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LINEAR L-STRUCTURED MATRIX EQUATIONS

We obtained constructive necessary and sufficient conditions for the solvability and a scheme
for constructing solutions of a linear matrix equation in the form of structured matrices. In
particular case we obtained constructive necessary and suf- ficient conditions for the solvability
and a scheme for constructing solutions of a linear matrix equation with an L-structure. Par-
ticular instances of the L-structure are magic squares, Hilbert, Hankel and Toeplitz matrices,
Hermitian, symmetric and skew-symmetric matrices, as well as quaternions and biquaternions.
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1 PROBLEM SETUP

We study the problem of constructing solutions |2, 6]
X e RV

of a linear matrix equation
L(X)=F, FeR"™ (1)

where
L: R¥F _, Ryxd

is a linear bounded matrix functional. Particular cases of the matrix algebraic equation (1) are the
well-known Sylvester and Lyapunov equations |2, 3, 4|. In the article [14], the definition of several
partial cases was introduced for a matrix algebraic equation (1) with an £-structure

LX = F, 2)
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which determines the linear relationship between the elements of the solution of the matrix algebraic
equation. In particular, the L-structure defines symmetric, skew-symmetric, diagonal matrices, as
well as quaternions. Thus, we obtain the problem of finding solutions of a linear matrix equation
(1) with an L-structure defined by a linear bounded matrix functional

L ROB 5 RAXK,

here F € RM* is a known matrix. Partial instances of the L-structure are magic squares [15],
Hilbert, Hankel and Toeplitz matrices [10], Hermitian [12], symmetric and skew-symmetric matrices,
as well as quaternions and biquaternions |1, 13].

2 CONDITIONS FOR THE SOLVABILITY OF A LINEAR MATRIX EQUATION

We define the operator [6]
M[A]: R™" — R™™,

as vectorization operator, which puts a matrix A € R™*™ into the column vector
B := M[A] e R™™,
composed of n columns of the matrix A and the inverse operator

M1 H : R™™ — R™™

which puts the matrix A in correspondence to the vector B € R™"™. Denote by [6]

afB
{@]} S RQXB
j=1

the natural basis of the space R®*#. We look for the general solution of the equation (1) in the form

of a sum
af
X:Z@jCj, CjERl.
j=1
Denote the matrices
== L(0;) R j=1,2, ..., af.

Equation (1) is equivalent to the following equation
Qoc = M[F]
with respect to the vector ¢ € R*?; here
Qo = { M[E1] M[Z] ... M[Eqp] } € RYOxB,
Denote
Py, : R 5 N(Qo), Pg;: R — N(Qp)

the orthoprojectors corresponding matrices ()9 and Q. Solvability conditions and the scheme for
constructing solutions of a linear matrix equation 1 are determined by the following lemma Fredholm

[6].
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Lemma. The matrix equation (1) is solvable iff
Pg: M[F] = 0. (3)
Under the condition (3) and only under it, the equation (1) has an r-parametric family of solutions
X =K[F|+V[e,], o €R,
where
K[F] := M‘I{QSFM[F]}, Vie,] := M1 [PQTCT]‘
The matrix Pg, is formed from r linearly independent columns of the matrix-orthoprojector FPg,,.

Linear operator
K[F]: RV - Ro<P

determines the partial solution of the inhomogeneous equation (1) and is an analogue of the Green’s
operator of the Cauchy problem for the system of ordinary differential equations [5, 7|, at the same
time, unlike Cauchy problems for a system of ordinary differential equations, the matrix equation
(1) is not solvable for all right-hand sides. The matrix V[c,| determines the general solution of the

homogeneous part of the equation (1).

3 CONDITIONS FOR THE SOLVABILITY OF A L-STRUCTURED MATRIX EQUATIONS

Equation (2) is equivalent to the following equation
Q1c=MI[F}; (4)
where

Q= { MIE1] M[Zg] ... M[Eqg] } € RMxab,

Denote martix
Q := Q1 Py, € R,

as well as matrices-orthoprojectors |5, 7|
Po: R" - N(Q), Po-: R™ — N(Q%).

Thus, we obtain an equation equivalent to the problem of finding solutions of a linear matrix
equation (1) with a L-structure (2):

Q¢ = M[F] — Q1Qf M[F],
is solvable iff |5]
Pg-« {./\/l[]:] - QlQHM[F]} =0. (5)

Under the conditions (3) and (5), the problem of finding solutions of the linear matrix equation (1)
with L-structure (2) has a p-parametric family of solutions

X = M—l{Q+{M[f] — QngM[F]}} + M1 {ngcp], c, € R

The matrix Pg, is formed from p linearly independent columns of the orthoprojector matrix Pg.
The conditions for solvability and the structure of solutions of a matrix equation (1) are determined
by the following theorem.
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Theorem. The problem of finding solutions of a linear matrix equation (1) with a L-structure (2)
under the conditions (3) and (5) has a p-parametric family of solutions

X =G[F|+Wlc,], ¢, €R?,

where

GWL:AWJ{Q+{MU1—Qm%%ﬂH}},LW%L:AIJPbJJ.

In the case of Pg« # 0, the problem of finding solutions of a linear matrix equation (1) with a
L-structure (2) is solvable under the conditions (3) and (5). Therefore, we will call the case Pgo~ # 0
critical, and the opposite case Pg~ = 0 noncritical.

Example 1. The conditions of the proven theorem are fulfilled in the case of a linear matrix
equation with a L-structure

LX=F LX:=MXN=PF. (6)
Here
o sint cost O 0
LX ::/ U)XV(t)dt, V(t):= 0 sint cost 0 ,
0 0 0 sint cost
besides
1 2 -2 2
pe e ) P (102 0), 5 |
U(t) - sint cost 1 020 F 0 1 1
and

The following matrix is key when studying the equation (6).

10 00 0O

011000

@Q=10900110

000 O0O01

defines the orthoprojectors Poy =0 and
0 0O 0 0 O 0 0
o 1 -1 0 0 O 1 0
110 -1 1 0 0 O -1 0
P = = P =

“~210 0 0o 1 -10]| ¢ 0 1
0o 0 0 -1 1 0 0 -1
0o 0o 0 0 0 O 0 0

As a consequence of the equality Pp; = 0, the condition (3) is fulfilled, so the equation (6) has a
two-parameter family of solutions

X =K[F]+V]e,], ¢ €R?%
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here
1 0 1 1 - 1-—
K[F] = . Ve = “ 2N, = ).
010 c1 1+e 0 c2
Matrix
0 -1
0 O
-2 0
°=1 o 1
0 -1
1 0
defines the orthoprojectors Po = 0 and
10 0 0 5 =5 0
0 15 0 0 0 O
1 0O 0 3 0 0 6
Py« = —
15 5 0 0 10 5 0
-5 0 0 5 10 O
0 0 6 0 0 12

The condition (5) is fulfilled, therefore the equation (6) with £ - structure has a unique solution

X:Qﬂ:(izlé>

In the noncritical case (Pg+ = 0), under the condition (3) the problem of finding solutions of the
linear matrix equation (1) with the £-structure (2) is solvable for any right parts.

Corollary. In the noncritical case (Pg+ = 0), under the condition (3) the problem of finding
solutions of the linear matrix equation (1) with the L-structure (2) has a p-parametric family of
solutions

X =GF]+Wle,|, ¢, €RP,
where

G[F] := Ml{@{fw[ﬂ - QngM[F]}}, Wle,) = M1 [ngcp} .

Example 2. The conditions of the proven corollary are fulfilled in the case of a linear matrix
equation with a L-structure

LX=F LX:=MX+XN-=F. (7)
Here
o sint cost 0 0
LX ::/ U)XV(t)dt, V(t):= 0 sint cost O ,
0 0 0 sint cost
besides

U(t) =

3| -

<sint cost>, F:z(l 0 2 0>, .7::=<2>,
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1
M=t Y) Nz o
10 N

The matrix Qg, as well as the orthoprojectors Por = 0 and Pq, are given in example 1. As

as well as

a consequence of the equality Pgs = 0, the condition (3) is fulfilled, so the equation (6) has a
two-parameter family of solutions, given in example 1. Matrix

1 -1

is non-degenerate, therefore, according to the proven corollary, the linear matrix equation with the
L-structure (7) has a unique solution

X:G[F]:(i _11 é)

In the partial case, the L-structure defines real matrices of the form

a —b —c —d
b a —-d c

A= be,d e R!
C d a —b b a? ?C7 6 b
d —c b a

to which quaternions correspond
q=a+bi+cj+dk;

here i, j, k — imaginary units [13], [11, p. 91].

Example 3. The conditions of the proved theorem are fulfilled in the case of the problem of finding
a solution of a linear matrixz equation

LX =B, LX:=MXN (8)
wn the form of a quaternion. Here
LX := R XS]+ Ry X5,

besides

Ry =

o O =
= o O
o O =
S = O =
o O O O
S O O =
o O O O
o O O O

Sy 1=

o O O O
S O = O
S O O =
O = O O
— o O O
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The matrix is key when studying the equation (8)

1010000O01O0T1QO0O0O0OO0OO

O O O O O O oo oo o —-H OO
S O O O OO O oo oo oo
=i eleolohoohohohoheh=2 =l
SO O O oo o oo oo oo oo -
O —-H O O O O O O = O O O O O
S O O O OO oo oo —-H o oo
S —H O O O O O O = O o o o O
S O O O OO oo oo —-H O oo
SO O —H O O O O O O o o o oo
O O O O H O O O o o o o oo
SO O —H O O O O O o o o o oo
S O O O —H O O O oo o o oo
O 4 O OO 4 O 4 O O O O o O
O O O OO H O O O o o oo
O H O OO H O O O O O o O
O O O OO +H O O O O o o O
I
o
<

defines orthoprojectors
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and

-2 0 0 0

-2 0

-1
0
-1
0

-1 0

0 00

2
0
2
0
0

0
-1 0 0 O

0
9
0
0
0
0

0 0 0 0O
-2 0 0 0

-2 0

000 0 O
-1 0

0 00

000
0 00
0 00

0
0
0

0
0
0

0
0
0

000 O
090 O
0 00 O

0
0 00
0

1
0
1

0
0
0

0
9
0

)

0 000 O
-1 0 0 0 —4
-2 0 0 0 1
000 O

-1 0
0
-1 0

0
0
0
0
0
0

-2 0

000
000
000
09 0
000

0
2
0
0
0

9
0
0
0
0

0

0
-2 0 00

0

-2 0

1
000 O
000 O
000 O

0
0

0
0
0

0
0
0

— |

PQ():

besides

The condition (3) is fulfilled, therefore the equation (8) has an eight-parameter family of solutions

o € RE;

X = K[F] + Ve,

here

— &N
(NS I )
h ——
I
~
O
Y
oo & &
CC__
CC__
w v & J
CC__
— N
= a0 QO
CC__
(\
I
S
o,
—
1212
_ |
SO H O~
1010
_ |
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Matrix

1 0 0 0 1 000

O 1 0 0 0100

O 0 1 0 0010

0O 0 O 1 0001

-1 0 0 0 1 0 00

B 0O -1 0 0 0100

@=1 0 0 21 0 0010

0O 0 O -1 00 01

1 0 0 -1 0000

0 1 10 0000

0O -1 1 0 00 O0O0

-1 0 0 -1 0000

defines the orthoprojectors Pp, = 0 and

i 0o o0 o0 -1 0 O O -1 0 0 1
o 1 o0 O O -1 0 O O -1 1 o0
o o 1 o0 O O -1 0 O -1 -1 0
o o o 1 o O O -1 1 o0 o0 1
-0 o0 o0 1 o0 o0 o0 1 0 0 -1
PQ*:} o -1 o o0 o 1 o O O 1 -1 0
T4 o 0 -1 0 O0O O 1 0 o0 1 1 0
0 O -1 0 o0 O 1 -1 0 0 -1
-1 0 1 1 0 0 -1 2 0 0 0
0O -1 -1 0 o0 1 1 0 0 2 0 O
1 -1 0 0 -1 1 0O O 0 2 0
1 o 1 -1 0 O -1 0 0O 0 2

The condition (5) is fulfilled, so the equation (8) with the L-structure has a unique solution in the
form of a quaternion

1 -1 -1 0
1 1 0 1
X=CGlEI=1 1 o 1 o
0 -1 1 1

The scheme proposed in the article for studying the solvability conditions and constructing
solutions of the matrix equation with L-structure can be transferred to linear matrix equations of a
more general form [6], as well as to nonlinear matrix equations with L-structure [8, 9], in particular,
to nonlinear Riccati matrix equations [4].
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Mu orpumasn KOHCTPYKTHBHI HEOOXiJHI Ta JOCTaTHI yMOBU PO3B’SIBHOCTI Ta CXEMY TOOY-
JIOBU PO3B’sI3KiB JIHINHOIO MaTPUYHOIO PIBHSAHHS Yy BUIJIsIII CTPYKTYPOBAHUX MaTpHUIlb. Y
OKPEMOMY BHIIQJIKy MU OTPHMAaJIN KOHCTPYKTHUBHI HEOOXiJHI Ta /OCTATHI yMOBU PO3B’SI3HOCTI
Ta CXeMy TOOY/IOBU PO3B’I3KiB JIHIHHOrO MaTpudHOro piBHSAHHS 31 cTpyKTypoo L. Oxpemu-
MU BHUIAJKAMHU CTPYKTypu L € Mariudi kBajparu, matpuri ['iisbepra, [ankens ta Temrina,
€pPMITOBi, CUMETPUYIHI Ta KOCOCUMETPHUYIHI MaTPUIl, & TAKOXK KBaTEpHIOHN Ta GIKBATEPHIOHU.



