nonhomogeneous hidden semi-Markov models,
Bukovinian Math. Journal. 13, 2 (2025), 70-79.

The article is devoted to the study of nonhomogeneous hidden semi-Markov models, and
proposes a methodology for estimating parameters in the case where the change of state sojourn
time distributions and transition probability matrices is time-limited.

The obtained results allow the model to be applied to the description of systems with time-
varying structure. The proposed methodology can be used in time series analysis tasks with
structural changes, as well as in optimal control problems for stochastic systems where it is
important to account for changes in the process behavior over time.
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GROWTH AND EXISTENCE OF ANALYTIC IN A BIDISC FUNCTIONS OF
BOUNDED L-INDEX IN JOINT VARIABLES

We obtained growth estimates for bivariate functions which are analytic in the unit bidisc
and have bounded L-index in joint variables. The positive continuous function L(zy,z22) =
(11(22, 22), l2(21, 22)) satisfies additional behavior condition: for every point z = (21, 22) belong-
ing the unit bidisc D? the appropriate value of the function l; at this point is greater than the re-
ciprocal to 1—|z;| multiplied by 3, i.e. 1;(z) > 3/(1 — |z;]) for each j € {1,2} and some constant
B > 1. Also we prove that for every analytic functions in the unit bidisc with bounded multiplci-
ities of zero points there exists a positive continuous function L(z1, 22) = ({1 (22, 22), l2(21, 22))
providing boundedness of the L-index in joint variables for primary analytic function.

Key words and phrases: growth estimate, analytic function, bidisc, bounded L-index in
joint variables, existence theorem, zero points with bounded multiplicities.
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1 INTRODUCTION

Theory of analytic functions in the unit bidisc having bounded L-index in joint variables was
deeply developed by N.V. Petrechko with her co-authors A.I. Bandura and O.B. Skaskiv |2, 3, 6].
Moreover, there was proposed some application [11] of this theory to analytic solutions of linear
higher order system of partial differential equations. But there are some early announced results at
conferences in Chernivtsi University [9] which were not published with full proofs. This paper fills
the indicated gap and presents existence theorem and growth estimates for this class of functions.

We consider two-dimensional complex space C2. Denote R, = [0,+00), 0 = (0,0) € R?,
1=(1,1) € R%,1; = (1,0),13 = (0,1), R = (r1,72) € R2, 2 = (21, 22) € C% For A = (a1,a3) € R?,
B = (b1, b2) € R? we will use formal notations without violation of the existence of these expressions

AB = (albl,agbg), A/B = (al/bl,ag/bg), b1 7& 0, bg ;é 0, AB = a?lagg, be Z2,

VIIK 517.55
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and the notation A < B means that a; < bj, j € {1,2}; the relation A < B is defined similarly. For
K = (k1,ko) € Z% denote || K|| = ki + ko, K! = k1lko!.

The bidisc {z € C%: |z; — z?| < rj, j = 1,2} is denoted by D?(2%, R) and the closed bidisc
{zeC?: |z — z?| <rj, j = 1,2} is denoted by D?[20, R], its skeleton is denoted by T?(:%, R) =

{€C?: |2| = |2 =1},D? =D?*0,1), D= {2 € C: |z| < 1},where 2° = (20, 29). For p, ¢ € Z,
OPTIF (21,29)

5ra.7 — of analytic function F(z) in D? we will use the notation
1 2

and the partial derivative

OPHIF (21, 29)

(ra9) () = pPa) —
FPO(z) = F\PU (21, 29) 9703

Let L(2) = (l1(2),12(2)), where 1;(z) : D* — R, is a continuous function such that
(V2 € D?): 1i(2) > B/(1 —|zl), j € {1,2}, (1)

and > 1 is some constant. M.M. Sheremeta [14], V.O. Kushnir [10] imposed a similar condition
for a function [ : D — Ry and [ : G — Ry, where G is arbitrary domain in C. A.Il. Bandura and
O.B. Skaskiv [1]| used the similar condition to consider analytic functions in the unit ball of bounded
L-index in joint variables.

An analytic function F: D?* — C [2, 3, 6] is called a function of bounded L-index (in joint
variables), if there exists ng € Zy such that for all z = (21, 22) € D? and for all (p1,p2) € Z2

1 |[Fur)(z)] e { 1 [FUuk2) ()
< max

0< ki +k<np,p. 9
pl!pZ! lI1)l (Z)lgz(z) kﬂkz! l]fl (Z)ZIQCQ(Z) 1 2 O} ( )

The least such integer ng is called the L-index in joint variables of the function F(z) and is denoted
by N(F,L,D?) = ny.

We need some additional notations from [3]. By Q(ID?) we denote the class of functions L, which
satisfy condition (1) and the following characteristics are finite:

(Vrj €10,5], 7 €{1,2}): 0< A ;(R) <A (R) < oo, where

_ oo e ) Li(z) (R)— li(2) .
A (R) —Z(}relész{l]?(zo) :2€D? [2%, R/L(2Y)] } , A2 i(R) —5161]82 sup{lj](zo) 1 2€D? [2%, R/L(2Y)] } .

For an analytic function F in the unit bidisc we put M (R, 2°, F) = max{|F(2)|: z € T?(z°, R)}.
Then M(R,2°,F) = max{|F(z)|: z € D?[z° R]}, because the maximum modulus for analytic
function in a closed polydisc is attained on its skeleton.

We will use the following statement.

Theorem 1 ([3]). Let L € Q(D?). If an analytic function F in the unit bidisc D* has bounded
L-index in joint variables, then for any R',R" € R%, 0 < R' < R" < (B,) there exists p; =
p1(R', R") > 1 such that for every point 20 € D? one has

M (R"/L(2°),2°, F) < p1M (R'/L(z°), 2", F). (3)

2 GROWTH OF ANALYTIC IN A BIDISC FUNCTIONS OF BOUNDED L-INDEX IN JOINT
VARIABLES

At first, we will prove the following lemma.
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Lemma 1. If L € Q(D?), then for every j € {1,2} and for any fixed z* € D? one has |z;|l;(z* +
zjlj) — o0 as |z} + 2| = 1 - 0.

Proof. Taking into account (1), for j € {1,2} we obtain such an estimate

s
Li(z"+21) > ——— —
(2" 4 215) > T+ 5] +0o0

as |27 +z;| = 1-0. O

For growth estimates of analytic in a bidisc functions of bounded L-index in joint variables we
suggest that L(z) = (I1(|z1], |22]), l2(|z1], |22])) and for all z € D?, j € {1,2}

B

=) .

li(|21], | 22]) >

where 3 > 1 is some constant. For simplicity we will denote M (F, R) = max{|F(z)|: z € T?(0, R)},
where R = (r1,72) < (1,1). Also the following notation 3 = (3, ) will be used. The growth
estimates of various classes of holomorpic functions of several complex variables can be found [4, 5].
The following result was presented only in the dissertation of Petrechko N.V. [12].

Theorem 2. Let L € Q(B?) and L(2) = (I1(|z1], |22]), l2(]21], |22|)) satisfies (4). If an analyitc in
the bidisc D? function F has bounded L-index in joint variables, then

In M(F, R) =0 <mm{/0 ll(t,rg)dt—i—/oml (10, )dt; /Omz (1, )dt+/or2 lz(t,rg)dt})

asrTy — 1—0,79 = 1—-0, RO = (+9,7)) are fixed radii.

Proof. Let R >0, R <1, and z* € T*(0, R + LR )) be a point such that

|F(2")| = max{|F(z)| 2 eT? <o,R+ ﬂ)}.

L(R)
Let us denote 20 = W Then
120 — 22| = f”_z; - iﬂi/lj(f) :z(ﬁR) and
ERE oD itom | Y
L)1 em) (R o) L

We consider two sceletons T?( 2", ﬁ) and T?(2°, L(IZO) ). By Theorem 1 there exists p1 = p1(1,3) >
1 such that (3) is valid for R’ =1, R" = 3, i.e.

max{F(z)|:zeT2(0,R+Ifm)}=|F(z*)SmaX{IF(z)! z €T (2 O’LBR }—

:max{|F(z): z € T? (ZO’L(ﬂzO)>} §p1max{lF(z)!: z € T2< >}

gplmax{wz)\:ze’]r? (0,R+L(1R))}. (5)
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The function In™ max{|F(z)|: 2 € T?(0, R)} is a convex function in the variables Inry, Inro (see
[13, p. 84 |). Then the function admits the representation

I max{|E(2)]: = € T2(0, &)} ~ " max{[F(:)]: 2 € (0, R+ (0~ ot} = [ 472
(©)

I max{[F(2)]: 2 € TH0, R}~ n* max{([F()]: 2 € 0, R+ (4 1)} = [ 2200
2 ™)

for any 0 < 7“? <rj, j € {1,2}, where the functions A;(t,r2), Aa(r1,t) are positive non-decreasing
functions in the variable t.
Using (5), we establish

g 2 e P2 €7 (0,04 (2 ) e (i) 2 e (o.me 1)
:lnmax{|F(z): 2 eT? <O,R+ L(BR)>}—lnmaX{|F(z)|: 2 eT? <O,R+ +(L5(R) )12 >}+
lnmax{|F(z):z€'JI‘2 (0,R+W)}—lnmaX{F(z)|:zeT2 <O,R+L(1R)>}:
Lo 1) [ e ()
>1n<1—|—rlf(_R)1+1>Al<r1, l2(BR)>+1n<1+7ﬂf(_]%)1ﬂ>A2<r1+h(1}2),r2> (8)

By Lemma 1 one has rl1(R) — +oc as r; — 1 — 0,72 — 1 — 0. Hence, for j € {1,2} and r; > r?

we deduce

TR E R RO
n ~ .
lej(R) +1 le (R) +1 QTij(R)
Thus, for every j € {1,2} from inequality (8) it follows that
B > < 21np;

Lb(R)) ~ B-1
21Inpy

Az<r1+l1(1R) >_ﬁ rola(R).

Let RO = (r9,79), where every ¥ is chosen above. Applying consequently equalities (6) and (7), we
172 yr;

Ay (T‘l, o + T‘lll(R),

obtain

Inmax{|F(z)|: z € T*(0,R)} =
" At o)
t

~ Inmax{|F(2)|: zeT2(o,R+(r?—r1)11)}+/ dt —

0
"1

A (t "2 Ay (r9,t
= Inmax{|F(2)|: z € T2(0, R+ (r¥ — r1)11 + (1) — 12)12)} +/ l(t’m)dt +/ Mdt =

0 0 t
1 2

1 T2 0
_lnmax{]F(z)\:ZGTZ(O,RO)}+/ Al(?mdt*/ f‘b@;v’f)dK

0 0 -
1 2

< Inmax{|F(z)|: z € T2(0, R°)} + QBlnpl (/Tolh(tﬂ"z)dt—k/T (0,1 )dt)

1 0
1 2
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< Inmax{|F(2)|: z € T*(0, R°)} + 2ﬁlnp11 (/ l1(t77’2)dt+/ lo(rY, )dt)
- 0 0

<(1+ 0(1>)21np1 </0T1 Li(t,ro)dt + /01“2 G )dt)

5_1

Hence, the following asymptotic equality holds

Inmax{|F(z)|: = € T*(0, R)} = o(/oﬁ L (L, r)dt + /O b (r?. 1))

asry — 1 —0, 19 = 1 — 0, Clearly, the similar equality can be proved for other permutation oo of
the set {1, 2}, particularly,

In max{|F(z)|: = € T2(0, R)} :o(/omz (r1, )dt+/orl lg(t,rg)dt>

Hence, Equation (2) is true. Theorem 2 is proved. O

3 EXISTENCE THEOREM FOR ANALYTIC FUNCTIONS IN THE UNIT BIDISC WITH BOUNDED
MULTIPLICITIES OF ZERO POINTS

0

Let Zr be a zero set of the analytic function F: D?> — C. If 2° € Zp, then by pp(2?,29)

we will denote the multiplicity of zero point 20 = (29,29) of the function F(21,22), i.e. for all
J = (j1,j2) € Z2 with ji + jo < pr(2°) one has FU132) (29 29) = 0, but at least for one J = (j1, j2)
with j; + jo = pr(29, 29) the following equality holds F1:72)(20) +£ 0.

The following theorem was obtained for entire functions of several complex variables in [8] and
for functions analytic in the unit ball in [7]|. For polydisc it was announced in [9].

Theorem 3. In order that for an analytic function F : D> — C there exist a positive continuous

function L(z) = (I1(21, 22), l2(21, 22)) satisfying (1) such that F' is a function of bounded L-index

in joint variables it is necessary and sufficient that there exists p € Z, such that pr(z") < p for all
0

20 € Zp.

Proof. The proof is similar to the proof of Theorem 4 in [7] for analytic functions in the unit ball.

Necessity. To simplify the notation we consider everywhere in the proof py := pp(z{,29).
Necessity follows from the definition of bounded L-index in joint variables. Indeed, assume on the
contrary that

(Vp e Z+)(E|(zl,z2) €Zr): po>Dp.

This means that for some (j9,79) € Z% with j? + j9 = po one has F(jg’jg)(z1 29) # 0 and
FU12)(29 29) = 0 for all (ji,j0) € Z2 with j1 + j2 < po — 1 and (2{,29) € Zp. Therefore,
the L-index in joint variables at the point z° is not less than py > p, i.e.

N(F,L’ZO) ZPO>P

If p — +00, then we obtain that N(F,L,2°) — +oco. This contradicts the boundedness of L-index
in joint variables of the function F.
Sufficiency. Let p be the least integer such that V(z?, 28) € Zronehaspy < p.Let R = (r1,r2) €

R? with r; € [0,1), j € {1,2}. We define R = (r{,r9) = 1(min{l — r1,71}, min{l — ro, ro}),



GROWTH AND EXISTENCE OF ANALYTIC IN A BIDISC FUNCTIONS 85

Kr = {2z € C?: 2 € D?[0, R+ R°] \ D?(0, R — R")} for all R = (r1,72) € [0,1) x [0,1). Also we
denote

mi(ry,r2) = min  max
(71,72 e
20€eKrNZEp j1+72<p

(J1:42) (50 50
£ J‘Q (‘21722)| : F(j17j2)(zg7zg) £07y.
Jilga!
Since F is an analytic function in the unit bidisc D?, there exists

E = E(r1,7r2) = (e1(r1,72),€2(r1,72)) > 0

such that 0 0
[FULD (21, 29)]  ma(r,2)

791591 -2

for all
z€ KpNGg, Gg= U D?(2°, E(ry,19)),
Py
and for all (49, 59) with 79 + j9 < pg and FUT42) (20, 29) + 0.
Let us denote

ma(ry,re) = min{|F(2)]: z € ]D)Q[O,R—F RO],Z ¢ Gp},
Q(r1,72) = min {m1(r1,72)/2, m2(r1,72), 1} .

For every z = (21, z2) € D? we put R = (|z1], |22]). Then at least one of the numbers |F(21, 22)|,

o 0 .0
|[FU1:92) (21 ,29)] |[FUT72) (21 ,2)

with j; + jo < p is not less than Q(r1,72) (respectively, | for (21,22) €

Til2] 7ls!
KrNGg and |F(21,292)| for (21,22) € Kg \ Gg). This yields
FULR) (2, 2 . .
max {' j1,§.2,1 . it < p} > Q(r1,72). (9)

Using Cauchy’s formula for bidisc D?[z, R°] we deduce that for all J = (j1, jo) with j; 4+ jo > p+1
one has

|FU132) (21, 25)| _
J1lja!

(27;)2 /T?( R0) (Tf(;)?’“dT - max{|F()|: 7 € D’[0, R+ R"]}.

(10)

A positive continuous function L(z1, 2z2) = (l1(21, 22), l2(21, 22)) can be chosen such that

max{1, max{|F(7)|: 7 € D?[0,R+ R°]}} & B }

l =1 = )
1(21,22) = oz, 22) max{ Q(r1,m2)(rfr§)ita "1—ry’1—19

where 8 > 1 is some constant, R = (r1,72) = (|21],|22]) and R® = (r{,79) = %(min{l —
|z1], |z1]}, min{1 — |22|, |22|}), @ € (0,1) is fixed.
From (9) and (10) it follows that for all j; + jo > p(lte)

(07

|FUL32) (21, 20)| / (12 1 (21, 22) 132 (21, 22))
max{ |F(k1,k2)(z1,22)\ . kl + k2 < p}

kllkg!llfl (zl,z2)l§2 (21,22)

<
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max{|F(7)|: 7 € D?[0, R + Ry]} 1 <
N Q(r1,72) (r))7(r9)72 max{l{l_kl(zl, zg)l%é_}€2 (21,22) k1 + ko <p}
< max{|F(7)|: 7 € D?[0, R+ Ry}

min{IJ T (2 20) k4 ke < p) <

QUr, o) (rErg)FFe) G )
< iy (s 7 € D20, R Rol}}y G/
Qg+ )

_ lfll?—(j1+j2)04/(1+04)(z) <1

—_— Y

because p — (j1 + j2)a/(1 + ) <0, (j1 + j2)/(1 + @) > £ > 1 and l1(21,22) > 1. Hence, we have
that for all j; + ja2 > p(1+a)

|F132) (21, 25))| B max{ | F(RLR2) (21 2)]

—— - < C ki + ke <p;.
]1!]2”{1 (21,2’2)[%2 (Zl,ZQ) kﬂkg!llfl (21722)l§2 (21,22) }

In view of arbitrariness of z, the analytic function F' has bounded L-index in joint variables and

its L-index in joint variables does not exceed 2p, because 2 p(l+a) +a) —2pas a— 1. O
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OTpuMaHO OIIHKY 3POCTAHHS JIJIsl AHAJITHIHAX B OJUHIIHOMY OIKpy3i DyHKITIH 0OMeXKeHO-
ro L-inzmexcy 3a cykyunictio sminanx. Binnosimxa nomataa Henepepsra dbynkiia L(z1, z2) =
(I1(22, 22), l2(21, 22)) 3a70BOJILHsIE JIOJATKOBY YMOBY Ha IOBOJKeHHsI B GIKpys3i: st KOXKHOT
Toukn z = (z1,%2) 3 omuHmuHOro Gikpyra D? Bimmosiame snauenns byHKIT l; y miit Toumi
Ginpbme 3a Benmummy, obepHeRy 10 1 — |z;|, mommoxkeny Ha f, 10610, 1;(2) > B/(1 — |2;|) Ans
koxkHoro j € {1,2} ra geskoi cramnoi 8 > 1. TakoxK MU JIOBOIUMO, IO JIJIs KOXKHOI aHAJITHIHOL
B OIMHUIHOMY OIKpy3i DYHKIIT 3 00MEKEHOI0 KPATHICTIO HYJIHOBUX TOYOK iCHY€ J0/IaTHA HEIle-
pepera dyHKIst L(21, 20) = (11 (22, 22), la(21, 22)), A kol Taka aHasgiTaaHa BYHKIS MaTIMe
obmexkenuit L-injexc 3a cyKynHiCTIO 3MIHHUX.
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I[TpantboBUTUM M.B., HABAPUYVK B.B., BACUJIEHKO H.A.

OJHOIIAPAMETPUYHA CIM’SI ®PAKTAJIbHUX ®YHKIIIN, IIOB’I3AHUX
3 Qs-30BPA2KEHHAM YU CEJI

V crarTi Koc/iKYEThCsS O/IMH KOHTUHYAJbHAN KJac DYHKIN, O3HaAYeHuX y TepMiHax ()s-
300parkeHHs [nces Biapiska [0; 1], o € y3araJbHEHHSIM KJIACHIHOIO S-KOBOIO 300parKeHH .
SasexHicTb 1n-01 udpu @ s-300pakeHHs 3HAYCHHs (DYHKIT] BU3HAYAETHCsT (DIHITHOIO (DYHKITIEIO
©n(Gp, ) 1BOX 3MIHHUX, apryMeHTaMu Kol € Binnosiani Qs-uudpu ay,(x) i a,(a) aprymenra
T Ta mapaMerpa a.

JloBeieHO HelepepBHICTh KOKHOI 3 (DYHKIIIH MBOr0 KJIACY [0 MHOXKHUHI () -YHAPHUX 9HUCEST
(ancest, mo MaTh €auHe () s-306pazkenHs). 3HaiieHo HeoOXinHl I JOCTATHI YMOBH HelepepB-
HocTi yHKIT 1o Bciit obacTi Bu3Hadenus. Bkazano ymMoBH, BUu3HadeHi mudpamMu mapamMmeTpa
a Ta mocyizioprocTi byHKIIH (¢n), 338 gkux OyHKIis f, MaTIMe CKiHYeHHI Ta KOHTHHYAIb-
ui MHOXKMHM piBHI. [Ijis 9acTKOBUX BUNAIKIB (§ = 2) BUBYEHO iHTerpasbhi, mudepenriaibmi
BJACTUBOCTI (DyHKIH Ta (pakTagbHi BIACTUBOCTI IX MHOXKHH 3HAYEHD; HA OCHOBI aBTOMO-
JeTbHUX BJIACTHUBOCTEN Tpadika GyHKINT I BCTAHOBIEHOTO B3a€MO3B’A3KY MiXK PO3TJISLY BAHOIO
dyHKIiE Ta iHBepcopoM 1udp (Q2-300parkKeHHsl Yucesi, 064nC/IeHO 3HaYeHH sl inTerpaJ JlebGera;
BUJIIJIEHO MiAKJAaC GYHKIMN, 0 € KyCKOBO-CHHIYJISPHUME a00 CUHTYJISIDHUMH Ha IIPOMIXKKaX
(To6TO HemepepBHUME Ha HPOMIKKaX (DYHKIsIMU, BiAMIHUMM BiJ, KOHCTAHTHU, MOXIJIHA AKUX
piBHA HyJIO Maiizke CKpi3b y po3yminui mipu JleGera).

Karwuosi caosa it Ppasu: Qs-300pazkenst auces, (Qg-OiHapHEe 4ncyo, (Qs-yHapHe YHUCo,
MTIHADP, MHOYXKHAHA KAHTOPIBCBKOTO THILY, po3MipHicTh [aycmopda-besukosuua, dpakranbpaa
GYHKIA, CHATYIIpHA (DYHKINsS, IHBepcOp (Jo-300parKeHHs IHCel.
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Becryi

QyuKIHT 3 PpaKkTAJIbHUMU BJIACTHBOCTAME — IIOMYJISPHUN 00’€KT CydacHHX HAyKOBUX JOCJIi-
JokeHb |1, 2, 6, 7, 4, 3|. Bouu nposieiisitors cebe y pisHux raayssx maremaruku [1]. Icaye meromo-
JIoriuHa mpobjeMa HasiBHOCTI e(PEeKTUBHOIO IHCTPYMEHTApIo 3aaHHS Ta AHAJITHIHOTO BUBUEHHS
dpakranmbaux byakiii. OgauM 3 3acobiB PO3BUTKY Teopil Takux (yHKII € pi3Hi cucremu 300pa-
JKEHHsI JIHCHUX YUCeJI, 110 IPYHTYIOThCS Ha PO3BUHEHH] dncsa B psifl crenianbaoro suay [11]. Pisui
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CUCTEMU 300PaKEHHST TUCEJT JJIsI 33 IAHHS Ta JOCTIXKEHHs CTPYKTYPHUX, TOIMOJIOTO-METPUIHUX, JIH-
bepennianbHuX Ta ppakTaTbHUX BIacTUBOCTEN (byHKIN Oy BuKopucTanti y poborax [5, 8, 9, 10].

Hexait 2 < s — ¢ikcoBane narypaibie uncio, As = {0,1,...,s — 1} — s-cumBosbHuUil asdasir.
Mu mikaBUMOCsT OJTHUM KOHTHHYaJbHUM KJIACOM (DYHKIIIH, BUSHAYEHUX B TepMiHax ()s-300paskeHHsI
JHICHUX 9HCeJI, 0 € y3arajbHEeHHSIM KJIACUIHOTO $-KOBOTO 300pakeHHsi. lpu mpomy mudpu Qs-
300pakeHHsl 3HaYeHHsT (DYHKINI 3ajeXKaTh Bix BiANOBIMHNX U@ ()s-300parkeHHs] apryMeHTa Ta
mapamerpa. Koxxua 3 GyHKIN BU3HAYAETHCS HAlepe] 3aaH00 MTOCiTOBHICTIO BiHITHIX DyHKITIH
p: Agx Ay — A,. Bubmicrs GyHKIINH MarOTh ppaKkTaabHi BJIACTHBOCTI, IPUHANMHI (DpaKTaIbHIMEI
€ abo MHOXKWHA 3HaYeHDb, a00 MHOXKHHA PiBHsI, a00 rpadik.

[urepec mo kiracy Takux yHKIIN 0B’ g3aHM 31 CIIpOO0IO0 HOT0 CTPYKTYPU3AIll 38 MPUHITATIOM
HasBHOCTI (DpaKTaAJTbHUX BJIACTHBOCTEN y MHOXKHWH PI3HOIO POy OCOOIMBOCTEH (DYHKINI, & TAKOXK 3
THM, 1[0 TEOPETUIHUH aHasi3 BjacTuBocTeil DYHKIIIH, 3a/1€KHUX BiJl TapaMeTpa, € IPOIe[EBTUKOIO

JI0 BuBYeHHs ppakTaJIbHUX (DYHKIIH JTBOX 3MIHHUX.

1 OB’€KT HOCJII>KEHHSI

Hexait Ly = As X Ag X ... — IpocTip mocJIigoBHOCTEN esieMeHTiB asidapity; ® — cim’st iHiTHEX
dbyukuiit ¢(u,v) 1BOX 3MIHHUX, BU3HAYEHUX HA MHOXKUHI BCEMOXKJIMBUX AP e€JIeMEHTIB asdasiTy,
sika, HaOyBae 3Ha4YeHb 3 MHOXKUHU Ay, ToOTO @0, : As X Ay — As. Oueugno, mo Kiaac PyHKIT

2 nap jaBoictTux PYHKIGH @ 1 @n, TOOTO TAKUX, 110

® micrure s% pisnux dynxmii ¢. Cepes HUX S
on(u,v) =s—1—¢y(u,v).
Hexait (qo,q1,-..,¢s—1) — croxacTuanuii BekTop, Takuii mo 0 < ¢; < 1, i € A,. Bigomo [11], mo

qist jtoBlibHoro x € [0; 1] icHye mocaigoBuicTs (o) € Lg Taka, 1o

00 n—1
T = fa; + Z(ﬁan H Gay) = Agfag...an‘.ﬁ (1)
n=2 j=1
an—1
ae Ba, = >, ¢ (10610 By =0, f1 = qo, P2 = qo + q1, .-, Bs—1 = 1 — gs—1). Posknan uncna z B
i=0
- 3 Qs R
psiz (1) HasuBaeTbest (Qs-npedcmasaertam 1HOTO YUCIA, & CKOPOYEHUH 3a1C Ad oy an... fioro

Qs-306pastcenmnam.
ko ¢; = + s 6yap-sKoro i € Ay, 10 Q4-300parKeHHs € KIACHIHIM S-KOBHUM 300DarKEeHHSIM.
S )

[caytors uncita, mo MaioTh aBa ()s-300paxkennd. lle umcia, siki MalOTh 300parKeHHsI

A% =A% (2)

a102...0m—10m (0) a102...0m—1[am—1](s—1)"

Bonu nasuBaiorbes QQs-6tnaprumu. MHOXKIHA TAKIX IUCETT € 3JII9eHHOI0. Perra dnces oquHInIHOrO

BiZpiszka MaloTh €anHe 300parkeHHsI. BoHN Ha3UBAIOTHC () s-YHADHUMU.

Oszuavennst 1. [Iu/1iHIpOM paHTy M 3 OCHOBOIO C1C3...C, HA3UBAETHCS MHOXKHHA

AchsCQ...Cm = {.’13 = Achscz...cmalaz...v (an) € LS}

V(1 ooyem) 1 ¥Ym € N numingpu @ s-306pakeHHsI MAIOTh BJIACTHBOCTI:

1
1) A, e = U AZ:

. C€1C2...Cm1°
=0
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m k—1 m k—1 m
2) A0102 em = |22 Be 11 ey > Be 11 de; + Il ¢ |;
i=1  j=1 i=1  j=1 i=1

o Q
3) ‘Acwz em| — H e, = QCm‘Aclscg...cm_l‘;
=1

oo
4) N Acwz _Acwz em... — L.
m=1
Hexait a = AanSaQ.,_an,,, — napamerp (dikcoBane uncio). Posrisiaerbest GyHKIist f,, 03HAYEHA
piBHicTIO
_ AQs Qs
f (ZL‘ Aalaz Qn.. ) Acpl(al,oq)gm(ag,ag) on(an,om)...” (3)

Osznauennsi GyHKIIT f,, B3araji KaxKydd, € HEKOPEKTHUM, OCKIJIbKU JIJIsi PI3HUX 300pakeHb (Qg-
6inapHOro UmcsIa Mae Micle HepiBHICTH fG(ASf...an 10m((])) # fa(ASfman 1[an—1}(s—1))' Tomy j10MO-
BUMOCH BUKODHCTOBYBATHU JIUIIIE OJ(HE 13 300pazkeHb, a came Te, 1o MictuTh nepiof (0), 3a BUKIIO-
YEHHSIM JIeSTKIX BUIAIKIB.

Posrustremo npukiau OyHKIH, TOPOKEHUX CTAJIUME TTOCTIOBHOCTSMUA ((py, ).

Aximo o (u,v) = v, To fi = fo(x) = x; 9xmo o (u,v) = u, 10 fo = fo(r) = a; gxmo a = A%)
on(u,v) =s—1—wu, 10 f3 = folz = AS;QQ,,,%_,,) A‘QSS 1—aills—1-agl.|s—1=anl. " imBepcop mudp
Qs-300paxkenns: unces. OyHkiil ¢, dyskiit fi 1 fo € gBoicTUME, TOMYy MHOXWHM 3HAYEHB, MHO-
JKWH PiBHIB, iXHI rpadiku MaloTh AesdKi BJIaCTUBOCTI ‘cumeTpil”’, aje mudepeHIiaj bl BJaCTUBOCTI
dyukmii fi i fo npuanmmoBo pisHi. OkpeMa yBara momiOHUM KjacaMm (QYHKINH TPUCBSIIeHA B POOO-
tax |6, 7|. dxumo ¢, (u,v) = |u — v| mag Gyab-sikoro n € N, 10 Mu orpuMaeMo Kiac dyHKIIi, 1110
BUBYABCs B pobori [4].

2  BJIACTUBOCTI ®YHKIIIN f,

Teopema 1. [lust 6yxap-si0i mocstigoBHOCTi (hyHKLIH (¢p) 1 OyAb-SIKOr0 3HAYEHHS ITAPAMETPa a
¢yHKIIIST f, € HelepepBHOIO 1O BCiif MHOXKHUHI () g-yHADHUX THCEJI, i HEIIePEPBHOIO 10 BCiH 00J1acTi
BH3HAYeHHsI TOJI i Jjimiie Tol, Kol a1 Oyab-sskoron € N, i € As BUKOHYETBCS O4HA 3 PIBHOCTEH

on(an, 1) = eplan,s —1 —1i) abo pp(an,i) = s — 1 — pp(an,s — 1 —1). (4)

Joesedenns. Hexail xg = Agfaz...an.._ — JoBlIbHA @Qs-yHapHA TouKa 1 fo(xg) = Able by 1€ by =
©n(an, o). PosristaeMo ToUKy & # o, ToAi icHye Takuii HOMEp n, 1o oy, () # o (20), ae aj(x) =
a;j(xo) mast yeix j < m. YmoBa n — 00 piBHOCHIIBHA & — Tg. [ljist 0OOrpyHTyBaHHS HellepepBHOCTI
dyHKIil f, B TOYI T( TOKAXKEMO, 0

lim |fa( )_ fa('xO)’ =0.

T—T0
OckinbKu
Qs _
:clgg ‘fa ) fa(af(])’ - hm ’Ablb2 bp—1b],.. A171172 bn—1bn... ’
n_1
1 Qs _
_nh—>Holo 1_11 qv, Ab/ . bn bl | < hm H qv; - 1=0,

ro lim f,(x) = fa(x0), a orxke, DyHKIist f, HEnepepBHA 0 MHOXKUHI () s-yHAPHUX YUCEJL.
Tr—xTQ
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Hexait 29 = A®* = A9 — (Qs-6iHapHe uucIo.
exant To = Q100...0 — 1an(0) araz...ap—1[om—1](s—1) Qs-Ginapre ¢IIo
JoBemenns HeOOXiMHOT 1 MOCTATHBOI YMOBHU JAPYTrOl 9acTHHU TEOPEMU IIPOBEIEMO OKPEMO.

Heobxionicmo. Skmo dbyukmis f, menmepepsHa B To4Ii Xo, TobTo lim fo(z) = fo(zo), TO BoHA
T—T0
HellepepBHA 3J1iBa i cpasa B 1iit Touni. Posriusinemo nociigosHicTs (z), Je

AQS

T = OOy 1O, [5_1]”.[8_1](0).
N—

k

OueBuyno, mo xr; — xg — 0, ko k — oco. Toui
klinolo fa(l‘k’) = fa(xO) fa( aras.. Ozn—101n(8—1))'
Terep posristHeMO moOCIiNOBHICTD (X)), e

Qs
xk_Aa Ol 1[an—1]0 .0[s—1](0)"

Ic

Ouesunno, mo x, — xo + 0, ko k — oo. Toxi

klgl;ofa(ﬂfgg) :fa(SUO) fa( QL. Oy 1[an—1](0))

OTxke, MarOThb Miciie PiBHOCTI:

Qs
fa(Aa1a2 “Op 10 (85— 1) f“( alag an,l[an—l](o)) Vn € N,
TobTO VN € N,i € N

Qs — A@s '
w1(a1,01)..on(an,an)(@ntilanti,s—1)) — Toi(ar,a1)...p(an,lan—1])(Pnti(an+ti,0))
B cuny nmosinmbHOCTI N 1 v, JaHa PiBHICTD BUKOHYETLC JIAIIE YMOBU BUKOHAHHS I OYy/Ib-SKOTO
n € N onniel 3 piBHocreii (4) (To6ro Bignosiaui udpu 06pasy (s-6iHAPHUX TOYOK 36iraroThes abo
epexXoATh y “IpoTniekui” B MexKax andasity).
Jlocmamuicmo. fkimo BukonyeThest st Oynb-sikoro n € N oxna 3 piBnocteit ymosu (4), Toxi
OYEBUJTHO, IO

Qs
fa(Aalag...anflan(s 1) ) fa( Q1.0 — 1[an—1](0))
Posrasiaemo gucio x < xg, 6iu3bKe 10 g, TOOTO

— Ty = AQS

k — oo.
can 8 — 1.8 — Lagyngi... aiag...an_1an(s—1)’
—_—

x—AQS
(e%]
k

Tomi
lim |fa(2) ~ fa(wo)| = lim anllfa

T—T

)= faA =0,

—1.s—-1 Ak ynt1--
k

Ananoriunumu MipKyBaHHS MOYKHA IOKA3aTH, IO IPABOCTOPOHHS IPAHUIlA icHye 1 30iraeTbes 3

f(xg). Teopemy nosejeno. O

BayBaxkenHst 1. Piaocri (4) MOXKyTh BHKOHYBATHCD sIK 38 DAXYHOK (DYHKIIIH y,, TaK 1 38 paXyHOK
ugp mapamerpa a,,. Hanpuknas, Gynakmis o (u,v) = |u —v| ars goBinbanx map (u,v) € Ag X Asg
He 3a/10BoJIbHsIE piBHOCTI (4), ajge Ko a, = s — 1 st Oyab-sskoro n € N, B 0bOMy BHIAJIKY fq
Oy/ie HermepepBHa.
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Hacainok 1. /lis 6y/1b-sikoro 3HavueHHs 1apaMerpa a 3 OJUHUTIHOrO BiAPI3Ka iCHYE II0C/III0BHICTD
dynkuii (p,) Taka, o f, HenepeppHa QyHKII.

3ayBaxkenus 2. HerepepsHi pyHKIII f, YTBOPIOIOTH KOHTHHYAJIBHY MHOXKHHY, 30KPEMA I OY/ib-
sikoro ¢ € [0; 1] icHytors Takuii mapamerp a I mocuaigoBHicTb GyHKIH (), mo fo(r) = ¢ = const.

Hacainok 2. Koxna HenepepHa (QyHKIIs fo € MOHOTOHHOIO (JIIHIITHOIO ab0 CHHIYJISIPHOIO) (DyH-
KITil.

Hocninumo BiracTusocTi MHOKMH piBHiB. Haramaemo, mo mmuoorcunoro piena yo € Dy, HazuBae-
ThCS MHOXKMHA BCiX HOro mpoobpasiB, TOOTO MHOXKUHA BULY:

fat o) = {z: fa(z) = wo}-

Teopema 2. Hexaii He icHye Takoro Homepa m, mo @m+i(u,v) = const st 6yap-sikoro i € N.
Hxiro jist HecKiHIeHHOI KITBKOCTI . MAfOTh MicIle HePIBHOCTI

On(an, 1) # on(an, s =1 —=14) i @plan,i) #s—1—on(an,s —1—1), (5)

TO hyHKIs f, Ma€e sIKk CKIHUCHHI, TaK i KOHTHHYaJ/IbHI MHOXKHUHH PIBHIB; sIKII[0 HepiBHOCTI (5) BHKO-

HYFOTBCsI JIHIIIE JIJIsI CKIHIeHHOI KIJIBKOCTI i, TO (DyHKI(isT f, Mae Jiuiie CKiHIeHHI DiBHI.

Jlosedenna. Hexait ymoBu (5) BUKOHYIOTHCS Ha CKIHUEHHIN KITBKOCTI MICIb 701, N2, ..., Nj, TPAIOMY
Nk — NOpsiIKOBUil HOMep BYHKIHT , it K0T MaloTh Micie ymoBu (5), Toai dyHKiis f, 3rigHo 3
HOMEPEHBOI0 TEOPEMOIO € HEIEPEPBHOI0 Ha KOXKHOMY IuiiHapi (ng + 1)-oro panry. Ockinbku He
icHye Takoro HOMEpa M, MO QY +i(u, v) = const nysi Oyub-skoro i € N, TO Ha KOXKHOMY HUJIHJPIB
(ng + 1)-ro panry QyHKIisi € MOHOTOHHO CIaJHOK abo 3pocTaindor. ToMy B TaKOMY BHIAJKY
dyHkIist f, Mae JuIle CKiHYeHH] PiBHI.

Axmo ymoBu (5) BUKOHYIOTHCS [Tl HECKIHUEHHOI KITBKOCTI 7, TO BCTAHOBHUBINHU OIEKIHIO MiK
JBINKOBAM 300paskKeHHsIM 9HC/Ia 3 OJUHUIHOrO Bifpiska i ¢pakKToM BUKOHAHHsST abO HEe BUKOHAHHS
yMOB (5), OTPIMAEMO KOHTHHYAJIbHY MHOXKIHY TOYOK PO3PUBY DYHKIIT fi. A TOMY MHOXKUHE DiBHIB
dyHKIl f, MOXKYTh OyTH SK KOHTHHYAJIbHI, TaK i CKIHYEHHI. O

BayBaxkenHs 3. fkio icHye Takuii HOMep M, MO Pp+i(u,v) = const st 6yap-sikoro i € N, 10

OYEBHJIHO, IO yCI MHOXKHHH DIBHIB € ab60 OPOXKHI MHOXKHHU 800 KOHTHHYAJIbHI.

3 JIESIKI YACTKOBI BUITAJIKU

BayBaxkeuns 4. fkimo s = 2, ¢, (u,v) =1 —v gz n € N, ro pyukiist f,(x) e inBepcopom mup
(Q2-300paKkeHHsT IHCeI:

falz = AZ2 ) =1I(z) = AY

2
Q10...00m, ... [1—ai][l—a2]...[l—an]...”

siKa, sIK Bijgomo [11], € crporo craJHOK CHHTYJISIDHOIO (DYHKIIEHO (HEepepBHOIO, BIJIMIHHOIO BLJ
KOHCTAHTH, IOXIJIHA SIKOI pIBHA HYJIIO Mali>ke CKpi3b y po3yMinni mipu Jlebera).

Jlema 1. Hexaii s = 2. fIkmio, modnnarodn 3 Jiestkoro Homepa t, yci yHkmii @i n(u,v) = 1 —v s
oyab-sikoro n € N, To ¢pyukiis fo(r) € KyCKOBO-CHHTY/ISIPHOIO, & caMe CHHLYJISPHOIO Ha KOXKHOMY
MUJTIHPI padry t.
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Jlosedenna. Jlerko mokasaru, 10 He3aJIeXKHO Bijl HAOODY (a1, ...,a;) 1 GyHKIIH @1, ..., ¢; dyHKILs
fa OyJie HENEPEPBHOIO Ha KOXKHOMY IJIIHJIPI PAHTy f, OCKLIBKI

f (Agfag Qp .. ) 5@1(a1,a1 +ZB§02(C’4170‘1 Hq@] a]7a] +Hq§01(auaz) (Aat+1at+2 ) o

7j=1

SayBakents 5. 3a BUKOHAHHI yMOB TeOpeMu rpaik (pyHKIT Ha MUIIHIPI Aal o ac])iHHo—eKBiBaﬂeTHHﬁl
rpagiky iHBepcopa mugp, To6TO rpagik IHBepcopa MEPEXOauTh B rpagik (pyHKI f, Ha muaiHgpi
Agf._at T JTi€fo apIHHOTO MEepEeTBOPEHHST:

= H1 Qo Agf -ai(0)’

y—(fa( o1.. at(O)) fa( a;.. at(l)))y+1_fa( aq.. at(l))

(6)

Teopema 3. Hexaii s = 2 1 pi(u,v) = |u—v| Yk € N. Skujo nounnaroqn 3 gesikoro Homepa t € N,
yei nuppu agrn, = 1, n € N, 10670 0 = N

aiaz...at

1
2 2
JEZCED SR [ N N PR R ST ) | G
0

1-2
(a1, a0)€AL qoq1

(1), TO Mae MicIie pIBHICTb:

Josederns. 3rijiHo 3 aJUTUBHOI BJACTUBOCTI iHTErpaJia 3almiineMo PiBHICTD

[ fulaya = | e

0 (a1,.. :at)eAzAQz

ag..-at

To/Ii BpaxoBytoun adinni nepersopents (6) Maemo:

1
/ fa(z)dz = qay .- Qat(fa( ar.. at(0)> fa(A a1 ax(1) /I )dx 4 Gay - Ga, (1 fa(Aan at(l)))'
AP2 ., 0

Ak Bimomo, [11]

1
/I Ydx = qo
) 1 —2qoq1

Tomi
% Q
2
/ fa(x)dz = qay ---qoy [(fa( a1...a:(0 fa( a1 (1 )))% +1- fa(Aa1 Gt(l))
AaQ12 -at
B pesysbrati crporiennsi orpumaemo supas (7). O

Teopema 4. Hexait s = 2 1 ¢y (u,v) = uv Vn € N, roxgi

1) sikmo B (Q2-3006pakeHHi mapaMerpa G CKiHYeHHa KLIbKICTh OJIMHHUIIb, TO MHOXKHHA 3HAYEHb
¢yHKIIT f, € CKIHIeHHO;

2) SIKIIO KLIBKICTB HyJB cepe ugp (Qo-306pakeHHsI 4icia a CKIHIeHHa, TO MHOXKHHA 3HAYEHD
¢yuKIIl f, € 00’caHaHHIM BipI3KIB;
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3) B pemiri BUIIAJKIB MHOXKHHOIO 3Ha4eHb (QYHKII fq(T) € MHOXKXHHOI KaHTOPIBCHKOIO THILY
(Hize He migbHA MHOXKHHA HysboBoi Mipu Jlebera) 3 j1po6oBor (ppakTajabHOK PO3MIPHICTIO
TIaycropga-Besukosmya.

Jlosedenns. Hexait (Qo-3006pazkeHHsT YUC/Ia @ Ma€ BUTTISII 0 = A%@manm 1

_ _ _ AQ
y - fa(‘r - AS?CKQQ'”) - ABfBZ---ﬁn---.
1) Hexait cepen mudp a, aume ckindentna KUIBKICTb 1, TO6TO Gy, = ap, = ... = ap, = 1. Toxi

Br; = ¢n;(L,an,) = an,, i € {1,2,....k}, a B, = 0 sz ycix pemrra n € N\ {n1,na,...,ng}. Toxi
O0YEBUJIHO, [0 MHOXKUHOIO 3HaYeHb (PYHKINI f, € MHOKUHA TOYOK BUJLY

Q2 Q2
Ao...oom1 0.0, 0...0am,, (0) abo Aanl 0.0, 0...00m, (0)°

OCKiIbKY HOMEPIB M; CKIHYEHHa, KiJIbKICTh, TO BIAINOBIIHO 1 MHOXKMHA 3HAYEHDb € CKIHYEHHOIO.

2) Hexait cepen tudp a,, mnuire ckindenna Kiabkicts 0, T00TO ap, = Gp, = ... = ap, = 0. Toxi
3riJIHO 3 MOIEePeIHIME MipKYBAaHHSIMU MHOXKHWHOIO 3Ha4YeHb (PYHKINI f, Oyle MHOXKUHA TOYOK BUJLY
A@2

al~--Oén1—loan1+1~~-Oén2—1001n2+1~~-Olnk—1004nk+1~--
TO MHOXKHHA 3HAYEHDb € 00’€IHaHHSIM BiApi3KiB.

. Ockinbku Micis HOMepiB dikcoBaHUX UM CKIHIEHHA,

3) Hexait cepen nudp a, € HecKiHYeHHA KiJIbKICTH HYJIB Ta OJMHUIL, TOOTO ceper mudp 5y,
HECKIHYEHHa KLILKICTh OJMHUIb, TOJI MHOXKHUHOIO 3HAYEHb (DYHKIIIT € MHOXKIHA

ClQ2,V]={z: z= A%ﬁz.ﬂn...aﬂn =1,neV C N},

Je V' — MHOKUHA Micip Juist skux 3, = 1. 9k Bigomo [11], jana MHOXKHHA € JTOCKOHAJIO MHOYKHHOIO
nyap0BoI Mipu Jlebera 3 npobosoro po3mipuicTio [aycnopda-besukosuwa. ]
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In the paper we consider a continuum class functions defined by terms of the Q4-representationf
of real numbers on the segment [0; 1], which generalizes the classical s-adic representation. The
dependence of the n-th digit of the Qs-representation of the function value is specified by a
finite function ¢y, (ay, a,) of two variables, whose arguments are the corresponding Q,-digits
an(z) and a,(a) of the input  and the parameter a, respectively.

We prove continuity of each function in this class at every @Qs-unary number, i.e., at points
possessing a unique @Qs-representation. Necessary and sufficient conditions for continuity on
the entire domain are established. Conditions involving the digits of the parameter a and the
sequence of defining functions (¢, ), under which the function f, admits finite or continuum
cardinality level sets are obtained.

For particular cases (s = 2), we study integral and differential properties, as well as the
fractal properties of the sets of values. Using the self-similarity properties of the function graph
and the established connection between the functions under consideration and the inversor of
digits of the QQo-representation of numbers, we compute the Lebesgue integral of these functions.
Furthermore, we identify a subclass of functions that are piecewise singular or singular on
intervals; that is, continuous non-constant functions whose derivative is zero almost everywhere
in the sense of Lebesgue measure.
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I'pyiuka 4.1.

ITPO BHYTPIIIIHI YAC HA CUHXPOHI30OBAHII OPIEHTOBAHIN
MHO2KWHI*

OpienToBaHl MHOKUHE — I HAWIIPOCTII MaTeMaTUYIHI CTPYKTYPH, SIKi MOJIEJIIOIOThH CYKY-
ITHOCTI eBOJTIOIiOHyI0YnX 00’ekTiB. lana pobora mpucesiaeHa mpobJieMi iCHyBaHHS BHY TPIIITHBO-

ro yacy Ha CHHXPOHI30BaHiil opieHTOBaHiit MHOXKWHI. 3 IHTYITMBHOIO TOTJISAY BHYTPIITHIA —

97 Ll

e TakwWil Jac, XiJg sgKoro MOXKHa ‘criocTepiratu i dikcyBarn’ ‘“KuByum Bcepeanni’ OpieHTO-

BaHOl MHOXKHUHU. B poboTi foBeseHo, M0 OTpUMAaHa B MOIEPEIHIX POoOOTaxX JOCTATHS O3HAKA
icHyBaHHS i €IMHOCTI BHYTPINIHBOIO Yacy Ha CHHXPOHI30BaHIl Opi€HTOBaHil MHOXKWHI He € He-
00Xi/THOIO, a TAKOXK BCTAHOBJIEHO OJHY HEOOXi/IHYy O3HAKy iCHYyBaHHS BHYTDIIIHBOIO HYacy Ha
CHUHXPOHI30BaHi#l Opi€HTOBaHII MHOXKHUHI 1 TOKAa3aHO, IO 15 03HAKA HE € JIOCTATHBOIO.

Karuosi caosa i ¢ppasu: OpieHTOBaHA MHOXKHUHA, JIHIAHO BIIOPSIKOBAHA MHOXKWHA, BHY-
TPIMHIN Yac, Teopisd MIHIUBUX MHOYKWH.

Institute of Mathematics NAS of Ukraine, Kyiv, Ukraine
e-mail: grushka@imath.kiev.ua

* IIa poboTa mpucssadena nam’ari npodecopa Bosmomnmupa Kupniosrnua Maciodenxka.
1% b p p 1, p p

1 Bcrvn

[TousTTst Opi€eHTOBaHOI MHOXKWHM € 0A30BUM HAMEJIEMEHTAPHIIINM IMOHSITTSAM TeOpil MiHIUBUX
MHOXKWUH. 3 IHTYITUBHOI TOUKM 30PY MIHJIUBI MHOXKWHE Il — CYKYITHOCTI 00’€KTiB, siKi, Ha BiIMiHY
Bij| esileMeHTIB 3BUYAiHUX (CTATHYHMX) MHOXKUH, MOXKYTb I1epebyBaTh B IIPOIEC] IIOCTIiHIX TPaHC-
dopmariiit, TOOTO — 3MIHIOBATH CBOI BJIACTUBOCTI, 3’ ABJIATACH UM 3HUKATH, PO3ITAIaTUCh HA JEeKIIbKa
qaCTUH YU, HABIIAKHU, JEKijJbKa 00’€KTiB MOXKYTh 3/JUBATUCH B onwH. KpiM TOoro xapruua eBOJIIONil
MIHJIMBOT MHOXKIHI MOYKe 3aJI€2KATH Bl CII0co0y CIIOCTeperKeHHsI, TOOTO Bi cucTemMu Biaiky. OCHOB-
HOIO MOTHBAIIIEIO JIJIT CTBOPEHHS TeOPil MIHJIMBAX MHOXKUH TTOCJTY?KUJIa IocTa mpobsema ['inbepra,
TOOTO TTpobIEMa MATEMATHIHO CTPOroro (pOPMYJIIOBaHHSI OCHOB Teoperuvnol ¢izuku. Ls mpobie-
ma, 6ysta nocrasiena 1. ['asbeprom mme B 1900 p. (mus. [1]), are, i Ha cporommi BoHa 3a/MIIAETHCS
Jly’Ke akTyaJbHoIo (2, 3, 4, 5, 6, 7, 8, 9, 10]. [Tpobiema 1obymoBu MaTeMaTHIHOI TEOPil MiHIUBHX

VK 510.22, 512.562
2010 Mathematics Subject Classification: 03E75, 06 A06.
Pobora gacTkoso migrpumana rpanroM Big Pyunanii Caitmonca (SFI-PD-Ukraine- 00014586, Grushka Ya.l.).

(© I'pymika $1.1., 2025
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MHOXKHUH, TOOTO ‘“MHOXKUH i3 IepeslidveHnMHI BUINE BJIACTUBOCTSIMHU, B Pi3HUX (popMax CTaBUIACH,
30KpeMma, B poborax [11, 12, 13, 14|. Ha maremarnuno crporomy piBHI Teopisi MiHJIMBUX MHOXKHUH
Oysa mobyjoBana B poborax [15, 16, 17, 18] ta in. HaiiGlibin nosHuit i cucremMaTnaHuil BUKJIaL i€l
Teopil MOXKHa 3HalTH B npenpunTi [19] Ta mucepramii [20].

OpienToBaHl MHOXKMHIA MOYKHA TPAKTYBATH SK HARIPUMITUBHINI abCTPAKTHI MOJE/ CYKYyITHO-
creil MiHMBUX 00’€KTIB, IO €BOJIIOIIOHYIOTH B paMKax ojHi€el (bikcoBanol) cucremu Biiiky. Takox
Opi€HTOBaHI MHOYXKWMHH € HANUIPOCTIMNIMMHU MaTEMATHIHUMU CTPYKTYPaMH, B PAMKaX SIKAX MOXKHA
BBECTH MOHATTs Yacy. BusiBjisierbes, o icHye HeCKiHUeHHO Gararo crocobis mobypysaru (BU3HAUM-
TH) Yac Ha JIOBUIbHIN OpieHTOBaHIi MHOXKUHI, ajle 0COBIMBO IIKABUM BUJOM YaCy r'a OPIEHTOBAHUX
MHOXKHUHAX € BHYTPIiIHIi 9ac. 3 iIHTYITUBHOI TOYKH 30py BHYTPIIIHIN 9ac HAa OPI€HTOBAHI MHOXKUHI

— 1e TaKuil Jac, XiJi IKoro MoxKHa ‘‘criocrepiratu i ¢gpikcyBaru’”

JKUBYYU Becepeanni” i€l opieHTOBa~
HOT MHOXKMHH (MaTeMaTHIHO CTPOre O3HAYEHHS JIAHOIO HOHSITTs Oy/le JaHO B HACTYIIHOMY O3
crarTi). B maniii poboTi 06roBOpIOIOTHCS MaTeMaTHIHI IPOOIEMH, OB’ 3aHl 3 BHYTPIIIHIM YacoM
Ha OPIEHTOBAHMX MHOXKHHAX. 30KpeMa B PODOTI BCTHOBJIEHO IMEBHY HEOOXiIHY O3HAKY iCHYBaHHs

BHYTPINTHBOTO Yacy Ha CHHXPOHI30BaHiil Opi€eHTOBaHIT MHOXKUHI.

2 OCHOBHI O3HAYEHHS [ ®AKTU

Osznauenns 1. OpieHTOBaHOIO MHOXKHHOIO HA3UBAETHCS JIOBIIbHA DPEJISIiHHA CHCTEMa 3 OJJHHM
pediekcuBHIM GIHADHUM BIJIHOIIEHHSIM, TOOTO yiopsiikoBana napa sugy M = | Bs(M), <—>, e
M

i pecpiekcuBre Ginapue BigHomenns Ha Bs(M).
V Buna Ky, Ko/ BiJIoMO, TIPO SIKY OPIEHTOBaHy MHOXKHHY M iijle MOBa, B HIO3HAYCHH] <— CHMBOJT
M

M 6ynemo omyckaru, BxkuBatodn mosnadenus ‘<. Muoxuny Bs(M) Oyaemo mHazuBaTh 6a30B0IO,
abo MHO>KHHOIO BCIX e/IeMEHTapHHX CTaHIB Opi€HTOBaHOI MHOXKHHH M, a BiZHOIIEHHS < OyaeMo
HA3UBATH HAIPSIMHUM BIJIHONIEHHSIM 3MiH (TpaHcgopmartiii) M.

Osnauenns 2. Hexaii, M — opienroBana muoxknna 1 T = (T, <) — siniiino ynopsiikoBana MHO-

skuna. Binobpaxenms ¢ : T — 2B5M)

HAa3HBAETHCST 9acOM Ha M, SIKII0 BHKOHYIOTHCST TaKi YMOBH:
1) /L1t goBinbHOTO eemenTapHoro crany x € Bs(M) icuye enement t € T raxmit, mo x € ().
2) Sdkmo x1,x9 € Bs(M), x9<—2x1 1 1 # X9, TO icHYIOTH esementH t1,ta € T rtaki, mo 1 €
Y (t1), o € Y (ta) 1 t1 < tg (Trobro Mae Micre dacoBa pPO3ALIBHICTH MOCTIOBHUX HEOJHAKOBHX
eJIEMEHTaPHUX CTAHIB).
IIpu npomy enementu t € T Oyaemo HazuBaru mMomMeHTamu 4dacy, a napy H = (T,¢) =

(T, <) ,) 6ynemo HazuBaTu XpoHoJIOri3amiero M.

Osnauvenns 3. Hexaii, M — opienroBana muoxkuaa i 91 : T1 — 2%Bs(M) o 1 Ty — 2B5(M) jegki
qacu it M, BusHadeni Ha JiiniiiHO ynopsiakoBannx maoxkunax (T1,<j1) 1 (Te, <g) BimnosizgHo.
Xponosorizanii Hi = ((T1,<1),%1) ra Ho = ((T2, <2),12) 6yiemo HazupaTu €eKBiBaJeHTHUMH
(mozuadennst Hy } Ha), siKino icHye BzaemMHO opHO3Ha4YHA Bianosiguicts & : Ty — Ty raka, mo:

1) & € nopsikoBuM izomopgizmom mizk T 1 To, To6To € : T1 — Ty — 6iekiis mizxk Ty Ta To i
st joBiabHux t, 7 € T HepiHicTh t <1 T Mae Micte Toji 1 Tiabku Toii, ko & (t) <o & (7).

2) s roiibrOro t € T Mae micne piBaicTs Y1 (t) = 1 (£(t)).

BI/IKOpI/ICTOBYIO‘{I/I O3HAaYECHHA 3, HECKJIa/JIHO HepeBipI/ITI/I ICTUHHICTDL HaCTYITHOI'O TBEPA2KCHHA:

Teepmxkenns 1. Hexaii, M — opieHTOBaHa MHOXKHHA 1 VV — /I0BiJIbHA MHOXKHHA, 1[0 CKJIAAETHCST

3 xpoHoJiorizarniit M. Toxi 6iHapHe BigHOIIIEHHS 1) € BIAHOIIIEHHSIM €KBIBaJeHTHOCTI Ha VV.
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Osznauenns 4. Hexaii (T,v¢) = ((T, <),%) — xpomnosorisaiis opienroBaroi muoxxuuu M. Mmo-

SKHHY

Yy ={4(@) [t €T}

Oy/1eMO HA3UBATH MHOXKHHOIO OJHOYACHUX CTAHIB, MOPOIKEHOIO IaCOM 1.
Besriocepeiibo 3 0O3HAUEHHST 2 BUILJINBAE HACTYIIHE TBEPI?KEHHSI.

Teepmxkenns 2. Hexaii (T,1) = ((T, <),v) — xponosorizanis opiearoBanoi Muoxkuan M, a Yy,
— MHOXKHHA OJHOYACHHUX CTaHIB, nopojpkena vacom . Tom | Aey, A= Bs(M).

Osnavenns: 5. Hexaii M — opienrosana muoxuna. /losinbay civ’io muoxxun Y C 2B5M) raky,
mo Jyey A = Bs(M) byzemo nasuparn ogHOIaCHICTIO Ha M.
ITpu npomy mapy (M,Y) 6ymemo HazsuBaTH CHHXPOHI30BAHOK OPIEHTOBAHOKO MHOXKHHOIO.

Teopema 1 ([16], aus. Takox [19], Theorem 1.4.1 a6o [20], Treopema 1.28). Hexaii M — opienrobana

muoxuaa 1Y C 2B5M) — grmovachicrs na M. Toxi ma opienrosaniii moxuai M icaye qac 1

takuit, mo Y =Yy, ge Yy — MHOKHHa OJJHOYACHUX CTaHIB, IIOPOJIXKeHa 9acoM ).

Hacrymna mMera — jmaTu o3HaYMeHHs BHYTPINIHBOIO Yacy Ha OPIEHTOBAHINl MHOXKWHI, TOOTO Uacy,
Akl MoxkHa, (pikcyBaTH “3acobamMu’, M0 3HAXOAATLCS “BeepeinHi’ Opi€HTOBAHOT MHOXKUHI.

Ilosnauennss 1. Ha zgoBiibHIl opieHTOBaHIi MHOXKIHI M BBeaeMo J0JaTKOBO HaCTyIIHe OIHApHE
. . + L .
BiygHOMeHHs1. [list joBinbHUX 2,y € Bs(M) 6yzmemo mosHadaTu y;m TOAI 1 TIIBKH TOJI,

. . . +
Ko Y<—T 1T <7L Y. A% BuIlaJIKaxX, KOJIM HE BHHHKA€ HEIIOPO3YMIHBb 3aMICThb IIO3HAYEHH: 1Y <— T
M M M

+
6y,£(eMO BHKODHCTOBYBaTHU IIO3HAYECHHs Y <— X.

Osnavenns 6. Hexaii M — opienroBana muoxkuna. 1) Bygemo ropopurtw, mo maOKHHA B C
Bs(M) moHoTOHHO mociigosra muoxunai A C Bs(M) B opienropaniii Muoxknui M, SKINo icHy-

. . +

oTb Taki etementn x € A iy € B, mo Yy, B npomy BuIaKy Oy/1eMO BHKOPHCTOBYBATH IIO-

snasenns nosuadenns B <(+) A, 2) Hexait @ C 2P5M) — jesgxa crncrema migMmosun MooKIHm
M

Bs(M). Byzemo ropopuri, mo MHOKHHA B € Q TpPaH3UTHBHO MOHOTOHHO IIOCJIi/JOBHA MHOXI-

Q
i A € Q Bignocuo Q (BukopmcToBy104n moznadentst B «—(+) A), skino icHye Taka 1mOC/IiI0BHICTD

M
muoxkun Coy,C1,--- ,Cp € Q (n € N), mo Cy = A, C,, = B i sus jgosiibHoro k € 1,n mae micre
criBBiprommennst, Cy, <—(+) Cx_1, ne 1,n = {1,....n}.
M

VY BHIIaJIKY, KOJIU HAIIEPEJ BIIOMO, IIPO sIKY Opi€HTOBaHy MHOXKUHY M e MOBa, B IIO3HAYEHHSIX
Q Q
—(+) 1 «(+) cumBosr M ByneMoO OIyCKATH, BYKUBAIOUH, 3aMiCTh HUX HOo3HadeHHS —(+) 1 «(+)

.M . M
BIAIIOBITHO.

Besnocepennbo 3 o3HadeHHs 6 BUILIMBAE TAKUil HACJILIOK:
Hacuinok 1. Hexaii M — opienroana maoxuna, A, B C Bs(M) 1 Q C 2Bs(M) - Toni:
1. skmo B<(+) A, 10 A,B # @.
2. Skmo B «—(Q+) A, 1o icuytorb € A ix' € Bs(M) raxi, mo 1’ & 2, a Takox icuyiors y € B

iy € Bs(M) raxi, mo Yy,
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Q
3. fAxmo B« (+) A, to A, B # @.
KpiM TOro, BUKOPUCTOBYIOYM O3HAYEHHsS 6 OTPUMYEMO HACTYIIHE TBEDJIZKEHHSI:

Teepmxkenus 3. Hexaii M — opieHTOBaHA MHOXKHHA.

1) SIxkmo A, B C Bs(M) i B+(+) A, ro mus nopinbanx A', B C Bs(M) rakux, mo A C A,
B C B’ cupasemympe crisigromenns B’ +(+) A'.

2) Hexaii 6,6 C 285M) — cpcremn migvmoxnn muoxuan Bs(M), npraomy & C &' (TobT0
Jutst gioBisibHOT MHOKHHU A € & icHye muoxknna A' € & raka, mo A C A').

(G}
Toni mrst popibaux A,B € & i A/, B' € & rakux, mo A C A", B C B’ 3 ymosu B «(+) A
G/

BuimBae, o B’ «(+) A’
Osnavenns: 7. Hexait M — opienroBana muoxuna, a 1 : T — 255M) — qac ga M (3amanmii Ha
aiuiiino ynopsiakoaniii maoxknai T = (T, <)).

Binobpaxennst h : T — 2P5M) Gyreno nasuparn XpOHOMETPHYHUM IIPOIIECOM (st wacy 1),
SKIIO:

1) h(t) € (t) st gosimbroro t € T.

h(T)
2) st popinbaux t, 7 € T ymoBa t < T mae micie Toai i Tiapkn Togi, ko h(1) «(+)h(t) i

h(t) # h(7), ze h(T) = {h(A)[ A € T};
Yac 1 Ha opieHTOBaHI MHOXHHI M OyjemMo Ha3uBaTH BHYTPIIIHIM, SIKIIIO JJIST IbOTO 9acy
iCHy€ X0Y OJIUH XPOHOMETPHIHHI ITPOIIEC.

BayBaxkenHs 1. 3 myukry 2) o3nadenust 7 Ta IyHKTY 3 HACTiKa 1 BHILIHBAE, IIO:

2Bs(M) ¢ XPOHOMETPUYIHUM TPOIECOM JIJIA JIESIKOTO Yacy i mpu

dAxmo Bimobpaxkenuss h : T —
oMy 4acoBa mkKaga T micTurh xoua 6 aBa enementa, To st gosiibHoro ¢ € T muoxkuna h(t) —

neropoxkust (h(t) # ).

[aryiTuBHII 3MicT TepMminy “BHYTpIIIHI# yac’ mojisira€ B TOMY, IO sIKIIO Yac HAa OPi€HTOBaHiit
MHOKMHI € BHYTPIIIHIM, Oro MOKHa “IOMIpATH’ B MeKaX i€l OpieHTOBaHOI MHOXKUHH, BUKOPH-
CTOBYIOUN XPOHOMETPUIHUI IIPOIEC B SKOCTI “TOJMHHUKA’, & CTAHU XPOHOMETPUIHOIO IIPOIECY B

SAKOCTI “IHIUKATOPIB MOMEHTIB 4acy’.

3 OCTATHS O3HAKA ICHYBAHH{ I € IMHOCTI BHYTPIIIHLOTO YACY HA
CUHXPOHI3ZOBAHII OPIEHTOBAHIN MHOXKUHI I ITPOBJIEMU ITOB’sI3AHI 3 HEIO

B npomy pozzini Oyiie HaBEIEHO JMOCTATHIO O3HAKY ICHYBaHHS 1 €IUHOCTI BHYTPIITHBOIO Yacy
Ha CHHXPOHI30BaHil OpieHTOBaHIfi MHOXKUHI 1 cPOPMYJIBOBAHO JESIKi TPOOIEME, TOPOJIZKEH] HETO.
[Teprr 3a Bce HUXKUIE BBOJSTHCS JIesIKi TEXHIYUHI MOHATTsI, HeOOXiIHI 11t (hOPMYJTFOBAHHSI 3a3HAYEHOT

JIOCTaTHLOI O3HAKMU.

OsznauenHs 8. Hexait M — opieHToBana MHOXKHHA.

9Bs(M) 1

1) Ounouacuictrb Y C Oy/JleMO Ha3uBaTH UYTJIHUBOIO,  SIKIO JIJIs JOBLIBHUX T,y €

Bs(M) rakux, mo y«x i x # y icayrorb muoxkuan A, B € Y raki, mox € A,y € B, A# B i
Y
B «(+) A.

B 6iabin pannix poborax aus., Haup. [16, 20] BukopucroByBaBcst TepMiH “diTKa OJHOYACHICTDL’ JJisi HA3BU
JAHOTrO TMOHATTA. B maniit poboTi Mu 3MminmIm mamuii TepMiH Ha TepMiH “9yTanBa OJHOYACHICTH', OCKIIKN
ocraHHIl HAbAraTo Kparle XapaKTepU3ye CYyTHICTH 3a3HAYEHOTO MOHSITTSI.
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2B5(M) Gyremo HAaZHBATH HEIOBTOPHOIO, SIKIO HE iCHYE MHOXKIH

(M)

2) Cucremy muoxunn & C
G} (G}
A,B € & taknx, mo A«(+)B i B«(+)A. Boxkpema, axmo omuodacmicts Y C 2%° € Helo-
BTOPHOIO CHCTEMOIO MHOYKHH, OV/IeMO B>KHBATH TEPMIH “HEIIOBTOPHA OJHOYACHICTD”.
3) Ounouacuicrs Y OyjieMo HA3UBATH 9y TJIABO-HEIIOBTOPHOIO, SIKII[O BOHA € Yy TJIHBOIO I He-

IIOBTOPHOIO OTHOYaCHO.

Osnauennst 9. Ognouacuicts Y C 2P5M) pa opienropaniit muoxuni M Gygemo HasuBaTi Mo-

HOTOHHO 3B’SI3HOIO, SIKINO JJIsI JoBLIbHHX MHOXKHH A, B € Y rtakux, mo A # B Mmae Micie xo4
Y Y
onHa 3 yMoB A «—(+) B abo B «(+) A.

B 2012 pori 6ys0 moBesieHO HACTYIHY JOCTATHIO O3HAKY iICHYBAHHS 1 €IMHOCTI TAKOTO BHYTPi-
HIHBOT'O Yacy 1) Ha CUHXPOHI30BaHiil opienroBaniit MuOKuHI (M, Y), sSIKIil TOPOJIZKYE OTHOUACHICTD
Y (1obT0 Takoro BHyTpimHbOrO Yacy ¢, mo Y = Yy).

Teopema 2 (|16], nuB, Takox, [19], Theorem 1.4.3 a6o |20], reopema 1.47). Hexait M — opienroBamna
MHOXKHHA. J[JIsT JOBIJIBHOI 4y TJINBO-HEMOBTOPHOI 1 MOHOTOHHO-3B s13HOI oiHOoY9acHoCcTI Y Ha M icHye
€IMHMIT 3 TOYHICTIO /[0 €eKBIBaJICHTHOCTI XpOHOJIOri3alliil BHyTpiniHii Jac v takuii, mo Y = Yy,

SayBaxkKMMO, 0 €IWHICTH 3 TOYHICTIO JO E€KBiBAJIEHTHOCTI XPOHOJIOTI3alliil B Teopemi 2 cJiix

PO3YMITH HACTYITHUM THHOM:

“ Axwo na ainitino ynopadrosanux muoorcunax Ty 1 Ty susnaveni (6idnosiono) enympiwmni wacu
1 4Py maxi, wo Y = Yy, = Yy,, mo xpononozisayii Hy = (T1,91) @ Ho = (T2, 42) € exeicanen-
muumu (mobmo Hi ft Ha ).

dijtocodchbKmii 3MiCT TeopeMu 2 IOJIATAE B TOMY, IO IisI TEOPEeMa JIa€ JOCTATHIO O3HAKY iICHYBa-

HHsI 1 €IMHOCTI “BjiacHOrO”, “BHYTPIITHBOrO” Yacy B jiesikoMmy “abcrpakTHOMY CBiTi” M.

3azHaunuMoO, 10 TeopeMa 2 HOCUTH JIuIe jocTarTHiii xapakrep. lle Oyae BUIHO 3 HACTYITHOI'O

IPUKJIAJTY.
IIpuknam 1. Hexaii M§ = M{LQ} — OpieHTOBaHa MHOXKHH& Taka, IIO:
(Mef:1) Bs (M) = {1,2} =2;

(MSEf:2) st ¢,y € Bs (M{lyz}) CHIBBITHOIIIEHHST Y <— & BHKOHYETHCST TOMAI 1 TIIBKH TOJ, KOJH
r <y, ge < — cTaHapTHE BITHOMTEHHS JIIHIHHOTO MOPS/IKY Ha MHOXKHHI HATYPaJIbHAX IHCET.

Ha opienrtopaniit Muoxuni Mg posriistHeMO OJHOYACHICTD:

Yy = ({1} {12} {2}) = {{1}.%Bs (My) . {2}}. 1)

IHoxagemo
T5 :={0,1,2}. (2)

Tomi napa T = (T§7 §) € JIHIHHO YyHOPSJIKOBAHOIO MHOXKHHOIO BITHOCHO 3BY>KEHHSI CTaHIAapPTHOTO
BIJIHOIIIEHHSI JIIHIFTHOIO IOPsiIKY Ha MHOXKuHI 1inx ances < Ha muoxuny {0, 1,2}. Jlerko 6a4nru,
II10 BIJTOOPA>KeHHST:
{1}, t=20
T’Q\Bti—)w’j(t) =4q1{1,2} =Bs (MQ), t=1 (3)
{2}, t=2
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€ vacom Ha M. /losesiemo, 1o BiobpaskeHHs:

hs(t) = d5(t)  (t € Ty) (4)

€ XPOHOMETPHYIHHM IIPOIIECOM JIIs dacy .
Ilo-nepmre 3asnadnmo, mo srigno 3 (3) i (4) g t € Ty maemo:

hy(t) = u5(t) C (1),
Orzke, nepmma ymoBa ozHadeHHst 7 Jiisd BijjoOparkenHs hs BUKOHyeThCs.

Ilo-apyre 3 BusHAYEHHS (Mgef.ﬂ) BHIIINBAE, IO JJsd X1,To € Bs (Mﬁ) = {1,2} cniBsigHo-
IITEHHST X9 ixl BHKOHYETBHCST TOAI 1 TIIBKH TOMdI, KOJIH X1 < X9, TOOTO TOMI 1 TIJABKH TOMdi, KOJH

x1 = 1, x9 = 2. Tomy, 3a oznayennsMm 6, qisg migvmaoxua A, B C Bs (M§) Mae Micije HaCTyIIHA
PIBHOCHJIBHICTD:

(B —(+) A) <~ (1€ A)&(2€ B)), (5)
Mz

e ge & — 3HaK JIOriuHol KOH IOHKIII, 8 <—> — 3HaK JIoridyHol piHocuibHocTi. Jlai, ajst JOBiabHIX
t1,t2 € Ty 3rigno 3 (3) i (4) maemo:

{1}, ti=0
hs (t) =5 () = S {1,2} = Bs (M3), t;=1 (i€{1,2}).
{2}, ti =2

3Bijgcn, BpaxoByrouH piBHOCHIbHICTE (5), 6aunmmo, mo gis t1,ty € T5 cmisBigHOIIEHHS
hs (t2) <—(+) h5 (t1) Buxomyerncst Toxi i Tinbkm Toxi, komu ty = 0, to = 1 abo t; = 0, to = 2
abot; =ty =1abot; =1, ty = 2. TobTo, iHImMEUMU ca0BaMHU,

(1*) Hna ti,ty € Ty cuissignomenns hg (t2) <—(+) hs (t1) Bukonyerbea Toxi i Tinbkm TOA, KON
t1 < tg abo t1 =ty = 1.

3 pesyapraty (1*) Buminsae HacTymHUIT PE3yIbTAT:

hy(T5)
(2*) Hnat, 7 € T5 cuissignomenns hs(7) «—(+) hs(t) Bukonyerbca Toai i Timbku Toni, Ko t < 7
abot=71=1.

hy(T3)
Cnpasni, mexait hs(7) «—(+) hy(t). Toxi, 3a osmavennam 6 (mynkT 2)), iCHyIOTH MOMEHTH dacy

to, ... tn € T5 (n € N), maxi, moto = t, t, = 7 i 4151 goBinsroro k € 1,1 Mae Micrie criBBiHOIIEHHS,
hs (t1,) <=(+) hg (tx—1). SBigcn, ma ocnosi pesynprary (1%), Bunubae, IO BUKOHYETHCSA XOY OJHA
3yMoBty = --- = t, = 1 abo tg < --- < t, iicaye k € 1,n take, mo t,_; < ty. B mepmromy
BHITAJKY OTpHMYyeMoO, 1o tg = t, = 1, Tobro t = 7 = 1, a B ApyroMmy BHIOAAKY OTPHMYEMO, IO
to < tpn, T06TO t < T. HaBmakm, sikmo t < T abo t = T = 1, 1o, Ha ocHOBI pe3yabrary (1%), maemo

hy(T5)
hs (t) <(+) hs (1), 0610, 38 O3HAYEHHSM 6 (1yHKT 2)), orpuMyeMO, hs(T) «—(+) hs(t).

3 Bcranossenoro Bumie pesyaprary (2%) i popmysr (4) ta (3) Bummmnsae, 1o:

hy(T3)
(3*) Hna t, 7 € Ts cuiseinuomenns hs(7) «—(+) hs(t) i hs(t) # hs(7) BuxomyoTses Toxi i Tinbku

TOJTi, Koo ¢ < T.
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Orxke, 3a osnauenHsaM 7, hg € XxpoHOMeTpHIHIM 1IpOIIECOM JJIs dacy V5. OTxKe, 9ac 15 € BHYTPIITHIM.
Ipn npomy i3 cuipsinnomens (1), (3) Ta osnavenns 4 punnsae, mo Yy, = {{1},Bs (M5) ,{2}} =
Y5. Orxe, 15 — BHyTpinimiit 1ac, 1Mo HOPOKye OTHOTACHICTD Y.

ZloBesiemo, 1o BHYTpINIHI Yac 15, MO MOPOJPKYe OAHOYACHICTh Y5 € €IUHUM 3 TOYHICTIO JI0

ekBiBaileHTHOCTI xpoHoJorizamin. Hexait 1 : T — oBs (Mz) IHIITHET BHYTPIMIHIH 9ac, 1[0 TOPOKYE
onHoYacHicTh Y5 3 XpOHOMETpHYHUM HponecoM h, sajanunii Ha JiHIlHO yHops/iIKOBaHill MHOXKHHI

T = <T, %) Tosi BHKOHYIOTHCST HACTYIIHI YMOBH:

Yy = ()|t € T} = Y5 = {{1},{1.2} . {2}}: (6)
h(t) Cw(t) (teT): (7)

h(T)
Vt,7€T ((t <7) = ((h(T) «(+) h(ﬂ) & (h(t) # h(T)))) ; (8)

Jie < — crporuii JUHIHHWUI TTOps/IOK, MopoKennii HecTporuM nopsijkoM < (tobro mist t,7 € T
cripsijHoNIeHHsT t < T BUKOHYETBHCS TOJI 1 TiibKH TOM, Koom t < 7 it # 7).
3 ymosu (6) BuminBae icHyBaHHsI MOMEHTIB 4dacy to,t1,to € T, rakux, mo:

Y (to) = {1}; ¥ (t1) = {1,2}; ¥ (t2) = {2}. (9)

3 ¢opmymn (9) Bummmnsae, mo muoxkunn Y (to), ¥ (t1), ¢ (t2) — momapmo pisai. Orke MOMeHTH
qacy to, t1,ty — rakoxk monapuo pisui. I3 popmysin (8) BurnBae, 1o:

vt ieT ((t#7) = (h(t) £h(D)). (10)

Orxe, muoxkuun h (tg) , h(t1), h (t2) — rakoxk monapro pisui. Kpim Toro 3 3ayBakenrsi 1 Buiin-
Bae, mo maoxkuun h (tg), h(t1), h(te) — mHenopozxni. Orzke i3 cuiBBigHONIeHHDb (7) i (9) BuLINBAE,
1o

h (to) = {1}, h(t2) = {2}. (11)
3rigro 3 gosegennm Buiie h (o), h(ty), h(ty) — momapro pizni i Hemopoxxui. Tomy BpaxoByrodn

(7)7 (9)7 (11)’ MaeMo h(tl) - 77Z)(t1) = {172}7 h(tl) 7& h(tO) = {1}7 h(tl) 7& h(tZ) = {2}a

h (t1) # @. Ocranni criBBIIHOIICHHST MOXK/IHBI JIUIIE 38 YMOBH:

h(t) = {1,2). (12
3 ¢popmyn (11), (12), (9), a raxox (3), (4) BumuBae piBHICTS:
h(t:) = ¢ (ti) = ¥5(i) = hy(i) (i €0,2="T;), (13)

ae 0,2 = {0,1,2}. 3 ocranupoi pisHOCTI, Ha OCHOBI pesyabrary (1%) BUILIMBaE CHIBBIHOIICHHS:
h (t2) () h (t1) «(+) h (to) ,

3 IKOro, 3a o3HadeHHsIM 6 (IyHKT 2)), OTpHMYy€eMO:

h(T) h(T)
h (t2) «~(+) h (t1) «(+) h(to) .

3 ocTaHHBOIO CHIBBIJIHOIIEHHSI, BDAXOBYIOUH, II[0, 3a JoBejgeHnM Buire, h (to) # h(ty) # h(te), Ha
OCHOBI yMOBH (8), OTPHMY€EMO HEPIBHICTB:

to < tq < to. (14)
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Jlosenemo, 1o
T = {to, t1,t2}. (15)

OcklIbKH, 3a JIOBEIeHUM BHIIE, to, t1,ty € T, 1o 3ammmmuiocs gosectu, mo B Muoxkuni T Hemae iH-
X ejleMeHTiB, KpiM to, t1, to. IlIpumycrumo, o icuye enement 7 € T rakmit, mo 7 # t (Vj € W)
I3 cuiBBiyHomens (6) ta (7) ummmsae, mo h(r) C {1,2}. IIpu npomy maemo card(T) > 2 (ockinb-
KH, 3a jgopejeHuM Buile, to,t1,ta € T), a orxke, srigHo 3 3ayBaxkenusm 1, h(t) # @. Takum
anroM, @ # h(1) C {1,2}. Tomy moxkmsumu € jmnre taki sunajggm, h(r) = {1}, h(r) = {2} a6o
h(7) = {1, 2}, tobro, srigno 3 (11), (12), h(r) = h (ty), h(7) = h (t;) a6o h(r) = h (t2). Aue B ycix
mepesTideHux TPhOX BHIIAAKAX IIPUXOAUMO JI0 CylepedHocTi 3 popmyitoro (10).

Orpumana cynepedHicTb JOBOJHUTD, [0 MPHUILYIIeHHs 1Ipo icHyBaHHs ejeMenta 7 € T rtakoro,
mo T # t; (Vj € @) — xubHe, 1m0 06rpyHTOBYE piBHICTH (15).

Iobyyemo Binobpazkenns v : Ty — T (maragaemo, mo srigno 3 (2) i (15), T3 = {0,1,2},
T = {to,t1,t2}). [ j € T5:= {0, 1,2} noxrazemo:

v(j) == t; € {to,t1,t2} =T (j € T5 ={0,1,2}). (16)

3 mepiBHocti (14) BumuBae, 1o BioOpaskeHHsI V € IH'éKTUBHUM 1 MOHOTOHHUM BIJIOODa’KeHHSIM 3
T5 B T (To6T0 V(i) # v(j) mpm i # j i v(i) < v(j) upn i < j). Kpim Toro, sriguo 3 (16), maemo
v (Tg) = { v(t)|t e T§} = T. Omxe, Biobparkenns v € mopsakosnM izomopcpizmom mix Ty 1 T.
Ipu npomy ans gosinbnoro T € T3, srigno 3 popmynamm (13) (auB. BHyTPINIHIO 9acTHHY PiBHOCTI
(13)) ra (16), maemo:

Y3(7) = (tr) =¥ (v(7)) .

Orxke, 3a o3HaueHHAM 3, XpoHoJIOTizaIll Hy = ((Ti’ S) ,1/15) iH= ((T, i) ,w) — EeKBiBaJICHTHI.

Takum wmHOM, BHIIIE OYJI0 JIOBEJICHO, IO BHYTDIIIHIN Yac 13, M0 HOPOJKYE OJHOYACHICTh Y5
Ha ./\/(5 € €IMHHM 3 TOYHICTIO JIO €KBIBAJIEHTHOCTI BIJIIOBIIHHX XpOHOJIOrizarii. 3 IHIMOro GOKYy
onnouacuicts Y5 He € HENMOBTOPHOIO B CeHCI o3HadeHHs 8, OCKinbkm st muoxkun Yy = Yy = {1,2}
3rigHo 3 popmymamu (1), (5) orpumyemo:

Y1, € Y§, Yo—(+) Y1, Yi(+)Ys,

T00TO, 0O3HAaYeHHIM 6 (LyHKT 2)):

Y§ Y§
V1, Y2€Y5,  Yaou(H)Yi, Yi«(+)Ya

Takum ynHOM, 9K MOKAa3y€e MPUKJIAI 1, TeoepMa 2 HOCUTDH JIMIIE JOCTATHIM xapakTep i He Jae
HeOOXiIHOT 1 JOCTATHBOI O3HAKM ICHYBAaHHS 1 €/IMHOCTI BHYTPIIIHBOIO Yacy Ha CUHXPOHI30BaHIil Opi-
€HTOBAaHI!I MHOYKWHI.

Teopema 2 monpoKye, TaKoXK, 1 HACTYIHY TPOOIEMY:

IIpo6nema 1. Hexaii (M,Y) — cuHXpOHI30BaHa OpIEHTOBAHA MHOXKHHA. UU 3aBXKU BHYTDPINIHIIH
gac 1, o mopopKye ogHodacHicrs Y (SKINO BiH ICHy€E) € eauHum?

Hacrynuuit npuksia/ jae HeraTuBHe po3B’sizanus npobsemn 1.

IIpukaan 2. Posrismemo Ha opienToaniit MuHoxkuHi My, BBegeHift B npukjiai 1 posrisHeMo
OJTHOYACHICTB:

Y5 = {{1,2}} = {Bs (M)}
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IHoxnamemo:
Ty :={0,1}.

Toui napa Ty = (Te, <) € JiHIHHO YIIOPSAKOBAHOI MHOXKHHOIO BIJJHOCHO 3BYXKEHHSI CTAHJ[ADTHOIO
BIJIHOILIEHHsI JIHIHHOTO MOPsIKY Ha MHOXKHHI 1imnx yuces < na muoxkuty {0, 1}. Jlerko 6aunru, 1o

BiZOOpa’KeHHsT

Y3(t) = Bs (Mz) = {1,2}  (t€{0,1} =Ty); (17)

P5(t) = Bs (M) = {1,2}  (t € {0,1,2} = Ty) (18)

€ JacaMH Ha OPIEHTOBaHIH MHOXKHHI ./\/15, 1110 TIPOPOJIXKYIOTHh OJTHOYACHICTH Y%. Bixmosigsi XpoHO-
gorizamii Hy = (T2, <),4¢3) i ’H% = ((T@, S) ,¢§>, [OPOJIZKEH] dacaMu 15 Ta 1/1% He € eKBiBa-
JIEHTHUMH, OCKLIbKH BIIOBIHI 9acoBl mkamm To 1 T He € pIBHOMOTY>KHAMH, & OTKe HEMOK/THBO
BCTAHOBUTH IOPSIIKOBHIT 130MOPQI3M MI>K HUMH.

Josenemo, mo obmiasa gacu 5 1 1/); € BHYTPIIIHIMH.

1. /loBeznemo, 1110 4ac 15 € BHyTPIIIHIM 3 XPOHOMETDHYHUM IPOLECOM:

hg(t) = {t + 1} (t €Ty = {0, 1}) . (19)
Io-niepire 3 popmysr (19) i (17) Bummubae, 1o:
hy(t) € {1,2} = ¢5(t) (t € T2 ={0,1}). (20)

ITo-spyre, 3 piBHOCHIBHOCTI (5) BUILIIBAE, 10 I8 t1, te € To ymosa hy (t2) <—(+) ha (1) Mae Mmicre
roai 1 Tiibku Toai, kKo 1 € hy (t1) 12 € ha (t2), To610, BpaxoBytoun (19), Toxai I TLAbKH TOM, KOJIH
t1 =0, to = 1. 3Biucu, Bpaxopyroun, mo To := {0, 1}, st t1,ty € Ty orpuMyeMO PIBHOCHIBHICTS:

(hQ (tg) <—(+> h, (tl)) <~ (tl < tg) . (21)

hy(T2)
Aaui, sxmo hy (1) «(+) ha (), ge t,7 € Ta, 10, 32 03nadeHHsIM 6 (IMyHKT 2)), ICHYIOTH MOMEH-

i qacy tg,...,tn € To (n € N), raki, mo tg = t, t, = 7 I jst goBiabHOrO k € 1,n Mae micne
criBeigHommernst, hy (ty) <—(+) ha (tx—1). 3Biacu, Ha ocHOBI piBHOCHIBHOCTI (21 ), IPUXOIUMO JIO BU-
CHOBKY, mot =ty < -+ < t, = 7, T06T0 t < 7. HaBnakwu, sikmo t,7 € Tq i t < T, TO, Ha OCHOBI

piBaocmbHOCTI (21), orpuMyemo hg (T) <—(+) ho (1), 3Bigkn, 3a o3nadenusm 6 (mynkr 2)), maemo,
hy(T2)
hy (1) «=(+) ha (t). Kpim Toro, ockinpkm, 3a ¢popmysoro (19), ha (t1) # ha (t2) mpu ty # ta, To 3 He-

piBHOCTI t < T BHmHBAaE, 1m0 ha (1) # hy (t). Takum guxom, mis josiibaux t,7 € To cripaBempinBa

HaCTYITHA PIBHOCHJ/IbHICTD:

hy(T2)

(t<7)= (hz (1) «=(+) ha (t)> & (hy (1) # hy (1)) (22)

3 copmymn (20) i piBHOCHIBHOCTI (22), HA OCHOBI O3HaYeHHST 7, BHILIHBAE, 10 hy € XpoHOMEH-
TPUYHAM IIPIECOM JJIA dacy 5, TOOTO Ijeif 9ac € BHYTPIMIHIM 3 XpOHOMETPHIHHM IpornecoM hs.
Ilo it HeobxigHO GYJIO IOBECTH.

2. JloBegemo, 1o dac 1/)% € BHYTpIIIHIM 3 xpoHoMeTpuaHuM 1porecoMm hs @ Ty — o{1.2} —
9B5(Ms) pypn camuM, 1o I B npukaazi 1, skmii, 3rigHo 3 ¢popmynavu (3) 1 (4) moxua mozaru y
BUIJISIII:

{1} ) t=0
hy(t) = ¢ {1,2} =Bs (M5), t=1 (teTs). (23)

2}, t=2
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Brignao 3 popmymnamu (23) i (18), maemo:

hs(t) C {1,2} = ¢5(t) (teTy). (24)

Tomy, BpaxoBytoun caxr (3*), Bcrano/ennii B npukJiai 1, IpUXOIUMO JI0 BUCHOBKY, 1[0, 38 O3Ha-
yeHHAM 7, hg € XpOHOMEHTpHIHIM IIPIECOM /IS 4acy 1%7 TOOTO M€l Jac € BHYTPIIITHIM 3 XPOHOME-
TpuaHEM nponecoM hg. Illo it HeobXiaHO 6yJI0 JOBECTH.

Takum THHOM, MH OaIHMO, IO HA CHHXPOHI3OBaHINl Opi€eHTOBaHIM MHOMKMIHI <M§, Y%) BHYTpi-
IITHIM 9ac, M0 TOPOXKY€E OJHOIACHICTH Y% HE € €JUHUM.

Teopema 2 i npukiaam 1 Ta 2 MOPOMKYIOTH HACTYITHI TPpOOJIEME, BiAIOBIIb Ha sIKi Ha JTAHUN Jac
HEBI1TOMa.:

IIpobnema 2. Ha curxponizoBamiii opiearopamiii muoxxkuni (M,Y) 3Hafita HEOOXigHY i JOCTATHIO
O3HaKy ICHYBaHHSI BHYTPIIIHHOTO 9acy 1), II0 MOPOPKYE OJHOYACHICTD Y .

IIpobnema 3. Ha curxponizoBamiii opiearoBamniii muoxxkuni (M,Y) 3HafiTa HEOOXiAHY i JOCTATHIO
O3HaKy ICHyBaHHS 1 €IHHOCTI BHYTPIIIHHOT'O 9acy 1), MO IOPOJKYE OAHOYACHICTH Y .

4 HEOBXIJJHA O3HAKA ICHYBAHH$ BHYTPIIIHBOTO YACY HA CUHXPOHIZOBAHIN
OPIEHTOBAHIN MHOXKWHI

B 1pomy posgisii OyJie BCTaHOBJIEHO OJIHY HEOOXi/Hy O3HAKY iCHyBaHHS BHYTPIIIHBOIO 4Yacy Ha
CUHXPOHI30BaHIl Opi€HTOBaHI MHOXKUHI, IKY MOXKHA BBaXKaTH IIEBHUM HAOJIMKEHHIM JI0 PO3B’s13a-
HHs TpobjemMu 2.

Jtst bopMystioBaHHs i€l 03HAKYM HEOOXITHO BBECTH JesIKe OCIabIEHHsT TOHITTS Iy TIABOI OTHO-
TaCHOCTI.

(M)

Osuauenns 10. Hexaii M — opienrobana muoxknua. Oxnodacmicrs Y C 279 OyzmeMo Ha3M-

BaTH CJaOKO 49yTJIHMBOIO, SIKIIO JIIs JOBLIbHUX T,y € Bs(M) rakux, mo y<—x i © # y IcHyIOTDH
Y
muoxuuan A, B € Y raki, mox € A, y € B i B«(+) A.

BayBaxkeHHs 2. Besnocepentno 3 osnadens 10 ta 8 (myHKT 1)) BumimsBae, Takuii BHCHOBOK:

2%5(./\/()

e ko ogmogacHicts Y C € 9yTJIMBOIO, TO BOHA € CJA0KO UyTJIMBOIO.

IHpuknan 2 nokasye, 1o obepHeHe TBEP/RKEHHsI, B3araJi Ka)Kydu, He BUKOHYEThCs. JIerko jjoBecTH,

IIT0 OJTHOYACHICTH Y% B IIbOMY IIPHKJaJl € caabko dyTauBoio. IIpoTe, OCKIIBKH OJHOYACHICTD Y%

CKJIAJAE€ThCsT Jmnne 3 ogHiel muoxkuau {1,2} = Bs (/\/l§), TO Y% HE € YyTIUBOI0 (60 SKIIO JIJIsT

z,y € Bs (M@) TaKHX, IO Y <— T 1 T # Yy MH MaeMO MHOKHUHU A, B € Y% Taki, mo x € A,y € B i
v

B «(+) A, 0 Bce onuo orpumaemo pisaicts A = B).

(M)

Teepmkenns 4. Hexaii M — opienroBana MaokuHa. SKImo ognodacuicts Y C 279 € c1abKo

qyT/INBOIO i HEIMIOBTOPHOIO, TO BOHA € Y9yTJ/INBOIO.

Jlosedenma. Hexaii onmouacuicrs Y C 2%5M) ¢ cjabko uymmmsoro i merosroprowo. PosriisiHeMo

JoBinbHI x,y € Bs(M) Taki, mo y <z i  # y. Ockinbku oxHovacHicts Y — c1abKO IyT/InBa, TO,
Y
3a oznadeHHsM 10, icayiors MHOkUHEE A, B € Y Taki, mo z € A, y € B i B «(+)A. Ockinpku
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B «(+) A i ognouacuicte Y — HENOBTOPHA, TO, 3a O3HavYeHHsAM 8 (myHKT 2)), piBnicTh A = B

Y Y
— HeMOXKJMBa (60 B IIPOTH/IE’KHOMY BHIAJKY MU orpuMaeMo B «—(+) A i A «(+) B). Orxe, nis

JoBLIbHUX X,y € Bs(M) rakux, mo y«x i x # y icayiorb A, B € Y taki, mo ¢ € A, y € B,
Y
A # Bi B«(+)A. Tobro, 3a o3nadenusiv 8 (myHKT 1)), oxHOUacHIiCTh Y € UyTJIMBOIO. O

Huxue, B mpukiiazi 3 Oyjie moka3aHo, 10 TBEPIKEeHHsI, 0bepHeHe 10 TBEPKEHH 4 — He cIpa-
BejymmBe. B mipoMy mpukiiagi O6yie mo0y10BaHO UyTIIMBY, ajie He HEIIOBTOPHY OJHOYACHICTB.

3ayBaK1MO, 10 TBEPKEHHsI 4 J1a€ 3MOI'y JIEIIO IOCIabUTH 3aCHOBOK Teopemu 2. B pesyiabrari
OTPUMYEMO HACTYIIHUN JENO MOCUJIEHUH BapiaHT IIi€l TeopeMu:

Teopema 3. Hexait M — opiearoBana MHOXKHHA. [[js1 JOBLIBHOI CJTAOKO 9y T/IMBOI, HEIIOBTOPHOI 1
MOHOTOHHO-3B’s13H01 ofHO4YacHocTi Y Ha M icHye enquHuii 3 TOYHICTIO JJO €KBIBAJEHTHOCTI XPOHO-
Jlorizanifi BHyTpimnii yac 1 taknii, mo'Y =Y.

CupaBeyinBa HacTyIIHA HeOOXiJIHA O3HAKA iCHYBaHHsI BHYTPIIIHBOIO Yacy Ha CHHXPOHI30BaHii
OPIEHTOBaHI#l MHOXKWHI:

Teopema 4. (ko Ha cuHxpoHizoBaHiii opienToBaniii Muoxuui (M,Y) icHye BHyTpiniHiii dac 1),
[0 IOPOJKY€ oxHodacHicTh Y, TO ogHOodacHIicTh Y € CJIaOKO-IyTIHBOIO I MOHOTOHHO-3B SI3HOIO.

Jlosedenns. Hexaii (M,Y) — cunxponizoBana opieHroBana MHoxkuha, ¥ : T — 2Bs(M) _ gy-
Tpimmiit wac Ha M, taknii, mo Yy = Y, e T = (T,<) — uiniiino ynopsikoBana MHOXKHHA i
h: T — 2%WM) _ xponomerpudmuit mporec st gacy .

1. Hexait z,y € Bs(M) — enemenrtapni cranu Taki, mo y<x i © # y. Toxi, 3a o3Ha-
YeHHsIM 2, ICHYIOTH MOMMHTH d4acy ti,te € T Taki, mo x € ¥ (t1), y € ¥ (t2) i t1 < ta.
Ockinmpru t; < t2 i h — xponomerpwunmii mporiec, To, 3a o3HadeHHAM 7 (IyHKT 2)), MaeMo

h(T)

h (t2) «—(+) h (t1). Jaui, 3a osnagennsam 7 (myskT 1)), st gosinsHoro ¢ € T maemo h(t) C v (¢),

tomy h(T) = {h(t) [t T} C {¢(t) |t € T} =Y, =Y. Orxe, 3a TBep/KeHHsM 3 (IIyHKT 2)),
h(T)
i3 cuisBiguomenns h (t2) «—(+)h(¢1), Bpaxosyoun, mo h(t1) C ¥ (t1), h(ta) C 9 (t2), orpu-
Y

MaeMo 1 (t2) «—(+) ¢ (t1). dxmo nokmacrn A = 1 (t1), B = v (t2), To orpumaemo, A, B €
Y

{W)[teT} =Yy, =Y,z (t1) =4, ye€(tz) =BiB«(+)A Orxe, g z,y € Bs(M)
Y
TaKUX, M0 Y < & 1 & # y icaytorb mHoxkunu A, B € Y taki, mo z € A, y € Bi B«(+) A. Tomy, 3a

o3nadenusM 10, ognodacHicTs Y € CIabKO 4y TJINBOIO.

2. Posrasmenmo josineni A, B € Y raxi, mo A # B. Ockinbky, 3a ymosoio, Y = Yy, TO icHyIOTD
t,7 € T raxi, mo A = 9 (t), B = v (7). Ockinbku, 3a ymoBow, A # B, To 3 ocraHHIX piBHOCTE]
BurinBae, mo t # 7. Tomy, ockinbku T — JiHiiiHO yHOpsiIKOBaHA MHOXKHHA, MOYXKJIMBI JIMIIE J1Ba

Bunaaxu: t < 7 abo 7 < t. 3Bigcu, ockiibku h — xponomerpudHmii porec, 3a O3HaYeHHsIM 7 (ILyHKT
h(T) h(T)
2)), y Bunaaky t < 7 orpumyemo h(7) «(+)h(t), a y Bunaaky 7 < ¢t orpumyemo h(t) «(+)h(7).

OTxKe, BUKOHYEThCST X049a 6 0HA 3 YMOB

h(T) h(T)
h(7) «(+)h(t) abo h(t)«(+)h(r). (25)

Ockinbku h — xpoHoMeTpu9HHUI poriec it Jacy 1, 3a o3HadeHHsaM 7 (myHKT 1)), MaeMo:

h(t) C %(t) = 4; h(r) C (r) = B.
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Haui, BpaxoBytoun, 1o, 3a jgosegernm suile, h(T) C Y, BukopucroBytoun criBsijgHorenHs (25)
Ta, TBepiKeHHst 3 (LyHKT 2)), orpuMyeMo, 1o Juisi MHOXKUH A 1 B cupasejyuse xoda 6 ojHe i3
CIIiBBI/THOIIIEHD:
Y Y

A«(+)B abo B«(+)A. (26)
TakuM 9uHOM, MU JOBEJH, MO st qoBiibaux A, B € Y rmakux, mo A # B cunpasemse xo4a 0
oziHe i3 cmiBBigHomenb (26). A ne, 3a o3HaveHHsIM 9 O3HAYAE, IO OJHOYACHICTH Y € MOHOTOHHO
3B’SI3HOIO.

Teopemy MOBHICTIO JTOBEJIEHO. O

Hacrymaunit npukiag mokazke, mo TeopeMa 4 He Mae “3BOpoTHBOI cuin’. B mpomy mpukiiasi
JIOBOJINTHCS ICHYBaHHS IyTJIUBOI i MOHOTOHHO-3B’SI3HOI OJHOYACHOCTI, K& HE MOPOJKYE 2KOIHOT'O
BHYTPIIITHBOTO Jacy.

Ilpuknan 3. Hexait n — marypaJbHe 4HCJIO0 Take 1o n > 3. Po3risHeMo Opi€HTOBaHY MHOXKHHY
) .
M, mo 3a/10B0/IbHSIE TaKi yMOBH:

(MG def:1) Bs (MY) ={1,2,...,n} =7;

(./\/l%def:2) s z,y € Bs (M% ) CIIBBITHOIIIEHHST Y 4— & BHUKOHYETHCS TOJI I TIIBKH TOI, KOJIH
y=ux aboy=x+ 1 (modn).

. . + .
Posrusinemo siosinbhi eneventn x,y € Bs (MY) = {1,2,...,n} Taxi, mo y < z. Ockinbkn, 3a 1o-
. .. . O def,
3HaveHHAM 1, i3 0CTAHHBOrO CHIBBIIHOIICHHS BUILIMBAE, TIO Y 4— T, TO, 3TiJAHO 3 yMoBoio (M=% :2),
Ma€ Miclle X049 oJHe i3 criBBigHONIeHb Yy = x abo y = v + 1 (modn). Aue, Bunajgky x =y, 3a ymo-
Odef, .
Boro (M3=9%:2), orpumyemo y<—x i x<—y. Omke B ULOMy BHIIAJKYy, 3a IIO3HAYCHHsM 1, yMOBa

+
Y <~ & BHKOHYBATHCH He Moke. ToMy €IHHOMOXK/IMBHM 3aJHINAECTHC BHNAA0K Yy = « + 1 (modn).

TakuM YUHOM JJIsl JOBIIbHUX X,Y € BS (Mg) CIIpaBEJJINBA HACTYIIHA JIOTTYHA IMILIIKAIIS:
(yix) — (y=2x+ 1(modn)). (27)

Hapniaku, nexari

y=x+1(modn). (28)
Tosti, 3rigHO 3 YMOBOIO (/\/l% dEf:2), orpumyeMmo Yy < x. llpuiyctumo, 1o yMoBa I <—1Y TaKOXK
sukonyerscs. Toxi, 3a ymosoo (MY def.2), mae wmicme xoua 6 ogum 3 BumaikiB T = y abo
x =y + 1(modn). Asre BunajoK © = y HEMOXKJIHBHI, OCKIIBKH y I[bOMY BHIIAJKY, 3rigHO 3 (28),
maemo x = z + 1 (modn), ro6ro 0 = 1 (modn), mo zHemoxkmBo, 60 n > 3 (3a ymosoro). Bunajjok
x =y+1(modn) rakoxk HeMOKJIMBHI, OCKIIbKH y IIbOMY BHIIJKY, BpaxoBytoun (28), orpumyemo,
y=z+1=(y+1)+1=y+2(modn), robro 0 = 2 (modn), mo zemoxk./mIBO, 60 N > 3 (3a yMo-
Boro). Takum gunOoM, ko y = x + 1 (modn) 1o y < x 1 x <+ y, T06TO y(ias OTtre, BpaxoByIOUH

iMmiKarifo (27) st JUist JOBUIbHEX T,y € Bs (./\/l(ﬁ§ ) OTPHUMYEMO JIOTIYHY PIBHOCHJIBHICTD:
<y<ix) <~ (y=z+1(modn)). (29)

Ha opienroBaHiii MHOXKHHI M% BBEJIEMO HACTYIIHY OJHOYACHICTB:

YZ = {{1},{2},...,{n}}. (30)
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. . D) .
OcKILbKu OTHOYaCHICTb Y(ﬁ/ CKJIaIa€TbCs JIMIIIE 3 O/IHOCJICMEHTHHUX MHO>KHH, TO JJIsd /IOBlIJIbHUX

z € Bs (./\/l% ) iAe Yg BHKOHYETBHCST PIBHOCHIBHICTD:
(r € A) <= (A= {x}).

Tomy, 3rigro 3 oznadennsM 6 i piBHocuIbHICTIO (29), 1151 TOBIIbHIX MHOKHH A, B € Y% OTPHMYEMO

TaKy PIBHOCHJIBHICTB:
(B (+)A) <= T,y € Bs (MS) ((A —H&B={y)&(y=a+1 (modn))). (31)

Zosenemo, 1o st goBliabHux A, B € Yg MAarOTh Miciie 06H/IBa CITIBBITHOIIICHHST:

Y9 YY
B«(+)A i A«(+)B. (32)

151 bOro 10CTaTHRO MOKA3aTH, IO /I JOBLIbHHX A, B € Y% BHKOHYEThCS IIeplle I3 HABEJCHUX
criBBigHOmens (60 Apyre OTPUMYETHCST 3 HEPINOro nepectanoBkoio svinnux A 1 B). Orxe, nexaii,
A, B € Yg. Toui, sriguo 3 (30), icuytors x,y € Bs (M%) raki, mo A = {z}, B = {y}. Tomy, y
BunaaKy x <y, 3rijHo 3 (31), orpuMaemo:

B={y} ¢ {y- 1} & {ap =4,

YO
ae{yt {y—1},....{z} € Yg. 8Biacu, 3a oznadenusaM 6, maemo, B «(+) A. A y Bunajgky y < z,
3rijiHo 3 (31), orpuMaemo:

B={y}&{y—-n&.. . fmEmyEm-11& & =4

(e < 1 < — crangapTHi BIIHOIMEHHS JIHIHHOTO MOPSIKY Ha MHOXKHHI HATYPAJIbHAX dHCesT). 3BIICH,
v
3a o3HadeHHsIM 6, 3HOBY orpuMaemo, B «—(+) A.
I3 criBBiiHOIIEHD (32) (SIKi BUKOHYIOTHCSI JUIsi 1OBLIbHUX A, B € Yg ), 3a o3HadeHHsIM 9, BUILIH-

Ba€, HACTYIHUH BHCHOBOK:
(Concl) OpmovacHicTb Yg € MOHOTOHHO 3B’SI3HOIO.

Posristnemo ngoBiibHI x,y € Bs (./\/l% ) TaKi, mo y < x i x # y. Iokaaxzemo:

A:={z}, B:={y}.

o
Y3

Toui oueBnano, mo x € A, y € B i A # B. Kpim Toro, 3riguo 3 (32), maemo B «(+) A. Orxke, 3a

o3nadeHHsM 8 (MyHKT 1)), OTPUMYEMO TaKuii BHCHOBOK:
(Conc2) Opnmouacicts Y5 € 4y TuIHBOIO.

ZloBenemo, 1o Ha OpIEHTOBAHIH MHOXKHHH M% He ICHY€ BHYTPIIITHBOTO Yacy, IO IOPOJKYE OJHO-

JacHICTh Y% (TobTO TAKOrO0 BHYTPIIIHBOIO Hacy g, IO Y% = Yy, ). Cupapzi, npuirycTumo, Imo
o . . 14 .,

Yo Top — 2Bs (M3) BHYTPIHIHIH Jac Ha ./\/l%§ TaKHH, 1o YS = Yy, 3 XPOHOMETPHIHHM IIPO-

pBe(5)

necom hy 1 Ty — , 1e Tog = (To, <o) — Jinifino ymopsiikoBaHa MHOXKHHA. 3 PIBHOCTI
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Y5 =Yy, = {to(t) | t € To}, (ockimbkn sei eementu opnovactocri Y5, srinno (30), — ommoere-

MEHTHI MHOXKHHH) BHILIUBAE, IIO:
st mosisbroro t € Ty muoxkuHA Yo (t) € 0qHOECTIEMEHTHOIO. (33)

Takox 3 piBHOCTI Yg =Yy, = {¢o(t)|t € To}, BpaxoBytoun pismicts (30), B sKiii, 3a yMOMBOIO,
n > 3 BUILIHBAE, M0 MHOXKHHA T§ MiCTHTH OijIbIlle JIBOX €JIeMEHTIB.

Ockinpkn hg — xponomerpmdnmii nponec Jist 9acy g, TO 3a O3HAYEHHSIM 7, JJIS JJOBLIBHO-
rot € Ty maemo hg (t) C 1) (t), ame 3 BpaxyBanmsM BHCHOBKY (33) i 3ayBakemnsi 1 3 ocram-
HBOI'O BKJIIOYEHHsT OTpHMYeMO piBHIicTb, ho (t) = 1o (t) (t € Ty), 3 Kol Bummsae, mo hy (Ty) =
{ho () [t € To} = {to (t) |t € To} = Yy, = Y5 . Tomy, paxosytoun (32), mus gosinsunx t, 7 € To

OTPUMYEMO:
ho(To) ho(To)

ho (1) = o (1) «(+) %o (t) =ho (t) i ho(t) «(+)ho (7).

Ockinbkn hy — XxpoHOMETpHYHHIT IPOIEC, TO 3 OCTAHHIX CIIIBBIHOIIEHD, 38 O3HAYEHHSIM 7 (ILyHKT 2))
apu t # T OTPUMAaEMO, IO OJHOYACHO CIIPaBEIHBI 0buaBI HepiBHOCTI t <o T 1T <o t (€ <@ —
BIJTHOIIICHHST CTPOTOro MOPSIJIKY, MOPO/ZKeHe HECTPOIHM MOPSAKOM <), 1o HeMoxKiuBo. OcTaHHs
CyTrepevdHiCTh JOBOJUTH, [0 BHYTPIIIHBOTO Yacy, 10 MOPOIXKY€E OJJHOYACHICTD Yg He ICHYE.

Taxum wmunoM, srigno 3 sucHoskamn (Concl) i (Conc2), oxmouacuicts Y5 € dyrmmsoro i

5 . . o . .

MOHOTOHHO 3B’sI3HOI0. AJie IIpH IIbOMY Ha opieHTOBaHii MHOMHHHE M He icHy€e BHYTDIITHBOTO 4acy,

1110 MOPOJIZKY€E OJTHOYACHICTD Yg )

5 BUCHOBKMU.

OcHoBHI HOBI pe3yabTaTH POOOTH MOXKHA C(OOPMYITFOBATH HACTYIIHUM THHOM:

1. Ilokasamo, 10 oTpUMaHa B MOMEPEIHIX POOOTAX MOCTATHS O3HAKA ICHYBAHHS 1 €IUHOCTI BHY-
TPIIIHBOTO Yacy He € HeoOxigHow. HaBeneHo MpuKia  CAHXPOHI30BAHOI OPIEHTOBAHOT MHOXKH-
HU, JIJIsE 9KOI iCHy€ 1 €uHUil (3 TOYHICTIO /IO €KBIBAJIEHTHOCTI XPOHOJIOTI3aIliii) BHYTPIIIHI
MTOPOJIKYIOUNIT Yac, ajie IPU IIbOMY BiJITOBiHA OMHOYACHICTH HE € HEITOBTOPHOIO.

2. HapejneHo mpukJ/iaji CHHXPOHI30BaHOI OPI€EHTOBAHOT MHOXKWHU, /I KOl iCHYIOTDH JIBa BHYTPi-
IITHI 9acW 3 He eKBIBAJEHTHUMHU XPOHOJIOTI3AIlsAMU, IO 11 MOPOJIKYIOTh.

3. Bcranossieno oy neoOXiiHy 03HAKY iCHYBaHHS BHYTPIITHHOTO Yacy Ha CHHXPOHI30BaHiil opi-
€HTOBaHI MHOXKMHI 1 MOKa3aHo, IO IIsT HEOOXiAHA O3HAKa HE € JOCTATHLOIO.
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ITPO BHYTPIIIHIN YAC...

Grushka Ya.l. On internal time on a synchronized oriented set, Bukovinian Math. Journal. 13,
2 (2025), 96-113.

Oriented sets are the simplest mathematical structures that model collecti-
ons of evolving objects. This work is devoted to the problem of the existence
of internal time on a synchronized oriented set. From an intuitive point of vi-
ew, internal time is the time whose flow can be "observed and recorded" while
"living inside" the oriented set. In the paper we prove that the sufficient conditi-
on for the existence and uniqueness of internal time on a synchronized oriented
set, obtained in previous works, is not a necessary one. Also we establish some
necessary condition for the existence of internal time on a synchronized oriented
set and show that this condition is not sufficient.
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MaremaTudHa MoeJib BILIMBY 3a0pyaHEHHsI 30BHIIIIHHOI'O CepeIOBUINA HA iMYyHHY

BiAMOBiAbL OpraHiamy JIIOAUHU

3aponoHOBaHO MaTeMATUIHY MOJE/b IMyHHOT BiOBini Ha iHdeKIiiiHe 3aXBOPIOBAHHS 3
ypaxyBaHHSIM BIUIUBY 3a0pyaHeHH:A TOBKiad. PakTop 3abpy/iHEHHS ONUCYETHCS y3arajbHe-
HUM piBHsSIHHSIM laTdiHCcOHa 1 BILIMBaE Ha (DOPMyBaHHsI KaCKally ILUIA3MOKJITUH 1 yparKeHHsI
opramy-Mireni. BcranoBieno yMoBH iCHYBaHHS €HMHOTO PO3B’f3KY MATEMAaTHIHOI MOJIENI Ta
fioro meBia'eMHuicTh Ha miBoci gy t > 0.

3uaiiieHo crarioHapHi po3B’sI3KM MOJesi Ta yMOBH iX icHyBaHHs. JlocitijzkeHO CTiHKiCTb
CTAIliOHAPHOTO PO3B’A3KY, SIKUil XapaKTepU3y€e CTaH BiJACYTHOCTI iHMEKIIHHOTO 3aXBOPIOBAHHSI.
OTrpumana OIiHKa BeJTMYNHU 1H(MIKYBAHHS y TOYATKOBUII MOMEHT Yacy, IIPU siKiil He BinOyBae-
THCsI TOCTPOI UM XPOHIIHOT (hopMU iHEEKIIHHOr0 3aXBOPIOBAHHSI.

Karwuwosi crosa i pasu: MaTeMaTwdHa MOEb, CTAIIOHAPHUN PO3B’S30K, JAUCKPETHA MO-
Jenb, 6idypkaliis, JUHaMIvHI CUCTeMU, CTIfKiCTh, iIMyHHA BiJIOBi/lb, MOMYJIAIisI, 3aIi3HEHHS,
AHTUTEHU, TLIA3MOKJIITUHU.
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Becryn

YV MeauuHiil TPAKTHUI CIIOCTEPIraeThCs BIIUB €KOJOTiIHuX (paKTOpiB Ha 1mepebir pi3sHoro poiy
3aXBOPIOBaHb, 30KpeMa IIpH iMyHHiii Bijnosiai opranismy Jrouan Ha indexniiini 3axsoproBanus [1],
[2]. Takuit dbakTop Moxke CKIaIATHCH 13 GAaraTboX YMHHUKIB, 30KpeMa 3a0py/HeHb IIOBITps, BOIU,
XapYOBUX MPOIYKTIB TOIMO. MOXKyTh H0aBaTHICS TAKOXK BIIMBU COIIAJILHOTO XapaKTepy, BUKJINKAH]
romupenasaM indopMariitnnx deiikis, indopmarliiero Mpo KaracTpodu abo /il BOEHHOI'O XapaKTepy.
Eminemil i mapmeMil cylIpoBOIKYIOTHCS 1HMEKIIHHIMEI 3aXBOPIOBAHHSIMI, MEXAHI3MOM 3aXUCTY Bill
SIKUX € IMyHHa CHUCTEMA JIIOJUHU, SKa 3a0e31euye 3aXUCT OPTraHi3My BiJl 1y»KOPITHUX aHTUTEHIB.

O/ ivH i3 HAIPSIMKIB JIOC/IIJKEHb Y MaTeMaTUUHIA iMyHOJIOTNT I'pyHTYETbC Ha 0a30Biit Mojesti

iMyHHOI Bianosini Ha iHdexIiiini 3axBoproBanHsi, 3anpornonosanol I.I. Mapuykom [3], i posBunyTuii
VIK 517.9+612.017
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y Gararpox mpargix, nanpukiaazs s [4], [5], [6], [7], [8], 3okpema mist konkperHux indexuifinux 3a-
xBopioBatb [9] ra in. Maremarnuna mMoiens y pobori 3] onucyerbest cucremoro judepeHiiaabHUX

PIBHSIHD i3 3alli3HEHHSIM apryMeHTy i HaOyBae BUTJISIIY:

av

2 —(B—~F 1
ar ~ v 1
ac %

E = ag(m)‘/;'FT - MC(C -C )a (2)
dF

o = PO mEV =, (3)
dm

dat oV — pmm, (4)

Jie 3MIiHHI IPeICTaB/IsI0Th OCHOBHI (bakTopy iH(deKIiitHOro mporecy. IMyHHa BiAIOBIIbL BKIIOYAE BU-
pobaennst crienudivnnx 06’ekriB (anTuTin F (1)), siKi reHepyIOThCs KACKAIOM ILIa3MaTHIHIX KJITHH
C(t). Aururina 37aTHi HefiTpasizyBaru abo 3HUIYBATU YyXKOPiAHI Marepiajn (AHTUTEHM), Kilbh-
KicTb abo KoHmeHTpartlist skux V(t) 3miHooeThest 3 gacom t > tg = 0. Momesib Takoxk BKIIIOYAE
BisiHOCHY Mipy m(t) ypasKeHHsI OopraHy-MillleHi, siKa CIy>KUTh y3arajJbHEHOI MIPO0 IOIIKO/[XKEeH-
Hsl oprany, cupuanHeHoro anturenamu; {(m) = 1 qus m € [0,m*] 1 £(m) = (m — 1)/(m* — 1)
st m* < om < I;m* € (0,1). dxmo m € [0, m*], To ypaxeHHsi opraHy He BIUIMBAE Ha (DyH-
KIioHyBaHHa imMyHHOI cucremu. PaxrTop zamisuHerHs 7 > 0 Bigirpae BaKJIuBYy pOJb y MOJIEJI,
OCKIJIbKHU BiH 3aj7a€ Yac Big MOMeHTY iH(IKyBaHHs 10 aKTHUBAIlll MeXaHi3MiB iMyHHOI BiAmoBiii,
Vit)=V(t—71),F.(t)=F({t—rT).

Y mamiit craTrTi MOIEH — IMYHHOI BIJIIIOBIJTI JTOCTIJIZKY€EThCA 13 BpaXyBaHHAM €KOJIOTTIHO-
ro daxrTopy Ha mepebir iHdeKIiiHOro 3aXBOPIOBAaHHS, 30KPEeMa, BCTAHOBJIEHO yYMOBU iCHYBAHHS
i HeBiT'eMHOCTI PO3B’{3KYy, 3HAIEHO CTAHW PIBHOBATW Ta JOCJIIXKEHO 1X CTIfKICTb 1 MPOBeIeHO

KOMIT' IOT€pHE MOJE/TIOBAHHA INHAMIKH MOJIEJII.

1 EKOJIOTTYHUN ®AKTOP

[Tpumnycrumo, mo Beamyanna 3abpyauHenas F(t) omiHoerbes y BimHocHnx onumanigx, 0 < E(t) <
1, 3MiHIOETBCsI 3 9acoM 1 € cymoio KoMiouenT Fy(t):

E(t) = alEl(t) + ...+ amEm(t),

Jie Barosi koedimientu a, > 0,a1 + ... + a,, = 1. Oyuxuia F(t) 3a BigcyTHOCTI 3HAYHUX 30yPEHb
Ma€ KOJIMBHUI XapakTep i cTabinizyerbes 3 wacoMm BimaocHo pestkoro 3uadenus K, 0 < K < 1, sike
BIJIIIOBI/1a€ HOPMATUBHOMY DIiBHIO 3a0pyHEeHHs JT0BKLLIsA. ToMmy BBaskaTuMemo, mo ¢yukiis E(t) e

PO3B’{3KOM y3araJibHeHOTO piBHsSHHS [aTdincona:

db;it) :r<1_ <E(tK_A>>n> E(t),t > 0. (5)

Tyt 0 < r — koedirienT JiHiitHOTO pocTy, A — ycepeHEHNI Jac BiTHOBJIEHHST €KOJIOITYHOI piBHOBAru
Bimnocno F = K. Ilapamerp n € N 1103BoJIsi€ aJIeKBATHIIIE MOJC/TIOBATH JIUHAMIKY 3a0pY/IHEHHS.

[TouaTkoBa ymMoOBa JiJisi PO3B’SI3KY PiBHSIHHSI HaOyBa€ BULJISLY:

E(t) = Eo(t), 0< Eo(t) <1, tel[-A,0. (6)
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Posp’s130k 3am1a1i , @ HeBi'eMumil it o6mezkenuit pu ¢ > 0 [10]. Hayaui BBaxkaTrumemo, 1o
E(t) < 1luput € [-A,00). Baminamu E(t) = K(1 + z(t)),t = As, piBusHHs 3BOJIUTBCS 10
BUIJISIITY

dx(s)
ds

ne [ — neminiiina dynkuis aprymentis z(s) i z(s — 1), f(0,0) = 0. Tomy acumnrorudna CTifikicTs

= —rnAz(s — 1) + f(z(s),z(s — 1)),

crarionapaol Toukn E = K jocsiraeTbest ipu BUKOHaHHI yMoBH [§]:
0 <rnA < m/2. (7)

[Tpu nepexoni gepes Touky 6idbyprarii rA = 7/2n BunuKae nepiogumaanii po3s’si30k. CrarionapHuii

po3B’a3ok E = 0 — HecTiilkuii.

2  MOJAEIb IMYHHOI BIJIIOBIAI

Y mogesti iMmyHHOT Bimmosimi — 3aIIPOIIOHOBAHO HACTYMHI 3Mminu. [IpumycTumo, mo B3aemo-
nist aHTHreH-aHTHTIIO HabyBae Burasaay FFV, k € N, i xapakrepusye CHIbHY IMyHHY BifIOBiIb.
By exosioriunoro dgaxropy E(t) y momesni — BPaxyeMo, PUITYCTUBIIH, IO PICT BEJIUYUHU
3abpy/HenHst E(t) CIOBIIBHIOE MIBUIKICTH yTBOPEeHHsI KacKa Ly IiasmokiaiTud C(t) 1 moriprienHst
eKOJIOTIYHOrO CTaHy Bejie JI0 3MEeHIIEeHHs IBUIKOCT] BiJIHOBJIEHHs opraHy-mineni mi(t).

V mifgcyMKy guHAMiUHA CHCTEMa iMyHHOI BiIITOBi/l HAOyBA€ BUIJIALY:

= (5 -V @), ®)
O — 0OVt~ 7)F(t — 1) — pelC1) — C°) — eB0), (9)
U = 0C(0) ~ (1) —mV (O, (10)
%’: — oV (t) = pmm(t) + emE(t), (11)

Jie TTapaMeTpu HabyBaIOTh HEBi/I €eMHUX 3Ha4YeHb. 1[09aTKOBI yMOBU MAIOThH BUTJISII:
V() =0,t € [-7,0], Vo = Vo 2 0; F'(t) = Fo(t) > 0, Fp € C[-,0]; (12)
C(0) = Co > 0;m(0) = mg € [0, 1).

3 HEBII’€MHICTh PO3B’SI3KY MOIEJII

Teopema 1. Hexait koeimieHTH cucTeMu DIBHSIHB @, (@f i MOYaTKOBI 3HAYEHHS PO3B SI3KY
npu t = 0 HeBij'eMHi, iCHye HellepepBHHUI PO3B’S30K CHCTEMH 3 II0YATKOBHMH yMOBAMH npu

t > 0 I BUKOHYIOTBCSI HEPIBHOCTI:
Co>C" e < pcC™. (13)

Toxi po3B’sI30K MOYATKOBOI 3a/1a1l @f HeBix emumit mpu t > 0.

Jlosedenna. Hesin'emuicts poss’siaky V(t) npu t > 0, BummBae i3 306parkeHHs

vio=tvies ([ - VHs)s) 20

SAKe OJIEPKYEThCA 3 PIBHAHHS . AHaJIOriYHO JOBOAUTHCST HEBIJI €MHICTH PO3B’SI3KY 3a1adl , @
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Ockisbku V (t) > 01 E(t) > 0, ko t > 0, T0

m(t) = moe Fmt 4 /Ot e Hm (t—s) (0V(s) + emE(s)) ds > 0, ¢ > 0. (14)
Ha simpisky [0, 7], BpaxoBytoun ymosy ([13]), maemor:
Ct) =C"+(Co— CT)e " —ec /Ot e =) B(s)ds > C* — % > 0.
Axmo F(0) > 0, o F(t) > 0 ua inrepsaii (0,t1),t1 < 7. Hexaii F(t1) = 0, roui dF(t1)/dt <0, ajne
dFd(ttl) = pC(t1) — TI’YFk(tl)V(h) — ucF(t1) = pC(t1) > 0,

1[0 CYIIEPEYUTD MPUILY IEHHIO.
Otrxe, F(t) > 0 npu t € [0, 7]. Ockinbu &(m) > 0, To aus t € (7,27]:

dcc(lit) = a{(m(t))v(t — T)F(t — 7') — /’LCC* _ ch(t) > NC(C(t) B C*) . ECE(t).
Axmo C(ty) = 0,7 < ty < 27, TO
dC(ty) .
o7 > puC* —e.C >0,

IO CyIIePeYnTh NpuiyIieHno, ockiibku dC(t2)/dt < 0. Anasoriuno poBoaurhest, mo F(t) > 0 npu
t € [27,37] i Bigmosinmo V(t) > 0, i gani ma Bigpisox [vT, (v +1)],v > 3.
OrKe, PO3B’SI30K MOJIE] HEBIJI €eMHMI ITpU 3POOJIEHUX TPUITY IIEHHSIX. O

4 ICHYBAHHA I €IMHICTb PO3B’A3KY

Posryisinemo nutanns icHyBaHHS 1 € IMHOCTI PO3B’sA3KY 3aJ1adi —.

Teopema 2. Hexaii KoegilieHTH CHCTEMH PIBHSIHD @, @)f i MOYaTKOBI YMOBH HEBIJ €MHI,
BHUKOHYTOTBHCST YMOBH . Toni npu t > 0 icHye eauHME PO3B’SI30K 3a/a4i @, (@f, JthepeH-
miffoBaHuit mpu t > T.

Zlosedenns. HemepepBuuii po3B’si3oK 3a1ati , @ icuye i enuamit ipu ¢ > 0 [10], [I1]. Ha inrepsaui
(0, 7) po3B’si30K JiHIIHOrO piBHSIHHS

YO _ et - o)~ <) (15)
icuye i equnmii. Ha nesikomy inrepsadi (0, ¢) icHyBanHst po3s’si3Ky 13 mouarkosumu ymosamu V (0) >
0, F(0) > 0 ma migcrasi Teopemu 1 ojepKuMo

Lo, D<oy

Po3p’s130K MarkopanTol JiHifiHOT cucremn i3 mouarkosumu ymosamu V (0) i F'(0) icaye mpu ¢ > 0.
OTxke, PO3B’SI30K PiBHSAHD i MOXKHA, TPOJOBXKUTH Ha iHTepBas (0,7) Ha mifgcrasi TeopeMu
Yirnepa [12, c. 42-43|. IcuyBanmns i equnicrs po3s’sisky m(t) BummBae i3 306paxkenus (14). Ha
HACTYITHOMY KPOIii (7, 27 ) MOBTOPUBIIIN AHAJIOIIYHI MIpKYBaHHsI BCTAHOBJIIOETHCSI ICHY BAHHSI €IMHOTO
po3B’si3Ky 13 HeBix'emuumu noyarkosumu V(¢) i F(t) upu t € [0, 7], C(7) > 01im(7) > 0. Merogom
kpokis [10] orpumyerbest icnyBanHsT po3B’si3Ky st ¢ > 0.

Ockisbkn nouarkoBa byHKIlist 1711 po3B’si3Ky V (t) pospuBHa 1pu t = 0, To po3B’s30K 3ajadi
f@, f HenepepsHuii st t € [0, 7] 1 qudepeniiiiopanuit npu ¢ > 7 BHACIIIOK [VIAKO-
CTi IpaBUX YaCTHUH CUCTEMH. €IMHICTH PO3B’SI3KY BUILIUBAE 13 TVIAJKOCTI MPaBUX YACTUH CHCTEMU

PiBHSIHb. L]



118 Birva S1.11., YKPATHENL O.3.

5 CTALIOHAPHI PO3B’$I3KU TA iX CTIMKICTb

Cramionapuuii po3s’si3ok F = K acHUMIITOTHYHO CTIHKWI TP BUKOHAHHI yMOBHI @ st cucte-
MM PiBHSIHb 7, 3a MeJUYHO HpuitHsaTHOI yMoBU (m) = 1, cTaifioHapHi PO3B’A3KN 3HAXO/ATHCS
i3 HeJIiHIAHOI CUCTEeMU PiBHSIHbD:

(B—~F )V =0,
aVFE — pu.(C—-C") —e.K =0, (16)
pC — pgF —yVFF =0,
oV — upm+enE =0.
CranionapHuii po3B’si30K, 10 BIiJIIOBiIa€ CTAHY 3JJ0POBOIO OPraHi3My 3 HE3HAYHUM yPa’KeHHSIM
opraHy-MiIieHi m, 1o He nepeBuIye m”, HabyBae BUIJIsLY:

e KK pC1 em K

Vi=0,C,=C"— I =—=m; = . (17)
He Ky Hm
Taxwuit po3B’sI30K iCHYE, SAKIMO BUKOHYIOTHCS YMOBH:
C* *
e < He < HmT (18)

K @ meTR

K
F2 = k é’mQ = 702‘/2 +€m y (19)
Y Hm

a 3HavdeHHs Cy 1 Vo € po3B’a3KaMu CHUCTeMU JIHIHUX PiBHSAHD

Axmo V' # 0, To

weC — aFV = p.C* — e K,
pC —nyFEV = ppky.

3BiJICH OEPXKIMO:

ape + my(ecK — pC*)Fy !

_ PpecK = peC™) + prepiy o
ap —nypcFy!

apFy — nypcF¥

02 - 9 ‘/2 (20)

Crarjonapumuit po3s’si3ok ((19), (20]) Bimmosigae crany XpoHIYHOTO 3aXBOPIOBAHHS IIPU JOIYCTH-
MoMy piBHIO 3abpyauenus F = K. Orpumanuit po3s’s30K Mae 3MicT, gkmo Vo > 0, oCKIJIbKE TOI

pCy = ppFy + pyVaFy > 0.
Honaruicts Vo 3abe3redyeThcss BUKOHAHHAM OJHIET 13 cucTem HepiBHOCTE:
p(cC™ — ecK) < picpy P, (21)
ap > nypucFy
abo
p(eC™ — ecK) > picpy P, (22)
ap < mypeFy !,

Ymosu (21) Bignosinae crany cuabHOI iMyHHOI BijinoBiai, ymosu (22) - crany imynomedinury

13].
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6 ACHUMITOTHUYHA CTIMKICTb CTAHY 3JOPOBOI'O OPI'AHIBMY

XapakTepuCTUYHE PIBHSHHS, BiAIIOBiIHE JiHEapU30BaHiil cucTeMi — (11)) ma poss’ssky (17)),
HabyBa€ BUIJISALY:

B—~FF -\ 0 0 0
aFje —lhe — A 0 0 _0
—nyFf P —pp—A 0
o 0 0 — i — A

BuacHui 3nauenna
A =B—FF <0, =—pe <0, g = —py <0,A\g =—fi, <0,

AKIITO BUKOHYETHCA YMOBa

B —~FF <o0. (23)

Orxke, nmpu Bukonanui ymosu 0 < rnA < /2 it ymosu (23) crarionapni poss’sizku Fp = K i ((17))
JIOKaJIbHO aCUMITOTUYHO CTIMKI.

Ak i B npai [3], mist 3anpornonoBanol Mogies — (11)) Brazkemo BepxHIO OIiHKY V* — iMyHOJIOTI-
yHMit 6ap’ep, 110 /ISl HOYaTKOBOIro 3HadeHHs indikyBanus Vy > 0, Takoro, mo Vo < V*, indexkiiiine
3aXBOPIOBAHHS MaTUMe CyOKJIHIYHY dopMy.

Teopema 3. Hexaif BUKOHYIOTBCSI YMOBa If oniHKHA

peC* Mo
< <
Ec > K Em > K’

2exp (—pe 7) < L. (24)

Toui Jis moyarkKoBoro 3uavyents Vo, takoro, mo 0 < Vo < V*, ze

1 o B Ecp _
V= — | pC* = |2 = HeT _

PO3BHUTKY IH(EKIIHHOrO 3aXBOPIOBAHHSI Y TOCTPIH 91 XpOHIYHIH popMi He BiOyBa€THCS 1

tliglo V(t)=0.
Jlosedenna. 13 ymosu ([23]) Bummusae, mo poss’si3ok V (t) MOHOTOHHO criaJlae Ha JIeIKOMY iHTepBaJIi
(0,t1). Y Toumni t = t; byukuiz V (t) gocarae minimymy i roxi B—vF¥(t;) = 0. Posrismenmo ciogarky
BUIAJIOK, Koo t1 < 7. Icuye imrepsan (t1,t2), to2 < 7, Ha sxomy dyukiis V (t) 3pocrae, Tomy
F*(t) < B/~. Ockinexu 0 < E(t) < 1, T0 3rigHO 3 I0BeJEHHSM TeOpeMH 1, i BpaXOBYIOUH OIIHKY
OJIEPKUMO, IO Ha IbOMY IHTEPBaJI OJEPKUMO:

O(t) > SCemem 4 Ze(emhel — 1) > Z2(2e7HeT — 1) > 0. (26)
He He He
I3 piBasinas ((10)) i oninok BUILINBAE:
dF(t;
) ) — V()4 1) — g i) > (27)

p(Co+ 4 (2e7HeT — 1)) — mVoé = e ’\“/E
e v gl
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Axmo Vo < V*, 1o 3 HepiBrOCTI (27) MaTuMeMo:

@ﬁ—w¢§+fmeW—n—W%>o

OTpuMaHna OIiHKa CyllepevunTh MPUILYINeHH0, ToMy dyHkiisa V (t) cuanae na inrepsaii (0, 7).

Hexait renep 7 < 1 <ty < 27. Toni gyt ¢ € (t;, t2| omepxkumo

d(fzit) > aV(t—7)F({t—7) — pe(C(t) — C*) — ecE(t) > pe(C(t) — C*) — e E(t),

ockinbkn dyskuii V (t) i F(t) nabysators gogaTaux 3HadeHb. OTxKe, Ha iHTepBasi (t;, t2) BUKOHY-
eThes ominka Burisiy (26), tomy F'(tg) > 0, mo miareepaKkye cnagannas dyukmii V (¢) Ha inTepsasi
(7, 27). AHaJoriuHi OIIHKN OTPUMYETHCST TaKOXK 1 Ha inrepBanax (k7, (k+ 1)7), k = 2,3,..., mo
HiTBEP/ZKYE BUCHOBOK MO0 IMyHOJIOMYHOTO Oap’epy V™*, HEIPOXOJZKEHHSI SIKOI'O He IPUBOJUTH 10
rOCTPOI YU XPOHIYHOI POpMH 1HGEKIIHHOro 3aXBOPIOBAHHSI.

O

Hacaimok 1. BpaxoByroun 3HaY€HHsI CTAIIIOHAPHOI'O DO3B 3Ky 3aITAIIIEMO YMOBY y BH-

VIS T
k
p e K
B <y (Cr = =)k,
My He

3BijicH BHILIABAE, IO IPH HEBEJIHUKIH IIBHIKOCTI POSMHOXKEHHSI aHTHI'€HA [3 ab0 J0CTaTHIi KOHIICH-
Tpalfii iMyHOKOMIIeTeHTHUX IytasMokaiTue C™ | 1o BigOyBaeThCsl, 30KpeMa, MpH BaKIIHHAIII, pO3BHU-
TKY 3aXBOPIOBAHHS HE BiJOYAETHCsI.

7 YUCJ/IOBE MOJEJ/IFOBAHHSI

Ha mizcraBi BiAmoBigHOI SUCKPETHOI MOZE 3a JOIMOMOrol Habopy 1HCTPYMEHTIB JJIsi aHAJIi-
TUYHOI'O # YHCEIBHOrO PO3B’SI3aHHSA CHUCTEM IudepeHIlaJbHUX PIBHSIHb Y IPOIrPAMHOMY IIaKeTi
Wolfram Mathematica mpolsrocTpyeMo TOBEIIHKY PO3B’si3KiB MOJE/i iIMyHHOT BimoBi 1'

3a HasIBHOCTI 1 BIJICyTHOCTI BILUIUBY eKoJsiorianoro daxropy F(t).

dxmo daxrop E(t) He BlumBae Ha nepebir iHbekuiiiHOro 3axBopoBats (e, = &€, = 0), TO
criocTepiraeTbes rocrpa (opMa 3aXBOPIOBAHHS 3 JIOCATHEHHSIM IIKOBUX 3HaYeHb KOHIEHTpAIll aH-

turena VL i mmasmokmitun CL,. (puc.l, a-6), mpuaomy C(t) — 1.4 i3 poctom t i mepesmye
Cc*.
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. V[t] - BenuunHa nonynsiuii aHTUreHis C[t] - BenuuuHa nonynsuii INasMoKMiTUH
5r L

041
03

02

F[t] - BennumHa nonynauii aHTuTin m[t] - Mipa ypaxeHHs opraHy-MmiLueHi

Puc. 1: Iunamika imynnoi signosigi. ITapamerpu: = 1.2,7 =0.3,a = 1.7, u. = 0.1, p = 2.0,C* =
1.4,pp =0.15,7 = 2.0,0 = 0.35, 4y, = 0.2, 7 = 4.5,m™ = 0.15,e. = &, = 0.
[Touarkosi ymosu: Vy = 0.1, Cy = 1.0, Fy = 0.0001,mg =0

dAxmo y piBaarHi mapaMerpu HabyBatoTh 3HadeHb: © = 0.5, K = 0.2,n = 2,k = A =
1, a nmouarkoBa ymoBa Ey(t) = 0.15,t € [-A,0], To cranjonapuuii po3s’sizok 3amaui E(t) = K
acUMOTOTHYHO crifikuit (puc. 2 (a)), ockinbku rnA =1 < w/2.

0221

021 0241

0.20F 02l

0.19¢
0.201

0.18¢
017F 018

0.16 016

5 10 15 20 25 30

Puc. 2: Tunamika dbakropy 3abpy/iHeHHs 30BHIIIHLOTO cepejoBuina F(t).
[Mapamerpu: K =0.2,n=2k=A=1.

[Tpunycrumo, mo daxrop F(t) BrumBae Ha JUHAMIKY IMyHHO! BimoBiai (£.64, # 0). Y mpomy
punagky V2, > V51 snavenna C(t) i F(t) mabmurkaioThes 10 cTalioHapHuX 3Hadensb O i Fy mpu
t — 00, AKi MeHIle 3HaYeHb 6e3 BILIUBY (akTopy 3abpy/(HEHHsI 30BHINIHBOIO cepejosuiia (puc.3
(a,6)). IIpu npomy 3asminaerbes HesHadHe ypazkenus m(t) < m* opramy-mimeni (puc. 3 (r)).
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V[t] - BenuuuHa nonynsuji aHTUreHis C[t] - BenuumHa nonynsuii NNa3amMokmiTUH
20

(a)
F[t] - BenuuunHa nonynauji aHTuTiN m[t] - Mipa ypaxxeHHs opraHy-MilLeHi
150 08p
06
100 -
0.4
50
021
5 10 15 20 25 30 5 10 15 20 25 30
(1) (r)

Puc. 3: Jlmnamika imMyHHOI BiIIOBiJI i3 BIJIMBOM (paKTOpy 3a0py/HEHHS 30BHINTHBLOIO
cepenosummale. = 0.25, &, = 0.15).

Aximo cran pisHoBarn F = K mopyIyeThest, HAIPUKJIAT, Ipu © = 1.3, TO CIIOCTEPIra€ThCs OCIIH-
JIAMIfHA TTOBEIIHKA PO3B’dI3KiB f. [Tpu pomy m(t) — mg > 0 mpu t — 00, TOOTO yparKeHHsT
Opramy-MilleHi MOBHICTIO He 3HMKae. TaKoK, MAKCHMA/IbHI 3HAUeHHs KOHTIeHTPAIi anturena Vo, .
i mrasmokmiTIE C2 HepeBHITyIOTH BiAMOBiIHI 3HAUECHHHA, fAKi HAGyBaIOThCA 6e3 BILIUBY (GaKTOPY
3a0py/IHEHHST 30BHIMHBOTO cepeoBuina (puc. 4 (a,06)).

V[t] - BenuuuHa nonynsiujii aHTUreHis Clt] - BenuumHa nonynsiLii NNasMoknituH

20

15 20 25 30 o~

(a)
F[t] - BenuumnHa nonynauji aHTUTIN m[t] - Mipa ypaxxeHHs opraHy-MilLeHi

081

06

041

0.2

Puc. 4: Ilunamika iMyHHOI BiJIIIOBi/II i3 BIIMBOM (DAKTOPY 3a0PY/IHEHHS 30BHIIIHHOTO Cepe-
nosuia opu r = 1.3.
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Orke, 3a pe3yjbraTaMy PO3IVISTHYTUX MPUKJIAIIB MOYXKHA HMPOC/IIIKYBaTH BILIUB €KOJIOTIIHOTO

daxTopy Ha mepedir iHdeKIiiHOro 3aXBOPIOBAHHSI, [TOB’I3aHOTO i3 3a0PyIHEHHSIM 30BHIIITHHOTO Ce-

penosuiia. CrocTepiraeThcst picT MAKCHMAJIBHOIO 3HAMEHHS aHTUTEHA, OCIIMJISIIIHA, TOBEIIHKA MipH

yparkeHHsI OpraHy-MiIlleHi, 3ali3HeHHd B JOCATHEHHI MAKCUMAJbHIX 3HadeHb (DOPMYBAHHA KACKATY

IJIA3MOKJIITHH 1 MOITYJ AT aHTHATLI.

(1

2]

3l

4]

5]

(6]

7]

18]
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A mathematical model of the immune response to an infectious disease is proposed, taking

into account the impact of environmental pollution. The pollution factor is described by a
generalized Hutchinson equation and influences the formation of the plasma cell cascade and
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the damage to the target organ. The conditions for the existence of a unique solution to the
mathematical model and its non-negativity on the semi-axis [0, 00) are established.

The stationary solutions of the model and the conditions for their existence are obtained.
The stability of the stationary solution, which characterizes the state of absence of the infectious
disease, is investigated. An estimate of the initial infection level is derived, under which the
infectious disease does not occur.
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MONOTHETICITY IN ONE-PARAMETRIC TOPOLOGICAL GROUPS

We characterize monothetic topological groups among one-parametric topological groups.
In particular, we prove that a topological group of weight < cov(M) is monothetic if and only
if it is not isomorphic to the real line. This implies that the real line is a unique non-monothetic
metrizable one-parametric topological group. Also we prove that the real line with the Bohr
topology as a unique non-monothetic totally bounded N-scaled topological group.
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Bohr topology, Borel-Bohr topology, N-scaling.
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1 INTRODUCTION

The real line plays a fundamental role in mathematics. It serves as a cornerstone in numerous
areas of scientific research. The main reason for that is the ability to endow the real line with various
mathematical structures. Hence, researching the properties of R inside a particular category of such
mathematical structures could be helpful for more advanced studies. In particular, characterizing
the real line as an object of some category is a common way to conduct such research. One can
find helpful characterizations in the categories of ordered fields, topological spaces, groups etc. In
this paper, we obtain a characterization of the real line in the category of topological groups, which
turned out to be helpful in the other research [2| to prove that one-parametric subgroups in any
strictly convex metric group are isomorphic copies of the additive group of reals.

We prove that the real line is the unique non-monothetic metrizable one-parametric topological
group. Also we detect monothetic groups among one-parametric topological group, and characterize
the real line endowed with the Bohr topology and a unique non-monothetic totally bounded N-scaled
topological group.

2 PRELIMINARIES

Our study mainly considers the structure of a topological group. Let us recall its definition
together with the definitions of several related fundamental properties.
VK 515.12
2010 Mathematics Subject Classification: 20K45, 22B05, 22D35.
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Definition 1. A group is an algebraic structure (G, +,0), consisting of a set G, a binary operation
+: G x G = G and an identity element 0, satisfying the following axioms:

e Vr,yz€G (x+y)+z=x+(y+2), (associativity)
eVzeG rx+0=a0=0+u, (identity)
eVreGeG v+y=0=y+ux. (inverse)

We will also use the operation - : Z x G — G, - : (n,z) — nz, which is naturally defined on the
additive group (G, +,0) by the following recursive formulas: 0-x =0, (n+ 1) -z =n-z + z, and
—(n+1)-x=—-n-z—uz for alln € NU{0}. If the group G is abelian, the defined operation - turns
it into a Z-module.

Definition 2. A topological group is a group (G, +,0) equipped with a topology T such that the
following maps are continuous:

e the addition (group operation) +: G x G — G, +:(x,y) — x + vy,

e the inversioni: G = G, i:x— —=.

Unless stated otherwise, all topological groups are assumed to be Hausdorff. For a topological
group (G, T), we denote by To := {U € T : 0 € U} the family of open neighborhoods of the identity
element 0 of the topological group. By R we denote the additive group of reals equipped with the
Euclidean topology 7-.

Definition 3. A map ¢ : S — G between topological groups is called a topological group isomor-
phism if it is simultaneously a group homomorphism and a homeomorphism.

If there exists a topological group isomorphism between topological groups G and H, we will
say that G is isomorphic to H and write G = H.

Definition 4. A topological group G is called one-parametric if there exists a surjective continuous
group homomorphism ¢ : R — G (called a parametrization).

Definition 5. A topological group (G,+,0,7) is called monothetic if it contains a dense cyclic
subgroup; that is, there exists an element g € G (called a topological generator) of G such that
(9) ={ng:neZ}=aG.

Definition 6. A topological group (G,+,0,7) is called totally bounded if for every open neighbor-
hood U € Ty of the identity 0 € G, there exists a finite subset F' C G such that G = |, cp(z + U).

For ease of notation, we occasionally use property names to refer to the group topology rather
than the topological group (for example, "monothetic group topology”). We will use these expres-
sions interchangeably when no confusion can arise.
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3 UNIQUENESS OF PARAMETRIZATION

Let (G,+,0,7T) be a one-parametric topological group. The following proposition shows that
the parametrization ¢ : R — G of GG is unique in a certain sense, which justifies why the term
“one-parametric group" is applied to G itself rather than to a specific parametrization.

Proposition 1. If ¢ : R — G and ¢ : R — G are two parametrizations of a (non-trivial) one-
parametric topological group G, then there exists a (unique) topological group isomorphism h :
R — R such that ¢ o h = .

Proof. Observe that ker p = {a € R : p(a) = 0} is a closed subgroup of R, which are known to be
either {0}, R, or aZ for some a € Ry (see, e.g., [6], p. 27).

If ker o = R, then the surjective homomorphism ¢ is trivial, and thus G = {0}. Hence, any
topological group isomorphism A : R — R is as required.

If ker ¢ = aZ, then the topological group G can be identified with the circle group R/aZ =

2mi L
a

T :={z € C: |z| = 1}. Hence both ¢ and 1 are continuous characters of R. Thus ¢(z) = e

and 9 (x) = ™%, where ker ) = bZ. For the identity ¢ o h = 9 to hold, the map h : R — R must

- T - h(x) .. . .
2Ty = e?™ 4" for all x € R. This is equivalent to h(z) = %z + na for n € Z. Such map is

satisfy e
a topological group isomorphism if and only if n = 0. Hence h: R — R, h : x — {x is a required
unique topological group isomorphism.

If ker o = {0}, then G is not isomorphic to T, and therefore ker) = {0} as well. We claim that
the map h: R = R, h = ¢! o4, is the required unique topological group isomorphism. Observe
that h is already a group isomorphism; it remains to show that A is a homeomorphism.

Write R = J;cn £i as the union of closed intervals I;. Set J; := ¢[I;] and K; := 9[;]. For
each ¢ € N, the sets J;, K; are compact subsets of G and G = Uj,keN J;j N Ky. Since ¢ [, is a
homeomorphism, we obtain R = Uj,keN ¢~1[J; N K] and each ¢~ 1[J; N K}] is compact. By the
Baire Category Theorem there exist indices j, k € N such that D := w_l[Jj N K] C I has non-
empty interior. Since ¢ [;; and ¥ [, are homeomorphisms, the map h is a homeomorphism on the
non-empty open set Int(D). Since h is a group isomorphism, being homeomorphic on a non-empty
open set implies that it is a homeomorphism on all of R. Thus A is indeed a topological group
isomorphism. Finally, uniqueness follows immediately from the fact that ¢ and ¢ are bijective. [

4 CHARACTERIZING THE REAL LINE AMONG ONE-PARAMETRIC TOPOLOGICAL GROUPS

In this section we prove two characterizations of the real line in the class of all one-parametric

topological groups.

Proposition 2. Let G be a one-parametric topological group and ¢ : R — G be its parametrization.
The map ¢ is a topological isomorphism if and only if for some nonempty open set U C G the
preimage ¢~ [U] is bounded in the real line R.

Proof. The “only if” part is triavial. To prove the “if” part, assume that for some nonempty set
U C G, the preimage ¢~ ![U] is bounded in the real line. Replacing the set U by its shift U — u,
where v € U is any point, we lose no generality assuming that the identity element 0 of the group
U belongs to the open set U. Since all nontrivial subgroups of the real line are unbounded, the
surjective homomorphism ¢ : R — G is injective and hence is bijective.

We will show that ¢ is open, that is for all € > 0 the image [(—¢,€)] is open in G. Replacing €
by a smaller positive number, we can assume that ¢((—¢,€)) C U, by the continuity of ¢. Choose
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any positive real number a such that the bounded set ¢~![U] is contained in the closed interval
K :=[—a,a] C R. The compactness of K ensures that the restriction ¢ [x: K — ¢[K] C G is a
homeomorphism. Hence, p[(—¢;¢)] is open in the subspace p[K] C G. Consequently, there exists an
open set W C G such that ¢[(—¢;¢)] = ¢[K]NW. Since p[(—¢;¢)|NU = ¢[(—¢;¢)] and U C ¢[K],
we have p[(—¢;¢)] = [K]|NWNU = WNU. The subsets W and U are open in G, hence p[(—¢;¢)]
is also open in G. Therefore, the bijective continuous homomorphism ¢ : R — G is open and hence
is a topological isomorphism of the topological groups R and G. O

The following characterization of the real line is the main result of this section.

Theorem 1. A topological group G is isomorphic to R if and only if G is one-parametric, metrizable,
and not monothetic.

Proof. The necessity follows directly from the fact that the real line R is metrizable, one-parametric,
and not monothetic, since for all z € R the subgroup (x) = Zz # R is closed. Now we prove the
sufficiency.

Assume that a one-parametric topological group G is metrizable and not monothetic, and let
@ : R — G be its parametrization.

Lemma 1. There exists a non-empty open set U C G with bounded preimage p~[U] C R.

Proof. To derive a contradiction, assume that every nonempty open set U C G has unbounded
preimage ¢~ ![U] in the real line R. Observe that the topological group G is separable, being a
continuous image of the separable space R. Being separable and metrizable, the topology of G has
a countable base { B, }nen consisting of nonempty open sets.

For each n € N, consider a subset A, = {a € R: p[Z-a]N B,, # @} of R. We claim that the set
A, is open in the real line R.

Let a € A,,. We must prove that there exists a real € > 0 such that the interval (a—e, a+¢) C A,,.
Since a € A,, there exists m € Z such that ¢(ma) € B, and hence, ma € ¢~ ![B,]. Since the set
¢~ 1[By] is open in R, there exists a real § > 0 such that the interval (ma — §,ma + ) C ¢~ 1[B,].
Consider the positive real number ¢ := |%] and the interval

m-(a—e,a+e) =m-(a—|2],at|g]) = {ma: o € (a—|3],a+| )} = (ma—8,ma+8) C o™ (Bn).

Hence for all € (a — €,a + ) we have mp(z) = p(mz) € B,,. Therefore, (a —¢,a +¢) C A,, and
A, is open in R.

Now we prove that A, is dense in R. Given any z € R\ {0} and positive ¢ < |z|, it suffices to
check that (z —e,z+¢e)N A, # @. Consider the intervals m- (z —e,z+¢) = (mx — |m|e, mx +|mle)
and observe that for m € Z with |m| > |z|/e the inequalities mz 4 |mle > (m + 1)z — |m + 1|e and
(m — 1)z + |m — 1le > mx — |m|e holds, which means that consecutive intervals m - (x — e,z + ¢)
and (m £ 1)-(x — e,z + ¢) overlap, covering all points y € E := R\ (|z|/e) - [+ — e, + €]. Since
¢~ 1[B,] is unbounded in R, we can find y € ENg~[B,]. Hence y € (kz — |k|e, kx +|kle) N~ [B,]
for some k € Z. Therefore, y = kb for some b € (v —¢,7 + ¢) and kb € ¢ ![B,]. This implies
ko(b) = @(kb) € By,. Hence, b € (x —e,x 4+ ¢) N Ay, proving A, is dense in R.

Finally, the intersection A := (1), .y An of countably many dense open sets A, C R is non-
empty and, in fact, dense in R by Baire Category Theorem. Observe that for all x € A we have
©lZ - x] N By, # @ for all n € N, which implies ¢[Z - z] = G. Therefore, G is monothetic. This is a
contradiction, completing the proof of Lemma 1. ]
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By Lemma 1, some nonempty open set U C G has bounded preimage ¢~ ![U] in R. By Propo-
sition 2, the parametrization ¢ : R — G is a topological isomorphism, witnessing that the one-
parametric group G is isomorphic to the real line. ]

The proof of Theorem 1 yields a bit more, namely:

Proposition 3. If a one-parametric metrizable topological group G is not isomorphic to R, then
G has dense set of topological generators.

Theorem 1 can be rewritten as a characterization of monotheticity in topological groups in the
following way.

Corollary 1. A metrizable one-parametric topological group G is monothetic if and only if G is
not isomorphic to R.

Metrizability is an essential condition in Theorem 1. If it is removed, one obtains the following
example of a non-monothetic one-parametric topological group, which is not isomorphic to R.

Definition 7. For a topological abelian group (G, T), let G be the group of all continuous homo-
morphisms G — T to the circle group T = {z € C : |z| = 1}. Elements of the set G are called
characters on G, see |6]. The Bohr topology on a topological abelian group (G,7) is the smallest
topology on G in which all characters x € G remain continuous. This topology is generated by the
subbase consisting of the preimages x ' [U] of open sets U C T under characters x € G. By G’ we
denote the group G equipped with the Bohr topology 7.

Example 1. In particular, the Bohr topology 7? of the real line R is the smallest topology in which
every character
xe(z) :R =T, x;:xes ™

remains continuous. It is known that the topological grup R := (Rﬂ?) is not metrizable, and
therefore is not topologically isomorphic to the real line (R, 7;). Moreover, R® is not monothetic.
Indeed, for every a € R\ {0}, the continuous character x : R — T, x : z — e2™ir/a maps the cyclic
subgroup Za onto the singleton {1}, which implies that Za is not dense in R® for all a € R”.

This example motivates the following problems.

Problem 1. Find a characterization of the topological group R (among one-parametric topological
groups).

Problem 2. Find a characterization of monothetic topological groups among non-metrizable one-
parametric topological groups.

We recall that the weight w(X) of a topological space X is the smallest cardinarity of a base
of the topology of the space X. It can be shown that a one-parametric (more generally, separable)
topological group is metrizable if and only if it has countable weight. It is known (and easy to see)
that the Bohr topology 7?’ on the real line R has weight c.

Problem 3. Is every non-metrizable one-parametric topological group G of weight w(G) < ¢
monothetic?

We shall give a partial answer to Problem 3 in Section 5. Problems 1 and 2 will be answered in
Section 7, following some preliminary work developed in the Section 6.
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5 THE MONOTHETICITY OF ONE-PARAMETRIC TOPOLOGICAL GROUPS OF SMALL WEIGHT

In this section we shall provide a partial answer to Problem 3. We recall that a subset A of
a topological space X is meager if A is the countable union of nowhere dense sets in X. Let M
be the family of all meager subsets of the real line. The Baire Theorem ensures that R ¢ M. Let
cov(M) be the smallest cardinality of a subfamily A C M such that | J.A = R. The Baire Theorem
ensures that cov(M) > wy, where wy is the smallest uncountable cardinal. Since R is the union of
continuum many singletons, cov(M) < ¢. The exact position of the cardinal cov(M) in the interval
[wi, €] is not determined by the ZFC axioms. Martin’s Axiom implies cov(M) = ¢, but the strict
inequality cov(M) < ¢ is also consistent, see [3], [4], [7].

Theorem 2. Every non-metrizable one-parametric topological group G of weight w(G) < cov(M)
is monothetic.

Proof. Let G be a non-metrizable one-parametric topological group of weight w(G) < cov(M) and
¢ : R — G be its parametrization. By the definition of the cardinal k := w(G), there exists
a base {Ba}aeck of the topology of the group G, consisting of nonempty open sets in G. Since
the topological group G is not metrizable, the homomorphism ¢ is not a topological isomorphism.
Applying Proposition 2, we conclude that for every a € &, the set p~1[B,] is unbounded in the
real line. Repeating the argument of the proof of Lemma 1, we can prove that for every a € «, the
set Dy = {z € R: Z-x N '[B,] # @} is open and dense in R. Then its completement R \ D,
is closed and nowhere dense in R. Since k < cov(M), the family {R \ Dy }qcr does not cover the
real line. Then there exists a real number 2 € R\ U,¢.(R\ Do) = (e, Da- For this real number
r and its image y := ¢(z) € G, we obtain that Z-z N ¢~ ![B,] # @ and hence Z-y N B, for all a.
Since {Ba}ack is a base of the topology of the group G, the cyclic subgroup Z-y is dense in the
topological group G, witnessing that G is monothetic. O

Theorems 1 and 2 imply another characterization of the real line in the class of one-parametric

topological groups.

Theorem 3. A topological group G is topologically isomorphic to the real line if and only if G is
a non-monothetic one-parametric topological group of weight w(G) < cov(M).

Problem 4. Can the cardinal cov(M) in Theorems 2 and 3 be replaced by the cardinal ¢?

6 THE N-SCALED TOPOLOGICAL GROUPS

In this section we define and study N-scaled topological groups.

Definition 8. A topological group (G, +,T) is called N-scaled if for every n € N, the map G — G,
T — n-x,is open.

Example 2. The topological groups R, R”, T are N-scaled.

There exists a simple construction (called N-scaling) transforming any abelian topological group
into an N-scaled topological group. To desribe this construction, we will use the following charac-
terization of an open base at identity, which can be found in [1, 1.3.12].

Theorem 4. Let G be a topological group. A family U of open subsets of G is a base of the
topology of G at the identity 0 € G if and only if the following conditions hold:
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1) for every U € U, there exists V € U such that V +V C U;

2) for every U € U, there exists V € U such that —V C U;

3) for every U € U and x € U, there exists V € U such that V +x C U;

4) for every U € U and = € G, there exists V € U such that t +V —x C U;
5) for every U,V € U, there exists W € U such that W CUNV;

6) {0} =NU.

Moreover, if U is a family of subsets of a group G that satisfies the conditions (1)—(6), then the
family Byy = {9+ U : g € G,U € U} is a base for a T group topology on G.

(
(
(
(
(
(

We recall that for a topological group (G,+,0,7), we denote by Ty the family of all open
neighborhoods of the identity element 0 of the group G.

Proposition 4. Let (G,+,0,7T) be a topological abelian group. The family {g+nU : g € G,n €
N, U € Ty} is a base for a Hausdorff group topology on G.

Proof. 1t suffices to prove that the family 4 = {nU : n € N, U € Ty} satisfies the conditions from
Theorem 4, given that Ty already satisfies them by the same theorem. We verify the conditions in
order:

(1) Take arbitrary nU € U. Since U € Ty, there exists V € Ty with V +V C U. Hence for
nV € U we have nV +nV C nU (by the commutativity of the group operation);

(2) Take arbitrary nU € U. Since U € Ty, there exists V € Ty with —V C U. Hence for nV € U
we have —nV C nU.

(3) Take arbitrary nU € U and x € nU. Then there exists y € U such that ny = z. Since
U € Tpand y € U, there exists V € Ty with V +y C U. Hence for nV € U we have
nV +ny =nV +z Cnl.

(4) Take arbitrary nU € U and = € G. Since G is abelian we get © +nU —x = nU C nU.

(5) Take arbitrary nU,mV € U. Since U,V € Ty and the map u, : G = G, p, : * — nx, is
continuous for all n € N, we can find W7, Wy € 7T such that mW; C U and nWy C V.
Put W := W7 N Wsy. Then nmW C nU and nmW C mV. Hence for nmW € U we have
nmW C nU NmV.

(6) {0} < Nu SN 7o = {0}
O

Definition 9. Let (G,+,0,7) be a topological abelian group. The group topology 7' generated
by the base {g +nU : g € G, n € N,U € Ty} is called the N-scaling of the topology 7. By G5 we
denote the group G equipped with the topology T”.

The definition of the N-scaling topology 7" implies the following useful fact.

Proposition 5. Let T1, T2 be two group topologies on an abelian group G. If T; C Tz, then T{ C TJ.
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The associativity of the group operation implies that n(ma) = (nm)x for all n,m € Z and all
elements x of a group. This fact implies that the operation of Z-scaling is idempotent and produces
an N-scaled group topology.

Proposition 6. For every abelian topological group (G,T), its N-scaling Gs := (G,T') is an
N-scaled topological group.

The following proposition shows that certain properties of divisible topological groups are pre-
served by N-scaling. Recall that a group G is divisible if for all n € N and g € G there exists an
element z € G such that n-x = g.

Proposition 7. If a divisible topological abelian group G is monothetic (or totally bounded), then
so is its N-scaling G.

Proof. Let (G,+,0,T) be a divisible topological abelian group and let G5 := (G, +,0,7") be its
N-scaling.

1. Assuming that (G, 7T) is monothetic, fix any topological generator a of G. We claim that
a € G remains a topological generator for the topological group Gg. It suffices to show that
Zan(g+nU)# @ forall ge G,n € Nand U € Ty. Since G is divisible, there exists ¢’ € G such
that ¢ = ng’. Then g +nU = n(g’ + U), since G is abelian. As ¢’ + U € T, there exists m € N
such that ma € ¢’ + U. Hence, nma € Z-aN (g + nU), which shows that a is indeed a topological
generator of the topological group Gs.

2. Assume that G is totally bounded. Given any nonempty open set W € T, we need to find a
finite set F' C G such that F'+ W = G. By the definition of the N-scaled topology 7”, there exist
n €N,z € Gand U € Ty such that x + nU C W. Since the group G is divisible, there exists an
element 2’ € G such that = nz’. Since the topological group (G, T) is totally bounded, there
exists a finite set F” C G such that G = F' + (2’ + U). Consider the finite set F':= nF’ in G. The
divisibility and commutativity of the group G ensure that

G=nG=nF'+2"+U)=nF'+n2’ +nU=F +x+nU CF+W.

Hence, F = nF" is a required finite subset of GG, witnessing that the topological group Gy is totally
bounded. O

7 A CHARACTERIZATION OF MONOTHETIC ONE-PARAMETRIC TOPOLOGICAL GROUPS

By Theorem 1, a metrizable one-parametric group is monothetic if and only if it is not isomorphic
to the real line. In this section we characterize non-metrizable monothetic one-parametric groups.
First we shall characterize monothetic group topologies on the real line. The standard Euclidean
topology on the real line is denoted by 7;; by ’TEJD we denote the Bohr topology on R.

Theorem 5. A group topology T C T: on R is monothetic if and only if its N-scaling T’ does not
contain the Bohr topology 7? of R.

Proof. We start by proving the necessity. Suppose 7 is monothetic. Then 7 is also monothetic by
Proposition 7. By Example 1, the Bohr topology 7;” on R is not monothetic, which implies 7? zT.

Now we prove the sufficiency. Suppose 7;“ Z T'. By the definition of the Bohr topology, this
means there exists a € R such that the character x4 : R — T, x4 : = — €*™% is not continuous
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with respect to T’. Clearly, a # 0 since the trivial character is continuous for any topology on R.
We claim that 1/a is a topological generator of the topological group (R, 7'), meaning that the cyclic
subgroup Z/a := {n/a : n € Z} is T-dense in R. In the opposite case, the closure H := Z/a of Z/a
in (R, 7T) is a T-closed proper subgroup of the real line. It follows from 7 C 7' C T = 7; that H is
a closed proper subgroup in the topological groups (R, 7") and (R, 7¢), which implies that the group
H is cyclic. Then the quotient group R/H is isomorphic to the circle group T via some topological
group isomorphism h : R/H — T. Consider the compostion p = h o ¢ of h with the quotient
homomorphism ¢ : R — R/H. The compactness of the group R/H implies that the quotient
topologies on the group R/H, genereted by the topologies 7’ and 7 coincide. Then p = hoq is
a T’-continuous character on R. Since 7’ C 7¢, the character p is T.-continuous and hence there
exists b € R such that p(z) = xp(x) = €2™* for all x € R. Observe that p[H] = {1}, which implies
2™ = 1. Hence g € 7Z, and therefore b = na for some n € Z. Then p(x) = €27  Since the
topological group (R, 7”) is N-scaled, the map R — R, x — nx, is open in the topology 7’ in R, and
hence the map d,, : R = R, d,, : x — x/n, is continuous with respect to 7’. But then the character
Xa = p o dy is T'-continuous, which contradicts the choice of a. This contradiction shows that the
cyclic group Z/a is T-dense in R, witnessing that topological group (R, 7) is monothetic. O

In the following part we aim to reformulate Theorem 5 for one-parametric topological groups,
without referring to the real line. This will be done with the help of the Borel-Bohr topology.

Definition 10. A function f : X — Y between topological spaces is called
e Borel if for every open set U C Y its preimage f~1[U] is a Borel subset of X
e F,-measurable if for every open set U C Y its preimage f~[U] is a set of type F, in X.

We recall that a subset A of a topological space X is of type F, if A is the contable union of
closed sets in X. A subset B of a topological space X is Borel if it belongs to the smallest o-algebra
that contains all open subsets of X.

Proposition 8. Let G be a one-parametric topological group and ¢ : R — G be a parametrization
of G. For a homomorphism x : G — T, the following conditions are equivalent:

1) the homomorphism x o ¢ : R — T is continuous;

2) the homomorphism x : G — T is F,-measurable;

3) the homomorphism x : G — T is Borel;

(1)
(2)
3)
(4) the homomorphism x o ¢ : R — T is Borel.

Proof. (1) = (2) Assume that the homomorphism h := x o ¢ : R — T is continuous. Then for
every open set U C T, the preimage h~![U] is open and hence o-compact in the real line. Since
continuous maps preserve o-compact sets, the image ¢[h~[U]] = x![U] is a o-compact subset
of the topological group G. Since G is Hausdorff, the o-compact set x'[U] is of type F, in G,
witnessing that the homomorphism y is F,-measurable.

The implication (2) = (3) is trivial (because F-subsets of topological spaces are Borel); the im-
plication (3) = (4) follows immediately from the well-known fact that the composition of two Borel
maps is Borel; and the implication (4) = (1) follows from the continuity of Borel homomorphisms
between Polish groups, see |5, 9.10+11.5]. O
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Definition 11. The Borel-Bohr topology on a topological abelian group (G, T) is the smallest topol-
ogy T* on G in which all Borel homomorphisms from (G, 7)) to the circle group T are continuous.
The group G endowed with the Borel-Bohr topology 7% will be denoted by G¥.

Since every continuous homomorphism is Borel, the Borel-Bohr topology of a topological abelian
group contains the Bohr topology of the group. The converse is true for the real line (because every
Borel homorphism to the circle group on the real line is continuous). This implies that the Bohr-
Borel topology 72“ on the real line coincides with the Bohr topology 7? on R.

Proposition 8 implies the following corollary which shows that the Bohr topology on the real
line can be recovered from the Borel-Bohr topology of any one-parametric topological group with
injective parametrization.

Corollary 2. Let G be a one-parametric topological group with an injective parametrization ¢ :
R — G. Then ¢ : R” — G" is a topological group isomorphism.

The following theorem provides the promised characterization of monothetic topological groups
in the class of non-metrizablle one-parametric topological groups.

Theorem 6. A non-metrizable one-parametric topological group (G,T) is monothetic if and only
if the N-scaling of its topology does not contain the Borel-Bohr topology T? of (G, T).

Proof. Let (G,+,0,7T) be a non-metrizable one-parametric topological group and let ¢ : R — G be
its parametrization. Assuming that ¢ is not injective, we conclude that its kernel ker ¢ = =1(1)
is a non-trivial closed subgroup of the real line, which implies that the quotient group R/ ker ¢ is
compact and metrizable and so is the group G, which contradicts our assumption. This contradiction
shows that the homomorphism ¢ : R — G is injective. Consider the group topology T¢ := {¢ ' [U] :
U € T} on R induced by the continuous bijective homomorphism ¢ : R — G and observe that ¢
is a topological isomorphism of the topological groups (R,7s) and (G,T). By Proposition 8, a
homomorphism y : G — T is Borel if and only if the composition y o : R — T is continuous. This
implies that a homomorphism x : R — T is 7g-Borel if and only if it is 7.-continuous. Now the
definitions of the Bohr and Borel-Bohr topologies ensure that the Bohr topology 7:." on the real line
R coincides with the Borel-Bohr topology 7'(5 on R.

Now we are ready to prove the equivalence of the conditions in Theorem 6. If the topological
group (G, T) is monothetic, then so is its isomorphic copy (R, 7). By Theorem 5, the N-scaling
T(. of the topology 7T¢ does not contain the Bohr topology 7;" Since 7;“ = Th, the topology T/
does not contain the Borel-Bohr topology ’7'Gu of the topological group (G, 7). Since the topological
groups (R, 7g) and (G, T) are isomorphic, the N-scaling 7" of the topology T does not contain the
Borel-Bohr topology 77 of the topological group (G, T).

Now assume conversely that the N-scaling 7’ of the topology 7 does not contain the Borel-Bohr
topology 7% of the abelian topological group (G, 7). Since the topological groups (G, T) and (R, 7g)
are isomorphic, the N-scaling 7/, of the topology T¢ does not contain the Borel-Bohr topology TGh
of the topological group (R, 7). Taking into account that TA = ’7?, we conclude that the topology
T/ does not contain the Bohr topology 7:." on the real line R. Applying Theorem 5, we conclude
that the topological group (R, 7¢) is monothetic and so is its isomorphic copy (G, T). O

Theorem 6 answers Problem 2. Now we provide an answer to Problem 1, presenting a charac-
terization of the topological group R”.
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Theorem 7. A topological group is isomorphic to the real line endowed with the Bohr topology if
and only if it is one-parametric, totally bounded, N-scaled and not monothetic.

Proof. The “only if” part follows from the known properties of the Bohr topology on the real line:
it is totally bounded, N-scaled and not monothetic.

To prove the “if” part, assume that a topological group (G,+,0,7T) is one-parametric, totally
bounded, N-scaled, and not monothetic. Let ¢ : R — G be a parametrization of G. Consider the
closed subgroup ker ¢ of R. Since closed subgroups of R are exactly {0}, R, and aZ for a € R, we
examine these three cases.

If kero = aZ, then G = R/aZ = T, and therefore G is monothetic, a contradiction. If
ker ¢ = R, then G = {0}, and therefore 0 € G is a topological generator of GG, again contradicting
the assumption on G. Thus we conclude that ¢ is injective.

The topological group (G, T) is totally bounded and hence it is not isomorphic to the real line.
Taking into account that (G, T) is not monothetic, we can apply Theorem 1 and conclude that the
one-parametric group (G, 7) is not metrizable. Taking into account that (G, T) is not monothetic,
we can apply Theorem 6 and conclude that the N-scaling 77 of the topology 7 contains the Borel-
Bohr topology 77 of (G, T). Since the topological group (G, T”) is N-scaled, 7% C 7’ = T. Consider
the topology T := {¢'[U] : U € T} on the real line and observe that ¢ : R — G is a topological
isomorphism of the topological groups (R, 7¢) and (G, T). The total boundedness of the topology T
implies the total boundedness of the topology 7¢. The continuity of the homomorphism ¢ : R — G
implies 7 C 7.. By [1, p. 634], the totally bounded topology 7T¢ is contained in the Bohr topology
7;“. This means that the map ¢ : R” — G is continuous. On the other hand, Corollary 2 ensures
that ¢ : R” — G? is a topological isomorphism, which implies that the identity map G — G is
continuous and hence 7 C T9. Taking into account that 7% C T, we conclude that 7% = 7. Then
¢ : R” = G is a topological isomorphism of the topological groups R” = (R,72) and (G, T). O
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OxapakTepu30BaHO MOHOTETHYHI TOIOJIOIYHI I'PYIU B KJIACi OJHOIAPAMETPUIHUX TOIIOJIO-
riuaux rpymn. 30Kpema, JO0BEJEHO, IO TOIOJIOrivHa rpymna Baru < cov(M) € MOHOTETUIHOIO
Tozi i siutie To1i, KO BOHA i30MopdHA AificHi mpsaMiit. 3Biicu BUILIMBAE, IO JificCHA IpsSAMa €
€INHOI0 HEMOHOTETHYIHOIO METPU30BHOIO OJIHONAPAMETPUYIHOIO TOIOJIOIIIHOO IPyo. Takoxk
JIOBEJIEHO, IO JificHa TpsMa 3 TOIMOoJoTielo bopa € e1uHoI0 HEeMOHOTETUYHOIO TIJIKOM OOMekKe-
HO10 N-MacmTaboBaHOIO TOIIOJIOTIYHOIO I'PYIIOKO.
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INTRODUCTION

In modern gaming, sports, and educational environments, there is a growing need for fair, adap-
tive, and interpretable methods of ranking and evaluating interactions between agents (players)
within a closed environment. One of the most popular models, known for its simplicity, trans-
parency, and high effectiveness, is the Elo system, proposed by Arpad Elo in the mid-20th century|4].
Although its original application was related to chess, today the Elo system is successfully used in
a wide variety of fields, from other sports (tennis|2|, football[l, 7], board games) to online games,
machine learning and even the evaluation of text or translation quality.

The essence of the classical Elo system approach lies in assigning each agent a numerical value as
a rating that reflects their probability of defeating an opponent. After each interaction, the rating
is adjusted based on the actual and expected outcomes of the interaction:

Titk+1) = Tik + K (Sik — Pig)

where 7;(;11) is the agent rating ¢ after the k-th interaction, 7 is the agent rating i before the k-th
interaction, S; is the actual outcome of the interaction (for example, 1 for a win, 0 for a loss, 0.5
for a draw), Py is the expected outcome of the interaction, and K is the adjustment coefficient that
determines the speed of rating updates.

At the same time, the expected outcome of the k-th interaction between agents ¢ and j, with
corresponding pre-interaction ratings r;; and 7, is calculated as:

1

Tjk-*wc)

Py, =
1+ 10( 70

Consequently, if a higher-rated agent defeats a lower-rated one, their rating increases only
slightly, while in the case of a loss, it decreases significantly. This approach allows the ratings to
quickly adapt to the underlying skill level of the agents and is also intuitive for the users.

Among the key advantages of the classical Elo system are its computational simplicity, the
absence of complex hyperparameters, and the lack of a need for historical data for each agent
(the rating is formed solely based on the previous value and the most recent interaction outcome).
However, the vast majority of specific applications of the Elo system require introducing additional
parameters and modifying the classical version. These modifications include:

e Multifactor models that account for additional interaction characteristics such as home ad-
vantage in football or court surface type in tennis.

e Models with sub-environments that make it possible to capture relationships between different
environments with identical or distinct hierarchies, such as different leagues.

e Elo-based models for simultaneous interaction among many agents. For example, in multi-
player online games, dozens of participants may be involved, and it is necessary to determine
rating changes for each of them based on the collective outcome.

e Bayesian approaches, which treat the rating not as a point estimate but as a probability
distribution, allowing uncertainty to be taken into account.

Related systems inspired by Elo are also widely used, such as Glicko[6], which additionally
incorporates the variance (volatility) of a agent’s skill, allowing faster adaptation to changes in
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performance. A Bradley-Terry model[3|, which originated earlier, has a similar logic to estimate
the “probability of victory”, but formally expresses it through logistic or normal distributions and
is typically used in the context of statistical analysis of pairwise comparisons, as Weng and Lin
did[11].

At the same time, there exist variations of the Elo system designed for comparisons among many
agents. In particular, Powell|9] considers the interaction of N agents as a set of N — 1 separate
sub-interactions, where after each sub-interaction the agent with the worst result is eliminated
(endurance model). An alternative variant is one in which the strongest agent is eliminated after
sub-interaction, and the next sub-interaction is then considered without them (speed model). The
probability of obtaining the worst result in the first sub-interaction is therefore:

eirik

P o —
ikl eliminated Z Tok

zeN e

Let agent j take the last place and be eliminated. Then the probability of being the worst in
the next interaction among the remaining agents is:

e~ Tik

Pir2 eliminated =
ik2 eliminated Z ok

seN\{} €
And so on for each subsequent sub-interaction until only the winner remains. The rating after
the interaction is updated as follows:

N-1

Tithe1) = Tik + Y KBigt (Sike — Pike)
t=1

where Bj;i: is a boolean indicator showing whether agent ¢ participated in the sub-interaction t of
the interaction k.

This approach works well for modeling interaction outcomes, as shown by Powell, but it may
slightly overestimate ratings for stronger agents, since agents who rank lower will participate in
fewer sub-interactions than those who rank higher.

The Elo system was originally constructed to model and forecast outcomes of strictly pairwise
comparisons, but subsequent research has explored ways to generalize it to multi-agent interac-
tions such as group competitions and races. For example, an approach proposed by Moore et

al.|8], treats an interaction with n agents as an equivalent collection of n(nz_l) independent binary

duels, where each duel is awarded to the competitor who finishes ahead of the other. Powell |9]
argues that this formulation introduces a systematic upward bias in the resulting rating estimates,
particularly in scenarios involving a large number of interactions or a high density of agents per
interaction. Although Powell’s observation is well-founded, the underlying issue can be mitigated
through appropriate methodological adjustments, and addressing this limitation constitutes one of
the objectives of this study.

Almost all of the methods mentioned rely on certain fixed hyperparameters (for example, the
learning coefficient in the classical Elo system), which are often chosen manually or based on empiri-
cal considerations. This creates a problem as an incorrect choice of hyperparameters may lead to an
overly inert or an overly unstable rating system, distorting the underlying skill levels of the agents.
This problem becomes especially acute in complex scenarios with many agents, where interactions
are significantly more complex than in ordinary pairwise matches.
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To address this issue in machine learning problems, scientific and practical studies propose vari-
ous approaches to the automatic tuning of hyperparameters. Among these methods are optimization-Jj
based techniques, including gradient descent|5]. As shown for football games [1]|, gradient-based
optimization can effectively tune the hyperparameters of an Elo-style rating system, allowing one
to find the most suitable hyperparameter configuration by optimizing the logistic loss function[10].

In the context of the Elo system, gradient descent allows not only the automatic selection of
an optimal update coefficient K, but also the calibration of other hyperparameters such as the
shape of the win-probability function, or even the initial agent ratings if sufficient historical data
are available. Applying gradient descent to optimize Elo parameters on historical data makes it
possible to create a more accurate and stable rating system adapted to a specific game or league.

Thus, combining the Elo system with modern optimization techniques, such as gradient descent,
creates an opportunity to develop a generalized rating framework that preserves the conceptual
clarity and efficiency of classical pairwise Elo while extending it to settings involving multi-agent
interactions. The goal of this study is to construct such a system: one that not only supports
pairwise comparisons but also correctly models outcomes of interactions among multiple agents,
addresses structural biases that arise when pairwise simplifications are applied to multi-agent sce-
narios, and leverages gradient-based optimization to identify an appropriate set of hyperparameters
from historical interactions data.

This work aims to provide a principled, scalable, and data-driven generalization of Elo suitable
for high-dimensional competitive environments.

1 METHODOLOGY

1.1 General principles

In our approach for evaluating agents in multi-agent interactions, each interaction is decomposed
into a set of pairwise sub-interactions. Each pair represents a separate evaluation unit in which
one agent ranks higher or lower relative to the other. To train the rating system based on these
sub-interactions, we formulate the problem as an optimization problem.

Specifically, we aim to find agent ratings that maximize the agreement between the expected
and actual outcomes of the sub-interactions. For this purpose, the logistic loss function (log-loss)
was used as the loss function, which is a standard choice for binary classification problems, where
the outcome variable takes values 0, 0.5, or 1 (win, draw, or loss in the pair).

For each sub-interaction between agents ¢ and j in interaction k defined:

Sijk € {0,0.5,1} - actual outcome of the sub-interaction: 1 if agent 4 ranks higher than
agent j, 0 if lower, and 0.5 if equal;
1
Py = — = expected probability of agent ¢ winning over agent j,
1+ 107 %0

computed from the current ratings.
Then, the logistic loss function for a single pair is given by:

liji = = (Sijk - In Py + (1 — Sgjr) - In(1 — Pyj))
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This function penalizes large deviations between the prediction Pj;, and the actual outcome
Sijk: it is minimal when the prediction is close to the true value and grows rapidly for large errors.
This property makes the log-loss function convenient for training a rating model on historical data.

To minimize the loss function, gradient descent was applied. It is an iterative optimization
procedure that updates the model parameters (in our case, agent ratings) in the direction opposite
to the gradient of the loss function. Intuitively, the gradient indicates how the loss would change if
the rating is adjusted, and thus shows how to correct the rating to reduce the error.

Since l;;, is a complex function through FP;j, the chain rule was applied:
Olije _ Olijr. 9Py (1)
Oriye 0P, Orgy

First, the derivative with respect to P is computed:

Olyjk

GPij = —Sijk - (In Pyge)" — (1 = Siji) - (In(1 — Pyg))’ o
Sijk 1= Sijk _ Pijk — Sijk

Pijr 1= Pyr Pk (1 — Pij)

Next, compute the derivative of Pj;, with respect to r;; is computed:

0Py 0 1
Org. — Orye \ 1+ 108sk—rix)

1 9
- : Br—rir)
= T AL 1000wy By, (1+ 1070w

where 8 = %. Noting that

0
({')Tik

(1 + 10/3(7’jk—7"ik)) =_8 10/3(7’jk_7'ik)7
it follows that

OP;j B 108ik—rik)

Orise (1+ 105(Tjrrik))2

_ 3 1 (1 +1080s=rix)) — 1
7 + 108(rjk—rir) 1 + 108(rjx—rir)

Substituting Py, in place of 1/(1 4 108(k=7#)) yields:
8Pijk
87%
Finally, substituting (2) and (3) into (1) yields:

= B Pyjr (1 — Pijk) (3)

Olijk — Pijk — Sijk B
ori. P - (1— Pijk) ‘ﬂPwk (1 Pwk) =0 (szk Szyk) (4)

According to the gradient descent method, the rating update for a single sub-interaction is:

6lijk

Tigk = Tik — 1 53—
87%
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Taking all sub-interactions into account yields:

8luk
ik = Tik 5
i i ;77 Orin ( )
J#i

Substituting the derivative in (4) by (5) the multi-agent update formula becomes:

N N
Ti(k+1) = Tik — N B E (Pijr — Sijr) =mar — K E (Pijk — Siji) (6)
j=1 j=1
J#i J#i

This provides a smooth and consistent rating update that combines signals from all pairwise
comparisons. The formula generalizes the classical Elo update to the multi-agent case, based on a
rigorous mathematical derivation via the loss gradient.

Let G denote the set of agents participating in the interaction k, and let there be K interactions
in total. The total loss function is the sum of all logistic losses for pairs (4, j) arising from the pairwise
decomposition of each interaction:

K
L= Z Z lijk (7)

k=14,j7€Gk
1<j

1.2 Additional factors in the Elo rating model

In general, the outcome of interactions between agents may depend not only on their ratings but
also on additional factors. These factors should be taken into account when calculating the expected
outcome of the sub-interaction of agent ¢ with agent j within the interaction k. Therefore, this value

is given by:
1
Puk: :f(r‘kar'kagl g2 -"7gL) (8)
Y 1+ 1Of/(Tjvaikvglng:--ng)/400 e o
where f(7jk, ik, 91,92, - - ., gr) is a function representing the mathematical expectation of the out-

come of the sub-interaction between agent i and agent j. The importance of a particular interaction
or sub-interaction may differ from others; therefore, the rating update function in the general case

is given by:
N
Titk+1) = Tik + f(h1, ha, ... hL) Z(Sijk — Pijr) 9)
j=1
J#i
where f(hi,ha,...,hy) is a function that characterizes the influence of additional factors on the
importance of the event.
Thus, substituting (8) into (9) and generalizing yields:
Ti(k+1) = f(’rlka -5 Tiks -« - s TNE, Silk:7 s SiNka 91,92,---,9L, hi,he, ..., hL)
Taking into account that Ry = (rig,..., "k, .-, Tjk, ..., TNE) Tepresents the ratings of all agents
before interaction k, and (Sjik, ..., Sink) = Sk € S denotes the outcome of interaction k, the rating

of agent 7 after interaction k is a function of the following parameters:

ri(k+1) = f(Rk:757917927 ce. 7gL7h17h27 o 7hL)
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Accordingly:
Tj(k+1) = f(Rka Sv 91,92,-..,9L, h17 h27 .. 7hL)

Thus, the state vector of all agents’ ratings after interaction k£ depends on the same parameters
as in [1]|, which yields:
Rk+1:f(RkaSaglagQa'"agLahlahQa""hL) (10)

The state vector of agent ratings after interaction k£ + 1 is given by:
Riy2 = f(Rgy1,5,91,92, -, 9L, ha, hay ... hyr) (11)
Substituting (10) into ((11) yields:
R0 = f(Rk,S,91,92,--.,90, h1,ha, ..., hL)

Thus, the ratings of the agents at any moment in time can be expressed through the initial
agent ratings, the interaction vector, and the parameters of the Elo system:

Ry, = f(R1,5,91,92,-- -9, h1,ha, ... hr)

The rating matrix of the agents R = {R1,..., Ry, ..., Ry+1}, which contains the ratings of all
agents at all time moments, can be expressed as follows:

R:f(R1751917927'"agLah17h27'"ahL) (12)

If the initial ratings of all agents are the same and equal to a fixed value 7o, then the expression

simplifies to:
R= f(Tovsaglag%'"agLahth?'"ahL)

Let P be the set of all win probabilities in all pairwise interactions. Then, from (7), it follows
that:
L= f(PS) (13)

From (8), it follows that:
P:f(R7glag27"'7gL) (14)

Substituting (12) into (14), and then substituting the resulting expression into (13), yields:

L:f(Rl,S,gl,gg,...,gL,hl,hg,...,hL) (15)

Thus, as in the basic case for pairwise interactions|1|, the value of the logistic loss function is
determined by the initial ratings of the agents, the outcomes of their interactions, and the factors
that influence both the probability of the expected outcome and the weight of each event.

1.3 Adjustment of correction coefficient K

As shown in (6), the rating update in a single sub-interaction is given by:

Ar~K- -(S—-P)
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In a multi-agent interaction, agent ¢ participates in N — 1 pairwise sub-interactions (with each
opponent), and over the course of a year, there are M such interactions. Therefore, the total annual
drift scales as:

M N
drift; ~ K-> ) (Sijk — Pije) ~ K- M - (N —1) - (S - P)
k=1 j=1
J#i
where (S — P) is the average prediction error defined as the difference between the actual and
expected outcome.

If a constant K = K| is used, then drift; grows linearly with M and N — 1. For large values of
M and N, the rating may change excessively leading to overfitting, while for small values it barely
changes (underfitting).

If the drift is fully normalized by dividing by M and N — 1, the ‘data-scale’ effect is completely
compensated for, but another problem arises. For N = 2 and M = 1, it follows that K = K, and
the one-time increase after a win is:

ATIOW interaction — KO : (1 - P)

For the case with many agents and interactions (wins in each sub-interaction), with

the total annual change is:

K M N
0
AThigh interaction = Jo a7 1y Z Z(l - PZJk)

=
=
|

Since under constant wins the probability P increases with each interaction, the average value
£(1 — P) in many-interaction scenarios will be smaller than (1 — P) in a single interaction, assuming
initially equal ratings. Therefore,

ATIOW interaction = Arhigh interaction»

which indicates excessive smoothing.

Hence, complete lack of normalization (MY and (N — 1)°) leads to excessive drift for large
M and N, while full normalization (M! and (N — 1)!) results in over-smoothing at large scales
and volatility in “small” scenarios (because there K ~ Kj). Balance is achieved through partial

normalization, where the exponents for M (degree; and for N — 1 (degree lie in the

nteractions ) agents )
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interval (0,1). This partially compensates for the scale of M and N but does not “stifle” learning
as the data grows.
Thus, the adaptive update coefficient is:

K

K(M,N) =
( ’ ) Mdegreeinteractions . (N — 1)degreeagents

It makes the expected annual drift approximately proportional to:
A/r ~ KO . Ml_degreeintcractions . (N — 1)1_degreeagcnts . 5(1 — P),

and due to the exponents in (0, 1), this allows the model to retain adaptability for a large number
of interactions while reducing volatility in cases with few data points.

1.4 New agents initial rating

In systems with a dynamic environment, new agents continuously enter the system and initially
have no interaction history. The choice of its initial rating is crucial:

e arating that is too high creates inflated expectations, and the agent’s rating will drop sharply
after the first losses;

e a rating that is too low leads to underestimated expectations and excessively fast growth in
the case of a few victories;

e in the long run, both distortions skew the dynamics of the overall system and complicate
interpretation.

The basic and simplest approach is to assign newcomers a fixed initial rating rg. A more
sophisticated option is to use an adaptive value rgg, which is determined based on the current
distribution of ratings at the moment the agent appears. This approach is meaningful when the
environment consists of several isolated subsystems with different average rating levels. However,
such scenarios are rather exceptional for multi-agent interaction. Therefore, it is more reasonable
to use the simpler variant with a fixed ry.

Moreover, as will be shown below, it is possible to periodically normalize agents’ ratings to
improve system stability, and thus in such a case the basic approach effectively yields the same
result as the adaptive one.

1.5 Impact of interaction number on correction coefficient

New agents entering the system initially have no interactions, so their rating is estimated with high
uncertainty. With each subsequent interaction, this uncertainty decreases. The amount of Fisher
information after one sub-interaction is proportional to:

I(r) = E [(; log L(r)>2]

0
~log L(r) = - (P - ),

Given that, as shown in (4),
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it follows that:
I(r)=E[(B-(P-S))*] ~p* E[P(P-1)%*+(1-P)P*] =52 P(1-P)

After T interactions, the cumulative information grows proportionally to T', and the uncertainty
decreases approximately as U% o 1/T. Thus, it is natural to connect the optimal step-size multi-
plier of the update coefficient with this uncertainty so that the multiplier decreases with each new
interaction. To prevent an excessively rapid slowdown, a saturation mechanism is introduced: after
T > Tyat, the update coefficient becomes constant.

As shown in (16), the correction coefficient is:

I((]\f7 N) — KO . M_degreeinteractions . (N — 1)_degreeagents’

so after saturation it must take this value. Before saturation, the coefficient gradually decreases,
approaching a plateau that reflects the diminishing uncertainty.
Taking this into account, the following multiplier depending on the number of interactions is

defined:
T 2
9T =14« <1 — min{l, })
Tsat

where a > 0 amplifies the initial update and the exponent 2 enforces a quadratic decay. Thus:
T=0=y9T)=1+a,
0<T <Tgat =1<g(T)<1+a,
T> T = g(T)=1.
Therefore, the overall update coefficient is:
K(M,N,T)=K(M,N)-g(T)

The resulting rating update formula becomes:

N
rijk = rik + K(M,N,T) - Z (Sijk — Pijk)
J=1j#i

K, - (1 ta (1 —min{l, TT})Q)

Mdegreeinteractions . (N — 1)degreeagent5

K(M,N,T) =

Thus, introducing the dependence of the update coefficient on the interaction count ensures rapid
adaptation for new agents during the initial stages and gradual stabilization as more observations

accumulate.

1.6 Gradient descent hyperparameter optimization

The search for optimal Elo system parameters is performed by minimizing the logistic loss function,
which reflects the discrepancy between the expected and actual outcomes of agent interactions. In
this way, the model adapts its parameters to reduce the prediction error.

As shown in (15), the value of the logistic loss function depends on the agents’ initial ratings,
the outcomes of their interactions, the factors affecting the expected outcome probabilities, and the
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factors determining the importance of each event. In the general implementation of the Elo rating,
such factors include the initial agent ratings Rj, the base correction coefficient Kj, the exponent

accounting for the number of interactions in a period degree; the exponent accounting for

nteractions>»

the total number of agents in an interaction degree the regulator of maximum early-stage

agents»

rating growth «, and the saturation threshold Ty,;. Thus:

K K
L= lj=Y_ Y (SyrlnPyr+(1-Syx)n(l— Py))

k=114,j€Gy k=114,j€Gg
1<J 1<J
= f (S’ Rl’ KU’ degreeinteractionsa degreeagents’ «, Tsat)

It follows that the optimal hyperparameter values, corresponding to the minimum of the loss
function, can be found using gradient descent. In the classical formulation, the parameters are
updated after each gradient descent iteration using a fixed step size:

o+ = g — v F(e®)

where 7 is the learning rate that controls the speed of parameter updates, and 0 is the set of
parameters. However, since different parameters have different orders of magnitude (for example,
degreeiy eractions and degree,gqns are expected to lie between 0 and 1, while By and Ko may be in
the hundreds or thousands), the classical approach leads to slow updates of large-scale parameters.
To improve convergence for parameters with small values, a modified approach is more appropriate:

o+ = g — e £(e®)

This modification implements proportional parameter updates relative to their current values,
helping to avoid convergence imbalance between parameters of different scales.

In the subsequent section of this work, this approach is applied to optimize the Elo system
parameters on historical data, which improves model accuracy and the stability of algorithm con-
vergence.

2 APPLICATION

2.1 Multi-agent interaction based on Formula One races

To illustrate the practical application of the proposed model, data from the Formula 1 World Cham-
pionship were used. For modeling purposes, the dataset is divided into initialization, training, and
validation subsets. For each individual interaction (Grand Prix), only drivers who completed the
race are considered. This restriction is necessary because the Elo rating system is designed to quan-
tify the inherent skill or strength of an agent, whereas the probability of finishing a race is influenced
predominantly by exogenous factors, such as vehicle reliability, stochastic events, and interactions
with competitors that may result in retirements. Consequently, modeling the probability of finishing
requires a distinct algorithmic approach, which lies beyond the scope of the present study.

At the end of each season, the ratings are normalized to maintain a stable mean value. This
normalization preserves the relative differences between agents while facilitating the initialization
of new agents and stabilizing the overall scale of the rating system.

Since the Formula 1 interaction outcome is not binary but rather an ordered ranking of all
race drivers, the interaction outcome were transformed. To adapt the task to an Elo-like format,
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each race is treated as a set of pairwise interactions: if driver ¢ finishes ahead of driver j, this is

interpreted as a victory of ¢ over j. Thus, the race outcome can be represented as w

pairwise
interactions among all drivers.

For pairwise interactions in Formula 1, no additional parameters were introduced for computing
the win probability beyond the agents’ ratings. Before qualifying, all drivers are in equal conditions
(although their cars differ, such effects cannot be explicitly modeled). Therefore, the probability

that agent ¢ beats agent j is simplified to the classical Elo form:

1

Py, = .
ik 1 & 10(rie—rix)/400

Regarding the update coeflicient, all parameters introduced in Methodology section are incor-
porated. Since this environment has no distinct sub-environments and ratings are normalized after
each season, it is reasonable to apply a simplified approach for computing new-agent ratings by in-
troducing a single parameter rg instead of the vector R;. Considering that the update-enhancement
parameter o and the saturation threshold Tg, have an inverse dependence (the fewer interactions
required for saturation, the stronger the early-stage enhancement must be), there is no need to
optimize both. Thus, saturation level was fixed Ty,y = 10, and the optimal value of « for this
saturation level is determined using gradient descent. The same applies to the parameters rq,
Ky, degree; Interaction outcomes S are fixed values and, like Tyu, are

and degree

nteractions agents*

excluded from optimization.

Therefore, the loss function for optimization depends on the following parameters:
L= f (To, KO’ degreeinteractions? degreeagentsv Oé) :

The initial parameter values are chosen randomly: rq in the range 1500-2000, Ky in the range

10-500, degree and degree between 0.1 and 1, and « between 0.1 and 10.

interactions agents

2.2 Data

The input data for the proposed model is derived from the comprehensive dataset of Formula 1 World
Championship race results spanning the years 1950 to 2024, available on Kaggle: https://www.
kaggle.com/datasets/rohanrao/formula-1-world-championship-1950-2020. This dataset pro-
vides detailed information on individual race outcomes, which serves as the empirical basis for the
estimation and validation of the generalized Elo rating system. To calculate ratings which are close
to real ones the initial ratings for 1955 were computed using the results of all Grands Prix from
1950 to 1954 (inclusive). Data from 1955 to 1999 is reserved for model training, while the 2000
season is used as a validation set.

Also, drivers who completed only one race during a season were excluded from dataset. This
serves two purposes. First, it prevents the formation of isolated subgroups of drivers who partic-
ipated exclusively in a single Grand Prix (for example, the Indy 500) during the early years of
Formula 1. Second, it avoids including test drivers who competed in the only one event, for whom
there is insufficient data to reliably estimate a meaningful rating.

Finally, a total of 1,114 Grands Prix are considered across 75 seasons, with each season com-
prising between 6 and 24 events. For each Grand Prix, the number of drivers who completed the
race and were included in the analysis ranges from 2 to 24.
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2.3 Results and analysis

To prevent overfitting, an early stopping criterion was applied during gradient descent optimization.
Specifically, training was terminated if the logistic loss on the validation set did not improve for 20
consecutive epochs. In our simulation, the procedure converged after 247 epochs, at which point
early stopping was triggered. This indicates that the minimum validation loss was reached at epoch
227, after which further training produced no measurable improvement.

Optimal parameters are the ones which were calculated by Gradient Descent Optimizer after

227 epochs. Here the set of optimal parameters calculated:

Parameter Optimal value
To 1834.6477

Ky 102.0843
degree;  cractions 0.172968
degree, yons 0.624026

a 0.724035

Table 1: Optimal hyperparameter values.

The implementation of the model is available in the multi elo repository on GitHub: https:
//github.com/andritar/multi_elo.

The developed approach (multi-agent Elo) was compared with endurance model, speed model,
and pairwise comparison Elo model without number of agents and number of interactions normal-
ization and initial interactions boost (multi-agent Elo default). The performance of all methods was
assessed on the full set of evaluation-eligible interactions. The corresponding logistic loss values for

each approach are reported in Table 2.

Approach Logistic loss
Endurance Model 0.482522
Speed Model 0.502683
multi-agent Elo (default) 0.482469

multi-agent Elo (optimized) 0.481111

Table 2: Comparison of logistic loss values across different modeling approaches.

Among the considered approaches, the Speed Model exhibits the poorest predictive performance.
The remaining three methods demonstrate substantially lower logistic loss values, indicating better
predictive accuracy. As anticipated, incorporating normalization with respect to the number of
agents and interactions significantly improves the model’s performance, highlighting the benefit of
these adjustments in the multi-agent Elo framework.

CONCLUSIONS

In this work, a generalization of the classical Elo system for multi-agent interactions is proposed,
incorporating gradient descent for parameter optimization. The proposed approach provides:
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e a formalization of multi-agent interactions as a collection of pairwise sub-interactions, followed
by minimization of the discrepancy between expected and actual outcomes using a logistic
loss function;

e analytical expressions for rating updates, derived from the computation of derivatives of the
loss function, which ensure smoother and more stable learning dynamics;

e the introduction of an adaptive update coefficient dependent on the number of interactions
and the number of agents, allowing the model to avoid excessive drift or excessive smoothing;

e justification of the principles for initializing the initial ratings of new agents and of the de-
pendence of the correction coefficient on the number of interactions, increasing the flexibility
and robustness of the model.

The combination of the Elo system with gradient descent creates the prerequisites for developing
next-generation rating systems that preserve the intuitiveness and simplicity of classical approaches,
while acquiring self-adjusting properties. This is particularly important in high-dimensional sce-
narios with a large number of agents and interactions, where traditional methods lose accuracy or
stability.

The obtained results confirm the promise of integrating classical rating models with modern
optimization techniques. The proposed model may serve as a basis for further research and practi-
cal applications in sports analytics, multiplayer gaming environments, and educational assessment
systems.

This model operates at the level of individual agents but does not support situations in which
agents form a team and compete against an opposing team. Extending the model to such cases is
the objective of future research.
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CrarTs MPOIIOHYE y3arajbHeHHs KJIACHIHOI PEHTHHIOBOI cucteMu Ko /st 6araroKopucTy-
BaIbKUX CEPEJIOBUII 1 3aCTOCOBYE METO/M ONTUMIZAIN] JJIsi BU3HAYEHHS ONTHUMAJIBHOI KOH]I-
ryparii Mozesri. 3ampolOHOBAHUMN IMiIXI TPEICTABIISIE B3a€MOIIl MiXK H6araTbMa areHTaMu sik
Habip momapHUX MOPIBHAHB 1 (pOPMYIIIOE 3aady OMIHIOBAHHS PEHTHUHTIB fK MiHIMI3aIliio Jori-
cruanol GyHKIl BTpaT. Taka GOpMyTIOBaHHS [Ta€ 3MOTY OTPUMATH AHATITUYUHI BUPA3U JJIsT
OHOBJIEHHSI DEMTUHIIB Ha OCHOBIi I'Da/II€HTIB, III0 BUKOPUCTOBYIOTHCS JIJIsI IIOIIYKY OIITHMAaJIbHUX
rinepriapamMeTpiB, 3a6e31e4yI0vYH IJIABHIILY Ta CTAOLIbHINTY JUHAMIKY HABYAHHS TOPIBHSHO 3
KJIACUYIHOIO cucTemoro Eio.

BBomuThes momaTkoBHUit amanTUBHAN KOEMIMIEHT OHOBJIEHHS, AKWI 3aJ€KUTh Bif KiTbKO-
CTi B3a€MOIiit 1 KiJIbKOCTI areHTiB, 3aIisHUX y KOXKHiil momil. Taka HOopmastizallisi gomomMarae
3amo0irT™M HaAMIDHOMY 3CYBY PEHTHHTIB y BEJUKHUX HAOOpaxX JMAHUX i TMOM SKIIMYE HaJIMipHe
3IVIAJPKYyBaHHsSI, KOJIX OOCAT JaHWX ab0 KiJbKICTh areHTIB € HEeBeJMKUMHU. ¥ CTATTi TAaKOXK
PO3IISIAIOTHCS IPUHITUIN iHITia i3aIil peHTHHTIB HOBUX areHTiB i JUHAMITHOTO KOPUTYBaHHS
MMBUIKOCTI HABYAHHSA HA OCHOBI HaKOMMIeHO! imdopmariil I KOKHOTO areHTa, 10 A€ 3MO-
Iy cucTeMi IIBHIIIE 30/IMKYBATHCH 0 TOYHUX DEUTHHIOBUX 3HAYEHDb 1 MOKPAIILYE 3arajbHy
CTabiIbHICTD Ta IHTEPIIPETOBAHICTD.

I'pasienTHnit CIyCK BUKOPUCTOBYETBHCS JIJIsl TOIIYKY ONTHUMAJBHUX 3HAYEHDL Tileprapame-
TPiB muIsxoM MiHiMizaril (yHKIIT BrpaT i aBTOMATHYIHOrO BUOOPY BIIIOBIIHUX MapaMerpis.
Ile mae 3mory cucremi popMyBaTH TOUHINI PEATHHTOBI OIMHKY i, BiamoOBimHO, 3abe3medyBaTn
Kpallli TPOTHO3U MaiOyTHIX B3aE€MO/TilA.

3allpoIIOHOBAHA CUCTEMA JIETKO aJAllTYEThCSI JI0 CEPEIOBUIIL i3 6araToCTOPOHHIMU B3aEMO/Ii-
siMu, 30epirarovn MOBHY CYMICHICTH 31 CIleHapissMu OiHAPDHUX MOPIBHSAHB. 3a moTpedu 11 MOXKHA
POBIINPUTH JTOIATKOBUMHU Till€pIIapaMeTPaMu il BpaXyBaHHs CHeIdiKu KOHKPETHOI JOMEH-
uol obJacti.

Mosenb IEMOHCTPYE TEpeBAru MOETHAHHS KAACUIHOI PEHTUHTOBOI METOIOJIOTIT 3 CyJIacHU-
MH METOJIaMU OINTUMi3alii #i Moxke ePEeKTUBHO 3aCTOCOBYBATHUCH Yy CIOPTUBHUX, iIPDOBUX Ta
OCBITHIX cHCTeMaX, Jie BaXKJIUBUMU € TOUHICTh, aJalITUBHICTD JIO CKJIQTHUX CIleHapiiB Ta iHTep-
ITPETOBAHICTb.
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CUCTEMMU YMCJEHHH 3 HEHYJIBOBOIO HAJJIMIITKOBICTIO TA IX
3ACTOCYBAHHY ¥ TEOPII JIOKAJIBHO CKJIAJIHUX ®YHKIIIN

Y pobori po3riIsIaeThCst 306paXkKeHHs Ynces y cucreMi 3 0CHOBOIO a > 1 i asndasitom (Ha-
6opom mudp) A={0,1,..,r},a—1<r € N:

o
an, ”
_ Sno o
Tr = ar Aalag...an...van €A

n=1

._r
’a—1
300parkeHHsI 1 HaBITh MOXKYTh MaTH KOHTHHYAJbHY MHOXKHHY PI3HUX 300pa’keHb.

3a paxyHOK HaJUIUIIKOBOrO ayndasity yncia siapiska [0 ] MmaroTh, B3arasi KaxKyIu, He €IUHE
TeomeTpito (TOMOMOrO-METPUYHI BJIACTUBOCTI) TAKOTO 300parkeHHs! (7,-300parkKeHHsI) PO3-
KPUBAIOTH ITUJIHIPH:

Al e ={rix=A% ap € A},

ci1C2...C C1C2...Cmma102...0n.

BJIACTUBOCTI AKWX, BKJIIOYAIOUN CIIENU]IKy MEPEKPUTTIB, J€TAILHO BUCBITJIEHO.
B poboti mpezcTaBieHo pe3ysibTaTH JOCHIIZKEHHST CTPYKTYPHHUX, BapialiifHIX, TOIOJIOrO-
METPUIHHUX 1 TaCTKOBO (DPAKTAJIBLHUX BJIACTUBOCTEH (DYHKITIT, O3HAUEHHOI PiBHICTIO:

0o a, o
flz = ; m) —AT L an €A

Hosenero i1 HemepepsHicTh B ToUKax Bizpiska [0;1], siki B Tpasumiitaiil cucremi qucsieHHs 3
ocHOBOIO (1 + 1) MaoTh €aune 300pakeHHsl, 1 PO3PUBHICTD Y TOYKAX 3JIYEHHOI BCIOJH NIIILHOL
B [0; 1] MHOKUHHU, & TAKOXK HiJle He MOHOTOHHICTH Ta HEOOMEXKEeHICTh Bapiaril byHKILI.

Mg Bunanky r = 1, a = 1+T\/g

BKa3aHI (ppakTajbHi MHOXKWHHM PIBHIB 3 PO3MIPHICTIO
Tlaycnopda-Besukosuya ne menmoo — log, 2.
Karuosi caosa i pasu: cUCTEMU YHUCJIEHHS 3 HEHYJIBOBOKO HAJIUIIKOBICTIO, IUJIHID, KJia-

CHYHA S-CHMBOJIbHA CHCTEMa, MHOXKWHA PiBHsT (DYHKII, DYHKITIS HEOOMEXKEHOT Bapiarlii.
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Bcryvin

BinbmricTs ¢yHKIN, BusHaYeHHX Ha BIIPI3KY, MAIOTh JOKAJbHO CKJIAIHY CTPYKTYPY Y KOH-
TEKCTI MOHOTOHHOCTI, BapialliamiitHux, TugepeHIliajbHuX, TOMOJON0-MEeTPUIHUX Ta (hpaKTaIbHUX
BJIACTUBOCTEN.

Kpim HenepepBHux Hife HEe MOHOTOHHUX, HeIU(MEPEHIINOBHUX Ta CUHTYJISPHUX N0 JIOKAJIHHO
CKJIJIHUX MU BigHOCHMO (DYHKILT, sIKi MAIOTh 3JIU€HHY BCIOJM IIUIbHY Y BiApisKy (obsacTi BU3HA-
YeHHs1) MHOXKHMHY TOYOK po3puBy. OHOMY 3 KjaciB Takux (DyHKIIIH MpucBsueHa jJaHa pobora.

Jtst 3aganms PYHKINT MU BUKOPUCTOBYEMO ‘HECTAHIAPTHUI iHCTPYMEHT — CHCTEMY 300parke-
HHS 9UCEeJ 3 HaJJIANIKOBAM aJipaBiTOM i, B3araji KarKydW, HEIIJO0I0 OCHOBOIO. TaKWM CHCTeMaM
npucssiaeno cotui crareii [1, 2, 3,4, 5, 6, 7, 8, 9, 10|, B sskux po3B’a3yI0ThCsl PI3HOILIAHOBI 3a/1a4i (B
OCHOBHOMY METPHUYHOI, BKJIIOUYAI0UN (bpakTaabHy, Ta HMOBIpHICHOI Teopil dncesn). Ix sacrocysamns
Ji0 oTpeb Teopil byHKIH B X poboTax HE MPOCIIiIKOBYETHCS.

Hexaii 1 < a — dikcoane aiiicue umcsio; a — 1 < r — marypasnbue qucino; A = {0,1,...,r} —
andasiT; L = A X A X ... — MHOXKHHA, TOCJIJOBHOCTEN 3 €JIEMEHTIB aJI(paBiTy.

Posrnsnaerbest Binobpaxkenns v : L — [0; -

; =), a came

r

o
Qn Ta — .
o) =3 % = My = € [0 | (@) €
n=1

Cumponiunnii 3armuc ALY, . MU HA3UBAEMO T'q -300padiCeHHAM TUCTIA T, TIPU [BOMY (v, HA3UBAEMO
n-010 YuPporo TaHoro 3006parkenrsi. Buna ok r = 1 3acyroBye OKpeMol yBaru B CHJIy MiHIMaJIbHOCTI
ajipapity A.

Aximo a = r + 1, T0 r,—300parkeHHsT € KJIACUIHUM 300parKEHHSIM YUCEI y CUCTEMI 3 HATypasib-
HOIO OCHOBOIO @, $IKe Ma€ HyJIbOBY HAJ[IUIIKOBICTH (KOKHE YHCJIO Ma€ He Oliblile JBOX 300payKeHb,

IPUYIOMY THX, IIO IX MAIOTDh JBa JIUIIE 3/Ii9eHHAa MHOKIHA).

Osuauenns 1. [Ipu parioHaJbHOMY G 9HCJIO I, sIKE€ MA€ Tq-300pazkenns: 3 nepiogom (0), HazuBa-

THMEMO T —PaIliOHAJILHHIM.

OueBHIHO, IO KOJIM YUCI0 ¢ — PaIliOHAJIbHE, TO I'q—300parkeHHsT TAKOXK PAIlOHAJIBHE.
3po3ymiio, o r,—pallioHaJbHe YUCJIO € YACIOM PaIliOHAJIbHIM. AJjie He KOXKHE PAIlOHAJIBHE TH-
CJI0 € Tg—partioHaabHM. Hanpukiia, Iuc/io 3 9uCTO MEePIOIUIHAM 7'q—300ParKeHHIM Azgl o) epi-
Cp
OJ1 SIKOTO CKJIAJAETHCS MPUHANMHI 3 IBOX PI3HUX UMD € PAIliOHATILHIM, ajIe He € I'g—PalllOHAJIHLHIM.

CrpaBi, 9uC/I0 & sIK 3HAYEHHS BUPA3Y

1 c 1 /¢ c 1 /e c c
:Ara = (* ... l) —_— (7 e l) — (7 . e l) e T/ T,
T (e1...cp) o +...+ pr + 7 \g +...F pr a2 \ g +...F pr + = aip

e ¢ = % +...+ Z—’,’, € paIiOHAJILHIM YHCJIOM, ajie He € T,—PAIllOHAJIbHIM (B3araji Kaxydn).

YMoBa r > a rapaHTye iCHyYBaHHsI YHCeJI, siki MAIOThb OLIbINE JBOX 300paKeHb, 1 HABITH KOH-
TUHYaJIbHY 1X MHOXKHUHY, 0 TIOPOJKY€E HEHYJIbOBY HAJJIMIIKOBICTH NAHOrO (r + 1)—CUMBOJIBLHOIO
KoJlyBaHHS dncesi. Taki cucremu BUBYAKOThCA 3 1957 poKy, nepmmMu B oMYy HalpsiMi Oy poOo-
tu [1, 2]. CrorozHi cucTeMu KoJLyBaHHsI JIfiCHUX YUCEN 3 HEHYJILOBOIO HAJIIMIIKOBICTIO iHTEHCHBHO
BUBYAIOTHCsI, ICHYIOTh COTHI poOIT IM npucesivdenux [3, 4, 5|. B ocHoBHOMY Iie cucremu, B SIKHX OCHO-
Ba a He € 1mijoo. Ilpu mpoMmy posrisaaioTbesa pisui 06’eKTH i po3B’s3yoThbes pisui 3agadi. Icmye
KLJIbKa BIJJHOCHO HMOBHUX OIVISIJ(IB Pe3yJIbTaTiB IUX JOCTI/KeHb [6], 110 cToCcyioThest Teopii uyncesn i
dpakTaJIbHOrO aHAJIZy MHOXKHUH.
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Jlarna TeopeTMKO—IMC/IOBa TEMATHKA TICHO IMOB’'sd3aHA 3 IHINMMMHU HAIPIMAMHU CyYACHUX JOCJTi-
JPKEHb: TE€OMETPIEI0 YUCJIOBUX PsI/IiB, TEOPI€I0 HECKIHIEeHHUX 3ropTOK Bepnysuii, Teopieio munami-
YHUX CHCTEM Ta Teopiero PYHKIIH 31 CKJIaTHOIO JIOKAJIHLHOIO OYI0BOIO.

Y cucreMax 3 HEHYJILOBOIO HAJJIUIIKOBICTIO BOAYAEMO MOTYKHUH 3aci0 /j1s8 KOHCTPYIOBAHHS Ta
JIOCJI/PKEHHST MATEMATHIHUX O0’€KTIB 3 JIOKAJBHO CKJIAJHOI TOIOJON0O—METPUIHOIO CTPYKTYPOIO,
3o0kpema dyHKIi. Jlana pobora Mae 3a METy IIPOJAEMOHCTPYBATH TaKi MOXKJIUBOCTI.

1 TEOMETPIS 7, 30BPAYKEHHSI

Korkna napa mapamerpiB a,” IMOPOJIXKY€E CBOIO YHIKaJbHY IeoMeTpiio 1 crenudiKy mepeKpur-
TiB. Ii 9aCcTKOBO BUCBITJIIOIOTH BJIACTUBOCTI HMUIIHAPUIHUX MHOXKHH. OKpeMol yBaru 3ac/yroByIOTh
BUMAJKH: @ — YHUCJIO HATypaJibHE; @ — pallioHaJIbHE; @ — ippallioHaJIbHE.

Osnauenns 2. Hexaii (c1,ca,...,c,) — ikcoBanmii BOOpsiIKOBaHUI HAOIP eJeMEHTIB aJdaBiTy.
Huriagpom (rq-mutiagpom) panry k 3 OCHOBOIO €1Ca...C, HA3UBAETHCS MHOYKHHA

Al e ={z:z= Az

LCLO1O2...0n (Ctn) € L}

. ra C ATa
Huninapu Acl...cm_u' i Acl...cm_l[j—i—l]’

KaTb OJHOMY 1 TOMY 2K IUJIiHJIPY TONEPeHbOro panry Age

j €40,1,...,r — 1} HasuBaIOTHCsI CYCiAHIMU, BOHU HAJIe-

m—1"

[Mumisapy MarTh BIACTHUBOCTI:

Ale = AZ‘;W%O U AZ; YU AV

C]...Ck
k

Ale . =[wu+d, neu= 73]

.C
=1

3) nowxuna nmingpa: [Aze | =d= m — 0 (k— 00).;

1)
)
)
4) ﬂ Ale .. = A = x s Oy/b-sIKOI nocJaiioBHocTi (¢) € L;
)
)
)
)

CkT‘7

2 a“d_a(a 1)

c1C2...Ck ...

5) min Ac ey .cpc < min ACICQ el 0<e<r =1
6

7
8

Al o, =A% Bk<:>2a (o — i) = 0;

Are  AATe NG

CkC c1...cp[e+1] cl...ck[c—i-l](O); AZTCkC(T)] 7

JOBKMHA IIEePEKPUTTA:

Ta Ta — Ta Ta — r—a+ 1 .
|Ac1...ck—1c N Acl...ck,l[c+1]| - Acl...ck,lc(r) o Ac1.,.ck,1[c—i-l](0) - ak(a _ 1)’

Ta Ta _ Ta —_ Ta :
9) ymosa Aze . .N AL oot = D6 eprer = B ep[e+1]0 PIBHOCHIBHA

c T c+1 6
— 4+ —-=——, TOOTO T =20a
ok | gk+l ak ’

10 MO2K€ BUKOHYBATUCH JIUIIE IIPUA LLiJII/IX a;

R T _ 1AT 9.
10) pisnicts ALY ., o, | = 3|AL. (| BuKonyerses smime 3a ymosn a = 2;

Ta Ta — Ta — Ta .
11) ymosa Aze . .0 ACln-Ck_l[C"rl] AL o jer. .. Acl...ck_l[cﬂ}o _ biBHOCHIbHA

m m

c r r_c+1 . _a™(a—1)
J+W++W—7, TOOTO T—ﬁ.

BayBaxkenHsi 1. Biracrusocri 8)—11) Bupaxkarorb creruiky MepeKpHUTTIB Tq—I[UIIH/PIB.
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2 OIVH OCOBJIMBUI BUIIAJOK

Posrassremo Bumamok r = 2. Tomi 1 < a < 3.

Teopema 1. fkiio r = 2, TO MHOKHHA

C=Crg;{0,2}] ={z: z=Al"

a1Q...0n...

,an €{0,2} ne N}

€ JJOCKOHAJIOIO HIJIe He IILJIBHOIO CaMOIIOZIOHOI0 MHOXKHHOIO KAHTOPIBCHKOI'O THITY, po3MipHicTh I ayciopga-

Besuropnya sikoi piua — log, 2.

Jlosedenris. BUKOPUCTOBYIOUN MUTIHIPH T4-300pazkeHHsl, JIETKO OIMUCATU CTPYKTYpy MuOKuHEN C,
a came:
1. C C [Ay* U AS], mpudomy Ay N AL = &,
max{A{"} = AS‘Z € C, min{A}y"} = A;EO eC.

2) )

2. A7cntllcm 2 (AZT..‘cmO U AZT...cm2)7 Azlf...cmo N AZT...cnﬂ =4d.

3.C0CCpCy= U .. U A% . V={0,2}¥neN.

a1V an€V
o)
1.C= () Cn.

n=1
3riIHO 3 BiJOMOIO TEOPEMOIO IIPO CTPYKTYPY AOCKOHAJIMX MHOXKMH pOOMMO BHCHOBOK, IT[O MHO-

x)uHa C' € JOCKOHAJIOW 1 Hijle He IIIbHOIO (He MICTUTH YKOJHOIO $IK 3aBIOJJHO MAJIOIO IHTEPBAJLY ).

Muoxkuna C' € caMomnoIibHOI0, OCKIJILKI

C=[AFNCUAT N O],

k a ~ a . a| — 1 . 1 —
[i camomnoni6ua posmipuicTs € po3s’a3koM pisasHEs 2 - a® = 1, To6TO T = — log, 2. Bona pisua

poamiprocTi ['yenopda-Besnkopuda, ockinibku MHOKUHA C' 387I0BOJIBHSIE YMOBY BiJIKPUTOI MHOXKU-

nu. Teopemy moBeeHO. O

3 qDyHKHIH 3 ®PAKTAJIbBHUMU BJIACTUBOCTAMMN MHO>KIKMH PIBHIB

Posrasiaerbes dynkuis f, osnauena pisnicrio f(z = ALY )y =Als - ne
=«
Artl = E —"— (an) €L
a1Q9...0m... n’ n .
= (r+1)

OckiyibKY umcIIa 3J1i9eHHOT MHOXKUHU Yy CHCTEMi 3 OCHOBOIO 1 + 1 MaroTh JiBa (popMaJibHO pi3Hi

306paxenns: ATT! 0= ATTE ix Mu Hazusaemo (r + 1)-6iHapHumu), To 3a /i Kope-

a109...00 ajag...[an—1](r) (
KTHOCTI O3HaYeHHsT (PYHKIII f JOMOBHMOCH BUKOPUCTOBYBATH JIMIIIE IIEPIIE 3 BKA3AHUX 300parkeHb

(r 4+ 1)-6imapnoro uncia.

Teopema 2. @Qyukiist f ¢ HenepepBHoto y KoxkHiii (1 + 1)—yHapHiii Touni i HenepepsHoio B (1 + 1)—
OiHapHIi To4Il TOAl 1 JimITe Tol, Ko a =1 + 1.
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Losedenna. fximo GpyHKIis f HernepepBHA Ha BiIPiI3Ky, TO BOHA HElEpEPBHA B KOXKHIN TOUII IIHOTO
Binpiska. Hexait zo = ALY — (r+1)-ynapua touka. Hexait f(zo) = A, . Posnusaemo
TOYKY &, IO He PiBHA Tp, TOMI 3 & # X CJLIYyE, IO icHye Takuii Homep k, mo ag(x) # ag(xg), ane
ai(z) = a;(xg) ms yeix i < k, mpuaoMy ymoBa k — 00 piBHOCHIbHA T — Tg. st obrpynTyBanms
HerepepBHOCTI QYHKIII f, B TOUIl T( TOKayKeMO, IO

lim |f(x) — f(z0)| = 0.

T—T0

3rifiHO 3 03HaYeHHsIM QYHKIIT f MaeMo

lim ’f(l') - f(x())’ = lim ’f(A;alOQ...Oék_loéLa;_*_l...) - f(Agalozg...ak,lakak+1...)| -

T—T T—T0
— i Ta _ Ta
- kll)ngo |Aa1a2...ak,1a;€a;€+1... AalaQ---ak—lakak+1---‘ —
1
: Ta . Ta —
< klglc}o ak-1 ’Aajvajﬂl.., Aakak+1-~~‘ =0.

Orxe, dynkuis f venepepsua B (r + 1)—yHapHiil Toqri.
Henepepsuicts dhyHKIiii B KoxKHiil (1 + 1)-6iHapHiil Touni piBHOCHIbHA BUKOHAHHIO PIBHOCTI J1J1st

Oyab-sakoro k € N

f(Ag—fOlQuﬂkAak(O)) - f(AZrOlészékfl[ak*l](T))’ At Oyap-sikoro k € N.

OcTaHHIO PIBHICTD MOXKHA IIEPEIUCATH Y BUIJISII:
s « « e « ap — 1 r
Z i k i k
_ +

] k i
a’ a a a
i=1 i=1

3BLIKHT
o o —1 T
_

ak  ak a?—a’
10 MOXKJINBO Jiuiie 3a ymMoBu a = r + 1. Tobro dynknis f menepepsna B KoxkHiit (r + 1)-6inapmiit

TOYIN TOJI 1 JIKIIIe TOJI, KoJiu a = 1 + 1. L]

BayBaxkeHnHsi 2. 3aznauumo, mio ko a = 1 + 1, 106TO T4-306pazkenns cmisnajae 3 (r + 1)-

306pazkentsim, 10 f(x) = x.
Teopema 3. fxkmo a < r+ 1, To ¢pyHKIisa f € HiJe He MOHOTOHHOIO.

Jlosedenns. Moxnusi Bunagku: 1) 1 < a < r; 2) a € (r;r + 1). is noBejieHHs Hije He MOHO-
TOHHOCTI (DYHKINT JIOCUTDH JOBECTU 11 HEMOHOTOHHICTH HA JOBIIBHOMY NUJHHJAPI m-ro panry. st

: : r+1 r+1 CATHL
KOHKPETHOCTi posrianemo numnap Ap", = [Acl...cm (0); Acl...cm (r)].
1) Hexait 1 < a < r, Togi r+1—a > 1. Posrusinemo na mumiaapi ALY - roukn 2y = AT
Cm c1...cm (0)?
To9 = AZi.l.cerr(r—l)’ T3 = AZi}cmrl(o). OueBnunno, mo r1; < o < r3. Posrugnemo pizauii

f(z2) — f(x1) =f(x2) >0,
—1 1
f(x) = f(3) :an:-i-l + a?’:—i-?) + am:3(a —1) - an:+1 T ogmt2 T

rla—1)+r—1-a(a—1) ra—r+r—1-a’>+a
B am™t3(a—1) N am™t3(a — 1)
_a(r+1—a)—-1 a—1
 amP(a—1) T amt(a—1)

> 0.
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Ocxkimeku (f(z2) — f(21))(f(22) — f(x3)) > 0, To bynKHiz f HEMOHOTOHHA Ha THTiHAP] ALl

C1C2...Cm?
a B cuity JloBiabHOCT Bubopy ALT] __ HiJle He MOHOTOHHA Ha yciii 00/1acTi BU3HAYEHHS .

cica...c
2) Hexait a € (r;r+1), Tonir+1—a > 0.

1 1 1 1
AL = art (0),AT+ e (ry)- POSTIAIEMO TOUKH 21 = AZf..cmm)» xy = AT

.cm0T...7(0)’

T3 = AZ;Llc 10)° OueBuHo, 10 1 < Lo < x3. PosrisgHemo pisHuig
Cm

fo@) = fla) = o (Bt ) >0

a

r—(a—1)
a(a—1)

Hexait =c > 0. Tomi

a—1—r T r

a™(f(z3) — f(z2)) = + = —c

ala—1)  atla—-1) a**l(a—1)

OcKinbKu a”++a—1) MOHOTOHHO Tipsamye 710 0, To iCHye ng Take, IO JJId BCIX N > Ny BUKOHYBaTH-
< ¢. Ons raknx f(x3) — f(z2) < 0. Ockinbkn

(f(z2) = f(21))(f(23) — flz —2)) <O,

.. r
METBLCA HEPIBHICTDH m

To Ha muinApi Age . dynknia f(x) ne e monoronnoo. OTxKe, BOHa Hijle He MOHOTOHHA. O

Teopema 4. fkmo a < r + 1, To ¢yrkis [ Mae HeOOMEKeHY Bapiallifo.

Josedenna. Hexait A = [0; -“]. Kompanns dynkuii f na muminapi ALY nopismioe gosxumi
r+1

mumingpa A, o, MO € obpasom muiingpa AgT) . Tomy sapiamis dbynkuil f nepesumntye

cyMapHy JOBXKUHY IIIIHAPIB 00pa3iB, TOOTO

VA >Ve=> > ) |Ar e an

a1=0 a2=0 an=0
OckiIbKH
r ar r
Ale| = 1 > = =|A| > 1.
Z’ =0+ )a(a—l) ala—1) a-1 1]
a1=0
Tomi
k= " > 11V =k|Al
=1 iV =
A
AmnaJjioriuno,
,
D 1AL, = 1AL \ZIA | > |AZ]-
as=0 as=0
Toni

Z Z A% | = Z AT ST AT > KA,

a1=0az=0 a1=0 as=0
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Va=D D o D 1A% eyl > KA

a1=0 a2=0 an=0
TO
V(f) > lim V,, > lim k"|A| = oo.
n—oo n—oo
Orxe, dyukiisa f Mae HeOOMEKeHy Bapialiiio. O
4  JIBOCUMBOJIBHI CUCTEMU
Bunagok r = 1 B cuiy miniManabHOCTI aidaBiTy 3ac/iyroBy€ Ha OKPeMY yBary. 30CepeiuMo

inTepec Ha oMy BUMaAKy. Tomy mami 1 < a < 2. Y mpoMy BUIAIKY MAEMO

1
A""a — .
‘ clcg...cm| am(a _ 1)7
Ta Ta Ta . Ta Ta Ta 2 —a .
’AO NAY | = ‘[Al(())a 0(1)” = Ao(l) - Al(()) = ala — 1)7
|AZ(11-~~Cm—10 N AZT...cm_lﬂ = HAZT...Cm,ﬂ(O); AZ?...cm,lo(l)” = AZT...C,,HO(D - AZT...Cm,ll(O) =
 2—a
am(a—1)

3ayBaxKuMo, 110 iICHYIOTh OKpeMi IikaBi Bumajgku. Hamnpukia, piBHiCTE

1
Ta Ta P Ta
|Acl...cm_10 N Acl.,.cm_11| - 2 |Acl...cm|
BUKOHYETBLCHA JIMIIE 3a YMOBU a4 = %
. .. 2-a 1 1 . .
CnpaB,m, Yy IbOMY BHUIIa/JIKY BUKOHYETBHCA PIBHICTH m =3 m, 110 P1IBHOCUJIBHO YMOBI1

a= % Ba miei ymosn [0; —=] = [0; 2]. eit BuIag0K 3aciyroBye OKpeMoOro posriisiy.

’a—1
[umnit yrikaabHM BUNIAZOK: 7 = 1, a = 1+72\/5 3’sicyeMo, 3a SIKUX yMOB JIBa CYCiJIHI IUTiHIpH

M-I0 PaHI'y [ePeTHHAIOTHCS 10 IIHIPY (M + 2)-ro paHry, To6TO KoJIu
Ta Ta — Ta — Ta
AC1..ACmflO N Acl...cmfll - ACl...Cm,1011 - Acl...cmflloo' (1)

e aTa  ATa . . . . .
Panru nmningpis ALY g3 1AL . 100 PiBHI, TOMY Jijig PIBHOCTI IMJIHJPIB TOCHTD, 11100 30i-
raJIucs IXHI IOYaTKU, TOOTO 1106

: Ta H Ta _
min Acl...cm,lon — min Acl.“cm,lloo = 0.

A 11e piBHOCHIBHO PiBHOCTI
1 1 1 1

- (— _|_ -
amfl(CLQ ad a

10670 @ + 1 — a? = 0, sIKa BUKOHYETHCH JIUIIE [P OJHOMY JOJATHOMY @ = 1+2

15

Ockinbkn
Ta — Ta 3 Ta _ : Ta
max Ac1‘..cm,10 = max Agyj;, min Acl...cm,ll = min Ay,

TO HEOOXIJIHOIO 1 JIOCTATHBOIO YMOBOIO JijIsl BUKOHAHHS (1) € a = %

BayBaxkeuns 3. Bropsikosani rpiiiku qnces (1,0,0) 1 (0,1,1) y rq-306pakenni uncia npu r = 1,

1+V5
2

a = , B SIKOCTI IOCJIJIOBHUX IHDD 300parkeHHs € B3a€MO3aMIHHUMH.
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Teopema 5. Skmor =1, a = #, to muoxkuHa f~1(yo) pibHT Yo = Al

600) € KOHTHHYAJIBHOIO i

Mae ppakTaIbHy PO3MIPHICTD HE MEHIITY JHCJIA %

Ta
(100)>
Ma€ KOHTHHYAJIbHY MHOYKHHY DI3HUX 7¢-300pakeHb, OCKLIbKN KoxKHa Tpiiika (1,0,0) mocaimoBanx

Zosedenns. 3riTHO OCTAHHBOTO 3ayBarKeHHsT IUCI0 A 300pazkeHHst sikoro mae nepion (100),

mudp 6e3 BTparn 3HadeHHs Moxke OyTu 3aminena ansrepaarusroio (0,1,1). Tomy MuOXKHHA TTPO-

obpasiB 1y = AHOO) npu Bijgobpaxkenni y = f(z) micturh nigMHOXKUHY "ncesn Biapiska [0;1], kia-
cUYHe BiCIMKOBe 300parkeHHsI sIKHX BUKOPHUCTOBYE Juiiie JiBi nudpu 4 1 5.
Cupasmi,
o) g 03 o4 05 O a7 g 0
r =(— = i JE— R _— —_— _— —_— cee —
(2 + 22 + 23)+(24 + 25 + 26)+(27 * 28 + 29)+
74041 + 200 + a3 4dag + 205 +ag  4dar 4+ 2ag + ag
B 23 * 26 * 29 o
OckinbKu

1,0,0_ 40, 1 1_5
2 22 23 232 22 23 23’
. _ ra _ 8 . 8 . T'a .
TO OJHUM 3 IIPOOOPA3IB YHUCIa Yy = A(mo) exy = A(4), IHITTIM A(s) i A(45) iT.a. Orxke, BCsT MHOXKIHA
KAHTOPIBCHKOI'O THILY

C[8;{4,5}) ={z: == A3 , 7e ap, € {4,5}}

aiaz...an...

HaJIe’KUTh MHOXKHUHI piBHA. i camomomibna posmipHicTh Ta posMipaicTb [aycmopda-BesukoBuua

. e 1
3biratoTbes 1 pisni logg 2 = 3. O
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In this paper we study representations of real numbers in a numeral system with the base
a > 1 and alphabet (digits set) A ={0,1,...,r},a —1 < r € N given by

o0
78

— _" = T
L= an - Aaalaz...an.“?o‘n € A

n=1
Since the alphabet is redundant the numbers from the interval [0; 5] have not a single
representation and can even have a continuous set of different representations.
We describe the geometry (topological and metric properties) of such representations (the
rq-representations) in terms of cylinders defined by

Ala ={z:x=A" ap € A},

C1C2...Cm C1C2...CmQ1G2...0p .

We analyze their properties in detail, including the specific nature of overlaps.
We present results on the structural, variational, topological, metric and partially fractal
properties of the function defined by

- a’ﬂ _ Ta
/ (9” =2 (T+1)n> = Allias.an... On € A.

n=1

We prove the function is continuous at all points of the interval [0,1] that have a unique
representation in the classical numeral system on the base r + 1 and prove the function is
discontinuous at points of a countable everywhere dense set in [0,1]. Furthermore, we show
that the function is nowhere monotonic and has unlimited variation.

1+2\/57 we specify fractal level sets with Hausdorff-

In the particular case r = 1 and a =
Besicovitch dimension not less than —log, 2.
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ITPO EHAOIINKJITYHI 2-IIOPOJ2KEHI I'PVYIIN ITOPAIKY 256 TA
EKCIIOHEHTWU 16

3acrocoBytoun cucremy komir'iorepuol aiaredpu GAP, makeru SONATA rta LocalNR, mu
BU3HAYUJIM BCl eHJIONMUKJIIYHI 2-11opojpKeHi rpymu G mopsiaky 256 Ta excrioHeHTH 16, a Takoxk
HaBeJIU CIIMCOK I'PYI, sIKi He OyIyTh aJIMTUBHUMY I'PyIaMU JIOKAJTHHUX MailzKe-KiJielb.
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KiJIbIIE.
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Bcryn

V3arajabHeHHAM KiJIbId B TOMY CEHCI, IO JI0/IaBaHHs He 000B’SI3KOBO € KOMYTATHUBHUM 1 BUKO-
HY€TbC X04ua O OMH JUCTPpUOYTUBHUIL 3aKOH, € Malizke-Kiibile. O4eBU/IHO, 10 KOXKHE aCOIliaTUBHE
KUJIbIIE € MaiizKe-KiJIbIeM, 1 KOKHa I'PYIa € aJUTUBHOIO IT'PYIIOI0 MaiizKe-Kiablld, aje He 0DOB’sI3KOBO
MalizKe-KiJIbIld 3 OJUHUIIEIO.

Maiizke-KiTbIle 3 OJUHUIEI0 HA3UBAETHCS JIOKAJTBHUM, SIKITIO MHOYKUHA yCiX HEODOPOTHUX €JIeMEeH-
TiB yTBOPIOE MArpyNy aJUTUBHOI I'pynu Maiixke-Kinbiig. Jloc/imkeHHsa JOKAJIbHIX MaiizKe-Kijelb
6ys10 ininitoBano Mekconowm [5], sikuii BU3HAYMB sl TX OCHOBHUX BJIACTUBOCTEIl 1, 30Kpema, JIOBIB,
110 aJIUTUBHA I'PYa HYIb-CAMETPUYIHOIO JIOKAJIHLHOTO MalKe-KiJIbIlsd € p-TPYIOI0.

Hocmimkenus anredpaidHuX CTPYKTYP METOJAME TeOpil TPy Ta KOMII I0TepHOI ajaredbpu € Ba-
JKJTUBAM Ta HMEPCIEKTUBHUM HAIIPSIMKOM JTOC/I/?KEHb He JIUIIEe B a/redpi, a i IHmMuX rajry3sax MaTe-
MAaTHUKHX.

Crmcok ycix JIOKaJbHUX MaiizKe-Kijelb Hopsiaky He Oiabine 31 MOXKHA OTPUMATH 3 HAKETY
SONATA [1] cucremn xomm’iorepuol anrebpu GAP [4]. Onmaxk xmacudikarnis Maiizke-kirens Bu-
IUX [OPsiJIKIB BUMarae Habarato cKjaaaHimux obuucieHb. s JIoKaJbHUX MalizKe-KiJiellb BOHU
6y peanizosani B HoBomy GAP-nakeri LocalNR [12]. I[Torouna Bepcist (e He po3moBCIO/IZKEHA 3a
nonomororo GAP) micturs 37599 sokanbHUX Maiizke-Kijienb opsiiky He Olibiie 361, 3a BUHATKOM
rnopsinkie 128, 256 i medkux JOKaJIBHUX MailzKe-Kijelb mopsakie 32, 64 i 243.

OcHOBHI pe3y/braTh, IO CTOCYIOTHCSI JIOKAJBHUX MaiiyKe-Kijielb, mijacymMoBaHi B orsinax: Cu-
cak [15], I. Paescbka Ta M. Paescoka [9).

VIIK 512.6
2010 Mathematics Subject Classification: 16W30.
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Bisomo, mo icaye 51 Heizomopdua rpyna mopsaky 32 = 25 3 gkux 35 € eHIONUKIIYHIME
rpynamu, i juire 19 3 nux rpyi € aJuTHBHUMHA IPyIaMy JIOKaJbHUX Maiizke-Kijenb. Crucok Tta 6asy
JIAHUX JIOKAJIbHUX Maijizke-Kijienpb nopsiaky 32 moxkHa 3uaiitu B [8], [12] Ta [13].

Baznaunmo, 1mo 3 267 meizomopduux rpym nopsaky 64 = 25, 53 € 2-nopokennMu rpynamu, i
stre 39 3 MUX IPYI € eHJONUKIIYHUMEU. Bijibin Toro, 24 3 nux rpyn € aiuTUBHUME I'DyHaMU JIO-
KaJIbHUX MafiKe-Kijerps. Crnrcok Ta 6a3y JaHUX yCiX JOKAJIBHUX MaiiKe-Kijielpb mopsaKy 64 MoxKHa
saaiitu B [9], [10], [12] Ta [14].

Icnye 2328 Heizomopduux rpyi nopsaky 128 = 27, 3 axux 162 € 2-m0pO/ZKEeHUMH IPyIIAMI: b
IPYI MaIOTh eKCIOHeHTY 64, 1 jturne 2 3 UX rpyIl € INTUBHUMHU I'PYIIaMU JIOKAJIHHIX MaiizKe-Kiaelb,
18 rpyn MaroTh ekcrioHeHTy 32, 1 juite 6 3 1UX I'PYI € 3JIMTUBHUME T'PYIIaMU JIOKAJbHUX Maiizke-
Kijenp, 65 rpyn MalTh eKcloHeHTy 16, 1 jmurne 16 3 mux rpyll € aJJuTUBHUMU I'PYIaMU JIOKAJbHUAX
Mali2Ke-KiJiellb, 72 TPy MaloTh €KCIIOHEHTY 8, He MeHIe 17 rpyn € aJJMTUBHUMU I'PYTIAMA JIOKAIb-
HUX MalizKe-Kijelb, Ta 2 TPYIH MalOTh €KCIOHeHTY 4, i o0uaBi i rpynu € aJuTUBHUMHU TPYIIaMU
JIOKAJIbHUX MaiiKe-Kijers. Crucok Ta 6asy JaHUX JIOKAJbHUX MaiizKe-Kijelb mopsiaky 128 MoxKHa
suaiitu B [7] Ta [11].

3a3HaMUMO, IO 3aJIUIMIAETHCS BIIKPUTUM ITATAHHS, siki HeabeJieBl Tpynu MOPSIIKY P MOXKYTb
6yTu aJUTUBHUMU IDyIIaAMU JOKAJIbHUX Maiike-Kijenpb. 3 inmoro 6oky, Paiirescrok [3| mosis, 1o
JUIST KOYKHOT'O IIPOCTOr0 YHUCJIA P Ta KOXKHOIO IHJI0oro n > p icHye rpyma G mopsaky p", sika He €
A IUTUBHOIO I'PYIIOI0 JIOKAJBLHOTO Maiizke-Kijbig. HuM ke OyJsio mocTapjieHe MATAHHS ITPO XapaKTe-
pusariiio neabejaeBux p-rpyll, gKi MOXKYTb OyTH aUTUBHIMHU I'PYHAMH JIOKAJbHIX Maii2Ke-Kijelb.

B craTTi onumemo eHI0NuKIIYHI 2-TIOpO/ZKeH] rpynu nopsiaky 256 ta ekcronentn 16. A Takoxk

BU3HAYUMO, IKi 3 I[UX I'PYI MOXKYTh OyTH aJUTUBHUMU I'PYIAMU JOKAJLHUX MalizKe-Kijielb.

1 TIOHEPEJHI PE3YJILTATU

HaraaaeMo OBHa4YCHHA Maﬁ}Ke-KiJH)HH .

“.o»

Ozuavennsi 1. Muoxwnna R 3 jBoma 6inapHuMu orepariiismu “ + 7 Ta Ha3WBAETHCS MalizKe-

KIJIBIIEM, SIKIIIO:

1) (R,+) — rpymna 3 HeiirpagbanM eemenToM 0,
2) (R,-) — Hamibrpyna,

3) x-(y+z2)=x-y+x-z = Bcixz,y, z € R.

Take maii>ke-Kijiblie HA3UBAETHCS JIIBUM MaiizKe-KiibiieM. SIKio K akciomy 3) 3aMiHUTH aKCIOMOIO
(r+vy)-z=x-z+y-z s Bcix x, y, 2 € R, T0O oTpuMaeMo npase MaiizKe-KiJblIle.

Ipyna (R,+) nosnauaerbest yepes RT Ta nasusaeTbest adumuehoto epynoto, a il HelTpaIbHUIL
esiemenT 0 — nyaem Maitke-kiibist R. 3 akciomu 3 BurmmBae, mo r-0=7-(04+0)=7r-0+4+17-0,
3Bijikn orpumyemo 7 - 0 = 0. 3 i€l )k akciomu Butikae, mo r - (—s) = —(r - s). Maiizke-xinbiue R
HA3UBAETHCA HYAb-CUMEMPUYHUM, SKITO Takoxk 0 -z = 0.

Osnauenns 2. Maiixke-kiibie R, B skomy HaniBrpyna (R, -) € MOHOIZIOM 3 OJIMHUYIHUM €JIEMEHTOM
1, HA3HBAETHCsI Mail>Ke-KIJIbIIEM 3 OIuHHIEIO ¢. I pyma Bcix 060OpOTHHX €JIeMEHTIB IIbOIr0 MOHOLZA
II03HAYAETHCS Yepe3 R* Ta Ha3uBaeTbCss MYJIBTUILIIKATUBHOIO TPYIIOI0 Maiike-Kijibist R, a i1 gomos-

HenHst R\ R* — MHO>KHHOIO HEOGOPOTHHX €jIeMeHTIB i3 R.
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Osnauennss 3. Maii>ke-kiibie R 3 oauHHIEI0 HABHBAETHCS JIOKAJIBHHUM, SIKIIIO MHOXKHHA L BCix
HeobopOTHHX eleMeHTIB i3 R yTBoproe miarpymy ajurusnoi rpymu RY. B npomy sunaaky L 6ynemo

Ha3WUBATH MIJTPYIIOI0 HEOOOPOTHUX €JIeMEHTIB MaliKe-Kiibipst R.

Teopema 1 (|5]). SIkmo R — ckimdenne JIOKaJbHe MaliKe-KIIbIe, sIKe HE € Mail>Ke-IOJIeM, TO

Rl < |LJ.

Hexait G — rpyna ta End G — MuoxkuHa Bcix 11 eHA0MOP}I3MIB, sIKy MOXKHA PO3TVISIIATH SIK
HaIIBI'PYILy BiIHOCHO omepallil KoMno3umil eggomMopdismin. st Koxkuoro g € G mo3HaIuMo depes
g™ ymokumy {g®|a € End G} Beix o6pasis enemenra ¢ BigHocHo engomopdismis i3 End G.

Hagejiemo Hacrynne o3HaueHHs (JuB., HAIpUKIa, [6]).

Osnuauenns 4. ['pyny G HazBeMo eHIOMOPOHO HHKJIITHOIO (a60 eHIOMUKIIIHO0), KOJIH B Hill ICHYE

esement g, just sikoro G = ¢gFrd @,

2 (OCHOBHI PE3VJIbTATHU

Haranaemo, 1110 €KCIIOHEHTOIO I'PYIIN € HaiiMeHIIe CIliJibHe KpaTHe MOPsiaKiB 1T etleMeHTiB. 30Kpe-
Ma, eKCIIOHEHTOIO CKIHYEeHHOI P-TPYIH € MAKCUMaJIbHUM MOPSAI0K 11 eJIeMeHTIB.

Hacrymna mema BU3HaUa€ €eKCIOHEHTY aIUTUBHOL IPYIN CKIHIEHHOTO MalizKe-KiJIbIlsd 3 OAIMHUIIEIO
[2, Theorem 3].

Jlema 1. EkcrioHeHTa aJuTHBHOI IPYIIH CKIHIEHHOI'O Marii>Ke-KijiabIpst R 3 oquHuIero JJOPiBHIOE aIu-
THBHOMY HOPSIIKY HOIO OJUHHII, SIKHI CITIBOAIAE 3 aJUTHBHHUM ITOPSIIKOM KOXKHOT'O €JIEMEHTY HOro
MYyJIBTHILTIKATABHOI rpynn R*.

Jlema 2 ([9]). Hexaii R — siokasbHe Maiixe-Kisbue nopsaxy p™. Toui |R*| = p"—p*, ze [2] < k < n.

[Mosuaunmo yepes U(G) MHOXKUHY BCiX ejleMeHTiB rpynu (G, TOPsIJIOK SIKUX JIOPIBHIOE €KCIIOHEHT]
i€l Tpymu.
Besrniocepeniit Haci oK gemMu 2.

Hacainok 1. fkmo rpyna G € auTHBHOIO IPYIIOIO JIOKAJIBHOT'O Maike-Kijibist R mopsiaky p", Tori
n—1

U(G) ne menmre p" — p
Icaye 56092 HeizomopdHuX rpym nopsaky 256 = 28, 3 axux 540 € 2-mOPOKEHIMHI IPyIaMu: 3
TPy MaloTh eKCIIOHeHTY 128, 9 rpyn maiors ekcnoHeHTy 64, 30 rpym mMaroTh ekcroHeHTY 32, 107
TPYII MaIOTh €KCIOHeHTYy 16, 84 rpynm MaloTh eKCIOHEHTY 8, Ta 3 TPYyNN MAIOTh €KCIIOHEHTY 4.
Hexaii [n,i] — i-Ta rpymna nopsiaky n y 6i6aioreni SmallGroups 8 GAP.
BacrocoByioun cuctemy Komr orepuol anredbpu GAP, makern SONATA ta LocalNR, Mmu Busna-
qMJIA BCl eHJOMUKJIIYHI 2-mopojizkeri rpynu G mopsifiky 256 ekcrioneHTn 16 Ta MOPsiIOK MHOYKUHU
BCiX ejieMeHTiB rpymnu (G, MOPSIOK SIKUX JOPIBHIOE €KCIIOHEHTI Ii€l TPYIIN.

Jlema 3. Hacrymnri 2-mopomxkeni rpymn G nopsiaky 256 Ta excriomenTn 16 € eHIOIMUK/IIIHIMHI, Ta
Bkasano nopsiyiok U(G) mis koxkaol rpymn G':

IdGroup(G) StructureDescription(G) U(G)|
[256, 39] 016 X 016 192

IIpodosotcerna na Hacmynmuit cmopiHyi
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IdGroup(G) StructureDescription(G) |U(G)|
[256,40] Cl6 X 016 192
[256,41] Clﬁ X 016 192
[256,42] (((016 X CQ) X 02) X Cg) X CQ 128
[256,43] (04 X CQ X CQ) X 016 128
[256,44] ((04 X CQ) A 016) A C2 128
[256, 45] (Cy x Qg) x Cip 128
[256,46] (((016 X CQ) X Cg) X 02) X 02 128
[256,47] (04 X 02)((02 X 02 X 02) X 04) =

= (04 X CQ X CQ)(Cg X CQ) 128
[256,48] (<C4 X Cg) X CIG) X CQ 128
[256,49] (C4 X CQ)((CQ X 02 X CQ) X C4) =
= (C4 X CQ X CQ)(Cg X CQ) 128
[256, 50] (04 X 04) X 015 128
[256, 51] (04 X 04) X 016 128
[256,52] ((04 X CQ) Dal Cg) X Cl6 128
[256,53] | (Cy x C).((Ca x Ca x Cs) % Cy) =
= (C4 X 02 X 02)(08 X 02) 128
[256,54] (04 X 02)((02 X 02 X 02) X 04) =
= (04 X CQ X CQ)(Cg X CQ) 128
[256, 56] (016 X Cg) X CQ 128
[256, 57] Qlﬁ A Cl6 128
[256, 58] (CS X C16) X CQ 128
[256, 59] Q16 X 016 128
[256,64] (((016 X CQ) X 02) A CQ) X CQ 64
[256, 80] (Cg X 016) X CQ 128
[256, 84] (Cg X 016) X 02 128
[256, 87] 016 A 016 192
[256, 88] 016 A 016 192
[256, 89] Clﬁ X 016 192
[256,90] ((Clﬁ X 02) A 04) X CQ 128
[256,93] ((Cm X CQ) X C4) X CQ 128
[256,95] ((016 X CQ) X 04) X Cg 128
[256,96] (02 X 02)((04 X Cg) X CQ) =
= (04 X 04)(08 X Cg) 128
[256,97] ((016 X CQ) X 04) X C2 64
[256, 98] ((Cg X CQ) Dal 08) X CQ 64
[256, 99] (Ca x Q1) x Cs 64
[256, 100] ((016 X 02) X C4) X 02 64
[256, 101] (CQ X QIG) X Cg 64
[256, 102] ((CS X CQ) X Cg) X CQ 102
[256, 104] ((Cm X CQ) bl C4) X CQ 128
[256, 105] (CQ X CQ).((CS X C4) X CQ) =
= (04 X 04)(08 X Cg) 128
256, 106] (Cy x Cy) x Chg 128

IIpodosorcerns na HacmynHit cmopiHyi
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IdGroup(G) StructureDescription(G) |U(G)|
256, 107] (Cs x Cy) x Cy 64
[256, 109] (Cg X C4) X Cs 64
[256,113] (Cs % Cy) x Cg 64
[256, 114] (Cg X 04) X Cg 64
256, 115] (Cs x Cy) x Cg 64
256, 116] (Cg x Cy) x Cy 128
(256, 121] (Cy x Qg) % Cig 128
[256, 124] ((CQ X 02)(02 X 02 X 02)) X Cg 128
[256, 125] (04 X CQ)((CQ X CQ X CQ) X 04) =

= (04 X 02 X CQ)(Cg X CQ) 128
[256, 126] (016 X CQ) X Cg 128
[256, 127] (016 X Cg) X Cs 128
[256, 130] (016 X Cg) X CS 128
[256, 131] (016 A Cg) X Cg 128
[256, 133] (016 X 04) X C4 128
[256, 134] (016 A 04) X 04 128
[256, 136] (Cg X 02) A 016 128
256, 137] (C4 x Cy).((Cy x Ca) 1 Cy) =
= (04 X CQ)(Cg X 04) 128
[256, 139] (04 X 016) X C4 128
[256, 140] (Cg X CQ) X Cl6 128
[256, 151] (04 X CQ).((C4 X CQ) X C4) =
= (04 X CQ)(Cg X 04) 128
256, 155] (Cs x Ca) x Cyg 128
256, 159] (Cg x Cg) x Cy 64
[256, 160] (Cy.Dg = C4.(Cy x C3)) x Cs 64
(256, 161] (C4.Dg = C4.(Cy x Cy)) x Cy 64
[256, 162] (Cg X Cg) bl C4 64
256, 163] (Cs x Cg) x Cy 64
[256, 164] (C4.D8 = C4.(C4 X CQ)) X Cg 64
[256, 165] (C4.D8 = C4.(C4 X CQ)) X Cg 64
[256, 166] (Cg X Cg) X C4 64
[256, 167] (Cg.Dg = 04'(08 X Cg)) X 04 64
[256, 168] (Cg.Dg = 04-(08 X Cg)) A 04 64
[256, 169] (Cg.Dg = 04-(08 X CQ)) X 04 64
[256, 170] (CS.DS = 04-(08 X 02)) X 04 64
[256, 171] ((016 X 02) bl 02) A 04 128
[256, 172] ((016 X 02) A Cg) A 04 128
[256, 173] ((CIG X CQ) X 02) X 04 128
[256, 174] ((Clﬁ X CQ) Dl Cg) X 04 128
[256, 179] ((Cm X CQ) X CQ) X C4 128
[256, 180] ((Clﬁ X CQ) X CQ) X C4 128
[256, 181] ((016 X Cg) X CQ) A C4 128
[256, 182] (Cg X CQ) A 016 128

IIpodosorcerns na HacmynHit cmopiHyi
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IdGroup(G) StructureDescription(G) |U(G)|
[256, 183] (04 X CQ)((C4 X CQ) X 04) =
= (C4 X CQ)(Cg X C4) 128
[256, 184] (04 X CQ)((C4 X CQ) X 04) =
= (CQ X CQ X Cg)(Cg X 04) 128
[256, 185] (04 X 04).((04 X 02) X 02) =
= (04 X CQ)(CS X 04) 128
[256, 186] ((016 X 02) A 02) X 04 128
[256, 187] (Cg X 02) A 016 128
[256, 197] ((04 X 04) X 04) X C4 128
[256, 218] ((04 X 04) X C4) X 04 64
256, 221] (Cy x (Cg x Cy)) x Cy 64
256, 242] (Cy x (Cs x Cy)) x Cy 64
[256, 246] (CQ X (Cg X 04)) X C4 64
256, 250] (Ca x (Cg x Cy)) x Cy 64
[256, 256] (Cg.Dg = 04-(08 X CQ)) X 04 128
[256, 257] (Cg Dg = 04 (Cg X 02)) X 04 128
[256, 328] (((016 b CQ) X Cg) X 02) X 02 128
[256, 329] ((((Cg X 02) X 02) X 02) X CQ) =
(02 X 02 X 02 X CQ) (Cg X CQ) 128
[256,330] (((Clﬁ X CQ) X CQ) X 02) X Cg 128
[256,331] ((( Cg X CQ) X CQ) X CQ) X CQ) =
= (C4 X CQ X CQ)(Cg X Cg) 128
[256, 344] (04((02 X Cg X 02) A 04) =
= (04 X CQ)(CS X CQ)) X CQ 128
[256, 345] (Cy.((Co x Cy x Co) x Cy) =
= (04 X CQ) (Cg X CQ)) X 02 128
[256, 348] 04 ((02 X Qg) X 04) =
= (04 X 04) (Cg X 02) 128
[256, 349] 04 ((CQ X Qg) X 04) =
= (04 X 04) (Cg X CQ) 128
[256, 356] C4 ((04 X 04) X 04) =
= (C4 X 04) (Cg X CQ) 128
256, 357] Cu.((Cy x Cy) x Cy) =
= (04 X 04) (Cg X Cg) 128
[256, 361] Cy.(((Ca x Oy x C9) x Cy) x Cq) =
= (C4 x Cy).(Cs x C9) 128
[256, 362] C (((02 X 02 X Cg) X 04) X 02) =
= (04 X 04)(08 X 02) 128
[256, 384] (((CIG X CQ) X CQ) X CQ) X 02 64

3acToCOBYOUM JI0 JIEMU 3 HACTIIOK 1 MagMO HACTYITHE TBEPJIZKEHHS.

Jlema 4. Hacrynui 2-iopospkeni engornuksaiaai rpynu G nopsiaky 256 Ta excrionentu 16 He € aju-
THBHUMH T'DYIIaMU JIOKAJIbHUX MakKe-KiJIelb:
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IdGroup(G)

StructureDescription(G)

256, 64]
256, 97]
256, 98]
256, 99)
256, 100]
256, 101]
256, 102
[256, 107]
256, 109]
256, 113)]
256, 114]
256, 115]
256, 159]
256, 160]
256, 161]
256, 162]
256, 163]
256, 164]
[256, 165]
256, 166]
256, 167]
256, 168]
256, 169]
256, 170]
256, 218]
256, 221]
256, 242]
256, 246]
256, 250]
256, 384]

(((016 X Cg) X CQ) X CQ) X CQ
((Clﬁ X CQ) X 04) X CQ
((Cg X CQ) X Cg) A CQ

(Ca x Q16) x Cy
((016 X 02) A 04) A 02
(C2 x Q16) @ Cy
((Cg X 02) A Cg) X 02
(Cg X 04) A Cg
(Cg X 04) A Cg
(CS X 04) A Cg
(CS X C4) X Cs
(Cg X 04) x Cg
(Cg X Cg) X 04
(C’4.Dg = 04.(04 X Cg)) b Cg
(C4.Dg = 04.(04 X 02)) X Cg
(Cg x Cg) x Cy
(Cg X Cg) A 04
(C4.D8 = C4.(C4 X CQ)) X Cg
(C4.D8 = C4.(C4 X CQ)) X Cg
(CS X Cg) A C4

(Cg.Dg = C4.(C8 X Cg)) X C4
(Cg.Dg = C4~(CS X Cg)) X C4
(CS.DS = 04-(08 X Cg)) X C4
(Cg.Dg = 04-(08 X CQ)) X 04
(04 X 04) X 04) X 04

(

(02 X (08 X 04)) X 04

(02 X (Cg X 04)) X 04

(CQ X (Cg X 04)) X 04
(CQ X (Cg A 04)) X 04

(((016 X CQ) X CQ) X CQ) X CQ

167

Jlemu 3 1 4 € pesysbraTaMu 00YHCIEHb, BUKOHaHHX 3a joromoroo GAP ta naxkera LocalNR

(muB. https://github.com/raemarina/256_exp_16).
Po6ora migxrpumana rpantom Simons Foundation (SFI-PD-Ukraine-00014586, I.Yu.R.,

M.Yu.R.).
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Raievska 1., Raievska M. Endocyclic 2-generated groups of order 256 of exponent 16, Bukovinian
Math. Journal. 13, 2 (2025), 161-169.
Using GAP, the SONATA and LocalNR packages, we have defined all endocyclici

2-generated groups G of order 256 and exponent 16, and listed the groups that
can not be additive groups of local nearrings.
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€JIATIH B.O.

HECKIHYEHHI 3TOPTKM BEPHVYJIJII, KEPOBAHI HETA-/IBIMNKOBUM
PSI/TOM

Y poboTi BUBUAIOTHCS HECKIHUYEHHI 3ropTKu BepHysuIi, KepoBaHi Hera-JIBiiKOBUM PsJIOM:

gn —2

2 o0
2 oo 1 ; _ = _
R (Z2)7» & CaMe POIOJIIIN BUIIA,IKOBIX BEJIMTHH Buy & = 3 + E 1 = A£1£2~~~€n~~7
—

ze (&,) — moC/IiIOBHICTD HE3aJIEKHUX BUIAIKOBUX BeJUYUH, K HabyBaloTh 3Hadends 0 ta 1 3
WMOBIpHOCTIMHA Do, TA P1y, Biamosigmo. BukopucrToByiounm ¢dopmyman 3B’s3Ky Hera-IBiitKOBOTO
Ta KJACUIHOTO JBIfiKOBOTO 300parkeHb, BKa3aHO HEOOXi/HI Ta JOCTATHI YMOBU JUCKPETHOCTI,
CHUHTYJISIPHOCTI, HEIepepBHOCTI, PiBHOMIPHOCTi, eKcroHeHIiitHOCTi po3nojiay &. Bceranosiieno

. . . _ _2
71e6eriBCbKy CTPYKTYpPY PO3IOJITY BUIQIKOBOI Besmyauan 7 = A% 3a ymMOBH, 0 Tiidpu
Ty, 11 Hera-IBITKOBOTO 300parkeHHsT YyTBOPIOIOTH OMHOPiMHU janior Mapkosa.

Karuosi caosa i ¢ppasu: Hera-nsilikoBe 300parkeHHsl 9uce)I, IUIIHIP Hera-JIBiiikoBOro 30-
OpazkeHHs, 3ropTKU BepHyJLIl, CHHTYJISIPHUI PO3IIO/ILJI, eKCIIOHEHIIITHII PO3IOILI, TUCKPETHUI
posnoin, ysanmor Mapkosa.

Institution of mathematics of NAS Ukraine
e-mail: fracta.art@gmail.com

Bcryvin

JBocHMBOJIBHI cucTeMu KOJlyBaHHsI JIificHUX duces e(eKTUBHO BUKOPUCTOBYIOThCs B HayTi [1, 5
i Texuuri [4] B piznux rirsx. Haffmpoctimumm 3 TOMoI0ro-MeTpuaIHOl TOYKH 30y € KJIaCHIHA JBiii-
KOBa Ta Hera-IBifikoBa cucremn. OcTanHs Ma€ BiJl €MHY OCHOBY —2. [it Bignmosigua cucrema KOJTyBa-
HHsI YUCeJI TPYHTYETHCs HA PO3KJIAJAX YUCE B Hera-IBIHKOBUI psifl (3HAKOMOUEPEKHUI JIBIKOBHIT
psin). Merpuana Teopisi Hera-JBiiKOBOro 300payKeHHsI YUCEsI CXOXKa 3 BIIOBIJIHOI TEOpIo KJacu-
YHOrO JIBIHKOBOrO 306parkeHHst (iCHYOTH (hopMysin B3a€MO3B’si3Ky). Pasom 3 mum Hera-jiBilikoBe
306parKeHHsI He € TONOJIOTIYHO-eKBIBAJICHTHIM KJIACHYHOMY JIBiiiKoBOMy. oro HasiBHiCTH pO3IIH-
PIOE MOXKJIUBOCTI [JIsi KOHCTPYIOBAHHSI MATEMATUIHUX 00’ €KTIB 3 JIOKAJHHO CKJIAIHOIO CTPYKTYPOIO
Ta ppaKTAJTHLHUMEA BIacTHBOCTsIMU. JlaHa poboTa MpHUCBsteHa BUKOPUCTAHHIO HEra-IBIKOBOIO 30-
OpakKeHHsI YUCeJT Y MOCIIiIKeHH] PO3IOILIIB BUTAIKOBUX BEJININH, 30KpeMa, HECKIHIEHHNX 3TOPTOK
Bepmysmi.

VYIK 519.21
2010 Mathematics Subject Classification: 60G30.
This work was supported by a grant from the Simons Foundation (SFI-PD-Ukraine00014586, Yelahin V.O.)
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1 HErA-IBIMKOBE 30BPAKEHHSA YUCEJI

Hera-aBilikoBuM psiioM Ha3UBAETHCSA PSII:

2 1 1 1
Sl (1) 1
Hexait A = {0,1} — andasit, L = A X A X ... — npocTip IOCJIiJOBHOCTEN ejleMeHTIB ajdasiTy.

Biyomo, 110 st jioBinbHoro yucsa x € [0; 1] icuye nocinosuicTs (o) € L, Taka, mo

2 > 2 o o o
1 2 3
= E St ) =AL . (2)
E (—2)n "3 2 22 23 araz-
[Monanust gnciaa x psioM (2) HA3UBAETHCS FIOr0 Hera-JBIKOBUM IIPE/ICTABICHHSIM, a CHMBOJIIHUI
3alicC Aafaz a,... — Hera-jsiiikosumM 306paxkennam [8]. Hera-apifikope 300pazkenns quces Mae Hy-

JIOBY HAJIJIMIITKOBICTD, TOOTO KOXKHE YUCJIO MA€ He OLJIbINe JBOX Hera-IBiiKOBUX 300parkeHb, MPU-
9OMYy THX, IO MalOTh 1X JIBa, JIAIIE 3ji9eHHa MHOKUHA. Hera-/iBifikoBe 300paskeHHsT € TOITOJIOTITHO
eKBIBaJIEHTHUM JIAHIIOroBoMy Ag-300pazkenHio duce [1].

Lunindpom parey n 3 0CHOBON C1C3 . . . Cp, IO BLANOBIA€ Hera-(BIiKOBOMY 300parKEHHIO IHCEJT
Biapisky [0;1], HasuBarors [1] Muoxumy

AL, e =fm:w=A02 . 5. (Bn) €L},

n

IIpn npomy Aclcz :[u—v;u—l—w],geu:%—i—z (_a
=1
. 3% JJTs HellapHUX 1, w— 32% JJI HEIlapHUX 1,
3_2% JJIsl TIApHUX 15 ﬁ JIJIsl TIAPHUX 1.
Hesiki BIacTUBOCTI IWIIHIPIB:
1)  max Acl%:z okl T = min A0162 cop0r AKX A61202 Co—10 = min A0102 Cap1 1)
2) ‘Aclcg ‘ = 2%7 ’Aclcg ‘ = ’chz cm0| + ‘Aclcg cmll;

3) OCHOBHE METpUYIHE Bi,H,HOHIeHHH Ma€ BUTIJIA:

-2
‘ cica. ‘cm0| | c102 cml‘ _1 |A0162 cmO‘ ‘Aclcg cm1|
|A0102 -Cm |A0162 Cm’ 2 ’Acwz ‘ ‘chz cm"
0o
4) x_Ac_1202 Cm... ﬂ A;2 Cm
m=1

2  3ropTKU BEPHV/LIII, KEPOBAHI HET'A-IBINKOBUM PSIIOM

Osnauvenns 1. Skimo (&) — HOC/I[OBHICTS BUIIAKOBUX BeJHYHH, siKi HabyBatoTh 3HadeHb () Ta 1

3 HMOBIPHOCTSIMH Doy, Ta P1,, BIAIOBIAHO, TO PO3IO/iI BUIAKOBOI BEJIHINHI

PR 5
n
§+Z = Age o
n:l

Has3uBaeThes 9] HeckinvenHoro sroprkoro Beprysuii, kepoaroro psiom (1).
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Jlema 1. fkmo BunajkoBa BesmdanHa & Ma€ piBHOMIpHUIT po3mojia Ha Biapisky [0; 1], ro nudpu it
Hera-JIBIfiKOBOro 300pa>keHHs € He3aJIeXKHHMH, OJJHAKOBO po3roisenuvu, npudomy P{&, = 0} =

P{fnzl}:%'

Jlosedenms. Ockinbku posnoxin € € piHomipaum Ha [0, 1
z} =0 ecix z € [0,1], i P{€ € A2, }=|A2, |=

|, To BiH € HenepepBHuM, oTxke, P{{ =
2™, Tomy

..Cm,

_ 1 1
Ple =0} = Ple € A7) = Ple > L} = L
_2 1.1
P{& =1} = P{ € A }:P{€<§}:§~
Tomi
_ _ 1
P{S’n = O} = P{g € U Aclz...cn_lo} = Z P(Ac12..cn_10) = 57
(cl,...,cn_1)€A"_1 (Cl,..‘,cn_l)EA"_l
_ _ 1
P{é-n = ]‘} = P{g € U Aclz...cn_l]_} = Z P(AC12..Cn_11) = 57
(Cl,...,cn_l)GA"_l (Cl,...,cn_l)EA"_l

OCKIJIbKU TIOZi1 B oMY O0’€IHaHHI € HecyMiCHUMU i HIMOBIPHOCTI He 3aJiexKaTh BiJ HAOOPY IUdP
(c1y...,Cn_1), TO POUOJLI &, He 3aJE€KUTD BiJ[ POSMOALTB &1, ..., 1. O

Teopema 1. ko (§,)— HOCHIIOBHICTD HE3aJEKHUX BUIIAKOBUX BEJIHYHH, sIKI HAOYBAIOTHh 3HA-
yeuHst () Ta 1 3 HMOBIPDHOCTSIMU Py, 1 Pin, TO PO3IOJIILI BUIIAIKOBOI BeJIHIUHH & = Agf& ¢,.. Mae

qucTuil Je06eriBChKHI THII, IPHIOMY:

o0
1) gmcro aucKpeTHHH, SIKIIO H max{pon,pin} > 0;

n=1
oo
2) 4ucTo abCoJIFOTHO HelepepBHUI, SKIIO Z(l — 2p0k)2 < 00;
k=1

o0
H maz{pon, pin} = 0;

3) umcro cuHrynApHHi, AKmo { "ot

> (1= 2pgk)® = oo
k=1
Zlosedenns. TBeplrKeHHsI TEOPEMH BUILIABAE 3
1) aHAJIOrIYHOrO TBEP/ZKEHHsI JJIsl KJIACHIHOTO JIBiiiKoBOro 306pazkeHHst [6);
2) dopmynn B3aeMO3B’3KY MiXK Hera-IBIffKOBUM 300pazKeHHSM Ta KIACHIHAM JBIHKOBIM 30-
Opaxkenusm [2]:

-2 A2
AC¥16¥2-~~Oé211c71042k~~ - A[l—a1]a2[1—a3]0t4---[1—6¥2k—1]6¥2k---' (3)
3) OCHOBHOIO METPUYHOIO CIIBBIIHOIIEHHSI JJIsl IUJHPIB. ]

Teopema 2. Hexaii (1,) — 10C/Ii[OBHICTh HE3aJI€KHUX BHIIAJIKOBUX BEJIUYHH, sIKI HAOYBAIOTH 3HA-

yernpb 0 Ta 1 3 HMOBIPHOCTSIMH Pg, Ta P1y, BiamosigHo, 0 # ¢ — jesika KOHCTaHTa. SIKIIO

622’“6_1 1
Po,2k—1 = y  P12k—1 =

c c )
1 _|_ 622k71 1 + 6221671
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_c_
]_ 622k
Po2k = ————=<» DP12k= <
14 e22k 1+ e22k
— A2 s . .. )
TO BHII&JIKOB& BEJIHIHHA 1) = Ammmnnm Ma€ eKCIOHeHIiinnii posnoain Ha Biapisky [0;1].

Losedenns. Jlane TBepIXKEHHS € HACIIIKOM (POPMYJIN B3a€MO3B’ 3Ky MiK Hera-IBIHKOBUM Ta KJia-
cnaHUM JBifiKoBEM 300pazkennsivu (3) 1 Bimomoro dakry [3]: BunajxkoBa BeandanHa T = AZITQMTnm,
upu (7,) KJIACHIHOTO JIBIHKOBOTO 300payKeHHsI SIKOI € He3aJIeXKHUMU 1 PO3IOIIICHUME 38 3aKOHA~

MU: .
Plri=0}=——, Pln=1}=—
Tr — = ra T — = 3
" 1+4em’ " 1+eom’
MAag€ eKCIOHeHI{iHuit po3nomaia Ha Biapisky [0; 1] 3i muibuictio f(x) = % O

Teopema 3. fkmio (§,) — MOCIiTOBHICTD HE3aJEKHAX BHIAKOBUX BEJIHYHH, SIKI HAOYBAIOTH 3HA-
genb () Ta 1 3 #HMOBIpHOCTSIME
_c_
1 ean

= =< Pin=_—=
1+ e2m Tl 4er

(4)

Pon

TO BHIIAJKOBa BesimInHa £ = Agf& ¢,... Mae abCoJTFOTHO HEMEPEPBHUE PO3ITOII.
b

Losedenns. Bunangkosa BenumunHa £ Oylae MaThu abCOJIIOTHO HeIepEepBHHUI PO3ITOALI TOi 1 JIdiie
TOJi, KOJIM OyJie MaTu abCOJIIOTHO HEIEPEPBHUI PO3IO/ILJI BUIIA/IKOBA BEJIUINHA T 3 HE3aJEKHUMUI
JaBifikopuMu nudpamu, MO MAOTh Taki K posnojaiym K nudpu &, Bunankosol Bejanunnan £. Orxe,
BUKOPHUCTOBYIOUM KpHUTEpiil abCOIIOTHOI HeepepBHOCTI, siIKUil Biomuii 3 pobir |6, 7|, kKoHcTaTyemo,
o & MaTuMe abCOJIIOTHO HEIIEPEPBHUIT PO3IIOMLI TOI 1 JIUIE TOJi, KOJIU BUKOHYETHCS yMOBA
oo
[(1 = 2po)? + (1 —2p%,] < 00
Pok Pk .
k=1
OckisibKH, I8 yMOBa BUKOHYEThCsI JIJIsl HMOBIpHOCTE, 3amanux dopmytamu (4), To posnomin & €

abCOJTIOTHO HEMEPEepPBHNM, ajle He eKCIIOHEHITIIHHIIM. L]

3 XAPAKTEPUCTHUYHA ®VHKIIIS HECKIHUEHHOI 3TOPTKN BEPHYJIJII

Haramaemo, mo xapakTepuCcTUIHOIO (PYHKITEI PO3MOMiIy BUMAAKOBOI Beandnnn ( 3 PYHKINEO
posnoziny F¢(x) nasuBaerbesa |2| komekcHosnauna Gyukis fe (), 1o € MareMaTHIHIM CIIOIiBa-

HHSIM BHIIIKOBOI Beamaunu €S, 10610

fe(t) = Me™ = /OO e dF (z).

—00

-2

b _ A . 5 | ]
W = Q¢ e, ¢, —HeCcKimUeHnHa sropTka bepmyii, je &, HAOYBAIOTH

2 o0
JI 2. Hexaii & = —
eMma exalif £ 3-1-7;

s3aadeHdb () Ta 1 3 HMOBIDHOCTSIMU Doy, Ta Pln - XapaKTepUCTHIHA (DYHKI[ST BHIIAIKOBOI BeJIMINHU

& byzme maTu BUTJISLT:

it

[o.¢]
2it
es - H(pOk + pix - eY),
k=1

2+ Y <fg)n)
n=1

fg(t) = Me

o
) t
a i1 moxyne — |fe(t)| = H \/1 — 4p0kp1k3m2(2k+1 )-
k=1
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Josedenhs. 3rigHO 3 O3HAUEHHSIM XapaKTEPUCTUIHOT (DYHKIIIT:

Fe()] = e T 1fel =1 T iom +plkcos<(_§)k> +ipysin( )| =

t t . t
= H Por + 2p0kp1k008(( o) 7) +p1k0032((_2)k) +P§k3m2((_2)k) -

= H \/ 1+ 2p0k]91k(003( -1 H \/1 — 4pokprpsin® (2k+1) L.

Teopema 4. [l Toro, mob xapaxkrepucruina (yHKIs fe BHHaﬂKOBoi' BeJIMIuHH & 38J0BOJIbHSIA

ymoBy L¢ = ‘tlli_{noo sup | fe(t)] = 0, meobxizno i gocraruro, 106 por, — 5(k — 00).

Josedenns. Momynb XapaKTepUCTHIHOT (PYHKITT BUAMTAIKOBOI BeJTUINHU & TOPIBHIOE MOJIYJIIO Xapa-
o0

KTEepUCTUIHOI (PYHKIIT BUIAAKOBOI BEJIUINHH T = g ok Jge mudpu T, He3asekHi 1 HaOyBalOThH
k=1
snavenns 0 Ta 1 3 fimoBipHOCTSIMU ok Ta pyy Bianosiano. Toxi Le = L. Ilosefinka Moysis xapa-

KTepucTHIHOI (bYHKIIIT BUNAKOBOI BEJIMUNHN T Ha HECKIHYeHHOCTI Bioma 3 poboru [1]. Orxe, mis

L¢ TBep/KenHsa BipHe. ]

. . 1 . .
Hacaimok 1. 3a ymosu lim pgy # 5 PO3IIOJIT BUIIAKOBOI BeTHIUHU & € CHHTYJISIPDHUM.
k—o0

4 BI/IHA[[KOBI BEJIMYNHN, TUOPU AKX MAIOTb MAPKOBCBHKY 3AJIE2KHICTD

Teopema 5. Hexaii (7,) — HOC/I[OBHICTh BHIIAJIKOBUX BEJIUYHH Ty, $IKI HaOyBaroTh 3Ha4eHb () Ta
1, yrBoproroTs oxHopigauii janmior MapkoBa 3 mo9aTKOBIMU HMOBIDHOCTSIMH Pg Ta P1 1 MATPHIICIO

mepexinunx fimosiprocreii ||pi||, i,k € {0,1}. Toxi Bumaakoba pemrnna T = AZ2 _ marHMe:

1) jcKpeTHHIT PO3IOII 3 JBOMa aTOMaMH, KOJIM MaTPHIls ITepexiiHux fdvoBipHOCcTed ||pij|| Mi-

CTUTb JIBa HYJII,

2) AHMCKpeTHHIT PO3IOIIJI I3 3/IY€HHOI0 MHOXKHHOIO aTOMIB, sIKINO ||pi;|| MicTHTH OmMH HyiIb Ta

poop11 # 0,

3) cHHTYJISpHUIT PO3IOALT KaHTOPIBCBKOIO THILY, KOJIH MaTpHus ||p;;|| MicTurs omun Hynb Ta

poopi1 = 0,

4) HemepepBHUIT PO3MOJLI, KOJH MATPHIIS MIEPEXITHUX HMOBIPHOCTEH HE MICTHTH HYJIIB.



HECKIHYEHHI 3TrOPTKN BEPHVJIII 175

Zosedenns. 1. CroxacTuaHa MaTpuilsd 2 X 2 He MOXKe MaTh OUIbINe HiXK JiBa HyJ. SKI0 MaTpuiis
||pik|| Mae nBa Hysi, TO OUEBHHO, IO ATOMAMM PO3NOALLY T € TOYKU:

T = A(_S, To = A&Ql), AKIIO poo = p1o = 0;

z3 = A, wa=ALG),  axmo po = pii = 0;

T5 = A(‘021), ze = A(_l%))’ AKIIO poo = p11 = 0;

T7 = A(_o?? Ty = A(_& AKIIO po1 = p1o = 0.
2. Hexait marpuiis ||p;x|| Micrurs sumie ogus HyIb.
Axmo p1g = 0, aromamMu po3nomiy OyayTh UuCIa BUILY A(_S, Aa(zl), A602(1)’ . Aa?.o(l)' Axro

po1 = 0, atomamu posmnojity OyayTh HHCIa BUILY A(_O%’Al_(%))’Al_lQ(O)’"‘A;?I(O)' Sxmo py; = 0,

TO CHEKTD Y I[bOMY BHIIAQJIKY CKJIAIACThes 3 ToUoK = € [0, 1], siki B Hera-nBiikoBOMy pO3KJaji He
MicTaTh nap mocsigoBHux 1udp (i7). PosrisiHeMo MHOKUHY TOYOK

D={z: x=A,, o, (02m-1(x),00m(r)) € {(L =i, 1 =), (i, 1 — i)}, m € N}.
Mix D i [0, 1] MmoxKHa BCTAHOBUTH OIEKTHUBHE BiOODasKEeHHSL:

— A2 s y=AZ?
A =470

e

0, sxmo (om—1(z),a0m(x)) =1 -1, 1—1),
Ym(y) = , ,
1, saxmo (agm—1(x),asm(z)) = (i, 1 —1).
Ockisbku KoxkHe 4unciao 3 MHokuHE [0; 1] Mae Hera-jBiiikoBe 300paKeHHsI, TO CIIEKTD € KOH-

o . . . T . .
TUHYAJILHUME, & HOro po3MipHicTh Oy/ie pO3B’SI3KOM PiBHHIHHS % + (1 + %)x = 1, i mopiBHIOE

1 —logy(v/5 — 1).
Aximo Marpuid mepexiHuxX WMOBIpHOCTEH HEe MICTHTD HYJIIB, TO OYEBUIHO, IO T, MOXKe Haby-
BaTh Oy/b-AKUX 3HAYEHDb 3 BiApisKy (0;1), a oTke, po3mo/is Oyie HemepepBHAUM. [
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This paper investigates infinite Bernoulli convolutions governed by a negabi-
oo 1
n=12-n>

&n s

2 e}
form ¢ = 3 + Z 2 = A e, 6., Where (§,) — is a sequence of independent
n=1

nary expansion: %—l—z namely the distributions of random variables of the

random variables taking values 0 and 1 with probabilities pg, and p;, respectively.
Using the transformation formulas linking the negabinary expansion with the
classical binary representation, we establish necessary and sufficient conditions for

the distribution of ¢ to be discrete, singular, continuous, uniform, or exponential.
The Lebesgue structure of the distribution of the random variable 7 = A2 ||
under the assumption that the digits 7,, of its negabinary expansion form a
homogeneous Markov chain has been determined. Negabinary representation,
negabinary cylinders, Bernoulli convolutions, singular distribution, exponential

distribution, Markov chain.
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FOR THE ISOTROPIC SUPERDIFFUSION EQUATION

We consider the Cauchy problem for the isotropic superdiffusion equation with the Riesz
fractional differentiation operator of order v € (0;2), which generalizes the classical heat con-
duction equation. Such models arise in the description of anomalous transport of energy and
mass in fractal and porous media, plasma, and other complex structures exhibiting superdif-
fusive behavior. The Riesz operator is the generator of symmetric a-stable Levy processes;
therefore, the solution of the Cauchy problem may be interpreted as the probability density of
the corresponding stochastic process.

We prove the existence of a classical bounded smooth solution, even when the initial data
contain a finite number of integrable discontinuities of the second kind.

Key words and phrases: Isotropic superdiffusion equation; Riesz operator; fractional Lapla-
cian; Cauchy problem; symmetric a-stable Levy process.
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INTRODUCTION

Consider the equation

duu(t;z) + a(-A) Pu(t;z) =0, t>0, z€R",

BykoBuHcbkuii maTem. xxypHan 2025, T.13, Ne2, 177-187

EXTENSION OF THE CLASS OF INITIAL DATA OF THE CAUCHY PROBLEM

(1)

where a > 0, u is the unknown function, 0; denotes the partial derivative with respect to the variable

t, and A = (—A)g/ ? is the Riesz fractional differentiation operator (i.e., the fractional Laplacian

of order « € (0;2)) acting in the variable x € R™ according to the rule

I f(@)—f(e+y)+[a) (v.eradf(z))

dy, a#1
|y‘n+a 9 9
(6% — R
En@ =cl)q B, o
e N R T S '
ly|>e
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Here [-] denotes the integer part, and

2°T (14a/2)I'((n+a)/2)

rﬁn/2r(a/2)r(1fa/2) » O<a<d
() ={ D), o=t
ol(B-0)/A0(n+0)/2) 1 o <9

m(n+1)/27(2—q) )

is the corresponding coefficient, where I'(-) denotes Euler’s gamma function. On sufficiently smooth
functions f(-), the action of this operator is also given by [12]

(ASf) () = F L, 161" Farse[ 1(9)](2), ¢>0, zeRY,

where F¢_,, denotes the Fourier transform with respect to &.

Note that for & = 2, equation (1) reduces to the classical heat equation. This equation has
found wide applications in many areas of science and engineering [13, 3, 15, 11, 16]. It describes
the propagation of resonant photons in plasma and diffusion processes in fractal media [14, c¢. 251],
which is why equation (1) is often referred to as the isotropic superdiffusion equation. Equation (1)
is also used to model local vortices of Riesz-type gravitational fields generated by moving objects
8, 10, 9].

An important example motivating the study of the isotropic superdiffusion equation is given in
[1, c. 2|, where a probabilistic model of a random jump-type walk of a particle X on Ris proposed,
and it is shown that the probability u(t; z) of finding X at point  at time ¢ is a solution of equation
(1) (for the case n = 1). A typical example of such motion is the darting of a hungry shark or the
flight of a swift hunting insects.

The fundamental solution

Go(t;z) = F ! [e ¥ (t;2), t>0, zeR", (3)

of the Cauchy problem for equation (1) is the probability density of a symmetric a-stable Levy
stochastic process [17]. The Cauchy problem for equation (1) and the function G, (¢;x) has been
studied in many papers (see the survey in [2, 4]). Various methods have been developed to an-
alyze the properties of G (t; ), and numerous results have been obtained on the well-posedness
of the Cauchy problem in different functional classes for continuous bounded initial data. Typi-
cal properties of classical solutions of equation (1) and some of its generalizations have also been
established.

In this paper, the well-posedness of the Cauchy problem for equation (1) is established in the
case when the initial functions on R™ are almost everywhere continuous, locally integrable, and
may have a finite number of discontinuities of the second kind. In this way, the known results for
bounded continuous initial data are generalized.

1 PRELIMINARY INFORMATION. PROBLEM STATEMENT

Let N,,, = {1,...,m}; let R™ denote the n-dimensional Euclidean space equipped with the scalar
product (-, -) and the norm |z| = (z,2)'/2, and let Z7 denote the set of all multi-indices of dimension
n.

In the case a = 1, one can compute the Fourier transform in the right-hand side of equality (3)
and obtain an explicit expression for the fundamental solution Gf:

F(n/i) at —, t>0, zecR" (4)
(2m)2 ((at)? +22) =

Gi(t;x) =
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This fact confirms that, unlike the classical heat equation (the case @ = 2), the fundamental
solution of the Cauchy problem for equation (1) exhibits a power-law behavior at infinity, rather
than exponential decay.

For the derivatives of the function G, the following estimates hold (see [5, 7]):

—n—|k|—a

105Gt )] < ext (11 +a > ®)

—n—|k|—a
05 Galti@)| < eop (1 + o) , (6)

where ¢;; and cp . are positive constants depending only on k € Z'} .

The fundamental solution of the Cauchy problem for equation (1) possesses the following prop-
erties:

1°. G4 (t; ) is a radial function;

2°. Gy (t;+) is a positive function;

3°. G (t;+) is unimodal for every fixed ¢;

4°. the following equality holds:

/Ga(t;x—g)dle, t>0, ¢(eR™ (7)
R

Note that property 1° follows from the corresponding property of the Fourier transform of a
radial function; properties 2° and 3° are well-known results from the theory of symmetric stable
stochastic processes (see details in [17]). Equality (7) follows directly from the Fourier inversion
formula.

Definition 1. We call the domain of the operator AS, denoted by D(AS), the set of all functions
f () defined on R™ for which the right-hand side of representation (2) is finite for the corresponding
value of «.

Next, consider a function f(-) that is continuous on the set R™ \ {z;}71,, bounded at infinity,
and such that in sufficiently small neighborhoods of each point z; the following estimates

()] <

c 0<v;<n, j€Np, 8)

hold. Set

€0 := min ‘xj _ $l|

m
i , éo:=min{eg;1}, Uj:={z eR":|z—x;| <}, U:= U U;.
j ,
7j=1

Note that the function f(-) is bounded on R™\ U and integrable on every compact set K C R™.
For equation (1), we consider the Cauchy problem with the initial condition

u(t;)j—o = f()- (9)

Definition 2. A function u(t;x) is called a solution of the Cauchy problem (1), (9) on the set

Iy ={(t;z) : t > 0,z € R"} if it is differentiable in t on this set and satisfies u(t;-) € D(AS) for

all t > 0. Moreover, u satisfies equation (1) on Ili in the classical sense and attains the initial
condition (9) in the sense of pointwise limit

ultiz) = f@), © R\ {a;}y. (10)

The problem consists in finding a solution of the Cauchy problem (1), (9) and proving its
uniqueness.



180 LITOVCHENKO V.A.

2 THE MAIN RESULT

We will need the following auxiliary statement.

Lemma 1. Let
u(tiz) = (f *Ga)(t;2), () € 1L (11)

Then the function u satisfies:

1) for each fixed t > 0, u(t;-) is infinitely differentiable in x on R™ and all its derivatives are
bounded;

2) for each fixed x € R"™, the function u(t;-) is differentiable in t on (0; +00);

3) for each fixed t € (0;+00), u(t;-) belongs to D(AY).
Moreover, for all (t;x) € 111 the equalities

dpu(t;x) = (f * 95Ga)(t2),  Su(t;x) = (f + BGa)(t ),
Agu(t;z) = (f » AZGa)(t; ) (12)
hold.

Proof. Observe that

(f * Ga)(t;2) = / f)Galt:z —y)dy, (t:x) € T1,.
J

We first verify the existence of the first-order partial derivatives diu(t;-) on R” for every fixed
t > 0. Fix an arbitrary point x¢p € R™ and consider the ball

Ki(xzo) ={z € R" : |z —xo| <71}, r>0.

Let e
Du(s€) = et (Y + |z — ] -

Clearly, for all x € K;(xg) we have

CtnT-H, f S KQ(.%'Q),

e(3€) < { et (/% + (jzo — €] - 1)) ", € € R"\ Ka(zo).

In view of this estimate and the bound

C’§—$j|_7j, fEUjv jeva

f(E)S{ i, FeRND

we conclude that there exists a positive function ®;(-) € L;(R™), ¢ > 0, such that for all 2 € Ky ()
and & € R” the inequality

[f(€)Galt;z = &) < 2i(§), >0,
holds.

Then, by the standard result on differentiation of an integral with respect to a parameter under
the Lebesgue dominated convergence condition [6, p. 368, we obtain

o} / Gult;x — €)p(€)de = / LGtz — E)p(E)dE (V|2 — x| < 1),
R R



EXTENSION OF THE CLASS OF INITIAL DATA FOR THE ISOTROPIC SUPERDIFFUSION EQUATION 181

Hence, by the arbitrariness of the point xg, we conclude that the solution u(¢; x) is differentiable at
every x € R" for ¢t > 0, and that

Olut;z) = / LGtz — €)p(€)de.
R

In a similar way, one verifies the existence of the remaining derivatives alafu(t; ) on R™ for t > 0,
as well as the validity of the first identity in (12).

Next, we justify the boundedness of % u(t;-) for every fixed ¢ > 0. Using estimates (5) and (8),
we obtain

VEk e Zl V(t;x) € 11 : ’/f(y)@I;Ga(t;x —y)dy| <
R"

<y / PN, Caltsz — )ldy + / P05 Calt:z — y)ldy <

<.

:1|y—rj|<1 R7™\U
m m
Cr dy —i citdy
< — E — 4 E &y’ =
> rE / — 0 / Ik +a
' =y —aj|<1 by =l J=1 Rn (tl/a + |z — y|)

- m =
. Ck Ci dz _ Cg bk
- k| + Zl égjt|k|/a / (1 + |Z|)n+|k|+a = gntlk| + tIkl/e

Rn

(where the positive constants ¢, and by, depend only on k). These estimates guarantee the bound-
edness of the derivatives O¥u on every set [§; +00) x R?, § > 0.

In a similar way, using estimates (6) and (8), we verify that the function u is differentiable with
respect to t, and the second equality in (12) holds.

Let us now proceed to establishing the third equality in (12).

First, consider the case @ < 1. According to the definition of the operator A%, for (t;z) € II4
we have

Azu(ti) = cla) [ (1) [ (Galtio =€) = Galtsa — € +))f(©de)dy. (13
Rn Rn

Hence, we see that the justification of this equality reduces to proving the possibility of changing
the order of integration in (13). According to the corresponding statement of Fubini’s theorem, it
is sufficient to establish the absolute convergence of the iterated integral in (13). Let us prove this
convergence for (t;x) € 1, :

[ (1) [ (Gt =) Gattio — €+ 9) 516 )| <
i

RTL
<> [0 [ (Galtsn =9 — Galtiz — € + )£ 1dE) dy+
j:]-Rn

|§—x;]<1

4 [ (W) [ (Galtio =€) = Galts — €+ )IF(IdE)dy = (1) + Tt ).

R® R™\U
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Using the Lagrange theorem on finite increments together with estimates (5) and (8), we obtain:

n

_Czil: Z/ / @ZGa(t;ﬂ?—§+y/+91yl)’d§dy+

€ — aj[ofy|mret

=1
ly[<1[€—z;|<1

dy ‘Ga(t;x—ﬁﬂdf ‘Ga<t,.’IJ—§—|—y)‘ )
: / lylrre / e—a / / € — ] dédy | <

ly|>1 le—x;]<1 ly[>1|§—=;]<1
Sy 1 de¢ o dy / d¢
<c T F 1 ey —
; <Z / \yl”*“ [yt / € — ;[ ly[" e € — ;[
lyl<1 |§—x;]<1 ly[>1 |§—=;|<1
d¢ no il
+ [ Ga(t;2)d E—a <c(l+tTattT o), 0 €(0:1), () € Iy
R |E—x;]<1 !
9., Gol(t; '+
J(tiz) < C(Z / / [ yxy‘nfa:y + zyz)\dgdij
yl<1R\U
[ (w7 [ (Galtiz =€) + Galtio €+ y))d)dy <
|y|>1 R"\U
"\ 1 dy / dz / dy )
<c i« +2 | Go(t; 2)dz <
<; et | @ e (G2 | e
- lyl<1 Rn R7 ly[>1

c(l+t7a), 6,€(0;1), () ell,.

From here we already obtain the required absolute convergence on the set I of the repeated
integral on the right-hand side of equality (13).

The case a > 1 is treated analogously.

Let us now consider the case « = 1. To avoid cumbersome arguments, we assume n = 1. The
general case of arbitrary n is handled in a similar manner.

According to the definition of the operator AL, for (¢;2) € I1; we have

Auttio) = et [ (12 [ (Grltin~ 9~ Gattio — ¢+ ) £(@Qde)dy. (1)

e—0
ly|>e R

Since the repeated integral on the right-hand side of (15) is absolutely convergent on I for
every € > O—which is not difficult to verify, taking into account estimates (5) and (8)—the previous
equality can be rewritten in the following form:

Alu(t; z) = e(1) lim (f({) / Gl(t;l‘—f)—Gl(t;x—f—Fy)dy)d{E

r e—0 ly|?
R ly[>e
Ec(l)(/(f(f) / G1(t;x—§)—‘yC|;21(t;x—§+y)dy)d§+
R ly|>1
Gi(t;z — &) — Gi(t; o —
v [ (0 [ QU= )
R 1>|y|>e
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Therefore, the proof comes down to substantiating the correctness of the equality

ti [ (ALt~ ©)de = [ (F€)tmy 15 - ©)) e
R R

where

Gi1(t;¢) = Gi(t: ¢ +y) dy.

Ia(t; C) - ’y|2

1>ly|>e

According to the well-known statement on passing to the limit under the integral sign [6], it is
sufficient to establish the existence of a nonnegative function g(t; (), independent of ¢, such that:
D L#OI<g(t¢), e€(0:1), (ER, >0
) [1£(©)lg(t;z —€)d§ < +oo, z€R, t>0.
R
First, we compute the value of the integral I.. Using the structure (4) of the function G1, we

transform the integrand as follows:

Gi(t;¢) — Gi(t; ¢+ ) 1 ( a a ):

PE TV \@+ 2 @+ ((+y)?

_ a 20y + 32 _ a ( 20 N 1 ) _
V2@ + )@+ (C+y)?)  v2(@+¢2) @+ (C+y)?) @+ ((+y)?

_ a <2C <}_ y+2¢ )+ 1 >
V2@ + ) \at+ 3 \y @+ (C+y)?/ @l +(C+y)?

(here a = at). Then

G 2¢ dy _(Ctydy
Ig(t’o_ﬂ(a2+c2)<d2+c2< / y /5‘2+(§+y)2

1>|y|>e 1>|y[>e

dy dy B

¢ / m) * / W) =

1>[y|>e 1> [y>e
:&((1—2c2> / dy _ ¢ / d(&2+(c_|_y)2)):
v2(a? + ¢?) a2 + (2 a2+ (C+y)? a2+ (2 a* + (¢ +y)?
1>|yl>e 15[y
- o

) \@(&‘j +¢?) <a?a2_+gc2> ((xctim == — axctan S5 4 arctan =1 — arctan S~ 1) -

¢ i’ 4+ (C—¢)* @+ ((+1)°
a2+c21n<22+EC—32'Z2+Ec+e;2>)’ e€(01), t>0, ¢eR

For convenience, introduce the notation

_ @+ (e _ @+
(I)l,e(o = m, (I)Z,E(C) - m

Using standard tools of differential calculus, one verifies the validity of the estimates

a’ 4 + 3a>
< ® <17
&2 (1 ,71 a2)2 > I,E(C) >

. ee(0;1), a#£0, CeR.
aQ € ( ) (I;é C



184 LITOVCHENKO V.A.

Taking into account the equality

1

D2.(0) = T (—0)

and also the strict monotonicity of In(-) together with the boundedness of arctan(-), we obtain the

following estimate:
b(t)

(at) + ¢’
(where the positive quantity b(¢) depends only on ¢ > 0). Setting

I (t; Q)] < €(0;1), CeR, ¢t>0

b(t)

9(t;¢) = (@21

we obtain the validity of condition I).
We now show that condition II) also holds:

/\f ol — de <Y [ r©lsta-ode+ [ 17©lgttiz - e <

1= e—a;1<1 R\U

cb(t) — / d¢ / d¢

< ————— +c1b(t <400, xzeR, t>N0.

e | o M mEr e
I=e—ay)<1 R

The lemma is proved.

The main result is formulated as the following statement.

Theorem 1. Let the initial function f(-) be continuous on R"\{z;} |, bounded in a neighbourhood
of the point at infinity, and satisfy estimates (8) in sufficiently small neighbourhoods of the points
xj. Then, on the set 11, formula (11) defines the unique solution of the Cauchy problem (1), (9).

Proof. Since G, is a solution of equation (1), using formulas (12) we obtain:
Owu(t;z) = (f * 0:Go)(t;x) = —a(f x ASGo)(t;2) = —aASu(t;z), (t;x) € L.

Hence, on the set I1;, representation (11) defines a classical solution of equation (1).

We now show that this solution satisfies the initial condition (9) in the sense of relation (13).
Fix an arbitrary point z € R"™\ {z;}]2,,
and set r := |z — x;]. According to formula (7), we have:

denote by [ the index of the singular point z; closest to z,

(74 Ga) () = $0)] < [ Galts )l f(a =) — Fw)lde = £(t0)
i

Since f is continuous on R™\ {z;}7",, then for every € > 0 there existsto € (0;7) such that

a1 1
t3" < eand |f(x — &) — f(z)| < e, whenever |¢] < t;"**. Thus,

Sta) < / Go(t; €)de + / Gut:6)|f(x — €) — f(a)|de <

€| <ty 205 |§|>t2<"+“)
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< / Galt:)dE + ()] / Galt:€)dE + / Go(t:6)|(x — €)/de =

Rn 1 1
RESE e[t

=e+ Lo(t;x) + £1(t; ),
where
Lo(t;z) == [f(z)] / Gao(t;§)dE,  Li(t;x) == / Ga(t; 1 f (z = §)|d¢.
|§|Ztg<n%a) |€\Zt02(n%a)

Taking into account estimates (5) and (8), for ¢ > 0 we obtain:

+oo
Lo(t;x) <er it / €| 7" YdE = aeqt / pi%dp = Eytt, . (15)
G215 s
To estimate the integral £1 we use the decomposition
Li(tw) = / Ga(t;§)[f(x = &)|dE + / Ga(t: OIIf(z — §)|dE = Lu1(t; x) + Lra(t; 7).
a1 .
2r> g >tg " =
Once again, using (5) and (8), for t > 0 we obtain:
d _ _nta 1
Lii(tsz) <ct / f(z)|d e St 2t / |f(2)|dz = éatty 25 (16)
(tVe + |z — 2|)

2r>|x—z|
2r2|x—z|2t02<n+a>

—&)|d —&)|d
Sio(tiz) < ct / e = Olds / [f(@ —&)lde nfg' S (17)
(t/ + [¢]) €l

|g1=2r |€[>2r
From inequalities (15)—(17) it follows that for all ¢ < ¢,

2n+a 1
20(t§ .CC) + 21(t§ l’) < 61t5("+a) + 62t§ + sty < 61€2n+a + 62€n+a + 6382(n+a).

Hence,
Yz € R™\ {z;}7; e >0 Ve >0 3tg < X" vt <ty

L(t;x) < cfe + e 4 gInta y 2nta)y

that is, the limit relation (13) holds.

Finally, according to the corresponding maximum principle for classical solutions of equation
(1) from [2], the Cauchy problem (1), (9) cannot have more than one classical solution.

The theorem is proved.

3 CONCLUSIONS

It has been shown that the Cauchy problem for the isotropic superdiffusion equation (1) has a
unique bounded smooth solution even in the case where the initial function has a finite number of
discontinuities of the second kind. Thus, a generalization of known results for bounded continuous
initial data is established.
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Posrnsimaernes 3amaga Komri gyis piBasiams i3orporHol cymnepandysil 3 orneparopom Picca
Jpobosoro nudeperniroBants opsaky « € (0;2), sike y3arajbHIOE KJIaCHUHe DIBHSIHHSI TEILIOo-
nposimuaocTi. Taki Mozesi 3aCTOCOBYIOTHCS TIPHU OINCI TIEPEHEeCEHHsT €HepTil Ta Machu y dpakx-
TAJILHUX 1 OPHUCTUX CEPEJOBUITNAX, IJIA3MOBUX CHCTEMaX Ta IHIMUX CKJIAJHUX CTPYKTypax 3
aHoMaJsIbHO TBIAKUM normmpenasM. Oneparop Picca € remeparopoM cHMETPUYIHEX (-CTIHKUX
nporieciB JIeBi, Tomy po3s’si30k 3aa4ui Korrri Mmozke iHTepripeTyBaTucs K I'yCTUHA HMOBIpHOCTI
BiJITOBITHOTO CTOXaCTHUYHOTO IIPOIIECY.

V kuraci obMmexkeHuX TIaJIKuX (DYHKIIH BCTAHOBJIEHO ICHYBAHHS KJIACHTIHOIO PO3B’SI3KY 3a-
Jadi y BUIIQJIKY, KOJIM IIOYATKOBa YMOBA JIONYCKAE CKiHYEHHY KiJIbKICTh IHTEIPDOBHUX PO3PUBIB

APYroro pojiy.
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ON THE SECOND 2-DIMENSIONAL RATIONAL MAP ASSOCIATED WITH
THE FIRST GROUP OF INTERMEDIATE GROWTH

We show that the second rational map G associated with the group G of intermediate growth
constructed by the first author in 1980 is semiconjugate with the antiholomorphic map z — 22.
For doing this we use a family of G—invariant curves found by the third author and for each
invariant curve, create a Markov partition of it.
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INTRODUCTION

The dynamics of rational maps has attracted sustained interest due to its central role in complex
dynamics and its deep connections with diverse areas of mathematics. Iteration of rational maps on
the Riemann sphere exhibits a rich interplay between stability and chaos, captured by the dichotomy
between the Fatou and Julia sets [5], 12]. Beyond its intrinsic dynamical complexity, the study of
rational maps has strong links to holomorphic dynamics, potential theory, and geometric function
theory [16]. It also interfaces with number theory through arithmetic dynamics, where questions
about periodic points, canonical heights, and equidistribution have led to significant advances [19].
Moreover, rational maps serve as fundamental models for nonlinear phenomena, making them a
natural testing ground for general concepts in ergodic theory and bifurcation theory [14].

Multidimensional rational maps associated with graphs and groups have become an important
tool for analyzing self-similar and recursively defined structures. In the context of self-similar and
automaton groups, the recursive action on rooted trees gives rise to natural renormalization schemes
that can be encoded by rational maps acting on finite-dimensional parameter spaces [0 [7, [17]. Such
renormalization maps play a central role in the spectral analysis of Schreier graphs and Hecke-
type operators for fractal groups, where iteration of rational maps governs the asymptotic behavior
of spectra and Green functions |2, 4]. Closely related ideas appear in the study of Laplacians

YIK 514.7:512
2010 Mathematics Subject Classification: 20E08, 37D20.
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on self-similar graphs and lattices, where spectral decimation leads to multidimensional rational
maps whose dynamics control eigenvalue distributions and spectral measures [21], [18] [I, 22]. These
methods also interact with probabilistic and geometric aspects of groups, including random walks
and amenability, where self-similarity and renormalization phenomena are fundamental [3], 13} §].
The study of growth rates of groups has a long history [20] [15, [11], and it is well known that such
growth can range from polynomial to exponential, with intermediate growth lying strictly between
these two extremes. The first example of a group of intermediate growth — neither polynomial nor
exponential — was constructed by the first author in 1980 [9]. This group, G, is a finitely generated
infinite torsion group, and it was subsequently shown in [I0] that its growth is indeed intermediate.
The group G is associated with two 2-dimensional rational maps given below:

212
y vt
2(4 —y?)
xr 2
“ <y> "~ Ly yzi4x—2 y®) @

Both maps share many properties such as topological and algebraic degrees, indeterminacy points,
and algebraic stability [4]. The map F has been studied extensively in the literature (see [4]),
whereas the corresponding map G has received comparatively little attention to date. It is know
that the map G semiconjugate to the Ulam-Chebyshev map.

Theorem 1 ([6]). The maps F and G are semiconjugate to the Ulam-Chebyshev map z + 222 — 1

4 — ZL‘2 2
and hence to z + 22, via the rational functions Vp: (z,y) Tw and Vg (z,y) —
Yy
— respectively.
x

The maps F and G are two dimensional versions of more complicated maps in C* computed by
V.Nekrashevych and the first author in [6] using the Schur map technique that they extended to
the case of self-similar C*—algebras acting in infinite-dimensional Hilbert space.

In this article, we continue investigating the map G and its dynamical properties. It is observed
by the third author that the rational function I, defined by

(x6 - :1:4y2 — 1224 — 43323/2 + 4822 — 4y4 + 32y2 — 64)2

I xZ, = — )
(=:9) (24 — 822 — 4y2 + 16)* (2 — 222y2 — 82 + y* — 8y? + 16)

(2)

is invariant under the map G. Consequently, the level curves I = ¢, denoted by I., are G—invariant.
In particular, the invariant curves Iy, I, and Is are presented in Figure Further examination
of the level curves I. shows that each I. consists of two disjoint components, which we denote
by I! and I?. Moreover, each component admits a natural partition into twelve sub-arcs. This
decomposition allows for a more refined analysis of the restriction of G to the invariant curves I,
and reveals additional structure in the dynamics. As a result, we obtain the following theorem.

Theorem 2. 1. The map G has a family of invariant curves I, given by the equation I(x,y) = ¢,
¢ € R, where I(x,y) is the rational function given by Equation . FEach curve 1. consists of
two disjoint components I} and I2.
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Figure 1: Red: I = 2, Green: I =0, Blue: I = o0

Figure 2: The cross, R¢, defined using four straight lines with slopes 1 and intercepts
(0,£2) is given by Re = {(z,y) e R*}|(z +y+2)(z+y —2)(x —y +2)(z —y — 2) < 0}.

2. Fori € {1,2}, the dynamics of the restriction of G on I! is determined by the Markov partition
consisting of 12 pieces and hence G|; from the dynamical point of view is a Markov shift.

3. Fori € {1,2}, G restricted to I’ is semiconjugate to the antiholomorphic map z + 2.

The cross-shaped structure
Re = {(a:,y) € R2|(:L’+y—|-2)(:v+y—2)(:v—y+2)(:17—y—2) < 0}

(hereafter referred to simply as the cross), shown in Figure , happens to be crucial in calculating
the joint spectrum of a family of operators arising from the group G [2, [I [6, 4]. The level curves I,
forms a foliation of the cross when ¢ > 0 and a foliation of the exterior of the cross when ¢ < —1,

as seen in the Figure



ON THE SECOND MAP ASSOCIATED WITH THE FIRST GROUP OF INTERMEDIATE GROWTH 191

(a) (b)

Figure 3: Foliation of the plane by G-invariant curves I.. Figure |3a|illustrates the foliation
of the interior of the cross when ¢ > 0 and Figure illustrates the foliation of the exterior
of the cross when ¢ < —1.

1 THE MAP G AND G—-INVARIANT FUNCTION [

We dedicate this section to the study of the properties of the map G (defined in Equation )
and the function I (defined in Equation ) First, let us observe some properties of the map G.

Proposition 1. 1. The map G has topological degree 2 and algebraic degree 3.

2. The vertical axis is mapped to infinity, except for the points (0,£2), which are indertminacy
points of G.

3. The map G is symmetric in the first coordinate and skew—symmetric in the second coordinate.
That is, if (X,Y) = G(z,y), then G(—z,y) = (X,Y) and G(z,—y) = (X, -Y).

We now consider the rational function I defined in Equation . Observe that its denominator
admits a factorization, allowing the map I to be rewritten in the following form:

(26 — ahy? — 122* — 42%y® + 4822 — 4y* + 32y* — 64)°
(2242 —4) (22 =2y -4 (x+y+2@+y—2@x—y+2@—y—2)

I(:):,y) - -

Next, we introduce a set of functions that will be instrumental in analyzing the function I.
First, we define the linear functions

Ly (z,y) =Lyt =c+y+2, Ly (z,y)=Ly_=x+4+y—2,
L*,+($7y) = L*,+ Z:l'—y+2, L*,*(:L‘vy) =L - ::':U_y_27
H—‘r(‘rvy) = H—‘r =y+2, H—(xay) =H_ =y-—-2, (3)

that describe a family of straight lines. Then, we define quadratic polynomials

Py (x,y) == P, := 2%+ 2y — 4, P_(x,y) :==P_:=a% -2y — 4, (4)
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defining parabolic curves,
H(z,y) = H := 2% — y* + 4, (5)

which characterizes a hyperbola, and a degree six polynomial
N(z,y):= N = (:1:6 —aty? — 122% — 42?y? + 4822 — 4yt + 3297 — 64) . (6)

They will serve as a foundational framework for subsequent geometric and analytical discussions.
The following proposition describes the image of these polynomials under the map G.

Proposition 2. Let (X,Y) denote the image of (x,y) under the map G. Then;

2
L X=—SHH.
2v=-2m

T

4 3172 172
1
4. HX,Y)=—-—H{H_- (2" = 22%y* + y* — 8y* + 16).
x
2
5. Po(X,Y) = = HP,H..

2
6. P_(X,Y)= ZHP_H_.

1
7. Lys(X,Y) =~ HH_.

1
8 Ly (X,Y)=——Ly L Hy.
1
9. L_’+(X, Y) — 72HH+
x

1
10. Lo (X,Y)= 5Ly L__H_.

1

11. H (X,)Y) = —?H, (2% —y? - 2y).

1
12. H (X,)Y) = —ﬁm (2% —y? + 2y).

Using the polynomials in , , and @ we write the ration function I as

N2

- - (7)
P{P2Ly 4Ly L 4L _

I('x:y) =

Applying Propositionto the Equation shows that the rational function I is G—invariant, which
is restated below.

Theorem 3. The rational function I is G—invariant. That is, I(G(x,y)) = I(z,y) on the set of
points where the function I is defined.
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The set of indeterminacies of I occurs when both the numerator and the denominator of I vanish
simultaneously, which happened to be the set {(£2,0),(0,+2)}. Beside from the indeterminacy
points, the points where the numerator, N, vanishes coincide with the roots of the map I. This
shows that the roots of I lie in the cross, R¢ that is shown in Figure 2| The cross can be written
using the polynomials from as

Re={(z,y) e R*|LyyL_ 4L, L__ <0}.

Note that a point (x,y) lies inside the cross is equivalent to the condition that the denominator
in Equation is less than zero, which is equivalent to the condition that I(x,y) > 0. Thus, the
points that lie inside the cross can be characterized by I > 0. We summarize this more formally in
the following proposition.

Proposition 3. Let (x,y) be a non—indeterminacy point of I that does not lie on parabolas Py = 0
and P_ = 0. Then,

1. The point (z,y) is on the boundary of the cross if and only if I(x,y) is infinite.
2. The point (x,y) is in the cross if and only if I(z,y) > 0.

3. The point (z,y) Is in the exterior of the cross if and only if I(z,y) < 0.

2 INVARIANT CURVES I,

Let I. be the curves I(x,y) = ¢, where ¢ € [0,00]. By the Theorem (3| the curves I. are G—
invariant. The invariant curves Iy, I, and I» are presented in Figure [l From this point onward,
we will use the curve Iy as a tool for visualizing the structure and behavior of I.. By Proposition
[B, we see that I, lies in the cross for ¢ > 0. Thus, we restrict our analysis to the cross Rc.

To study the invariant curves I., we partition the cross R¢ into 24 parts using functions
N, P, P_,H, defined by Equations ,, and (@, x, and y. The partition of R is shown in
Figure

{(z,y) € R¢|N < 0,Py <0,zP_ < 0,2H > 0,y < 0},

{(z,y) € Ro|N < 0,PL <0,P_>0,H >0,z <0},
Rs :={(z,y) € R¢|N >0,Py >0,P_ <0,H >0,z <0},

{(z,y) € R¢|N > 0,zP, < 0,2H > 0,y > 0},

{(z,y) € Re|N <0,Py >0,H >0,L__ >0},

{(z,y) € Re|zN <0,P; >0,P_ >0,2H < 0,zy <0},

R; :={(z,y) € Re|N <0,P; <0,zP_ >0,zH <0,y <0},
Rg :={(z,y) € Rg|N <0,Py <0,P->0,H >0,z >0},
Ry :={(z,y) € R¢|N >0,PL >0,P_ <0,H >0,z > 0},
Rip :={(z,y) € Rc|N > 0,zPy >0,2H <0,y > 0},

Ri1 :={(z,y) € Re|N <0,P >0,H >0,L, , <0},

Ry :={(z,y) € Rc|zN >0,P; >0,P_ > 0,2H > 0,2y > 0},
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Ri3:={(z,y) € R¢|N < 0,2P; <0,P_ <0,2H > 0,y > 0},
Riy :={(x,y) € Rg|N < 0,Py >0,P- <0,H >0,z <0},
Ri5 :={(z,y) € R¢|N >0,P; <0,P_>0,H >0,z <0},
Ris :={(x,y) € R¢|N > 0,2P_ < 0,zH > 0,y < 0},

Ri7 :={(z,y) € Re|N <0,P->0,H>0,L, _ >0},

Rig :={(x,y) € Rg|zN < 0,Py >0,P_ > 0,2H < 0,zy > 0},
Rig :={(z,y) € R¢|N < 0,2Py >0,P_ < 0,2H <0,y > 0},
Ry :={(z,y) € Re|N <0,P; >0,P_<0,H >0,z >0},
Ry :={(x,y) € Re|N >0,Py <0,P_>0,H >0,z >0},
Rao :={(z,y) € Rc|N > 0,2zP_ > 0,2H <0,y <0},

Ry3 :={(z,y) € Re|N <0,P->0,H >0,L_ 1 <0},

Roy :={(z,y) € Rg|lxN >0,Py >0,P_ >0,2H > 0,2y <0},

To continue the analysis, let us examine the images of each partition R; of the cross, under the
map G. The following proposition provides the desired description.

Proposition 4. Fori € {1,2,3,4,5,6},
1. G(R;) = G(Rit6) = R13—2i+1 U Ri3-2;.
2. G(Riy12) = G(Rit18) = Ras 2i11 U Ros_9;.

The curve I.. consists of two components, I} and I2, each being the reflection of the other around
horizontal axis, as illustrated in Figure For visual clarity, one of these components, I3, shown
in Figure is further subdivided into two parts, as depicted in Figure [6] which happen to be the
reflections of each other around the vertical axis.

Observe that the component I 01 fully reside in the union of regions R; through Ris, and the
component [, 02 fully reside in the union of regions Rj3 through Ro4.

Now let us partition the curve I. into 24 segments labeled C; through Cb4, using the regions
Ry through Rs4, where each Cj is the segment of the curve I, in the region R;. This partitioning
will be used to analyze the image of each segment, as presented in the following proposition, which
indicates that the collection {C;} is a Markov partition for I, for any ¢ > 0 and j € {0,1}.

Proposition 5. For ¢ € {1,2,3,4,5,6}, G(C;)=G(Cits) =Ci3—2i+1UCi3_9; and
G(Cit12) = G(Ciy18) = Caz-2i41 U Co5_2;.

The Proposition []is a direct consequence of Proposition [l Figure [7] illustrates the G-images
of the components C; described in Proposition [5| Vertical arrows denote the action of GG, and the

—~ =
pairs labeled C; C} indicate the resulting images after the application of the action of G.
——

3 DYNAMICS OF THE MAP (G ON THE LEVEL CURVES

We now restrict the map G to the component I J of the invariant curve I., where j € {1,2}. By
Proposition |5 I the partition C of I J defined in the previous section forms a Markov partition for I. J



ON THE SECOND MAP ASSOCIATED WITH THE FIRST GROUP OF INTERMEDIATE GROWTH 195

(a) The cross

(b) Ry to Rg

(¢) R7 to Ry

(d) Ri3 to Rig

(e) Rig to Roy

Figure 4: Partition of the cross R¢.
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(a) I3 (b) I3

Figure 5: Dividing the curve I = 2 into two components.

/

(a) (b)

Figure 6: Dividing the curves I in Figure |5a)into 12 sub—components. These partitions are
formed by the curve’s intersections with the hyperbola H = 0, and the points (2,0), (—2,0).
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O 1 02 Cg C4 05 CV6
| | | | | |
— —
C112 Cl 1 C(10 CQ CS CY7 CY6 05 04 03 02 Cl
S S~ S~ S~ S S~
[ [ [ | | |
C- Cs Cy Cho Cn Chz
Cl 3 C’14 Cl 5 C(1 6 Cl 7 Cl 8
| | | | | |
— — — — — —
024 C’23 C’22 C’21 C(20 C(19 018 C117 C’16 C’15 C’14 C’13
S S S~
| | | | | |
CYlQ C’20 021 022 CY23 C’24

Figure 7: The G—images of components C1, ..., Coy

Ch

C'12

Og C 10 CS) Cl 0

197

Figure 8: Map G on the component I! of the invariant curve I. acts as a double cover with

reverse orientation.
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When restricted to this curve, the map G acts as a degree—two covering with reversed orientation
(see Figure . In particular, this implies that the restriction G|,; is an expanding map.

As a consequence of this expanding Markov structure, each point on the curve I? can be uniquely
encoded by an infinite symbolic sequence drawn from the alphabet C. This identification is obtained
as follows. Given a point p € IZ, consider its forward orbit under iteration of G,

(.G, 6P ),6Pp),..).

Since I is G-invariant, every iterate G(™ (p) lies on I, For each n > 0, there exists a unique
element C; € C such that G (p) € C;, . In this way, the orbit of p determines a symbolic itinerary
(Ciy, Ciy, Ciy, . ..) € CN. Let us denote this identification as h: Ié — CN.

Now consider the space CY equipped with the shift map o, defined by

For a point p € I, let h(p) = (Ci, )n>0 denote its symbolic itinerary. Then
hG(p)) = (Cipyi)nz0 = 0 ((Ci)nxo0) -

Indeed, the (n+1)th coordinate of h(p) being C;
which in turn is equivalent to G (G(p)) € C;
Consequently, we obtain

is equivalent to the condition G+ (p) € C; 1
This shows that the nth coordinate of h(G(p))

n+1
n+1°

is precisely C;

n+1"

o oh(p) =hoG(p),

for all p € Ig, consequently proving that the map G is semiconjugate to o. The relation above can
be represented by the following commuting diagram.

RSN

.

CN o CN

Observe that h(IZ) is a Markov subshift of finite type of the full shift CN. The shift map o
acts on this subshift as a degree-two covering with reversed orientation. Consequently, the shift
dynamics is conjugate to the anti-holomorphic map z ~ z2. Since the map G is semiconjugate to
the shift map o via the coding map h, it follows that G is semiconjugate to the ani—holomorphic
map z Z2.

4 CONCLUDING REMARKS

We have seen that the map G admits a family of invariant curves, and that the restriction of
G to any such invariant curve is semiconjugate to the anti-holomorphic map z + z2. Further
investigation is required to determine whether an equidistribution result can be established for G,
as well as to study the associated Green current. Moreover, this line of inquiry naturally extends to
the setting of higher—dimensional rational maps that generalize the map G, where similar dynamical

phenomena may arise.
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Mu nokasyemo, 10 IpyTe palioHajbHe Bimobparkenus: (G, MOB’si3aHe 3 TPYNOK0 § TPOMiXKHO-
T0 3POCTaHHS, TMOOYIOBAHOIO mepImuM aBTOpoM y 1980 porli, € HAMBCIPSKEHUM 3 AHTHUTOJIO-
MOphHIM Bimo6paskeHHAM 2 — Z2. JIJIg IbOro MI BHKOPHCTOBY€EMO ciMeiicTBo G-iHBapiaHTHHEX
KPUBUX, 3HAHIEHUX TPETIM aBTOPOM, i JIJId KOXKHOI iHBApiaHTHOI KPUBOI CTBOPIOEMO 11 MapKOB-

CbKe pO3OUTTS.
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SAIJAYA 3 IBOMA KPATHUMUN BY3JIAMMUW OJIA
IICEBAOAVN®EPEHIITAJIBHUX PIBHAHD

Y mparii I0CTiIKeHO KOPEeKTHICTD 3a/1a4i 3 IBOMa KPATHUMHU BY3JIaMU 3a BUJILJIEHOIO 3MiH-
HOIO ¢ Ta, YMOBaMHU MEPIOWIHOCTI 32 PEITOI0 KOOPJIUHAT X1, . . . , Tp IS JiHIHTHAX 1ceBaonnde-
PEeHIAIbHUX PiBHAHBb. BCTAHOBJIEHO YMOBH iCHYBAHHSI Ta €IUHOCTI PO3B’S3KY DPO3TJISIyBaHOL
3a/1a4l y IMPOCTOpax eKCHOHEHIHOro TUILy Ha TOpi. 3a JOMOMOro0 METPUYHOTrO IiIXOIy J0-
BEJICHO TEOPEMH IIPO OIIHKYM 3HU3Y MAJUX 3HAMEHHWKIB, sIKi BUHUKJIN IIPU TOOYI0BI PO3B 3Ky
3a1a4i.

Karuosi caosa i gpasu: JIBOTOYKOBA 3aja4a, ICeBI0Au(EpeHIlia bHl PIBHIHHSI, MaJli 3Ha-
MEHHUKU, METPUIHUH T IXiJT.

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of National Acade-
my of Sciences of Ukraine, Lviv, Ukraine

e-mail: mykhailo.m.symotiuk@gmail.com

Bcryn

Sasadi 3 BOMa KPATHUMU By3JIaMU JjIs PIBHSAHB 13 YACTUHHUMM MOXITHUMU € IiKABUMU JIJIsi
o6y I0BY 3arajbHOl Teopil KpaitoBux 3ajad |2, 13, 21]. Taki 3ajaui € MojensiMu Hu3Ku Hi3naHUX
nporiecis [13]. V npamgx [4, 14, 16, 17, 18| BcraHOB/IEHO JOCTATHI YMOBU KOPEKTHOI PO3B’SI3HOCTI
3aJlad 3 JBOMa KPATHUMU By3JIaMU 3& BUJILJIEHOIO 3MIHHOIO T Ta YMOBAMU II€PIOUYHOCTI 38 PEMITOIO
KOOPIUHAT JIJISI OKPEMUX KJIACiB PIBHAHD i3 YACTUHHUME HOXiTHUME 31 cramnmu Koedimienramu. 11i
JocTaTHI yMOBH C(OPMYIBOBAHO B TepMiHaX Mi0(paHTOBUX BJACTUBOCTEH ITOC/ITOBHOCTI XapaKTe-
PUCTHYHUX BU3HAYHUKIB, OB A3aHUX 31 3asa4dero. st oOrpyHTyBaHHS 3a3HAYEHUX BJIACTUBOCTEN
y IUTOBAHUX IPAISX OYJI0 BUKOPUCTAHO METPUYHUI ITiJIXiJ[ Ta PE3Yy/IbTATH METPUYHOI Teopil |u-
cen [1, 3, 13, 15] i moBeeHO, IO TaKi BJACTUBOCTI BUKOHYIOTHCS I Maiizke BCIX (CTOCOBHO Mipu
Jlebera) BekTODIB, CKiIaeHNUX i3 KOedIili€HTIB PIBHIHHS Ta 3HAYEHb BY3JIB IHTEPIOJISIIIL.

[Topsiz i3 UM, HEIOCTATHLO BUBYCHUMU 3A/IUIIAIOTHLCA 3aJa4i 3 JIBOMA KPATHUMU BY3JIaMU iH-
TEPIIOJISIN] )i 3araJibHUX PIBHSAHB 13 YacTHHHUMM ToXiguumu 3i 3minnnmu koedimientamu. e
3YMOBJIEHO, OYEBHJIHO, CKJAJHOIO HEIHIAHOIO CTPYKTYpOIO MaJjnX 3HAMEHHUKIB, dKi BHHUKAIOTH

Ipu TOOYI0BI PO3B’sI3KIB TAKUX 3a/a4, Ta BiACYTHICTIO e(PEKTUBHUX IiIXOIB JjIs BCTAHOBJIEHHS

VIIK 517.95+511.42
2010 Mathematics Subject Classification: 28 A80,11K50,26A27, 26A30.

(©) Cumotiox M.M., 2025
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OIIIHOK 3HU3Y X 3HAMEHHUKIB. Po3po0Ili BKazaHWX NMUTAHb HA, BUIAJIOK IICBEAOANMEPEHITIATLHIX
piBHSHD 31 3MiHHUMEU 38 { CHMBOJIAME IPUCBAYEHA JIaHA [pallsd. BaxkK/mBy pOJib JJid OIiHIOBAHHSI
MaJInX 3HAMHHUKIB Bifirpae cuernudidna BpOHCKiaHHA TeXHiKa, po3pobiieHa y posiiiax 4—6.
3ayBaXKUMO, 110 I BUMIAJIKY HEOOMEXKEHUX 3a IIPOCTOPOBUME KOODJAMHATAMHU O0JIACTAX KJIACH
€JIMTHOCTI JIBOTOYKOBUX 38184 JIJII PIBHSIHB Ta CHCTEM PiBHAHD i3 YACTHHHUMU ITOX1THUMA BCTAHOBJIE-
HO y poborax [10, 11|, npu npomMy BUKOpHCTAHO TrbepeHIialbHO-CUMBOIBLHIN METOJT BiJIOKPEMJICHHST

3MinHBX [7].

1 OCHOBHI ITO3HAYEHHS

Homosumocs npo Taxi nmosnadenus: (), — p-sumipunit Top (R/27Z)P, Q;;F = (0,T) x Qp, k =
(k1. k) € 2P, |k| = k1| + ... + |kpl, = (21, ...,2,) € Qp, Dy = (—z%—z%) (t,z) =
(t,x1,...,2p) € Qg, (k,x) = kix1 + ... + kpxp, mesgn M — mipa Jlebera B R"” BuMipHO! MHOKUHI
L j=q

0, J#4q
C™(I;R) (C™(I;C)) — upocrip aificHo3HAYHUX (KOMIUIEKCHO3HAUYHUX) (DYHKIII, 1 pa3 HelepepBHO

M C R"; §;4 — cumsos Kponekepa: §;, = {

nudepentifiopanx Ha npoMikKy I C R;
T, — TIPOCTIp TPUTOHOMETPUIHUX TTOJIHOMIB CTETeHsT N, N € Zy :

Tn =1 p(z) = Z vrexp(ik,x): o € C k| <np;
keZr, |k|<n
T = UnGNﬁl — MPOCTIp TPUTOHOMETPUUHHUX ITOJIHOMIB CKiHUYEHHOT'O CTEeIeHs, 3012KHICTh y AKOMY

BU3HAYAETHCST TAKUM YHHOM [5]: mociitoBHicTb

{gom(x) = Zcp’,f exp(ik,x); m € N} cT

k

36iraerbest 10 ¢(z) = >, g exp(ik, ) € T, akmo:

1) icaye N € N rake, mo ¢™(z) € Ty aust Beix m € N,

2) mast Koxkuoro k € ZP Hrgi_r}noo O = Qk;
T’ — mpocTip aHTHIHIAHIX HenepepBHUX (DYHKIOHATIB Ha T 31 cJ1abKoIo 3012KHICTIO, KMl CIiBIA-
JIa€ 3 IPOCTOPOM (DOPMAIBHUX TPUTOHOMETPUIHUX PAIB [5];
c™([0,T); T) (C™(]0,T); T")) — mpocrip dyukuiit u(t, ), n pas HenepepsHO JudepeHIiiioBHUX 3a ,
i Takux, mo 1npu KoxkHOMY (hikcosanomy t € [0, T g’; eT(T),j=0,1,....n
Was(G), a, B € R, — mpocrip, orpuMaHuil MOMOBHEHHAM IIPOCTOPY CKIHYEHHUX TPHIOHOMETPHYHIX
nostiHoMiB @(x) = Y ¢y exp(ik, ) 3a HOpMOIO

lo(@); Was(@)l = [ D lor[2G2 (k) exp(26G(K)),

|k|>0

e G : 7P — Ry — raka gonaraa dyskiis, mo: 1) G(k) > 1, k € ZP; 2) lim G(k) = +oc;

|k|—+o00
C™([0,T]; Wa,p(G)) — mpocrip dynxniii u(t,z) Taknx, mo upu dbikcoBarnomy t € [0,7] moxismi
Hu(t,z)/0t!, 0 < j < n, HATEIKATH 110 TPOCTODPY Wa,5(G) 1 sIK eleMeHTH IIBOIO IIPOCTOPY € Helle-
pepsanMu 3a t Ha [0, T]; Hopmy B mpocropi C™([0,T; W, 5(G)) 3amaemo dopmyioo

;;

n

Ju(t, 2); €™ ([0, T); Wa (G >>||—ztE[O}T{] ult, )

a5 Was(G)
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S™(G),n =0,1,... — mHOXKuHa 11ceBOanbepeHianbaux onepariit A(t, Dy), fist skux Ha DYHKIO
u(t,x) = > ug(t)exp(ik, x) 3amaerbest HopMyIIo0
|%|>0
A(t, Dp)u(t,x) = > A(t, k)ug(t) exp(ik, x),
k>0

Jie st Koxxuoro k € ZP A(t, k) € C™[0, T, npudomy

sup {||A(t» k)”C"[O,T]} .
keZp G(k) ’

byukuii A(t, k), k € ZP, nasuBaruMemo aMIuniTygamu rcesgoaudepeniiaabaol oneparii A(t, D,);

Sp(G),n=0,1,... - muoxkuna onepariiit A(t, D;) € S™(G), yci aMmniTyan aKux € JiiiCHO3HATHIME
dyHKITIIMH.

2  @DOOPMVJIFOBAHHA 3AJIAYI

Posrnsimaemo 3amaay

0 T
L, ((%,Dx> u(t, 8t” +ZA t,D,) 8753 =0, (t,z)eQ,, (1)
j—1
Uj[U]EW‘ =pj(x), j=1,...,r, 1 <r<n, z€Q,,
oti—1 =0 (2)
7 tu(t, z) .
Urtjlu] = W‘t:tl =), j=1,n—r w ey,

e 0 <ty < T, Ai(t,D,) € SY9@), j = 0,1,...,n — 1. Bamaga (1), (2) HasuBaeThCA 3a1aHeI0 3
kparauME By3namu t = 01t = t1, ancaa r i (n —r) HA3UBAIOTHCA KPATHOCTSMHU By3iB t = 01t = t;

BIJIIOBLJIHO.

Osnauenns 1. 3agaqy (1), (2) 6ygemo masuparu (400, +00)-KOPEKTHO, SIKINO ISl JJOBLIBHUX

w; €T,7=1,...,n, y npocropi C™([0,T|; T) icuye eaunuii po3s’s30k u(t, ) miei 3amadi, sKuii He-
HepEPBHO 3aJIeKUTh Bif ;(x), j = 1,...,n, T06TO 3 TOrO, IO HOCIFOBHOCTI {<pj o ,j=1,.
s6iratorecst B T 10 @i, j = 1,...,n, BigmosigHo, BHmIMBaE, mo mnocaigosricts {u™(t, a:)}m 1

PO3B’sI3KIB 3a/1a9
Ly (0/0t, D) u™(t,x) =0, Uj[u™(t,2)] = ¢} (v), j=1,...,n, m €N,
36iraerbcst B mpocropi C™([0,T); T) a0 u(t, x).

Osnauvenns 2. 3agady (1),(2) 6yzemo masuBaru (—00, —00)-KOPEKTHO, SIKINO JUISI JOBLIBHUX

w; €T',j=1,...,n,ynpocropi C™([0,T); T") icuye eannnii po3s’siz0k u(t, x) niel 3a4a4i, axuii He-
epepBHO 3aJIeKUTh Big @;(x), j = 1,...,n, T06TO 3 TOrO, MIO ITOCIJOBHOCT] {goj > _,i=1...,n,
s6iratorecst B T 10 @j, j = 1,...,n, BianosigHo, BumimBae, mo mnociaigosaicrts {u™ (t,.:;:)}m:1

PO3B’SI3KIB 3a/a4
Ly (0/0t, Dy) u™(t,z) = 0, Uj[u™(t,z)] = ¢} (z), j=1,...,n, m €N,

s6iracteest B ipocropi C™ ([0, T]; T') a0 u(t, x).
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—,

Osnauenns 3. 3azauy (1), (2) 6yaemo masuaru (o, f3,d, )-kopektHor, je o, € R, d =
(@1, 0m) € RY, B = (B1,...,0n) € R, axmo g gosimbanx @; € W, .(G), j = 1,...,n,
icaye eamua ¢ynxiis u(t,x) 3 mpocropy C™([0,T]; Wy, 5(G)) taxa, mo

HLH (a/ata D:c) u(t7 .T); C([Oa T}; Wa—l,ﬁ(G))” = 0,
U5 [u(t, 2)] — @5(2); Wa, 5, (G)]| =0, 5=1,....m,

lu(t, 2); C™ ([0, TT; Wa,s(G))I| < C Y loj(); W 5, (G,
j=1

e crata C > 0 ne samexnts Bijg subopy @; € Wo, 5.(G), j=1,...,n.
Y crarTi yncna of, B4, j = 1,...,n, 6yaeM0o BUKOPHCTOBYBATH TiIbKH, K KOMIIOHCHTH BEKTOPIB
a, B e R™.
3 YMOBM KOPEKTHOCTI 3AJIAUI (1), (2)

Beranosumo ymosu kopekTtHOCT 3azadi (1), (2). Ockimbku omepamnil A;(t, D,) Hajzexarb 10
kiacy SO(G), ro A;(t, k) € C[0,T],j=0,1,...,n—1, k € ZP. Tomy 151 KozkHoro k € ZP 3BUAaiine

mudepeHIfiaabHe PiBHSIHHS
d
Lo (k) st =0, ®)

Ma€ Taky dyHIaMeHTAJIbHY cucTeMy po3s’si3kiB fi(t, k), ..., fo(t, k) € C™[0,T], mo

FIV0,k) =85, Jrg=1,...,n. (4)
[Tozmnaxammo:
frer(t k) o fulta, k)
!tk " (t1, k
Ary = | Tl ®) N (5)
P k) ST (k)

-,

Teopema 1. Hexaii Aj(t, D,) € S°(G),j =0,1,...,n—1. na (o, 8, @, B)-Kkopexrnocti samaui (1),
(2) meobxinno, a st (+00, +00)-KopekTHOCTI Ta (—00, —00)-KopekTHOCTI 3a8a4i (1), (2) HeobxixHO
if JocuTb, 1106 BUKOHYBAJIACH YMOBA

VkeZP  A(k) 0. (6)

Jlosedenns. Posrisiremo Bunajok (—oo, —00)-KOPEKTHOCTI.

Heobwionicmy. dxmo A(k) = 0 gisa gesoro k° € ZP, To cucrema (n — r) JinilfHEX PiBHIHD

n
j—1 0 .
Z Ckozqfé] )(t17k)207 ]:1,...,77/—""’
g=r+1
Ma€ HEHYJIbOBUH PO3B 30K (Cko,r+17 . 7Ck0,n)~ Jlerko nepesiputH, 1o Tomi OYHKIIA

u(t,z) = Z Cro o fq(t, k°) exp(ik?, z)

q=r+1
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Hasieskuth 110 ipocropy C™ ([0, T]; T7) 1 € HeHyIbOBUM PO3B’sI3KOM OJIHOPIIHOT 33141, SIKa BiIoBi1ae
sagadi (1), (2). Le cynepeunts (—o0, —00)-KopekTHOCTI 331241 (1), (2).

Jocmamuicmo. Hexait B ymosax (2) upasi uacrtunn ¢;(z) nasexars 10 7', 7 = 1,...,n. Toni
IPaBUJILHUMU € HACTYIIHI 300paskeHHsl:

@](x) = Z (P],k exp(ik,a}), .7 = 17 RN (2 (7>
|k[>0

e pir €C,j=1,...,n, k € ZP. dxmo bynxuis u(t,z) = Y u(t) exp(ik, ) HATEKHUTH 10 IPO-
k=0

cropy C™([0,T); T") i € poss’sizkom 3amaui (1), (2), To xoxxua Gyuxnis uk(t), k € ZP, € po3s’ss3kom

piBHsHHS (3) 1 cIpaBIKy€e yMOBH

1 . i—1 .
'U,;gj )(0> :SDj,k‘a i :17...,T, ul(cj )(tl) :(Pr+j,k7 7 :7’-‘-17“.777“ (8)

Posp’s30k 3ama4i (3), (8) 3 npocropy C™[0,T] 306pazKkyeThcsi piBHICTIO

n
t) =Y Crofylt,k), keZr (9)
q=1
ne crami C g4, ¢ = 1,...,n, € pO3B’A3KaMU CUCTeMH PiBHSAHb

Z Ck,qféj_l)(ov kE)=¢jr, j=1,...,m
. (10)
chvqfé]_l)(tlvk) =Qrijks J=1,...,m—r1.

g=1

I3 nmouarkoBux ymoB (4) jurs byukuiit fi(t,k),..., fo(t,k) Ta mepmmx r piBusms cucremu (10)
BuunBae, mo Ckq = @qk, ¢ = 1,...,r. Toni ocranni (n — r) piBugnb cucremu (10) HabyBaoTh
BUTJISIILY

Z CrgfV 7V (t1, k) = (Pr+j,k_Z‘Pq,qu(j_l)(tlvk>v j=1...,n—mr (11)
q=1

q=r+1

Ockinbku BusHaunuk cucremu (11) crmiBnasgae 3 Busnaunukom A(k) 1 Bukonyerbes ymosa (6), To

cucrema (11) mae equunii poss’st30K Ck 41, . . . , O, gK#il 3HAXO1KMO 32 HpasuiaoMm Kpamepa:
n—r T
Ao (k) .
_ 3. L (5-1)
Cha= 3 Kby (oreaw = L eanf? Vit 1), (12)
7=1 q=1
ae Ajq(k),j,¢ = 1,...,n — r, — ajrebpudHe JOHOBHEHHS €JIEMEHTA fr(igl)(tl,k) y BU3HAYHUKY

A(k). Iz dopmyr (9), (12) Bunimsae, mo npu Bukonamui ymosu (6) 3amada (1), (2), y axiit dynkmil
pj € T',j=1,...,n, Busnaveni pisnocrsivu (7), Mae €MHUNA PO3B’I30K

n n—r r

x) = Zexp(ik,x {Z(p%qut k) Z ZZ Jq a

|k[>0 q=r+1 j=1 s=1

X fo(t. k) FIV (b, K)o + Y Z Jq a q(t k)%ﬂk} (13)

g=r+1 j=1
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mo Hasexkuthb 110 upocropy C™([0,T]; T"). Hoseaemo, mo 3a ymosu (6) orpuManuii poss’sizok (13)

HEIIePEPBHO 3aJIeKUTh Bix ¢; € T/, j=1,...,n.
Hexatt nocninosnocri {¢7" ()} 3611"aIOTbC5{ B T mo ¢j(x), j = 1,...,n, Bignosigno. Ile
O3HAYAE, 110
o3 ( Zgajkexp(zk z), ¢jr€C, j=1,...,n, meN, (14)
|k[>0
1 st kozkHOrO Kk € ZP icnye rpanung lim o7 = @jk, j=1,...,n. OCKITbKY BUKOHY€ETHCST YMOBA
m—ro0 ’

(6), To misa koxxkHOro m € N 3asa4a
Ln(8/0t, Dp)u™(t,x) = 0, Ujlu™(t, x)] = ¢f'(x), j=1,...,n, meN,

mae B pocropi C™([0,T); T') enunnit poss’sisok u™(t,z) = Y uj'(x)exp(ik, z). I3 dbopmyn (12),
|k|=0
(13), (14) nicraemo, 1o

n n—r r

x):Zexp(ik,x{Zgoqqutk: Z ZZ ]qr

|k|>0 g=r+1 j=1 s=1

qu(t k)fj 2 t17 @skz_‘_ Z Z Jq T’ t k)gpr—i-]k} (15)

g=r+1 j=1

I3 dopmyn (13), (15) Bumiusae, 1mo mist KoxxuOoro k € ZP i g nosinsroro ¢ € [0, 7] BUKOHYIOTHCS

HEPIBHOCTI
djum(t) d/ug(t)
e el < clakMk(Z 7 — @5l M, + Z 5% = il ) (16)
j=1 j=r+1
nej=0,1 n, m € N, C; > 0 — crayia, sika He 3aJIeXKUTH Bix j, k, m,t
0, =14+ ma Biqlk) My =1+ max {||f,(t,k); C"[0,T]|}, keZP.
1<jq<n—r | A(k) |’ 1<g<n T B

3 mepiBrocreii (16) orpumyemo, 1o Jjisi KOXKHOTO k € ZP icHye rpanurs
lim lug () — ur(t); C"[0, T]|| = 0.
m—0o0

Takum uuaOM, t0caioBHICTE {u™ (t, 2)}5°_; 36iraerbesa B ipocropi C™([0,T];T7) no u(t, ).
JoBeiennst TeopeMu Il BUIIAJIKIB (—00, —00)-KOPEKTHOCTI Ta (v, 3, &, 3)-KOPEKTHOCTI IPOBO-

IuThesd anajorigno. TeopeMy JI0BeJeHO. ]

ITpukunazn 1. Hexaii piBusinas (1) mae pakropuzoBaHuii BUIVISLT

<§t — By (t, Dm)> <§t ~ Bl(t,D;p)> u(t, ) =0,

y sixkomy Bj(t, D;) € Sﬁfj(G), j=1,...,n. Y usomy Bunajxy aupeperuiaipauii Bupas Ly (d/dt, k),
k € ZP, e kommio3uiiiero jgugepeHIiajipbHuX BUPA3iB HEPIIOro MOPSIKY 3 JIHCHUMH KoeDillieHTaMu.
Toui 3a reopemoro Ioiist (nuB. [6, c. 87]) ymoBa (6) Bukonyerbest jist gosinbroro ty € (0, 7.
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Teopema 2. Hexaii A;(t,D) € S°(G), j = 0,1,...,n — 1, cupasizKyerbcsa ymosa (6) Ta icHy-
forb craji 7,0 € R raki, mo st Bcix (Kpim cKiHdeHHOI KijbkocTi) BeKTopiB k € 7P BHKOHYy€ThCsI
HEepIBHICTD

|A(k)| > GT7(k) exp(—dG(k)). (17)
Axmo o > a+vy+1,5=1,...,n,
Bi>B+d0+(n—r+2)AT, j=1,...,r
Bi=>B+0o+(n—r+1)AT, j=r+1,...,n,

Jre

n—1

A= — |1 Ai(t k 18
2\ a1 m Rl 19

To 3aja4a (1), (2) € (o, 5, &, g)—KopeKTHom.

Josedenna. Pyukuil fo(t, k), ¢ =1,...,n, € po3s’s3kamu piBHsHHS (3) 1 CIpaBIZKy0OTh yMOBH (4).
Beenemo 3amaui Komi (4) jyist pisasians (3) o Bignosigaux 3agau Komi jyist cucremu piBHSIHB
LePIIOro NOpsiZIKy 1 BUKOpUcTaeMo Hacaiiok 1 i3 9, c. 29]. Toxi must dbyukuiit i3 dysjamenTaabHOl
CHCTEMH PO3B’A3KIB PiBHAHHS (3) OTPUMAEMO OIHKH

a1} FD(t, k)] < Co(1+ 8;,G(k)) exp(ATG(K)), j=0,1,....n, g=1,...,n.  (19)
S

I3 nepisraocreit (19) micranemo, 1o
[Ajq(F)| < Czexp((n —r)ATG(F)), jq=1,....n—r (20)

Hexait B ymoBax (2) ¢; € Wy, 5,(G), j = 1,...,n. Ockinpku Bukomyerhes ymosa (6), To icmye
(2

enuunii popMambHuil po3B’a30K 3amaqi (1), ), saruii 300paxkaerbest psgom (13). dosememo, mio
neii psajx Hasexkuthb o npocropy C™([0,T]; Wy g(G)). 3 mepisrocreit (17)—(20) mis koedirienrta
Dyp’e ug(t), k € ZP, psiny (13) orpumyemMo omiHKu

2 < - 12,2 1: _
trerfg%\u (OF < Ca( 3 leisluf(r+ 15+ (0 =7+ 2AT)+

5 fealu(y+ 1; 5+(n—r+1)AT)), ¢=0,1,...,n,
j=r+1

(21)

ne BxuTo nosuadenns wy(&;n) = GE(k) exp(nG(k)), k € ZP. Bpaxoyioun ejleMeHTapHi CIiBBiHO-

IICHHS
wi(a; B)wg(y +1;0 + (n —r + 2)AT) < wi(ay; B5), j=1,...,7,

wi(a; B)wg(y +1;0 + (n —r + 1)AT) < wi(ay; ), j=r+1,...,n
3 hopmysu (13) ra oninok (21) micraemo, o

[[u(t, 2); C([0, T]; Wa,p(G)) || = Z max [ Y [ ()P (e; 8) <

tG 0,77
[ |k|>0

wk (a5 B;) C5Z||SOJ Wa,8; (G|l

<C5Z Z |90J,

|k|>0

TakuMm 9uHOM, P (13) HAJIEXKUTD JI0 [IPOCTOPY C”([O,T]; Wo,5(G)) 1 HenepepBHO 3a71€KUTH Bif|
bynxuiit p; € Wy, 5.(G), j =1,...,n. Teopemy noseneno. O
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4 JIOTIOMI>KHI TBEPI>KEHHS

Hacrynni jiemu OyjyTh BUKOPUCTAHI HPH JOC/IJZKEHHI NUTAHHSA IIPO MOMKJIMBICTD BUKOHAH-
ust mepiBuocti (17). JomoBumocsi mpo e, 1mo s n riaakux GyHkuii g1 (t),. .., gn(t) cumBos
Wi(g1,...,gn)(t) nosHAUATHME BPOHCKIAH

n

W(gl,-.-,gn)(t):detHgéj’“(t) L
J,q=1

Jlema 1. Hexaii ¢ynkiii gi(t), ..., gn(t) yrBoproroTs Ha BiApI3Ky [a,b] ¢dyHIaMeHTATbHY cHCTEMY
PO3B’SI3KIB 3BUYAHHOIO JU(bEPEHIIaIbHOIO PIBHSIHHST

") + P g™ V@) + .+ po()g(t) =0, n > 2,
koegimientn pj(t), j =0,1,...,n — 1, gKoro € Takumm, IO

Pn1 € C" a, b, pj € C"2[a,b], j=0,1,...,n—2.

(n

Hexait G;(t) — minop Bponckiana W (gi,...,gn)(t), sKmHii BiamOBigae e1eMeHTOBI 9; _1)(t), j =
1,...,n, i Hexait

Gi(t) =e*Da(t), j=1,...,n,

Jge at) = fipn_l(T)dT. Toxi ¢pyuxi éj(t), j =1,...,n, yreopoiors Ha [a,b] ¢dyHIaMenTaTBHY
cHCTeMy PO3B’SI3KIB DIBHSIHHST

n—1

G+ Y ()" (pi()G()D =0, (22)
=0
TaKy, IIo
W(Gh, .., Ga)(B)] =[] - Wgr,..,g)O]" " (23)
Hosedenns. Te, mo dyHkIil éj(t), j=1,...,n, yTBOPIOIOTH PyHJIAMEHTAJIbHY CUCTEMY PO3B’si3KiB

piBHstHHS (22) — Bigomuii daxr (nus. (8, §17.7]).
Hoseaenmo icrunnicTs cruiBBinnomenns (23). das n = 2 piBaicTs (23) MoxkHa nepesiputu 6e3-

nocepeaHpoIo nigcranoskomo. Jificio, y mpomy Bunaaky Gi(t) = ga2(t), Ga(t) = ¢1(t) i Tomy

W(Gh,Go)(t) = W(eWG1(t), eV Ca (1) = O - W(ga, 91)(t) = =@ - W(g1, g2)(8).

Y Bumazky n > 3 gepes3 Vjq(t), j,q = 1,...,n, Oyaemo nosHadaTn MiHOD, IO BiAlOBinae eie-
werroni g V(¢ W JI i =1
gq ' (t)y susnaunuky W(gi, ..., gn)(t). J/lerko nmepesipurn, mo Jyist KozkHoro ¢ = 1,...,n,

BUKOHYIOTHCS HACTYIIHI CIIBBITHOIIIEHHS:

( Vri,q (t) = Vn—l,q (t)?

Vrifl,q(t) = _pn—Q(t)qu(t) - pn—l(t)vn—l,q(t) + Vn—2,q(t))
(24)

V2/,q(t) = (=1)"p1 (t)vn,q(t) - pn—l(t)v2,q(t) + VLq(t)y
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Y cucremi (24) 3pobumo 3aminy

SN

A0 =DV (1), at) = / poo1(T)dr, j=1,...,n. (25)

Bpaxosytoun, 110
Vjiq(t) + pn—1(t)Vjq(t) = e_a(t)vj,,q(t)y j=1,...,n,

3 piBHsiHB cucTemu (24) gicraHeMo, 1o

.................................... , (26)
V3g(8) = (=1)"pL(t)Vaug () + Vg (8).
Vi g(#) = (=1)" 1o () Vi ().
Ockinprn éj(t) = ‘7,17j(t), j=1,...,n, o 3 dopmyx (25), (26) BummBae, 110
W(G1,...,Go)() = W (Vs ..., Van)(t) = det Hf/j,q(t)quzl . (27)
3rijgHo 3 TBep/pKeHHsAM 3aja4i 57 y [12, U. 2, c. 126] BukonyeThCs piBHICTH
det [V 0)|| | = e det [V (0]}, - (28)
OueBuaHO, IO
et [V ()| = [det | (=17 1Vo ][}y | (20)
Marpurist (L Vas(t) |° € 00epHEHOIO JI0 MATPHUIL Hg((ljfl)(t) " Tomy
RG] fae
et [ (- (7 = W (gt 0a) ) (20)
3 dopmya (27)—(30) Bumiusae pisaicTs (23). O
I3 memu 1 BummBae Takuit HACTIIOK.
Jlema 2. Hexait pynxiii gy, . .., g, € C?"a,b] € rakumu, mo
vtela,b]  W(gr,...,9n)(t) #0.
Ioznagammo depes G (t) minop Bporckiana W (g1, ..., gn)(t), sKmil BigmoBigae ereMeHTOBI gj(.n_l) (1),
j=1,...,n. Toxi pyuxuii Gi(t),...,Gp(t) Hamekars 1o npocropy C"|a,b|, xo Toro x
Vt e [a,b]  [W(G1,...,Gn)#)| = W (g1,-..,gn)()|" "
Jlosedenns. 13 ymoBu semu 2 BummBae, mo GyHKuil g1 (t),. .., gn(t) yrBoproors Ha [a,b] dyHIa-
MEHTAJIbHY CHUCTEMY PO3B’{I3KiB 3BUYANHOIO andepeHIiaabHOr0 PiBHIHHS
Wigr, - gn, y)(t) _ (31)

W(g1,---,gn)(t)
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Poseunemo Busnaduuk W (g1, ..., gn,y) 32 eJeMEHTAMI OCTAHHBOTO CTOBIIIS, TOJI 3AIMIIEMO DiB-
Heuas (31) y Bursii
n—1
YO+ Dm0 =0, (52)
q=0
e
wq(t)
r(t) = 4 ¢q=0,1,...,n—1
TR () M
a wy(t) — anreGpuane norosuenns exementa (9 (t), ¢ = 0,1,...,n — 1, y BusHAYHUKY
W(g1,-..,9n,y)(t). I3 ymoBu 1emu 2 BuiuBaE, 1o Koedimientn r4(t), ¢ = 0,1,...,n—1, piBaaHAs
(32) miyopsyiKoBani TakuM BUMOTraM raiaKocti: 7,—1 € C"ta, b], r; € C"2[a,b], i = 0,1,...,n—
2. Tomy TBepKeHHs jieMu 2 BUILIABAE 3 jieMu 1. [

5 METPUYHI OLIIHKN MAJIMX B3HAMEHHUKIB

3’sicyeMO TUTAHHS PO MOYKJIUBICTh BUKOHAHHs HepiBHOCTI (17), HOJATKOBO IPUITYCKAIOYHU, IO

) )
dyuknis G : ZP — R, gKa onucye picT aMIUATY/JL [ICEBROAUMEPEHITIATbHIX ONepalliii y piBHSHHI
(1), muist Jestkux HeBiJI'€MHUX A, (i COPABIZKYE YMOBY

Z G Mk) exp(—pG(k)) < . (33)
1420

Hawm 3uramo0uThest Kiaacuvna jema bopess-Kanresi.

Jlema 3. (Bopems—Kanresni, [13, 19]). Hexaii {Ay}3°, — mocigoBHicTs BEMIpHHX (3a Mipoio
Jlebera B R") muoxnn 3 R" raknx, mo

o
Zmes Rre Ap < 0.
k=1

Toni mipa Jlebera B R™ MHOXKHHU THX TOYOK, sIKi HOTPAILISIOTEH 10 HECKIHUEHHO] KITbKOCTI MHOXKHH

JIAHOI MOCJTIIOBHOCTI, JIOPIBHIOE HYJIIO.

Jist Koxkaoro j = 0,1,..., 7, gepes3 V;(t, k) mosHauumo BpoHcKiaH (n — j) dyHKIIN
J

fjJrl(t’k)’ e '7fn(t7 k)

fit1(t, k) e fu(t k)
Vit k) = )
n—j—1 n—j—1
Rl () B G (9 )
Yepes Vjq(t, k), q=7+1,...,n,5=0,1,...,r, Oynemo no3nadaru Toit Minop Bu3HauHUKa V;(t, k),

AKUil BIIIOBIIAE €JIEMEHTOBI fénfj 71)(7&, k); sposywmino, mo minop Vj j11(t, k) cuiBnagae 3 BpOHCKi-
anoM Vjy1(t, k).

Jlema 4. Hexait Aj(t,D,) € S"%(G), j = 0,1,...,n — 2, Ap_1(t,D;) € S"HG). Sxmo na

aesikomy npoMikKy I C [0, T BuKoHY€eThCsT HEPIBHICTH

veel  |Vi(t.k)| > exp(—pGk), p; R, (34)
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TO JISA JOBLIBHOIO 0 > (0 MHOXKHHY
{t€ 1 Vi (t k) < exp(—psiGUR) Y, pjsr = (n— j = 1)(p; + AT + ),

MOKHa HOKpUTH He Oibine, Hizk Nji1(k) mpoMi>KkaMu, TOBXKHHA KOMKHOTO 3 SIKHX HE IMEDEBHIILYE

dj+1(k), mpn npomy st goBinsHoro € € (0,0;) BUKOHYIOTHCST OLiHKH

Njs1(k) < Coll|exp((& + £)G(R)),  djsa(k) < Crexp((e — 0,)G(k)),
ze & = (pj +2AT)(n — j — 1), a goxarni crani Cs, C7 He 3amexkars Bif k.
Josedenns. 13 ymoBu jiemMu 4 BAILIMBAE, 110

Aj(t, k) € C"20,T), j=0,1,...,n—2, A, 1(t,k) € C" 10, T].

Tomy dbymxii fi11(t, k), ..., fo(t, k) nanexars xo npocropy C2"=9)=10, T7.
Ockinbku Vj(t, k) # 0 g Beix ¢t € I, To 3a jremoro 2

W (Vigats - Vin) (&R = (W (Fjas o f) (8 F) "7 = [Vy(t, k)"
Toxi 3 mepiBuocTi (34) BuIIMBaE, 10
W Vit Vim) (4 F)] = exp(—(n — j — 1), G(k)). (33)
Poskpusatoun susnaauuk W(Vj jq1,...,Vjn)(t, k) 1 BpaxoBytouwn, 1o

Ve>0 VEeR sup {G* (k) exp(—eG(k))} < oo,
kezr

3 oninok (19) orpumaemo

Ve 0 WV Vi) (LK) < Cln ) | max AV R

n—j—1
x(0<q<n C AVOeRD)TT < _max (VTR

x exp((n —j — 1)(AT + ¢)G(k)), (36)

e C(n,j), Cg > 0 — craui, sxi He 3anexars Big k € ZP. Toxi 3 dopmyn (35), (36) Bumusae, 1o
it JoBisibHOTO € > 0 icHye crasa Cy > 0 Taka, 0 B KOXKHIi# Touli ¢ € | BUKOHYEThCS HEPIBHICTH

Al VIOt k)[} > Coexp(—(n— j — 1)(p; + AT +€)G(k)). (37)

0<q<n

3azHaunMo TaKOXK, 0 s JoBiabHOrO € > 0 icaye crama Cig > 0 Taka, 110

max {\ ]H(t E)|} < Ciexp((n—j—1)(AT +¢)G(k)), keZP. (38)

0<g<n—

BukopucroByioun MipKyBaHHSI, aHAJOTiYHI 0 HABEJAECHUX MPU JOBEICHHI TOTOMIXKHUX JIEM Y

upaiii [20], 3 dopmya (37), (38) orpumyemMo TBepizKeHHs jteMu 4. O
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Teopema 3. Hexait A,_1(t,D;) € S"1(G), Aj(t,D;) € S"%(G),j =0,1,...,n—2, a i pynxiii
G(k) Bukonyerbcst ymosa (33). st maiizke Bcix (crocoBro mipu Jlebera B R) uncer t1 € (0,7
HepiBaicTh (17) BHKOHY€eThCsI 1151 BCIX (KpiM CKIHYeHHOI KijlbKOCT) BeKTOpIB k € ZP npu goBiabHOMY

v € R 1a 6 = v, g€ 4HCIO V, BH3HAYAETHCS 31 CHCTEMH TAKHX DPEKYPEHTHHX CIIBBIIHOIIEHD:

ny =3AT(n—1), 1 = (n—1)((3n —2)AT + pu+ oo,

vit1 = (n—j—1)(nj +v; + AT + pu+0j) + (n — j — 1)*(v; + 2AT),
nj+1:nj+(n—j—1)(yj+2AT), j=1...,r—1,

aeoj, j=0,1,...,7—1, — goBinbHi ¢pikcoBaHi JoAaTHI IUC/IA.
Zlosedenns. PosrisineMo Taki MHOXKHMHH:
Eij(k) ={t € [0,T]:|V;(t, k)| < exp(—v;G(k))}, keZP, j=1,...,r

I3 dopmysu Jliysisis juist BpoHckiana cucremu yHKIGi f1(t, k), ..., fn(t, k) Buniamusae, mo Ha
BCbOMY Bipi3Ky [0, 7] BUKOHY€ETBHCsI HEPIBHICTD

(WS- fu)(E R) | = [Vo(t, k)| > exp(—=ATG(k)) = exp(—1oG(k)).

. .. . 1
3riguo 3 semoro 4, muoxkuny Fj(k) MOXKHa TOKPHTH BiApi3KaMH, siKi MO3HAUNMO Yepes3 Lg )(k:),
g=1,...,Ni(k), noBKuHa KOKHOTO 3 sIKuX He 1epesutiye dp (k); npu npoMy /st 10BLILHOTO € > 0
BUKOHYIOTHCS TaKi OIIHKMU:

Ni(k) < Criexp((n1 +¢)G(k)),

dy (k) < Ca exp ((VO _n oy e> G(k)) :

n—1
Takum guHOM,
N1 (k)
> mesg IV (k) < Ni(k)da(k) < CiaG (k) exp(—uG (k).
q=1

[Ipumycrumo, mo muoxuny Fj(k), j > 1, MokHa MOKPUTH Bijpiskamiu, siKi IIO3HAYHMO dYepe3
ng)(k), g =1,...,N;(k), noBxKuna KOXKHOTO 3 sIKHX He Hepesuiye d;(k) Tak, o A/ TOBIIBHOTO
€ > (0 BUKOHYIOTHCS OIIHKN

Nj(k) < Craexp((n; +€)G(k)),

dj(k) < Cisexp ((Vj—l + AT — nyj - +8> G(k)) :

Tomi

(k)
3" mes 19) (k) < Nj(k)d; (k) < CroG (k) exp(—pG(k)). (39)
q=1

Nj(k) 4
MHuozxuna [O,T}\{ U Iéj)(k)} ckyanaeTecs 3 He Olmbire nixk Nj(k) + 2 mpomixkis Jéﬁ_l)(k:),
q=1
q < Nj(k) + 2. Ha koxKHOMY 3 IIPOMIZKKIB Jé]H)(k:), q < N;(k) + 2, BUKOHY€TbCs HEPIBHICTD

|Vi(t k)| = exp(=v;G(K))-
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3a /1eMOI0 3 KOZKHY 3 MHOXKHH Ej (k)N Jéjﬂ) (¢ < Nj(k) + 2) MOxKHA TIOKPHTH Nq(jﬂ)(k) BijI-
pi3KaMu Lg?; 1), s < Nq(] H)(k:), JIOBZKHHA KOJKHOI'O 3 SIKHX He nepesuniye dji1(k); upu 1poMy st
JOBLIBLHOTO € > () BUKOHYIOTBHCS OITIHKH

NI (k) < Crrexp(((n — j — 1)(v; + 24T) + &) G(k)),

dj+1( ) < Chgexp ((V] + AT — L —l—E) G(k)) ,

Hexait '
Nj(k)+2 NV (k)

J
o= YUl U U

q=1 s=1
Bposymiino, mo cucrema Binpiskis 1141 (k) € nokpurram muoxkuan Ejiq(k). Ockinbku

N (k)+1 N (k)
S0 mespIl < OGN (k) exp(—uG(k)), (40)

g=1 s=1
To 3 mHepiBHOCTelt (39), (40) BuIIMBaE, 10
mesg Eji1(k) < CooG (k) exp(—pG(k)).

TakuMm 9uHOM, JiCTAEMO
A
mes E, (k) < Co1G™ (k) exp(—pG(k)).
I3 ymosu (33) Bummsae, mo psir y . mesg Fyp(k) € 36bkuum. Toni 3a siemoro Bopens—Kanresui
|k[>0
mipa Jlebera B R MHOKHHM THX 9mce t1, SIKI HAJEKATh JI0 HECKIHUEHHOI KijabKocTi MHOXKUH E,(k),

k € ZP, nopisuioe nysesi. Teopemy moBeaeHO. ]

6 YACTKOBI BUMNAJIKHN 3AIAUI

Pesynbrar Teopemu 3 MOXKHA CyTTEBO YTOUYHHUTH JIJIsl YaCTKOBUX BuIaJKis 3azadi (1), (2), Ko-
7 KpaTHICTh Bydna t = 0 € Makcumanbnoo (r = n — 1) abo minimasnsnoo (r = 1). Bignosigui
yTOYHEHHsI BCTAHOBJICHO y TeopeMax 4, 5.

JIema 5. (nuB. [20]) Hexaii pyukuis f € C™([a,b]; C) € po3s’siskom piBHSIHHS
v () + ar By V(1) + -+ an()y(t) =0, (41)

B sxomy a; € C([a,b);C), j =1,...,n. Sdxmo

max |fY "V (a)] > 6 >0, Zmax\ ) < M,

1<j<n tE[ab

10 sist JoBLibHOTO € € (0,£9) BUKOHYETHCSI OI[IHKA

mesg {t € (a,b) : [f(t)] < e} < Coo max{l, U exp (n(l::?A)} "\/€/d,

dexp(—(b—a)A 1/2
o= S0 A (1§ g0 = a0
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Teopema 4. Hexait Aj(t,D) € S°(G), j =0,1,...,n—1, a g dpynxuii G(k) Bukonyerncst ymosa
(33). fkmo r = n — 1, o mepisuicrs (17) BuKOHyeThCsT 1st Maiike Bcix (crocoBro mipu Jlebera B
R) ancern ty € (0,T], mrst Beix (Kpim ckingennol Kijnbkocti) Bekropis k € ZP mpuy > (A+1)(n—1),
0> (2n—1)AT + p(n —1).

Jlosedenna. dxmo r =n — 1, o A(k) = fu(t1, k), k € ZP. Oyukuis f,,(t, k) € po3s’sizkom 3aza4i
Komri:

n—1
PR+ AR D (k) =0, fITV0k) = 8jn, j=1..0n
§=0
Bukopucraemo Jjiemy 5 71t OIIHKU Mip MHOXKHUH
M, 5(k) == {t1 € (0,T] : | fu(t1, k)| < GV (k) exp(—0G(k)) }, keZP.

Bpaxosytoun, 1o

n—1

G=1)(0, k 1 Aj(t, k)2 < AG(k
llgagclf (0,k)| =1, +j0tgg§]l (t, k)| (k),

a TaKOxK Te, IO

[fn(t, k); C"[0, || < Ca3G(k) exp(ATG(k)),

upu y > (A+1)(n—1),0 > (2n — 1)AT + u(n — 1), gicranemo, 1o

2
mes g My (k) < CasG(k) exp < :

ATG )“ /G (k) exp(—6G (k) =

2n — 1)AT — ¢
n—1

— Cou G D) () exp (( G(k)) < Cos G exp(—pG(k), k € 2P,

Taxum qusaoM, mpu ¥ > (A+1)(n—1),6 > (2n—1)AT+pu(n—1) pax > mesg M, 5(k) € 36ixmum.
|k[>0
Toni 3 memu Bopens—KanTenni summmBae, mo Mmipa Jlebera B R MHOXKUHN Uncen t1, SIKi HamexXaThb

Jo Heckindgennoi Kimpkocti Muoxkun M., 5(k), k € ZP, nopismoe mysesi. Teopemy goBejieHo. ]

Teopema 5. Hexait Aj(t,D) € S"2(G), j =0,1,...,n—2, A,_1(t, D) € S"Y(Q), a s pynxuit
G(k) Bukonyerbcst ymosa (33). SIkmo r = 1, To mepiBuicts (17) BUKOHYeTbCsT Jiisi MalixKe BCix
(crocosro mipu Jlebera B R) umcer t1 € (0,T] mist Beix (KpiM CKIHYEHHOI KIIBKOCTI) BEKTOpIB
k € ZP upu

y>A+1)(n—-1), 6>2n—-—DAT+pun—1)+an_17,

Je
n—1 1/2 n—1—j
Al—a(l—i-ZTJQ) Z ]+q, 7j=0,1,...,n—1,
=0

(p—1 = Max {0 ksgg) tg%gu:ﬁ] G71(k)Re An_l(t,k)},

- -1 . e
a=max sup {Ogr;lgg_QG (B[4t k)l en—2po,1); G (k)HAn—l(tak)”C"*[O,T}}-
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Jlosedenns. Y sunaiaky r = 1 susmaunuk A(k) € minopom (n — 1)-ro mopsiiky, 1o Bianosinae
€JIEMEHTOBI fl(n_l)(tl, k) y Bpouckiani W (fi,..., fn)(t, k). Posrisinemo dyHKIio

t
y(t, k) = A(k) exp </ An_1<T)dT> , keZP. (42)
0
Ba siemoro 1 dynkuis y(t, k), k € ZP, ua Binpisky [0,7] € po3s’si3koM piBHSHHS
n—1
y k) + (1) (A Ry, k) = 0. (43)
j=0

[Tic/ist eJleMeHTapHUX IEPETBOPEHDb (PO3KPUTTS NOXIAHUX 3a 1pasuioM JIeiOHina Ta 3MiHI TOPSIKY

i/ICyMOBYBaHHsI) PiBHsIHHS (43) 3BEJIEMO JI0 TAKOIO BUIJISILY:

n—1
y ™ (k) + ) it k)yY (k) =0, (44)
§=0
n—1—j (@)
e ri(tk) = > (=) JC’JJHA]Z_q(t,k), j =0,1,...,n — 1. Ina xoediuienris r;(t, k), j =
q=0
0,1,...,n — 1, piBusinns (44) BUKOHYIOTbCSI HEPIBHOCTI
n—1—j
£%¥v]tkw:§: ]ﬂéﬁ%p%w@ﬁﬂgaquﬁ j=0,1,....,n—1,
3 KX BUILIUBAE, IO
n—1

1 ()2 < ALGE).
+—:§%tgﬁ3§]hu( B2 < A1G(k)

Ockimbku fq(jfl)((), k) =964, 5, =1,...,n, 10 3 bopmymm Teiinopa s dyukiiit

fa(t, k), ..., fn(t, k) BUILINBAIOTH TaKi PO3BHHEHHS:
=t n
@@$¢:Gt7ﬁ+&@$ﬁ, q=2,...,n, (45)
ne Bq(t, k), ¢ =2,...,n,— menepepsui yHkii B okomi Toukn ¢ = 0. YV Bunaixy r = 1 BU3HAYHUK

A(k) nuist koxkHOTO k € ZP NOpIBHIOE 3HAYEHHIO Y TOUI ¢ = {] BPOHCKiaHa

Wi—1(fa(t, k), ..., fu(t,k)) cucremu dbyuxiiii fo(t, k), ..., fu(t, k). BpaxoBytoun Biacrusictb BpoH-
ckiana, onmcany B 3ajadi 57 y [12, 4. 2, c. 126], 3 po3Bunensb (45) oTpuMaeMo, MO B OKOJI TOYKH
t1 = 0 BUKOHYETHCS PiBHICTH

n—1
A(k) =W, t R, Bt R ) =
— ey, l+/3 et g ) =
- Y1 n—1 1| 2(t1, 1 av(n_l)' n\tl, 1 -
1 =2
_ 4n—1 - 1 n __ n—1 n
—tl W1 (1'7’(71—1)') +B(t1,]€) 1 —CQth —i—ﬁ(tl,k‘) 15 (46)
ne Cog = ﬁ, a [(t1,k) — memepepsHa byHKiis B okosi Touku t; = 0. I3 posBunenusi (46)
BUILIUBAE, IO
dTA(k)
AW s =1, .n A7
dtjl—l =0 s J n ( )
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Ha wnincrasi npasuia Jleiibuina nudepennitoBanus g00yTKy aBox (yHKIi, i3 piBrocti (42) Ta
dopmyit (47) orpumyemo, 110

djfly(tl,k') .
W 120 — 6j7n, ] — 1, PPN ,n. (48)

BacrocoBytoun siemy 5 o dbyukuii y(t, k), ska € po3s’sskom 3amaai Komi (44), (48), aicraemo, 1o
npuy > (A+1)(n—1),00 > 2n— 1) AIT + pu(n —1)

mesg {t1 € (0,7 : |y(t1, k)] < G777 (k) exp(—00G(k))} <

< CyrG (k) exp (%Alm(k)) n=/G(k) exp(—00G (k) =

n

2n — 1)A1T—(5[)
n—1

= G (k) exp (( G(k)) < OnGexp(—uG(k)), ke (49)

I3 piBHocTi (42) BUITMBAE BKJIIOUCHHS
{t1 € [0, T] = [A(K)] < G (k) exp(=(d0 + an1T)G(k))} C
C{tr €[0,T]: |y(tr, k)| < GT7 (k) exp(=doG(k))}, ke ZP.
Tomy 3 HepiBHOCTEH (49) OTPHUMY€EMO, IO PsiL

> mes{t; € [0,T]: |A(k)| < G7(k) exp(—(J0 + an1T)G(k)) }
|| >0

€ 30ikHuM, Koy ¥ > (A + 1)(n — 1), o > (2n — 1)A1T + pu(n — 1). I3 nemun Bopens—Kanresi

JiCTaeMO TBEP/I2KEHHS TEOPEMU. O

7 KOPEKTHICTh ABOTOYKOBOI 3AJIAYI /11 MAVYKE BCIX 3HAYEHB JIPYI'OI'O BY3JIA
IHTEPITOJIALIIT

BayBaxkenuns 1. [l koxkuoro k € 7P pusnaunuk A(k) sik (yHKIis 3MiHHOT 1] MOXKe MaTH Ha

[0,T] e 6inbmr Hi>K CKiHYEHHY KiJbKicTb HysiB. ToMy MHOXKHHA

U {t1 €[0,7]: A(k) = 0}

kezp

Mage Hys1p0BY Mipy Jlebera.

I3 Teopem 2-5 i 3ayBarkenHst 1 BUIUIMBAIOTH TaKi TBEP/KEHHsI PO KOPEKTHICTH 3a1a4di (1), (2)

Jutst Maiizke Beix umcen t1 € (0, 7).

Hacuninok 1. Hexaii A,_1(t, D) € S""Y(Q), A;(t,D) € S"2(G), j =0,1,...,n—2, a s ynxiii
G (k) Buronyerbcst ymona (33). Toxi surst maiizke Beix (crocoro mipu Jlebera B R) uncer t1 € (0,7

-,

sanaqa (1), (2) € («, B, &, B)-KopekTHOIO, J1e
aj za+y+1, j=1,...,n,
Bi>B+v,+(n—r+2)AT, j=1,...,r,
Bi>B+v,+(n—r+1)AT, j=r+1,...,n,

Y — JOBLJIbHE JIHCHE IHCJO0, TUCTO Vy — TaKe XK, sIK y TeopeMi 3.
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Hacninok 2. Hexait A;(t,D,) € S°(GQ), j = 0,1,...,n — 1, a g dynxnii G(k) Buxonyerscs
ymoBa (33). fkmo r = n — 1, To g maiizke Beix (crocopno mipu Jlebera B R) uncen t1 € (0,7
zagaqa (1), (2) € (o, 5, &, g)—KOpeKTHOIO, e

aj >a+A+1)n-1)+1, j=1,...,n,

Bj>p+pun—1)+2n+2)AT, j=1,...,n—1,
Bn > B+ p(n—1)+ (2n + 1) AT.
Hacninok 3. Hexait Ap—1(t,D;) € S"1(G), A;(t,D;) € S"2(G), j =0,1,...,n—2, i nexaii js

dyuknii G(k) Bukonyerbest ymosa (33). Toui suist maiixke Beix (crocoBHo mipu Jlebera B R) unces
t1 € (0,T) zanaga (1), (2) upur =1 € (a, B, &, )-KopekTHOIO, 1€

aj >a+A+1)n-1)+1, j=1,...,n,

By > B+ p(n— 1) + (20 — DAL + an_1 + 3nA)T,
Bi>B+pn—1)+(2n—-—1A1+an1+Brn-1)A)T, j=2,...,n,

Jte crajii Ay, an—1 — Taki >k, sIK y TeopeMmi 5.

8 BUCHOBKU

st crarTs npucBsiiena MOCJIKEHHIO KOPEKTHOCTI 33/1a9 3 JIOKAJLHUMU JIBOTOYKOBUMU yMO-
BAMHI 3a 3MIHHOIO t JIjIsI PiBHSIHB 3 TCEBAOANMEPEHINAJTPHIMA 38 & OIEPAIlisIMU, CUMBOJN SKHAX
3aJiexKaTh Bijl t. BeranoBsieno yMoBH 0/1HO3HAYHOI PO3B’A3HOCTI UX 3a/1a4 y DYHKIIOHAJIHHUX IIPO-
CTOpax, Bara SKUX 3aJIeXKUTh BiJl (DyHKIIT, 110 OMUCY€e MOXKJIMBUN PIiCT aMILTIITY/I IceBaoaudepentri-
aJIbHUX olepallii—koedilienTiB piBHsHHsI. Ha 0CHOBI TBepIKEeHb PO OIHKN Mip BUHATKOBUX MHO-
JKPH TIaJKUX PYHKIIN yIiepiie Jiisd PiBHsIHb 3arajibHOr0 BUTISLY 31 3MiHHUMHE 3a t KoedilienTaMu
JIOBEJICHO, 10 TaKi yMOBH BHKOHYIOThCsI Jijisi Maiizke BCix (crocoBHo Mipu JleGera) 3HaueHb jipyroro
By3sa inreprosdriii. JlomipHuM 3aBIaHHIM € IepeHeCeHHsI OTPUMAaHUX Pe3yJIbTATIiB Ha BUMAIO0K
cucTeM IceBnoandepeHItialbHIX PIBHSIHD 31 3MiHHUMHE 33 t KoedilieHTaMu.
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In this paper, we study the well-posedness of a problem with two multiple nodes with
respect to a distinguished variable ¢ and periodicity conditions with respect to the remaining
coordinates x1, ..., z, for linear pseudodifferential equations. Conditions for the existence and
uniqueness of a solution to the problem under consideration in spaces of exponential type on
the torus are established. By means of a metric approach, theorems providing lower bounds for
small denominators arising in the construction of the solution are proved.
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MDKHAPOJIHA HAYKOBA KOH®EPEHIIISA, [TIPUCBAYEHA 75-11 PIYHMIII
BIJ AHA HAPOJUKEHHSA BOJIOAUMUPA MACJIFOYEHKA

25-27 BepecHs 2025 poky Ha (akynbTeTI MaTeMaTHKHU Ta iHopMaTuKu YepHiBEIBKOTO
HAI[IOHANILHOTO YHiBepcuTeTy iMmeHi [Opis denpkoBuuya Bigdyjacs MiKHApOJHAa HayKOBa
KOH(epeHIlis,, MpUCBIYeHA 75-W pPIUHULI BiJ JAHS HAPOJHKEHHS BHUAATHOTO YKPAiHCHKOTO
mareMaTHKka, mpodecopa Bomoaumupa Kupunosuua Macmouenka (26.09.1950 — 25.09.2020),
BIJOMOTO HAYKOBIISl Yy Taimy3i Teopil (QyHKIiN Ta (yHKIIOHAIBHOTO aHamizy, 0araTopiuHOro
3aBimyBada Kadeapud MaTeMaTHYHOro aHamizy YepHIBeIbKOrO YHIBEPCHTETY Ta SICKPaBoOi
0COOMCTOCTI, Uil HAYKOBUH, IeJarOTiYHAHN 1 TPOMaITHCHKUI JOPOOOK CIIPaBHB BiAUyTHHUI BIUIUB
Ha PO3BUTOK YKpPATHCHKOI i CBITOBOI MaTEeMaTUYHOI CITIIBHOTH.

Knouoei crnosa i ¢ppasu: Mi>kHapoiHa HayKoBa KoH(pepeHiris, Bomoaumup MaciiroueHko,
bakynbTeT MaTeMAaTUKH Ta 1HHOPMATUKH.

UepHiBenbkuii HallionanbHUi yHiBepcuTeT iMeHi FOpis @enproBuya, UepHiBii, Ykpaina
e-mail: 0.martynyuk@chnu.edu.ua

25-27 BepecHss 2025 poky Ha QakynbTeTi MaTeMaTHMKd Ta 1H(QOpMATHKU
YepHiBELKOr0 HallOHAJIBHOrO YHiBepcuTeTy iMeHl lOpis denpkoBuua mnpoxoauia

}

MDXKXHApOIHA HayKOBa KoH(pepeHIis,
MpUCBSYEeHAa  75-#  piuHMIl  Big  JHS
HapO/DKCHHSI ~ BHJIATHOTO  YKPaTHCHKOTO
MaTemaTuka,  mpodecopa  Bomogummupa
Kupunosrnua MacitoueHka.

Bonogumup Kupunosuu MacntoueHko
HaponuBcs 26 BepecHs 1950 poky B cemi
KnrociBka ~ HoBocankapchbkoro  pailoHy
[TonraBcbkoi obmacti. ¥ cepmHi 1967 poky
BiH BCTYNUB Ha BIIJIJIEHHA MaTeMaTUKHU
(h13UKO-MaTeMaTHYHOTO bakynpTeTy
UepHiBEIHKOTO JIEPKABHOTO YHIBEPCUTETY, 3
akuM Oyra TOB’s3aHa BCS MOTO TMOJaiblia
HAYKOBA ¥ Mearoriyda MisiibHICTb.

[Ticns 3aBepilieHHs HABYAHHS 3 JTFOTOTO
1973 poxy Bonoaumup Kupunosuu po3nouan
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CBOIO TPYAOBY MisAJbHICTh Ha Kadenpi MaTeMaTHYHOro aHalizy UYepHiBEIbKOTO
yHIBEpCUTETY, Nie TpompaioBaB 10 25 BepecHs 2020 poky. Ilporsarom maibke m’satu
NECATWIITh BIH BIJIIPAaB BHU3HAYaJIbHY POJb Yy CTAHOBJEHHI Ta PO3BUTKY IOTY>KHOI
HayKOBOi IIKOJW 3 Teopii (yHKIIH Ta (yHKIioHANpHOro aHamizy. ¥ 2000 pori B. K.
Macno4eHKko 3aXHMCTUB JOKTOPCHKY nuceptarito, 3 2001 poky odomioBaB kadeapy
MaTeMaTHUYHOIO aHaii3y, a 'y 2002 pori oMy Oyi0 NpUCBOEHO BUCHE 3BaHHS mpodecopa
Kadeapu MaTeMaTHYHOTO aHai3y.

HaykoBo-nienaroriuna aisuibHICT Bonogumupa Kupuinosuyda TicHO moegHyBanacs
3 aKTUBHOIO POOOTOIO 3 MIATOTOBKM HayKoBUX KajpiB. Ilim ioro kepiBHULUTBOM OYyJi0
3axuiieHo 14 kKaHIuIATChKUX AUCEpTalliil; 4eTBepo MOro y4HiB 3TOJ0M CTaIH TOKTOpaMU
(d13MKO-MaTeMaTUYHUX HAaYK, y MIJATOTOBIII IKMX BIH BUCTYIIaB HAYKOBUM KOHCYJIbTAHTOM.
Moro naykoBHii 10po6oK Hamidye monax 350 my6Gikawii, mo 3106yI1 MHUPOKe BU3HAHHS
y BITYM3HSHIN Ta MKHAPO/IHIM HayKOBIH CIIJIBHOTI.

[lopsan 13 HaykoBowo [isbHICTIO Bomoaumup KupuinoBuu OyB Haa3BUYailHO
pi3HOOIUHOIO ocoOuCcTICTIO. BiH To€nHyBaB TIHMOOKY MaTEMaTHYHY KyJIbTypy 3
MUCTEILKAM TaJaHTOM — ITUCaB M0E3it0, CTBOPIOBAB MY3HUKY, CITIBaB 1 TpaB Ha My3UYHHX
iHcTpyMenTax. Moro HeBHYepIHA eHepris, mpane3faTHICTh i TBOpYA Bi/UTAHICTH CIpaBi
OyJH i 3aJIMIIAIOTHCS TPUKIIAI0M /IS KOJIET Ta Y4YHIB.

BaxnuBoro ckiazoBol0 HOro KUTTEBOI Mo3uuii Oyja dYiTKa TIpOMaIsSHCHKA
CBIIOMICTH 1 rrOOKUi maTpioTusM. Bormogumup KupumoBud mociiioBHO HarojiouryBaB
Ha BU3HAUYaJbHIA POJIi YKpPaiHCHKOI MOBU SK (DyHIAMEHTY NEp:KaBHOCTI, KyJIbTYpH Ta
HalllOHAJBHOI T1IHOCT1, BBAXKAIOUH ii HEB1J]'€MHOIO CKJIaJIOBOIO MallOyTHHOTO YKpaiHHU.

Ypouucte BiIKpuTTsl KoOH(epeHiii Binoynocs 25 BepecHs y llleBueHkiBCbKil 3aimi

UepHIBEIIBKOTO YHIBEPCUTETY. [3 BiTaIbHUMHU CIIOBAMHU JI0 YYAaCHHKIB Ta TOCTEH
3BEpHYJIHCS JIeKaHKa (aKynbTeTy MaTeMaTHKU Ta iHpopmatuku Onbra MapTHHIOK, sIKa
HAroJiocWjia Ha HEOIIHEHHOMY BHecKy Bomomumvupa KupunoBnua y pO3BHTOK
MaTeMaTUYHOI HAyKH Ta (OPMYBAHHSA HAYKOBUX IIKIJ, & TAKOX MPOPEKTOP 3 HAYKOBOI
pobotu Opiit XanaBka. Y cBoeMy BHUCTYMI BiH MIJKPECIMB HE JIMIIE BaroMi HayKOBI
3100yTKH Tipodecopa B. K. Macmtouenka, ane it H1oro akTUBHY TPOMASHCHKY TMO3HIIIIO,
JT1000B 70 YKpaiHCHKOI KYJBTypH Ta MOBH, a TaKOX y4acThb Y TBOPYiM MiSIIBHOCTI SIK
COJIICTa YOJIOBIYOI Kaneau «/[3B1H.
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BitanpHi cioBa TakoX MPO3BYYalu BijJ MpPENCTAaBHUKIB [HCTUTYTY MaTeMaTHKU
HAH Vxpainu — akagemika HAH VYkpaiau Cepris Makcumenka, npodecopa AHATOIS
Cepnatoka Ta BueHoro cekpetapsi Irops CokosieHka. BoHu Big3HAUMIM BUCOKHI pPIBEHB
HayKOBHX IIKUT aKkyabTeTy MaTeMaTuku Ta iHpopmatuku YHY # mobakanu ygyacHuKam
WIiAHOT poOOTH. Y Mekax BIAKPUTTSA KoHGepeHIlii OyJo BpydeHO mam’sTHI BiA3HAKH
Pycnany binockypcbkomy, Pomany Ilerpumuny, Onp3i Maptuniok, Muxaiiny Ilonosy,
Oneni Kapnosiii, Bomomumupy Muxaitmoky Ta OnekcaHapy MacirodeHKy (CHHY
Bomogumupa Kupunosuua). OcoOiMBOIO TOJIE€I0 CTAl0  BPY4YEHHS Mpodecopy
PoctucnaBy IBanoBuuy I'puropuyky ceprudikata npo npucBoeHHs 3BaHHS «llodecHuit
nocaiaauk [HecTuTyTy Matematuku HAH Ykpainn» Ta iIMEHHHX MTOJapyHKIB.

PoctucnaB ['puropuyk — HaykoBellb CBITOBOTO piBHS, OaTbko sikoro, IBaH
['puropuyk, OyB mepmIMM HayKOBUM KepiBHHUKOM Bonogumupa MacmoueHka, i
KEPIBHUIITBOM SIKOT'O BiH BUKOHYBaB KypCOBY pOOOTY Ha JpyroMy Kypci HaBUaHHSI.

Ha BigkputTi koHbepeHIlii nanyBajga oco0auBa aTMocdepa HayKOBOi Ta JIFOACHKOI

€THOCTI, aJpKe 3axij 310paB YHCIEHHUX TO CTEH 1 HAYKOBIIIB 13 MPOBIAHUX YHIBEPCUTETIB
VYkpaiHu, a TakoX MpPeJICTABHUKIB 3apyOiKHUX HAYKOBHUX IIEHTPIB, 30KkpeMa mnpodecopa
Tupacnonbcbkoro aepxaBHoro yHisepcurery (M. Kumuni) ymitpy Kozsmu.

[lepmy muIeHapHY JOTOBib BHTOJOCHB Yy4YE€Hb 1 OaraTOpiYHHM TOBApPHII
Bonoaumupa Macntodyenka — 10kTop (hi3uKo-MaTeMaTHYHUX HayK, nmpodecop Muxaitino
[ToroB. Y cBOeMy BUCTYII1 BiH MO€IHAB IPYHTOBHUI HAYKOBHM aHai3 3400yTKIB YUuTEs
3 OCOOMCTHMH CIIOTaJlaMd PO TIiB CTONITTS JApYykOu Ta cmiBmpari. Hactymaum i3
JIOTIOB1TF0 BUCTYNUB Tipodecop JIbBIBCAKOT0O HAIIOHAIBHOTO YHIBEpCUTETY iMeH1 [BaHa
®panka Muxaiino 3apiyHuii, Skl 3BOPYLUIMBO 3raJlaB CHUIbHY TBOPUY CITIBIPAIIO Ta
3a3Ha4ymB, M0 Bomogumup MacioueHKo HanucaB My3uKy Ha HOTo Bipil «Mu HEHaZ0Bro
TYT...», IO YBIAIIOB 10 KHIKKHU «I[IpocTo cTo cTOpiHOKY». 3aBepIlInB IJICHAPHE 3aciJaHHs
akagemik HAH VYkpainu Cepriii MakcUMEHKO, SKWH, OKpIM HAayKOBUX acCIEKTiB,
NOJUIMBCS CIIOrafiaMu Mpo mpodecopa MacimroueHka Ta HaraiaB Mpo KOH(EpEeHIIo,
npucBsiueHy 145-i piuHuIl BiJ IHA Hapo/keHHs ['aHca ['aHa, 1HIIIaTOpOM MpPOBEICHHS
AKOi cBOro yacy 0yB came Bonogumup Kupunosuu.

Hactynnoro nHs OyJio 3aciiyXaHo 1€ Y4OTUPH TIeHApHI JOTMOBII1, y SIKMX OPraHigyHO
MO€ETHYBAINCS CYYacHI HAYKOBI PE3yJbTaTH Ta TEIli croraau npo Bonoaumupa
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Kupunosuua. JlomoBimauamu Oynu Tapac banax (JIbBiBChbKHII — HAIlOHAJIBHUI
yHiBepcuTeT iMeHi IBana ®panka), PoctucnaB I'puropuyk (Texacbkuii yHIBEPCHTET),
[lerpo Koryr (/IHimpoBchkuii HarioHanbHUi yHiBepcuteT imeHi Omnecs ['onuapa) Ta
Mukona [IpanpoButuii (YKpaiHChKHMI JepKaBHHH YHIBEpcUTET iMeHI Muxaiina
JlparomaHoBa).

VYV xoai pobotn KoH(epeHLi yJyaCHHUKHM OOIrOBOPIOBAJIM aKTyajbHI MNpoOJIeMu
Cy4acHOi MaTeMaTHUKH Ta 1H(QOpMAIIHUX TEXHOJOTIH, Majau 3MOTY IOCIUIKYBaTUCS 3

Kojeramu 3 Ykpainu, €sponu ta Amepuku. Temaruka A0noBifeil OXoIIoBalia TEOPIo

mudepeHianbHuX 1 AudepeHnianbHo-(YHKIIOHATLHUX PIBHSIHB, TEOpito (YHKIIH i
GyHKIIOHAIBHUN aHali3, alnredpy, reOMeTpito, TOMOJIOTiH0, MAaTEMAaTUYHE MOJICTIOBAHHS
Ta 3aCTOCYBaHHS 1HPOPMAILITHUX TEXHOIOTIMH.

Po6Gora xoHdepenmii 3ailicHIOBaNIacs 3a TaKUMU HampsMaMmu: Teopis (QYHKIIIH,
(GyHKIIOHANBHUM aHalli3 1 TONOJOTis; Au(epeHLiaabHl PIBHAHHS; anredpa Ta reoMeTpis.
Kondepentis npoxoamna B ounomy ¢opmarti. byno 3acinyxano 61u3bko 70 HayKOBUX
JIOTIOBIJIEH, cepe] SIKUX 7 TUICHApHUX

1) Muxaiino [Tonos «IIpo xutTs i TBOpUicTh Bonoaumupa MacirodeHkay,

2) Zarichnyi Mykhailo «On *-measures and *-converity»,

3) Lysynskyi Mykola, Maksymenko Sergiy «Classification of smooth structures on
non-Hausdorff one-dimensional manifolds: from local to global»,

4) Banakh Taras «Linear Geometry and Algebra»,

5) Rostislav Grigorchuk «A Hunt for Spectral Gaps»,
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6) Kogut Peter «A novel statement of SAR image despeckling problem in weighted
Sobolev spaces»,
7) IlpampoButHii Mukona «JlokanpHO CcKiIagHi  QYHKOID 3 QpakTaabHAMHA
BJIACTUBOCTSIMH, O3HAaY€H1 y TepMiHaX JBOCUMBOJIBHUX 300paxeHb YHCEID).
Jlo maTtepianiB koH(pepeHiii yBiimio moHas 100 Te3, aBTopaMu SKUX CTaTH OB
HDK 170 HaykoBIiB 13 8 kpain cBity: Ykpainu, CILIA, Himeuuunu, [lonsmii, MomngoBuy,
JlaTBii, JItokcemOypry Ta Benukoi bpuranii. Ykpaina Oymna npeacTtaBieHa HAyKOBISIMH 3
13 mict: YepniBuis, Jlynska, JIbBoBa, Kuesa, Onecu, IBano-®pankiscrka, JXutomupa,
Kponusuunpkoro, Xapkona, Yxkropona, beperosoro, Kpusoro Pory ta CnoB’stHCbKa.
OkpiM HayKOBOI TMpOrpamMH, YyYaCHMKH Mald Harogy O3HAMOMHUTUCSH 3
apxITEKTypHOIO Ta KyJbTYpHOIO cHaAmnMHO0 YepHiBLIB, BiABiAaBmM Pe3naeHIio
MUTpONONUTIB bykoBuHu 1 Jlanmartii Ta icTOpUYHUHN IIEHTp MicTa. BaXXIMBOIO YaCTHHOIO
MporpaMH CTaJI0 BIaHyBaHHsA mam’sti Bojomumupa Kupunosumua Maciouenka —
YYaCHUKH B1JIB1Iajii MOro MOTHIy, @ Ha (aKyJIbTETI MaTEMaTUKU Ta 1HHOPMATUKHU OYJI0
YPOUHCTO BIIKPUTO MaM’SITHY JIOIIKY BUCHOMY.

S .
Bosoymyp :
KUPUNOBNY

N}ACJIIO‘IEHKO

26 Bepecus 1950
25 BepecHsi 2020

Jlo roBieHUX JdaT KUTTA 1 HayKoBOi nisiibHOCTI Bonomumupa Kupunosuua
MacmioueHka HOro TMOCTaTh HEOJHOPA30BO CTaBaja MPEAMETOM TIPYHTOBHOTO
OCMMCIIEHHS, 30KpeMa y po3Jioriid 6iorpadiuniii cTaTTi, NpucBiIYeHi 60-piuyto BiJ JHA
HapO/UKEHHs BYEHOro, OMyOIsikoBaHil y Mamemamuunomy eicnuxy Hayxosozo
mogapucmea im. [llesuenxa (2010, 1. 7, c. 455-483), ne BceOGIUHO BUCBITIEHO HOTO
KUTTEBUN MUISAX, HAYKOBI 3I00YTKH Ta MEAAroriyHy CIaluHy.

Ha caiiTi koH(pepenuii omy06ikoBaHO mporpamMmy KOH(epeHIIii Ta Te3u JoMoBiaeH i
yuacuHukiB https://hahn.chnu.edu.ua/
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